Null controllability for stochastic coupled systems of
fourth order parabolic equations”
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Abstract
This paper aims to establish null controllability for systems coupled by two back-
ward fourth order stochastic parabolic equations. The main goal is to control both
equations with only one control act on the drift term. To achieve this, we develop a
new global Carleman estimate for fourth order stochastic parabolic equations, which
allows us to deduce a suitable observability inequality for the adjoint systems.
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1 Introduction

Let T > 0 and (Q,F,F,P) with F = {F;};>0 be a complete filtered probability space
on which a one-dimensional standard Brownian motion {W (t)}+>o is defined and F is the
natural filtration generated by W(:), augmented by all the PP null sets in F. Denote by F
the progressive o-field with respect to F. Let H be a Banach space. Write L%rt(Q; H) for
the space of all Fi-measurable random variables £ such that E|¢|% < oo; LZ(0,T; H) for the
space consisting of all H-valued F-adapted processes X (-) such that E(|X(-)[2, 0.7 H)) < 00;
L (0,T; H) for the space consisting of all H-valued F-adapted bounded processes. All these
spaces are Banach spaces with the canonical norms (e.g., [17, Section 2.6]).

Let G C R"(n € N) be a bounded connected domain with a C® boundary I'. Let
Go C G be a nonempty subset. Set ) = (0,7) x G and ¥ = (0,7) x I'. Denote by
v(z) = (v'(z), - ,v"(x)) the unit outward normal vector of T at point z. As usual, xg,
denotes the characteristic function of Gj.

Consider the following coupled fourth order backward stochastic parabolic equations:

(dyy — APydt = (ayyy + asys + asY1)dt + YidW (t) in Q,

dyjy — A%yadt = (bryy + bays + b3Ys + xgyu)dt + YodW (t) in Q,
oy dys (1.1)

=L = =22 = Y

U (91/ 07 Y2 (9V O on 3

(D) =y, p(T)=y; in G,
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where (yi,yd) € [L%, (< LZ(G))}2 is a terminal state, u € L2(0,T; L*(Gy)) is a control and

ay,ay € L (0,T; L(G)), as € L2 (0, T; W(@)),
by, by € L°(0,T; L™(@)), bs € L2 (0, T; W**(@Q)).

By the classical wellposedness result for backward stochastic evolution equations (e.g., [17,
Theorem 4.11]), we know that (1.1) admits a unique weak solution

(y1,92; Y1, Ya) € [LE(:C((0,T]; LX(G))) N LE(0, T H(G) N HE(G))]* x [LE(0, T LA(G))]”.

Now we give the definition of the null controllability for (1.1).

Definition 1.1. The system (1.1) is called null controllable at a time 7" > 0 if for any
given (y{,vy3) € [L%, (< LQ(G))]Z, there exists a control u € L(0,T; L?(Gy)) such that the
solution (y1,y2; Y1, Ys) to (1.1) satisfies that (y1(0), y2(0)) = (0,0), P-a.s.

Note that we only act one control in the second equation. To control the entire system,
we expect that the action of y, to y; is sufficiently effective. Hence, it is reasonable to make
the following assumption.

Assumption 1.1. There exists a nonempty open set Gy C Gg and a constant o > 0 such
that as(x,t) > o or as(z,t) < —o, a.e. (x,t) € Gy x (0,T), P-a.s.

The main result of this paper is the following.

Theorem 1.1. Under the Assumption 1.1, system (1.1) is null controllable at any time
T>0.

Remark 1.1. From the proof of Theorem 1.2, it is not difficult to see that Theorem 1.1 still
holds when two equations of (1.1) contains Vy;, V?y;, VAy; and Y] in the drift terms.
Indeed, for instance, by adding Y} to the drift term of the second equation in (1.1), direct
computation reveals that Proposition 4.1 and Proposition 4.3 still hold. Therefore, Theo-
rem 1.1 remains valid. We do not introduce these terms in the system (1.1) for the simplicity
of notations.

Remark 1.2. Using the Carleman inequality (1.6) and a proof similar to Theorem 1.2, we
can establish the controllability of the backward fourth order stochastic parabolic equation.
That is, for any yr € L%, (€ L*(G)), there exists a control v € Lg(0,T; L*(Gy)) such that
the solution y of equation

dy — A?ydt = (bay + bsY + xgou)dt +YdW () in Q,
=—=0 on X,
y(T) = yr in G.

satisfying y(0) = 0, P-a.s.

Remark 1.3. It would be quite interesting to study whether the system (1.1) remains con-
trollable if they are coupled through diffusion terms, i.e., by adding Y5 in the drift term of
the first equation and assuming ay, = 0. We currently do not know how to prove it.
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To prove the null controllability of (1.1), we introduce the adjoint equation of (1.1):

'dzl + A221dt = —<CL121 + blZQ)dt - a321dW(t) in Q,
dZQ + AQZth = —(CLng + ngg)dt - nggdW(t) in Q,

0z Dz (1.2)
Zl—E—O, 22—5—0 ODE,
[ 21(0) = 27,  22(0) = 2} in G.

By the classical wellposedness result for stochastic evolution equations (e.g., [17, Theorem
3.24]), we know that (1.2) admits a unique weak solution

(21,25) € [L3(Q; C((0,T): L(G))) N L3(0, T; HX(G) N HY(G))]
By a standard duality argument, Theorem 1.1 is implied by the following observability
estimate (e.g., [17, Theorem 7.17]).

Theorem 1.2. There exists a constant C' > 0 such that the solution (21, z2) to system (1.2)
satisfies

|(21(T), 22(T)) 12, (@ur2(@)xe2(e)) < Cl2alrzorie2(coy:

Here and in what follows, we denote by C' a generic positive constant depending on G,
Gy, T and a;, b;, i = 1,2, 3, whose value may vary from line to line.

A plenty of works on controllability and observability estimates for coupled deterministic
parabolic systems exist in the literature, including works such as [2, 3, 6, 12, 18, 19] and the
references therein. The main issue, compared to the single-equation cases, is that one wants
to control the system with fewer controls than equations by indirectly affecting the equations
where no control term appears, thanks to the coupling terms in the system. Hence, it is more
difficult to obtain the controllability for coupled systems than for the single equations. It
is a fundamental problem since, in some complex systems, only a few quantities can be
effectively controlled. Additional details regarding this specific subject can be found in the
survey article [1].

As far as we know, there are only a few works studying controllability problems for cou-
pled stochastic systems with fewer controls than equations, see, [8, 10, 13, 14]. In particular,
in [8], the authors obtain null controllability for one dimensional linear backward stochastic
systems coupling fourth- and second-order parabolic equations.

In order to prove Theorem 1.2, we will use Carleman estimates, which is derived taking
inspiration from the literature [5, 7, 15, 20]. To state the Carleman estimate, we need to
introduce the weight functions:

€>\(|27]\C(5)+n(x)) _ 64>\|”7‘c<5) €>\(|277|c(6>+7l($))

a(z,t) = t1/2(T . t)1/2 ; g(l}t) = W

(1.3)
Let G; be three nonempty open sets such that G; C G,_; and denote by Q; = (0,7) x G;
for i = 1,2, 3. Let the function n(x) satisfy

neC%G), n>0inG, nr=0, |Vn>C>0inG\Gs (1.4)
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For the existence of 7, see [1, Lemma 1.1]. We remark that our weight functions are the
same as that in [16].
We have the following Carleman estimate.

Theorem 1.3. For any T > 0, there are positive constants C, Ao and sg = so(T'), such that
for all X > X, s > s and p € LA(0,T; H*(G)), f € L(0,T; L*(@)),g € L2(0,T; H3(G))
satisfying
do + A*pdt = fdt + gdW (t) in Q,
= 8_@0 =0 on X, (1-5)
v

it holds that
E/ 62504(86)\8§6|90|2 +S4/\6£4|V(p|2 +S3)\453|Ag0|2 +S2)\4§2|V2§0|2 + /\|VA§0|2)dl‘dt
Q

< C(E 87/\8576250‘ 2dedt +E | e f 2 4 35)\555 2 4 83)\353 Val? + SAE V2|2 dzdt).
< @ g g g
2 Q
(1.6)

Remark 1.4. The orders of some terms in (1.6) seem inconsistent. For instance, it is an
interesting question whether A\?|VAgp|? can be included on the left-hand side of (1.6). To
do this, one possible approach is to replace @5 in Theorem 2.1 with ®y = —2s\%(|Vn|? —
2sAEAn — A%, This will result in the term —2s*A*¢%|Vn|?|Av|? appearing in M (see (3.14)),
and we currently lack a method to handle this term. Hence, we currently do not know how
to achieve \?|VAgp|?.

Moreover, the term s7\8¢7e25%|p|2 appears on the right-hand side instead of sS\3¢6e25¢ |2,
It is because we need to estimate local term E [, 1, . s*A'¢0%| Ap[*dzdt (see (3.38)). Note

that the term s5X\8¢5¢25%|p|? on the left-hand side has a lower order of s than that on the
right-hand side. This is because we utilize Lemma 2.3 to obtain this term (see (3.31)), hence,
we cannot obtain results of a higher order in s. Indeed, as mentioned in [9, Remark 1.7], for
a fourth-order equation, it seems difficult to let s7A8¢7e%5%|p|? appear in the left hand side

of (1.6).

Remark 1.5. From the proof of Theorem 1.3 and that of [16, Theorem 1.3], it is not difficult
to see that Carleman inequality (1.6) is still valid when ¢ satisfies the boundary condition
¢ = Ayp =0 on Y. Hence, Theorem 1.1 holds true when y; satisfies y; = Ay; = 0 on X for
1=1,2.

Remark 1.6. Using the pointwise weighted identity (2.1) with k = —1, we can deduce the
Carleman estimate for the backward fourth order stochastic parabolic equations. In com-
parison to existing results (see [16, Theorem 1.3]), we further estimate VA, enabling us to
contain VAy in the drift term of the control system in [16] .

The rest of this paper is organized as follows. In Section 2, we give some preliminaries.
Section 3 is devoted to prove Theorem 1.3. By means of this Carleman estimate, we prove
Theorem 1.2 in Section 4. Then, Section 5 is addressed to the proof of Theorem 1.1. Finally,
we finished our article with the appendix in which we prove lemmas that are useful in deriving
the Carleman estimate.



2 Preliminary results

In this section, we present some preliminary results for the proof of Theorem 1.3.

We have a pointwise weighted identity for the stochastic partial differential operator

kdyp + A?@dt, which plays a fundamental role in the proof of the Carleman estimates.

In what follows, we will use the notation y,, = y.,(v) = dy(z)/0x;, where z; is the i-th

coordinate of a generic point x = (xy,...,z,) in R™.

Theorem 2.1. Let ¢ be an H*(G)-valued Ité process. Set § = e, { = sa, ¥ = Op. K is a
nonzero constant. The function o and & are as in (1.3). Let n € C°(R™). Then, for any

t €10,T] and a.e. (x,w) € G x Q,

20K, (kdip+ A%pdt) =25 Y (Whryz,a, Q) — Cayay dtbs, +Uathy 655t + U5 oy, di)),, —2div(Vy + Va)dt

ij=1

= 2K7dt + 2K K3 + 2Mdt + 2R dt +2 > APy o by gy dt + 2> APty 1, dt + 20307 dt

1,7,k,1=1 i,7=1

1 1 1
+2md(§|v2¢|2—5\112|v¢|2—232A252|vnv¢|2+§\1/5¢2) + K02V, |dV ¢ + Vildp|* — kU50% (dp)?

n

ij=1

(2.1)

The additional remainder is

1 O S
R=3 > 0p (VD] — W) )thy, Y,

1,5,k=1

It arises when integrating _, . WD, (Av),, twice: the matriy U ®7 need not be symmetric.

Here " n
Ky= N+ WA+ Y W, + Y Wiy, + Usp,
ij=1 i=1
with
Uy, = 282)\2€2|V7’]‘2, \I];,] = 452)\25277961-7796]-’
Uy = 128N V|, + 4s* N2 A, + 5 882N nuw ey i,j=1,--+ ,n.
=1

J

\IJE) = 34)\4§4|V77|4a

Ky = QA dt + Colpdt + Y~ OFtpyp dt + > iy dt + Perpdt + ki,
i=1 i,j=1 =1

with
Of = —4sAEn,,, Py = —25A2E| V|2 — 2sAEAD — A,

(I)éj — 48)\5771‘11‘9 - 48)\2577901'77177 (I)Z = _453/\3€3|V77|277xi7 Z’j = 1’ T

D5 = —63NE3| V|t — 12530363 (V2 V) — 253 N363| V|2 An — sPA2€3| V[,
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K3 = —~8SAE Y Maay eyt — AVAL - Vipdt + A(VE - VALt + 2| V20 2pdt — A2 0pdt
ij=1

+ | ALPYdE + 8PN3E (V) wdt — ksapbdt + sPA2E3 V| dt + A,
‘/1:(‘/117‘/127"' 7‘/1”)7 ‘/2:(‘/217‘/227"' ‘/271),

1
Z [Z (I) ¢xkxkxlwxzxzxj - Z P wzkxkxlwa: i Tix] + 2\112 1¢:c T; ¢xkxk

i,k=1 [=1

=1

1 1 1
- ‘I’Z%Zm]%zzk + ‘I) W2 (‘1’2@55@ - 5‘112‘19315% - 5‘1’5@1% + §ng¢i>¢zi%k}a

j ijlrm igklr ijkl
‘/2] - Z @1J ¢mimimz¢xrmm+ Z @2J ¢$imk¢xl$r+ Z @3] ¢$1xk¢ml

i,l,r,m=1 ik, r=1 i,k,l=1
+ Z Oy, b, + Z O5t,0,0, %) + Z OF 0, + Z O71h, ) + OL?,
i,k=1 i,k=1

n

. 1< .
M== )" (B, + P s o, + (5 3o, - q>2) VA2
i=1

ij k=1
4,9,k 0=1

+ Z {2@{; + Uy dlF 4 - Z (UYr),, + viFe, — ¥ <I>’“} -
i,5,k=1

Y Zq)élxl

VA)? + { 5— —Z (T2}), +<I>2\If2]\mm2
=1

n

+ Z { (02®), ~3 Z(‘I’ék@i)xk — Uy d5 + Uiy + (U5D7),, — ‘1’5‘1’5] Ve, Ve,
1,j=1 k=1
]' < 7 2 1 - 7 1 - 7 2
+ {—5 ;(‘1’5‘1’4)x¢ + ‘1’5‘1’5} [¥]° + {5 ;(‘1’2‘1’4)% — Wyds + 3 ;(‘I’E)‘IH)xi — ‘1’5@2} V|7,

g "1
ijkl Z E i
A1j = (2(D2xrxr51]5kl 3:c Ty 6 3;Bz 5l] + 3 (1)355 rZm Zk(slj) + (1)3:6 o + (1)3%@7

r=1
i\ i 1 ik 1 ij —~ 1 Kl
A2 = Z [ (b4x1xkxk + 2(1)41‘112 i Tl (\IJQ(I)S )Izﬂﬁk - 2 \II2CI) xkxk Z 5 \IJQ(I) 51] TETl
k=1 =1
' n 1 ; n 1
+ (\Ijék(bz)xkxj - Z E(kpgl@QaZ])kul - 2 \Ij ©2 CCka \Ij k(b]l xkxl
I=1 =1
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n n

1 1 . 1, .
o Z 5(\113%1)’;[)%11 - Z é(qjglq)?,j)%l"z + 5(\114(1)91"1@% +

=1 =1

1

5(‘1111‘1)25@)%
i 3 1 ij i K ij

- (\I/Z(I)ék)ifk + 5(1112(1)33)5%} - 2<I)5$izj - (\114@2)931' + 5(\1/%51»]- + \Il?gt)a

1 1 1 ij 1 i
A3 = §A2q>5 + iA(\IJQCI)5) + 5 Z(\Ij3‘7¢5)l‘ix]‘ - 5 Z(\Ij4¢5)xi

ij=1 i=1
1 ; 1 1 ¢ i K
3 Z(‘Ifﬂ)l)xﬂjxj + §A(‘IJ5CI32) + 5 Z (V5P )0, — 5‘1151&-
i,j=1 B,j=1
and
@Zijh“m _ q)Zalj(srm + (brm(slj o (I)mjélr + q)lr(smj’
oM — _ % SOy — O 8y + P 5 + Z Y™ 61505 — Z I 540y — AL 5,5,

m=1
O =~ 8); — B500y; + Wadi 6y, — WadY Gy + WY o0y, — \113 Dy0y; + Tkl
— U+ U Dk,

1 ; 1 ; "1 ;
@4.7k — (I)Zx,xj — éq)ixzﬂﬁk + 2<I)5$i§kj — (I)5xj5ik: — (\IJZCI)%k)IZ + §<‘I]2(I)3k)xj —+ Z 5(\1/2@];):“61]4
=1

n n n n

=) (UHD)0, 0k + 3 D (W5 o), 0 + 5(‘1’3kq)2)xj =) (s, + 3 > o(wed),,
=1 =1 =1 =1

1 -y 1 . ; 1_. PP R
+35 ;(\pg@;)xl _ 5(\1;4q>’f)zj + WDy, — 5\1:1@25% +ULPR Expz@gk

65 — (P57
OFF = —®s,,0 + V50555,

04 = Z D000 + WaDs6y; + VY 5 — (Us5®h),, + UsDody; + V5D,
k=1

1 i 1. 1< .
=5 Z Doz, — ‘Ifzq’s) —3 > (WY 5),, + S Vi®s + 5 D (W5P])g0, —

i=1 i=1

1
—(P5D
5 (Ws2)

1
— = Z (Us®F),, + = \1:5@
Theorem 2.1 can be proved by following the steps of the proof of the fundamental identity

presented in [16, Theorem 2.2]. So we omit the proof here.
It is easy to see that for all ¢ € (0,7) and = € G,

|

T T
&) < 5537 || < 553; £ < (2.2)

In what follows, for a nonnegative integer m, we denote by O(A™) a function of order A™
for large A. Similarly to [16, Proposition 2.2], we have the following estimate.
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Proposition 2.2. When s and X are large enough, it holds that
( n
> ATGG = SO CP, YC = (Gy) € R,
ig,k =1

n . 2.3
S ATGG > [SE000) + TLEOW)ICP, Ve = (G- ) € R (23)
ij=1

[ As > s°EON®) 4+ Ts*'CO(N).

for any t € (0,T) and x € G.

From the Carleman inequality for the Laplace operator with homogeneous Dirichlet
boundary conditions (see [7, Lemma 2.4]), we obtain the following result.

Lemma 2.3. [10, Lemma 2.3] Let ¢ € H*(G) N Hy(G) and n be given by (1.4). Then there
exists a constant C > 0 independent of s and A, and parameters A > 1 and s > 1 such that
for all X\ > X and for all s > 3,

/ sONBE00?| g2 dwdt + / s*A\0¢*0% |V q|* dwdt
Q Q

< c( / SONBE8Y2| g 2dwdt + / s3A4g3921Aq12dmt>. (2.4)
(0,T)xG2 Q
Let
e/\\2nlc@ _ e‘”‘“]‘o(é) 6)‘|277|c(6)
o (t) = AT =iz &(t) = AT — )12 (2.5)

Lemma 2.4. There exists a constant C' > 0, such that for ¢ € L2(0,T; HYG)), f €
L2(0,T; L*(G)) and g € L2(0,T; H3(Q)) satisfying

do + A*pdt = fdt + gdW (t) in Q,

2.6
wza—gp:O on X, (2:6)
v

for s > CT'Y?, it holds that
9 9 3 3 T
]E/ [szx"’gze?\v?@ﬁ+31A5z92|v3¢|ﬂ dth+E/ ¥ ool Fa (g dt
2 0
< C]E/ SONSEOQ? | Pdadt + C’E/ 2(If1* + |Ag|* + s* A3 Vg|?* + s*\ ¢t g?)dadt.
Q Q

The proof of Lemma 2.4 is similar to that of [16, Lemma 2.4], which is put in section A
for the sake of completeness.



3 Proof of Carleman estimate

Proof of Theorem 1.3. By a density argument, we assume ¢ € L4(0,T; H*(G)).
In order to shorten the formulas used in the sequel, we define the lower order terms

A £ SE / S0 + s€ON)|Y2dedt, Ay £ PE / E[0N) + s€O(N)]| Vo dadt,
Q Q

As 2 sE / SO + s€ON)|| V2 2dadt, A = E / O(1)|V A [2dadt, (3.1)
Q Q
B, 2 $°E / E0(\)0?|V2p|2dTdt, B, 2 s'°E / £20(N)02| V32T dt,
b b
and

A:A1+A2+A3+A4, B =B, + Bs.

Writing h = (V?)Vn, we have W0 — Wid] = —3253\3¢3(h;n,, — hine;). Consequently,
Young’s inequality yields

'E/ Rd:cdt’ < CE/ (S NE|V2U? + "N Vy|?) dadt.
Q Q

These are already lower order terms of the types A3 and Aj,, respectively, and are absorbed
with them below. Integrating the equality (2.1) with x = 1 on @), taking mathematical
expectation in both sides, and noting (2.2), (2.3), we conclude that, there exists a s; > CT"/?,
such that for s > sy, it holds that

2R / 0K, (dp + A%pdt)dz — 2E / div(V; + Vo) dadt
Q Q

=28 [ 5 (Wi 0 — i o+ Wt 8+ V0. d
Q

i,j=1
> 2K / K?dxdt + 2 / K, Ksdx + 2 / Mdaxdt + 2FE / R ddt
Q Q Q Q
~E / 0> > " [dpu, + laydpn, + le,doa, + (Lo, + Coily, )dp]*dz + E / 0>Wo|dVp + Vidp|*dx
Q i,j=1 Q
+4E / ENEP|VdVy + VnVide2de — E / W02 (dip)2d + A, (3.2)
Q Q

We will estimate the divergence terms, the interior terms and the stochastic terms in the
following Steps 1-3.

Step 1. In this step, we deal with the divergence terms.
Firstly, we estimate V;. Since ¢ = g—f =0 and ¢ = 6y, we have ¢y = 0 and Vi) = 0 on
the boundary . Hence, on ., we obtain

n

=1 =1

4 2
i,5,k=1 =

9



+ Z \I]ngwazkamlm] - Z \IIZ'] ®l1¢$z$k¢$kxl ®]z¢wzx3 wxzxk + (D wlwk j’
=1

n

=4 Z S)\gnxpwzkzkmpwxiwixjyj+2 Z S)\i@i/}kakxpwxwwp

1,J,k,p=1 i,k,p=1

n 3 n 3
A2 N (5) vt 16 3 NG ) b e
v 14

ik=1 0,5,k p=1
n 3
12 Z FA3E3 (%) Ve, Vg 1V — 2 Z FA3E3 (377) 2
i,5,k=1 ik=1
Since Vi) = 0 on X, it holds that
2,7=1 INES 1 i,7=1 . 7j=1 Tj
and
wa Z (wa) ST (Ve =S (Ve - )
2,j=1 = =1 i=1
- Z (walxj > = Xn: iﬁxiijjwzikak
=1 j=1 1,7,k=1

Combining (3.3)—(3.5), on the boundary ¥, we deduce that

n . - on
‘/1 V= —4 Z SAgnxpwzkxkquvbdfﬂﬂj V] + 2 Z S)\Sad)xkkapwmmxp

i?jvkvp:]- Z,k,p:].
— 20 CNE 7 ) YrVae, +10 )Y SNE( ) 02,

We claim that, on the boundary 3,
n n
Z ¢zizi¢szj = Z ¢§z$3
i,j=1 i,j=1

In fact, for ¢ = 1,--- ,n, since ¢,, = 0 on ¥, we can write Vi,, = JZv, where J7; =
which means ¢,,,, = v for all j = 1,--- ,n. Notice that, fori,j =1,--- ,n, Yoz, =
We obtain 17 = J;1'. Hence, it holds that

D Gt = 3 K = 3 A = 3 () = Y,

ij=1 ij=1 ij=1 ij=1 ij=1
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Combining (3.6) and (3.7), we obtain

Viev=—4 Z SNy Yoy Crwiay +2) sAf ¢¢

i,7,k,p=1 i,k,p=1

n a 3
— 10 Z 83)\353 (a_z> wxlxl¢xkxk

i,k=1
3
:—43)\5 |VA¢ |2+2SA§ |VA¢|2 1033)\353(%) | Avp]?. (3.8)

. . . . A VAY—(VAYv)v
Next, we consider the second term in the right hand side of (3.8). Put 7 = NAG - (VAvo-

We have
25)\5 yvmm? =2s )\5— (IVAY - v* + [VAY - 7). (3.9)
Using the interpolation inequality, we obtain
APlary < [AG[ o) | AV ez .

which implies

E/QSA§@|VAT/)-T|2dth
» 0V
T
> —CE/ SAE| A [Tyt
0
Z—CE/ SAE| AV |A¢|§I/§’/Q
0
T
Z]E/ 3/\3§3< ) | Ay dth—(JE/ 2 || Fra ey dt
)
T
:E/33)\3£3(—) \v%py?drdt—CE/ e** ol ha e (3.10)
» 8V
where we use the the fact that % < —C on ¥ and (3.7). Combining (3.8)—(3.10), we obtain
E/ div Vidxdt = E/ Vi -vdldt
Q by
a T
21@/ [—zsAga—ZWAw-uy? 933)\3§3< ) V2w lz]dth—C]E/ e [ o
% 0

T
> ~CE [ ol (3.11)
0

Now, we estimate V5. From (2.1) and (3.1) and ¢ = |V#| = 0 on the boundary, there
exists a constant s, > C'T', such that for s > s9, we deduce

IE/ div Vadzdt = E/ Vo - vdldt
Q =
11



_E/i[ i @ijlrm¢xiwiwl¢xmm + i @éjklr¢xixk¢xle] Sdldt
2 <

j=1 4,l,r,m=1 i,k r=1

> —CE / > N aapa, a0, |dTdt — CE / sA3E| V2|2 dDdt
P >

i,k,p,r,q=1
> —CE / ("N V20|? 4+ A VP *]dldt — CE / SA3E|V2|2dldt
) %
> —C’IE/ ("N V22 + A|VPy* ] dTdt
P
> By + Bo. (3.12)

Hence, from (3.11) and (3.12), we obtain
T
]E/ div(Vy + Va)dxdt > —CE/ 2 || Ha(ydt + By + By (3.13)
Q 0

Step 2. In this step, we deal with the interior term E fQ Mdzdt and stochastic terms
via integration by parts.
From Theorem 2.1, we have

M = 8s\2E|VAY - Vn|? + 325 M3 V2V Vn|? 4 4853 N33V 2 (V2 Vn) (V2 V)

+165° A2 (V2 Vn V) i Meiay Vi, — 165°AE VP V2Vn|? + 65° A3 V|1 V2|?
i,j=1

+ 483A3§3(V277V77V?7)!V;w\2 + 25 NV An| V2| + 28 M V|t Ay
— 45" N3 (VP VnVn) |Av)? — 25° € V| An| Ay [* + 405" X°C° V||V - Vi ?
+ 645" N (VP VnVn) [V - Vil* — 165 A5 | V||V |* + 8sTASET V[ *” + AV A
— SAEE U AY + 45PN T |Vl Ve - Vnl? + 2570 % V|| Vl? — sTATET |V Py
— 4* N3 VPVn|? — 282N VP | Ay)? 4 5N Vil [V . (3.14)

Thanks to (3.1), it holds that

E [ (= 42NV - 2N VAP IAUE + 5 Tl VP dodt 2 —As — As
Q
(3.15)

Combining (2.2) and (3.1), using integration by parts, for s > ss, we obtain
—E / 16s° A3 |V |? | V2 V|2 dadt
Q
> —4IEJ/ SN2V AY - V| dedt — IGE/ P2 V||V - VP dadt — As. (3.16)
Q Q

12



Thanks to (1.4), there exists \; > C, such that for all A > A, it holds that
E / 64s°\°E>(V*VnVn) |V - Vn|*dwdt
Q
> —CE/ S* N2 |V Pdadt — IE/ P A |Vt VY - V|*dadt. (3.17)
(0,7)xGs Q
Combining (2.2) and (3.1), using integration by parts, for s > s,, we have
E / [4° N3 (VPnVnVn) + 25 X3¢ [V P An] (IV*]* — |Av[?)dedt > —As, (3.18)
Q
and
6F / SN VAV 20 2dudt > 6F / SNV | AU Pdadt — Ay, (3.19)
Q Q

Similarly, for s > s,, we deduce

E / 165° N E(V2YVNVN) D 1y, Vo, dacdlt
Q

ij=1

>E / 16s° N>V 2 (V2 Vn) (V2 Vn)dzdt — (A + As). (3.20)
Q

Combining (2.2) and (3.1), there exists Ay > C, such that for all A > Ay and s > s5, it holds
that

E / 645> N3V (V3 Vn) (V3 Vn)dzdt
Q
> _E / SNE|VAY - Vnf2dedt — E / SNE V|V VyPdedt — Ay (3.21)
Q Q

Next, we estimate the stochastic terms. Thanks to the divergence theorem, we obtain

—2FE / Z (Vasiary A — Yy, Aty + Uty 65500 + Uty i), dw = 0 (3.22)
Q

i,j=1

From (1.5), for s > so, it holds that

Z [dze; + Loy dpn, + Lo, don, + Ly, + Ewi&cj)dgordx -E / U50%(dp)*dx

—E / 62
Q 4 Q

+E / 020, |dV p + Videp|2dz + AE / SA2E20% |V ndV @ + ViV Lde|*da
Q Q

> —0(341@ / Me2seed 2 drdt + s°R / Ne? 2|V g|2drdt + E / e23a1v2gy2dmt>.
Q Q Q
(3.23)
13



Combining (3.2) and (3.13)—(3.23), there exist A3 > max{A;, A2} and s3 > max{sy, s2},
such that for all A > A3 and s > s3, we obtain

QE/ 0K, (dp + A*pdt)dx + CE/ 02 (f* + s*ANetg? 4+ PNV g + |V g|?)dadt
Q Q .
+CE / S’ AN |V |2ddt + CE / e || faydt + A+ B
(0,T)xG3s 0
> 2K /Q Kidxdt + 2E /Q K Ksdx

+ 2E / (3sAZE|VAY - V| + 3253 X3 V2V V| + 85 A& | Vn|* | A2
Q

+ 228 XE | V| [V - Vg2 — 165°2\°€° |V OV 2 + 85TASET [V '0? + AV AQ[?
+ 25902 V8| V|2 — sTAZET | VnPe? — SPARER V)Y A dudt. (3.24)

Step 3. In this step, we get the estimate of .
Using integration by parts, we have

IE/Q[(833)\4§3 — A€ [V Ay P — 2(8s MR — sPAZE%) | V|0 s2A2E? Wy 2
+ (83N1E8 — $PA3E) |V PPt Mg o 2] dadt
>E /Q (85° X3 — $PAZ€%) |Vl (A + $2A2E2| V| P) dadt — A, (3.25)
and
E /Q S AP IV Ap|Pdadt
=F /Q SNV (AY — 2sAEVY - VY + PN |V — sA%E[ VY — sAEAD w)zda:dt

< 3IE/ 33A4§3|Vn|4(Aw+52)\2§2|Vn|2w)2dxdt+12E/ SN |Vt VY - Vn? + Ay
Q Q
(3.26)

We also obtain
E L NV AY[*dzdt + CE /Q (s2A3E202| V202 4 s*N3E402|V|? + sCATE00? || dadt
>E /Q N2 |V Ap|?dxdt. (3.27)
Using (3.1), there exists s, > C(TY/% + T, such that for s > sy, it holds that
QE/QKlKgdx > —E/Qdexdt —E/QKgdxdt > —]E/QKlzdxdt — A (3.28)

14



Thanks to(1.4), we obtain

E / s* N2V Pdadt < CE / (sTNTETO?|p|? + s NPEP0% |V o|*)dadt.  (3.29)
(0,T)xG3 (0

T)xG3

and

QE/ 0K (dp + A*pdt)dr < E/ Kidzdt + ]E/ 0% f2dxdt. (3.30)
Q Q Q

Using Lemma 2.3, there exist \y > \ and s4 > §, such that for all A > A4 and s > s4, we
obtain

IE/ 36)\85692|g0|2dxdt+1[£/ s*A\E40?| V| dadt

Q Q

< C(E / SONBE002|p2dwdt + E / 53/\4§302|Agp|2dxdt>. (3.31)
(0,7)xGs3 Q

2
LE(0,T;HY(G))

By means of Lemma 2.4 and (2.2), we can absorb B and [e*** ¢

Next, we estimate As. Letting ¢ = sA\2£e®p, we obtain
E / |Ap|dxdt < CE / (s°A3E00%|p|? + s*ASEHO? |V p|* + $*ANE20% AP ddt.  (3.32)
Q Q

Note that
|¢|%§(O,T;H2(G’)) < C|A¢)|i§(0,T;L2(G’))7 (3'33)
and
E/Q?32A4§292|v2¢|2dxdt < C|¢|i§(07T;H2(G)) + CE/Q(36A8§692|90|2 + s*ASE40?| Vo) dadt.
(3.34)

Combining (3.24), (3.25) and (3.27)—(3.34), there exist As; > max{A3,\s} and s; >
max{ss, 4}, such that for all A > A5 and s > s5, it holds that

CIE/ 92f2dxdt+CIE/ 02 ("N g + P N33 Vg + sAE|V2g|?)dadt
Q Q
+C [E / (SNE0 g2 + SNV + 33)\453021Ago|2)da:dt]
(0,7)xGs3
—i—CE/ SONBEOO? || Pdadt
(0,T)x G2

>E / (sON3E°0°|o” + s*AOEH O | Vp? + $PAEP0% | App|? + PO VP ]? + NPV Ap|®) ddt.
Q
(3.35)

Now, we estimate the local terms on Vo and Ay. Let us introduce a cut-off function p
such that
peCF(Gy), p=1inGs, 0<p<1. (3.36)
15



Using [t6’s formula and (1.5), we get
d(p4£302§02> — (23p4§3at + 30452515)‘929026% + p4§302g2dt + 2P4€39280d$0

Integrating it on ()5, taking mathematical expectation on the both sides, we arrive

P30 P dudt — E/ 201 30> N2 pdxdt

2 2

0 :E/ (23p4§3ozt + 3p4§2§t) 0> dxdt + ]E/
+E / 20130 o fdadt. (3.37)

From (3.36) and integration by parts, there exist \¢ > C' and sg > CT, such that for all
A > Xg and s > sg, it follows that

]E/ SPAE P 0| A Pdadt
Q2
< ]E/ 33)\4§3p402g0A2<,0dxdt+CE/ s° A\ p10? |V | Pdadt (3.38)

+CE / sTAET02 P dadt + CE / SPAEP (|p? + |Vl dadt.
2 Q

For s > sg, we also have

‘IE / 233)\4§3p48290fdxdt’ < CE / SN2 L2 dwdt + OF / 02 f2ddt (3.39)
Q2 Q2 Q
and
‘E / 53)\4(25p4§304t+3p4§2§t)92<p2d:cdt‘ < CE / STAET92 P2 dadt. (3.40)
Q2 2

Using integration by parts, for € > 0, A > A\g and s > sg, we obtain
E/ s°\E2 0% |V |2 dwdt < dE/ SSANE3 02 | Ap|Pdadt + C’s_lE/ sTAETO* P ddL.
Q2 Q Q2

2

(3.41)

From (3.36)—(3.41), letting € > 0 small enough, for A > A\¢ and s > sg, it follows that
E (S°AN°E0% |V p|? + P NE30%| Ap|?)dadt
(0,T7)xGs

<C E/ 0> (f* + s*N¢rg?)dwdt + IE/
Q

SN0 P2 dadt + B / SAEP (| + |Vl dadt
Q2 Q

(3.42)

From (3.35) and (3.42), for A > max{\s, \¢} > C and s > max{ss, s¢} > C(T + T"/?),
we deduce (1.6). O

16



4 Proof of the observability estimate

In this section, we use the Carleman estimate Theorem 1.3 to prove Theorem 1.2.
From Theorem 1.3, we obtain the following proposition.

Proposition 4.1. Let (21, 29) be a solution to the system (1.2). Then for all X > A\ and
s > sq, it holds that

E / sONBEBe® (22 + 22)dwdt < CE / STARET e (27 + 23)dadt.
Q

2

Lemma 4.2. For any constants co > 0 and p,q,c; > 0, there exists a constant sq > 0 such
that for all s > Sy, we have

|y sPETe | < 1. (4.1)

Proof. Letting v(t) = for t € (0,7, it clearly holds that

1
t1/2 (T—t)1/2 9

< A(t) < 0. (4.2)

Nl

By means of (1.3) and (1.4), the inequality

15PE9e 05 < clspcg()\)fyqefcocg’(/\)sv <1

holds if

S In(cica(N)) qlnvy plns
sy ccs(N)y o cocs(M)y

Thanks to (4.2) and lnT'y < ¢4 < 00, it is sufficient that

T'In(cica(N)) L _4c Tplns
260C3()\) C()Cg(>\) 260C3()\) ’

Hence, there exists §g = 5o(p, q, c1, o, A, T') such that (4.1) holds. ]

Proposition 4.3. Fiz A = \g. Let (21,22) be a solution to the system (1.2). There exists
constants C, 51 > 0 such that for all s > §1, it holds that

E/ €5e® (22 4 23)dadt < C’]E/ e%wzgdxdt.
Q

0

Proof. From Assumption 1.1, without loss of generality, we assume that ay(z,t) > o, a.e.
(xz,t) € Gy x (0,T), P—a.s.

Thanks to Proposition 4.1 and Lemma 4.2, there exists a constant S, > 0 such that for
all s > S5, we have

]E/ $0¢8e?5 (27 + 23)dwdt < C’E/ $TETeT e (22 4 22)dadt
Q 2
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< CE/ egs‘”‘(z% + 23)dzdt. (4.3)

Let ¢ € C§°(Gy) be a cut-off function satisfying ( = 1in Gy and 0 < ¢ < 1in G;. Put
p= ("2 Let B,k 1,7 and T be positive numbers which will be specified later.
Let

P 2 ek p3 22+ Be*™pry 2 + elmpi%z2
Using It6’s formula, we have

dP = kroaye™ p3 22+ Qekmp%zldzl + 6’”‘)‘,0%((121)2
+ 27 B0y €®™ pz1 20 + BT p(21d 2y + 2odzy + dzidzy)

T

+ g™ pi z5 + 2e p3 2adzy + €703 3 (dzy)?.

From (1.2), noting that lim 0(x,t) = lim O(z,t) =0 for all z € G, we have
t—0+ t—T—

GE / ¥ pag zidxdt
Q

/ (kreh oy p’ P 26kTap%CL12% + ekmpm 27 dxdt

)l

e
+ E/ (Ire atp%zg — Be*™pby 23 — lTO‘pr 25+ elmm b3z3 ) dadt

2T«

kTap§b12122 — 287 ™y pz120 + BT play + by — asbs)z1 20 + Qelmp%agzlzz] dxdt

@

@

/ kmpSz A2z 4 BeP™p(2a A% 21 + 21 A% 2y) + 2elmp3 ZQAQZQ)dI’dt

@

(4.4)

11>
(-
=~

i=1
Next, we estimate [; for i = 1,2, 3, 4.
Thanks to (2.2) and (4.4), assuming k£ > 2 and noting Lemma 4.2, there exists 7, > 0
such that for all 7 > 7, it holds that
I = E/ (k:Tekmatp%zf — 26" p3a, 22 + eFT 3l z7)dxdt
Q
_ ]E/ (k,Te(k—Q)Tocatp% . 26(16—2)7'0610%011 + 6(k—2)7’ap%a ) QTapZI drdt
Q

< ]E/ *pzidrdt. (4.5)
Q

Using (2.2) and (4.4) again, assuming k£ > 2, 2 > r and [ > 1+ 7, noting Lemma 4.2 and
Cauchy-Schwarz inequality, there exists 75 > 0 such that for all 7 > 75, it holds that

I, = —E/ [2e KT 3 h 2120 — 287€X ™ qupzize + X (a1 + by — azbs)z120 + 2elmp%a2zlz2}d:cdt
Q
18



< ]E/ X p2idrdt 4 (1 + 62)]E/ e’"mp%zgdxdt. (4.6)
Q Q

Utilizing (2.2) and (4.4), assuming [ > r and r < 2, noting Lemma 4.2, there exists 73 > 0
such that for all 7 > 73, it holds that

I3 = E/ (lTelmoztp%zg — Be*™pby 25 — Qelmp%bgzg + elmp%bgzg)dxdt
Q
— ]E/ (lTe(lfr)Taatp% . 56(277")7'ap%b1 . 2€(lfr)7'ap%b2 + e(lfr)fap%bg)er‘rapézgdxdt
Q

<1+ B)JE/ e”ap%z%dxdt. (4.7)
Q

In order to estimate I, through the direct calculation, for the C*(G) function R, u and
v, we have the following equality

n
E Ruve,z0;z;
2,7=1

= Z (Ruvximimj — R U0z,0; — Ruxjvxixi)m + ARuAv + 2VR - VulAv + RAuAv. (4.8)

1,7=1

Put Q, = 1+ 72¢2. We retain this factor when estimating spatial derivatives of the expo-
nential weights. With A fixed, its derivatives of order at most two are bounded by CQ,.
The strict gaps &k > 2,1 > r, and 4 — k — [ > 0 allow every remaining polynomial in 7¢ to
be absorbed by the corresponding exponential gap, uniformly for sufficiently large 7. From
(4.8), choosing u = v = z; and R = —2¢k7@ pg, utilizing the divergence theorem, we have

—E/ 2ekmp%zlA221dxdt: —QE/ A(ekmpg)zlAzldxdt—élE/ V(ekTQp%)VzlAzldxdt
Q Q Q

—QE/Qekmngzﬂdedt. (4.9)

Thanks to Cauchy-Schwarz inequality, (1.3) and Lemma 4.2, recalling that & > 2, there
exists 74 > 0 such that for all 7 > 74, it holds that

1
—2F / A0 p5) 2 Azydadt < <E / "0 p3 | Az |Pdadt + E / 2|z |Pdxdt,  (4.10)
Q Q Q

and
1
—4E/ V(ek”"p%)VzlAzldxdt < C’]E/ QTekmpg|Vzl|2dxdt+§E/ ekmp§|Az1|2dxdt.
Q Q Q
(4.11)

Combining (4.9)—(4.11), for 7 > 74, we have

—E/ 2ekmp%zlA2zldxdt < E/ e2mp|zl|2da:dt+C’E/ QTekmp%|Vzl|2dq:dt
Q Q Q
19



7
— ZE/ ek’mp%|Azl|2dxdt. (4.12)
Q

From (4.8), choosing u = v = 2, and R = —2¢/™p3, recalling | > r, similarly to (4.12),
there exists 75 > 0 such that for all 7 > 75, we have

—]E/ 2€lTap§ZQA222dl‘dt S]E/ e”o‘pfl*»|22|2dxdt+C’E/ QTelmp%|V22|2dxdt
Q Q Q

- ZE/ elmp%|Az2]2dxdt. (4.13)
4 Jo
From (4.8), choosing R = —3e*™p, we have

— E/ BT p(2A% 2y + 21 A% 2y)ddl

Q
= —6E/ A(eQTQp) (2129 + 20Az )dzdt — ZBE/ V(€2Tap)(v21AZQ + V2o Az )dxdt
Q Q
—QBIE/ > pAzy Azodxdt. (4.14)
Q

Thanks to Cauchy-Schwarz inequality, (1.3) and Lemma 4.2, assuming that k + [ < 4, there
exists 7 > 0 such that for all 7 > 74, it holds that

- BE/ A(e2mp)(z1AzQ + 29z )dxdt
Q

1 1 1
< —]E/ ekmp§|Az1|2dxdt+ —E/ elmp§|Azg|2dacdt—|——E/ e p| 21 |Pdadt
6 Jo 6 Jo 1 Jq

1 1
—i——E/ '™ p3 | 25| dadt, (4.15)
1 Jo

— ZﬁE/ V(e2mp)(VzlA22 + V2o Az )dzdt
Q
1 1 2 1
< —IE/ ekmp§|A21]2d:cdt+—E/ elTapB\Az2\2d:cdt+—]E/ Qfekmp%\Vzﬂdedt
6 Jo 6 Jo 1 Jo
1
+E / Q€™ p2 |V 25 dudt, (4.16)
Q

and

1 4 1 2
—QBE/ e* ™ pAz Azodwdt < EE/ "3 | Az |Pdadt + EE/ '3 | Az |Pdadt.  (4.17)
Q Q Q
Combining (4.14)—(4.17), for 7 > 75, it holds that

— E/ Be*™p(20A%2) + 21 A%z dxdt
Q
20



1 1 1
< —]E/ ekTap§|A21|2d:Edt+—E/ elmp§|A22|2dxdt+—]E/ QTekmp%|Vzl|2dxdt
2 Ja 2 Ja 1 Jq
1
+ Z]E/ QTelmp%|V22|2dxdt (4.18)
Q

1 1
+ —]E/ e p22 dadt + —E/ elrpl/3 22 dudt.
1 Jo 1 Jo

Hence, from (4.4), (4.12), (4.13) and (4.18), for 7 > 7 = max{74, 75, 76}, we have
Iy = —IE/ (ZekmpgzlA%l + BePp(20A%2; + 21 A%2y) + ZelTo‘p%ZQAng)dxdt
Q
5) 4 ) 2
< ——]E/ e p3 | Az |Pdwdt — —E/ elmp?:]AzﬂQd:cdt—i-CE/ QTekmp%]Vzl\Qd:cdt
4 Jo 1 Jo Q
—l—CE/ QTelmpé\Vzg]Qda:dt%—]E/ eQTap|21]2dxdt+E/ e”ap%]zg\dedt (4.19)
Q Q Q
1 1
+ —IE/ e*p22 dudt + ZE/ el pl/3 22 dadt.
Q

4 Q

Through the direct calculation, for C?(G) functions R and u, we have the following
equality

& 1 1
R|Vul|* = Z (Ruzlu — §Rm“2) + EARUQ — RAuu.

i=1 Tq

Choosing R = QTekmp% and u = z, from (1.2) and Lemma 4.2, there exists 73 > 0 such
that for all 7 > 73, it holds that

1
IE/ QTekTo‘p%\VzﬂZda:dt: §E/ A(QTekmpg)]zﬂQdmdt—E/ QTekTO‘p%Azlzldxdt
Q Q Q

1
< E/ 627“p|z1|2d:17dt+—E/ ekTO‘p%|Azl|2d:Bdt. (4.20)
Q ¢ Jg

Similarly, there exists 79 > 0 such that for all 7 > 79, we have
1 ]_ 1 1
E / Qe p¥ |V dudt = JE / A(QTelm;ﬁ) |22 dwdt — E / Q€17 p3 Azy zodadt
Q Q Q

1 1 2
< IE/ e”o‘p3|22]2dxdt+—E/ '™ p3 | Az, P dadt. (4.21)
Q 10 Jg

Absorbing the two retained zero-order terms using k£ > 2 and [ > r, and combining (4.19)—
(4.21), for T > 19 = max{y, 73, 79 }, we obtain

I < —E/ ekmp%|Az1]2dxdt —E/ elTO‘p%]AzQdedt—i— C]E/ > pl|z1|*dwdt
Q Q Q

+CE / €' | zo| Adadt. (4.22)
Q
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From (4.4)—(4.7) and (4.22), for 7 > 77 = max{m, T2, 73, T10 }, it holds that

BE/ > pay 22 dxdt < C’E/

¥ p|z1|Pdwdt + C(1 + BQ)E/ €' p3 | 2| 2ddt.
Q Q

Choosing 8 = 2C /o, recalling that ay(x,t) > o, a.e. (z,t) € Gy x (0,T), P—a.s., for 7 > 713,
we have

E/ T prdrdt < CE/ e”o‘p%\zgﬁdxdt.
Q Q

Choosing 7 = %s and r = 2, recalling that ( = 1in Gy and ¢ € Ci°(Gh), for s > gﬁl, it
holds that

(S

IE/ 3% 2 dudt < C’IE/ e%5a|22]2da:dt.
2 0

Combining it with (4.3), letting §; = max{3$, gTH}, we complete the proof. ]
Now, we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Thanks to Proposition 4.3, fixing A = A\g and s = 51, for the solution
(21, 29) of the system (1.2), it holds that

IE/ £8e® (22 4 22)dadt < C’IE/ e%‘so‘zgdxdt. (4.23)
Q

0

Recalling (1.3), we have

xeG

/ 562022 4 22)dxdt > min (£5(x, T/2)e 2sa( fvT/4 / / 27 + 23)dxdt, (4.24)
Q

and

]E/ 2%, sdrdt < max 6280‘E/ zadxdt. (4.25)
Qo (t2)eQ Qo

Combining (4.23)—(4.25), we get

3T 3sa
T max 5 €2
E 22 4+ 23 dxdt < C (t2)eQ E/ 22dzdt
/3; /C;< 1 2) — minxeé (56(1,, T/2)62soz(:1:,T/4)) Qo 2

< CE / zadwdt. (4.26)
0

Thanks to It6’s formula, for 0 < t; <ty < T, we have

]E/G(zf(tz) + 22(ty))dz — ]E/G(zf(tl) +22(t))d = E/: /Gd(zf +22)do
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2
= —E/ / [221(A%2) + a121 + b12) + 220(A%2y + a9z + bozo) — a3z} — biz3|dadt
G

to
< CIE/ /(zf + z3)dxdt.
t1 G

Hence, using Gronwall inequality, for all ¢t € (0,7"), we have

E /G (2(T) + 2(T))dz < CE /G (22(t) + 22(t))d.

Combining it with (4.26), we complete the proof. H

5 Proof of the null controllability
Proof of Theorem 1.1. We define the linear subspace Y of L(0,T; L*(Gy)) to be
Y = {Xcy22 | (21, 22) solves the system (1.2) with(z!, 25) € L*(G) x L*(G)},
and define a linear functional F' on ) as follows
F(aua) =E [ (Fa(T) + g 2a(T))do:
e

Thanks to Theorem 1.2, it holds that
Flvana)| = [B [ (T () + sz

= (E/G(nyl2+ |?J2T|2)dx>§<E/G(|z1(T)\2+ |Z2(T>|2)dx>é

1

<C(E [ (4P +13P)ds) alsziomisncany (5.1)
G

Hence, F'is a bounded linear functional on ). By Hahn-Banach theorem, F' can be extended
to a bounded linear functional on L(0,T; L*(Gy)). For simplicity, we also denote F' for this
extension. From Riesz representation theorem, there exists u € L2(0,T; L*(Gy)) such that

E/(lezl(T) + ygzg(T))dx = F(x¢,22) / / zoudzdt. (5.2)
G Go

We claim that u is the desired control. In fact, thanks to It6’s formula and (1.1), we
know that

T
E/lezl(T)dx—/yl(O)z?d:U:E/ /d(ylzl)d:c
G G o Ja

T
= E/ /(zldyl + yldzl + dyldzl)dx
0 G
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T
E/ [(Az1Ay1 + a121y1 + apz1ye + asY121) + (—Az1 Ay — arziyr — bizoyr) — azz1 Y1|dwdt
0

Q

T
E/ (lQZlyQ — blzgyl)dmdt (53)
0

T
IE/ ygzg(T)dx—/yg(O)zde:]E/ /d(yQZQ)dx
G € o Ja

T
= E/ /(ngyg + deZQ + ddeZQ)dx
0 G

Q

T
= E/ / [(AzaAys + by 2oy1 + bazays + b3Yoze + xaou22) + (—A2Ays — azz1ys — bazoys)
G
— bgzg}/g]dl‘dt

T T
= E/ /(blzzyl — agz1y2)dxdt + E/ / uzodzdt. (5.4)
0 G 0 Go

Combining (5.2)—(5.4), for any (2%, 29) € L*(G) x L*(G), we have

/Z/l(O)Z?dl'—i- / y2(0)25dx = 0.
G G

Hence, this implies (y1(0),y2(0)) = 0 in G, P—a.s., which completes the proof. ]

A Proof of Lemma 2.4

We need the following regularity estimate.

Lemma A.1. There exists a constant C > 0, such that for all h € L2(0,T; HY(G)), f €
L(0,T; L*(G)) and g € LE(0,T; H3(Q)) satisfying

dh + A%hdt = fdt + gdW (t) in Q,

oh
h = W =0 on 2,
h(0,-) =0 in G,
we have
WH (O, HA (@) = (’f’LQ(OTLQ( oy T |g|%§(O,T;H2(G)))'

Proof. Let A be an unbounded operator on L*(G) as follows

D(A):{¢EH4(G)|¢=g—f:OonF},

Ap = Ap, Yo € D(A).
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Denote by 0 < p1g < pg < --- the eigenvalues of A and by {¢;}32, C D(A) the corresponding
eigenfunctions, which serves as a standard orthonormal basis of L*(G). Since A¢; = i,
each eigenfunction belongs to D(A?). Both ¢; and Ag; satisfy the clamped boundary con-
ditions. All integrations below can equivalently be read as finite spectral sums; no H®
boundary regularity assertion is needed.

Consider the following stochastic differential equations

dem = —pucmdt + (£, 6i) 2yt + (9, 65) 12y dW (1), (A1)
c™(0) =0, |

(2

where i = 1,--- ,m. Clearly, we have (f,¢:)r2@), (9,912 € LE(0,T;R). Thanks to the
classical theory of stochastic differential equations (see [17, Theorem 3.2]), equation (A.1)
exists a unique solution ¢(-) € LA(Q; C([0,T];R)) fori =1,...,m.

Let ™ = > ¢™(t)¢;. From (A.1), we have
i=1

dh™ = —A?h"dt + fdt + g™ dW (1), (A.2)

m m

where f™ = > (f, ¢i) 2@ and g™ = > (g, ¢i)r2(c)¢i- Note that h™(0) = 0. Thanks to

i=1 i=1
[t6’s formula, it holds that
d(h™A?R™) = dh™ A2h™ + K™ A% (dh™) + dh™d(A*h™). (A.3)
Integrating it on @, taking expectation on both sides, we have

E / R™(T)A*R™(T)dx = E / [dh™ AR + B AP (dh™) + dh"d(A*h™)|dz. (A.4)
G Q

From the definition of A™ and ¢;, we obtain

E / BT AR (T = 3 (e (T))? > 0. (A.5)
G i=1
From (A.2), we get
1
E / dh™A?h"dx < —=F / |A2R™ |2 dxdt 4 2K / | f|*dxdt, (A.6)
Q 2 Jo Q
E / R™A*(dh™)dz = E / ™ (—A*R™)dxdt + E / R™(A? ™) dwdt
Q Q Q
< —l]E/ |A2hm|2dmdt+2E/ | f|?dxdt, (A7)
2 Jg Q
and
E/ dh™d(A*h™)dx —E/ gmA2gmdxdt—E/ |Ag™ Pdxdt. (A.8)
Q Q Q
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Combining (A.4)-(A.8), we have

21.m|2 m|2 m|2
’A h |L§(O,T;L2(G’)) < 4’f ‘LIZF(O,T;B(G)) + ]Ag ’L%(O,T;B(G))'

(A.9)

From (A.9), thanks to elliptic regularity theory (see [11, Chapter 4, Theorem 4.1]), we get

m|2 m|2 m|2
W™ L2 msmney < CU " L2omie@y + C1AT 12015020

Therefore {h™}7°_, exists a subsequence, which is still denoted by {h™};x_,, weakly con-
vergence to h € L2(0,T; H*(G)) as m tends to co. On the other hand, thanks to the
well-posedness of the stochastic evolution equations (see [17, Theorem 3.13]), we know that

lim |A™ — h|p2(0.1;02(c)) = 0. Hence, h = h for a.e. (t,z,w) € [0,T] x G x Q and

m—o0

WLI%(O,T;H“(G)) < hmrri)iggf|hm|L§(0,T;H4(G)) < C(|f|L§(o,T;L2(G)) + |Q|L§(0,T;H2(G)))-

]

Proof of Lemma 2.4. The multiplicative trace inequalities, obtained by integration in a

boundary-normal coordinate and Cauchy—Schwarz, give

IV2ellizm < Cllellazellellase),
IV2ell72m < Cllellasellellase).-

Hence, combining it with (2.5), we have
IE/32)\35292\V2<p\2d1“dt+1€/si)\6292\v3%0\2drdt
5 5
T
< C’E/ 36/\85692902dxdt+C]E/ 2 @74 dt.
Q 0

Let ¢, 2 e**p. From (2.6), we get

dp, + APp.dt = (5 f + (5 )p)dt + ¥ gdW (t) in Q,

SO* = (98%0”* pr— 0 OIl 2,
©0.(0,-) = u(T,-) =0 in G.

By means of Lemma A.1 and (2.2), for s > CT'z, we have

T
IE/O 6250‘*|80‘%{4(G)dt = |90*|%§(0,T;H4(G))

<Cle** f+ (esa*)tspﬁ]%(o,T;LQ(G)) + C|esa*g|QL§(o,T;H2(G))

< C’E/ *(If1* + |Ag|* + 223 Vg|? + s* M\t g?)dadt + C’E/ s8¢802 p*ddt.
Q Q

Combining (A.11) and (A.12), we complete the proof.
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