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Abstract
This paper aims to establish null controllability for systems coupled by two back-

ward fourth order stochastic parabolic equations. The main goal is to control both
equations with only one control act on the drift term. To achieve this, we develop a
new global Carleman estimate for fourth order stochastic parabolic equations, which
allows us to deduce a suitable observability inequality for the adjoint systems.
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1 Introduction
Let T > 0 and (Ω,F ,F,P) with F = {Ft}t≥0 be a complete filtered probability space
on which a one-dimensional standard Brownian motion {W (t)}t≥0 is defined and F is the
natural filtration generated by W (·), augmented by all the P null sets in F . Denote by F
the progressive σ-field with respect to F. Let H be a Banach space. Write L2

Ft
(Ω;H) for

the space of all Ft-measurable random variables ξ such that E|ξ|2H <∞; L2
F(0, T ;H) for the

space consisting of all H-valued F-adapted processes X(·) such that E
(
|X(·)|2L2(0,T ;H)

)
<∞;

L∞
F (0, T ;H) for the space consisting of all H-valued F-adapted bounded processes. All these

spaces are Banach spaces with the canonical norms (e.g., [17, Section 2.6]).
Let G ⊂ Rn(n ∈ N) be a bounded connected domain with a C6 boundary Γ. Let

G0 ⊂ G be a nonempty subset. Set Q = (0, T ) × G and Σ = (0, T ) × Γ. Denote by
ν(x) = (ν1(x), · · · , νn(x)) the unit outward normal vector of Γ at point x. As usual, χG0

denotes the characteristic function of G0.
Consider the following coupled fourth order backward stochastic parabolic equations:

dy1 −∆2y1dt = (a1y1 + a2y2 + a3Y1)dt+ Y1dW (t) in Q,

dy2 −∆2y2dt = (b1y1 + b2y2 + b3Y2 + χG0u)dt+ Y2dW (t) in Q,

y1 =
∂y1
∂ν

= 0, y2 =
∂y2
∂ν

= 0 on Σ,

y1(T ) = yT1 , y2(T ) = yT2 in G,

(1.1)
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where (yT1 , y
T
2 ) ∈

[
L2
FT

(Ω;L2(G))
]2 is a terminal state, u ∈ L2

F(0, T ;L
2(G0)) is a control and{

a1, a2 ∈ L∞
F (0, T ;L∞(G)), a3 ∈ L∞

F (0, T ;W 2,∞(G)),

b1, b2 ∈ L∞
F (0, T ;L∞(G)), b3 ∈ L∞

F (0, T ;W 2,∞(G)).

By the classical wellposedness result for backward stochastic evolution equations (e.g., [17,
Theorem 4.11]), we know that (1.1) admits a unique weak solution

(y1, y2;Y1, Y2) ∈
[
L2
F(Ω;C([0, T ];L

2(G))) ∩ L2
F(0, T ;H

2(G) ∩H1
0 (G))

]2 × [
L2
F(0, T ;L

2(G))
]2
.

Now we give the definition of the null controllability for (1.1).

Definition 1.1. The system (1.1) is called null controllable at a time T > 0 if for any
given (yT1 , y

T
2 ) ∈

[
L2
FT

(Ω;L2(G))
]2, there exists a control u ∈ L2

F(0, T ;L
2(G0)) such that the

solution (y1, y2;Y1, Y2) to (1.1) satisfies that (y1(0), y2(0)) = (0, 0), P-a.s.

Note that we only act one control in the second equation. To control the entire system,
we expect that the action of y2 to y1 is sufficiently effective. Hence, it is reasonable to make
the following assumption.

Assumption 1.1. There exists a nonempty open set G1 ⊂ G0 and a constant σ > 0 such
that a2(x, t) ≥ σ or a2(x, t) ≤ −σ, a.e. (x, t) ∈ G1 × (0, T ), P-a.s.

The main result of this paper is the following.

Theorem 1.1. Under the Assumption 1.1, system (1.1) is null controllable at any time
T > 0.

Remark 1.1. From the proof of Theorem 1.2, it is not difficult to see that Theorem 1.1 still
holds when two equations of (1.1) contains ∇y1, ∇2y1, ∇∆y1 and Y1 in the drift terms.
Indeed, for instance, by adding Y1 to the drift term of the second equation in (1.1), direct
computation reveals that Proposition 4.1 and Proposition 4.3 still hold. Therefore, Theo-
rem 1.1 remains valid. We do not introduce these terms in the system (1.1) for the simplicity
of notations.
Remark 1.2. Using the Carleman inequality (1.6) and a proof similar to Theorem 1.2, we
can establish the controllability of the backward fourth order stochastic parabolic equation.
That is, for any yT ∈ L2

FT
(Ω;L2(G)), there exists a control u ∈ L2

F(0, T ;L
2(G0)) such that

the solution y of equation
dy −∆2ydt = (b2y + b3Y + χG0u)dt+ Y dW (t) in Q,

y =
∂y

∂ν
= 0 on Σ,

y(T ) = yT in G.

satisfying y(0) = 0, P-a.s.
Remark 1.3. It would be quite interesting to study whether the system (1.1) remains con-
trollable if they are coupled through diffusion terms, i.e., by adding Y2 in the drift term of
the first equation and assuming a2 ≡ 0. We currently do not know how to prove it.
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To prove the null controllability of (1.1), we introduce the adjoint equation of (1.1):

dz1 +∆2z1dt = −(a1z1 + b1z2)dt− a3z1dW (t) in Q,

dz2 +∆2z2dt = −(a2z1 + b2z2)dt− b3z2dW (t) in Q,

z1 =
∂z1
∂ν

= 0, z2 =
∂z2
∂ν

= 0 on Σ,

z1(0) = z01 , z2(0) = z02 in G.

(1.2)

By the classical wellposedness result for stochastic evolution equations (e.g., [17, Theorem
3.24]), we know that (1.2) admits a unique weak solution

(z1, z2) ∈
[
L2
F(Ω;C([0, T ];L

2(G))) ∩ L2
F(0, T ;H

2(G) ∩H1
0 (G))

]2
.

By a standard duality argument, Theorem 1.1 is implied by the following observability
estimate (e.g., [17, Theorem 7.17]).

Theorem 1.2. There exists a constant C > 0 such that the solution (z1, z2) to system (1.2)
satisfies

|(z1(T ), z2(T ))|L2
FT

(Ω;L2(G)×L2(G)) ≤ C|z2|L2
F(0,T ;L

2(G0)).

Here and in what follows, we denote by C a generic positive constant depending on G,
G0, T and ai, bi, i = 1, 2, 3, whose value may vary from line to line.

A plenty of works on controllability and observability estimates for coupled deterministic
parabolic systems exist in the literature, including works such as [2, 3, 6, 12, 18, 19] and the
references therein. The main issue, compared to the single-equation cases, is that one wants
to control the system with fewer controls than equations by indirectly affecting the equations
where no control term appears, thanks to the coupling terms in the system. Hence, it is more
difficult to obtain the controllability for coupled systems than for the single equations. It
is a fundamental problem since, in some complex systems, only a few quantities can be
effectively controlled. Additional details regarding this specific subject can be found in the
survey article [1].

As far as we know, there are only a few works studying controllability problems for cou-
pled stochastic systems with fewer controls than equations, see, [8, 10, 13, 14]. In particular,
in [8], the authors obtain null controllability for one dimensional linear backward stochastic
systems coupling fourth- and second-order parabolic equations.

In order to prove Theorem 1.2, we will use Carleman estimates, which is derived taking
inspiration from the literature [5, 7, 15, 20]. To state the Carleman estimate, we need to
introduce the weight functions:

α(x, t) =
eλ(|2η|C(G)+η(x)) − e4λ|η|C(G)

t1/2(T − t)1/2
, ξ(x, t) =

eλ(|2η|C(G)+η(x))

t1/2(T − t)1/2
. (1.3)

Let Gi be three nonempty open sets such that Gi ⊂ Gi−1 and denote by Qi = (0, T ) × Gi

for i = 1, 2, 3. Let the function η(x) satisfy

η ∈ C6(G), η > 0 in G, η|Γ = 0, |∇η| ≥ C > 0 in G\G3 (1.4)
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For the existence of η, see [4, Lemma 1.1]. We remark that our weight functions are the
same as that in [16].

We have the following Carleman estimate.

Theorem 1.3. For any T > 0, there are positive constants C, λ0 and s0 = s0(T ), such that
for all λ ≥ λ0, s ≥ s0 and φ ∈ L2

F(0, T ;H
2(G)), f ∈ L2

F(0, T ;L
2(G)), g ∈ L2

F(0, T ;H
2
0 (G))

satisfying dφ+∆2φdt = fdt+ gdW (t) in Q,

φ =
∂φ

∂ν
= 0 on Σ,

(1.5)

it holds that

E
∫
Q

e2sα(s6λ8ξ6|φ|2 + s4λ6ξ4|∇φ|2 + s3λ4ξ3|∆φ|2 + s2λ4ξ2|∇2φ|2 + λ|∇∆φ|2)dxdt

≤ C
(
E
∫
Q2

s7λ8ξ7e2sα|φ|2dxdt+ E
∫
Q

e2sα(|f |2 + s5λ5ξ5|g|2 + s3λ3ξ3|∇g|2 + sλξ|∇2g|2)dxdt
)
.

(1.6)

Remark 1.4. The orders of some terms in (1.6) seem inconsistent. For instance, it is an
interesting question whether λ2|∇∆φ|2 can be included on the left-hand side of (1.6). To
do this, one possible approach is to replace Φ2 in Theorem 2.1 with Φ2 = −2sλ2ξ|∇η|2 −
2sλξ∆η − λ2. This will result in the term −2s2λ4ξ2|∇η|2|∆ψ|2 appearing in M (see (3.14)),
and we currently lack a method to handle this term. Hence, we currently do not know how
to achieve λ2|∇∆φ|2.

Moreover, the term s7λ8ξ7e2sα|φ|2 appears on the right-hand side instead of s6λ8ξ6e2sα|φ|2.
It is because we need to estimate local term E

∫
(0,T )×G3

s3λ4ξ3θ2|∆φ|2dxdt (see (3.38)). Note
that the term s6λ8ξ6e2sα|φ|2 on the left-hand side has a lower order of s than that on the
right-hand side. This is because we utilize Lemma 2.3 to obtain this term (see (3.31)), hence,
we cannot obtain results of a higher order in s. Indeed, as mentioned in [9, Remark 1.7], for
a fourth-order equation, it seems difficult to let s7λ8ξ7e2sα|φ|2 appear in the left hand side
of (1.6).
Remark 1.5. From the proof of Theorem 1.3 and that of [16, Theorem 1.3], it is not difficult
to see that Carleman inequality (1.6) is still valid when φ satisfies the boundary condition
φ = ∆φ = 0 on Σ. Hence, Theorem 1.1 holds true when yi satisfies yi = ∆yi = 0 on Σ for
i = 1, 2.
Remark 1.6. Using the pointwise weighted identity (2.1) with κ = −1, we can deduce the
Carleman estimate for the backward fourth order stochastic parabolic equations. In com-
parison to existing results (see [16, Theorem 1.3]), we further estimate ∇∆φ, enabling us to
contain ∇∆y in the drift term of the control system in [16] .

The rest of this paper is organized as follows. In Section 2, we give some preliminaries.
Section 3 is devoted to prove Theorem 1.3. By means of this Carleman estimate, we prove
Theorem 1.2 in Section 4. Then, Section 5 is addressed to the proof of Theorem 1.1. Finally,
we finished our article with the appendix in which we prove lemmas that are useful in deriving
the Carleman estimate.
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2 Preliminary results
In this section, we present some preliminary results for the proof of Theorem 1.3.

We have a pointwise weighted identity for the stochastic partial differential operator
κdφ+∆2φdt, which plays a fundamental role in the proof of the Carleman estimates.

In what follows, we will use the notation yxi ≡ yxi(x) = ∂y(x)/∂xi, where xi is the i-th
coordinate of a generic point x = (x1, . . . , xn) in Rn.
Theorem 2.1. Let φ be an H4(G)-valued Itô process. Set θ = eℓ, ℓ = sα, ψ = θφ. κ is a
nonzero constant. The function α and ξ are as in (1.3). Let η ∈ C6(Rn). Then, for any
t ∈ [0, T ] and a.e. (x, ω) ∈ G× Ω,

2θK1(κdφ+∆2φdt)−2κ
n∑

i,j=1

(ψxixixjdψ − ψxixjdψxi+Ψ2ψxiδijdψ+Ψij
3 ψxidψ)xj−2 div(V1 + V2)dt

= 2K2
1dt+ 2K1K3 + 2Mdt+ 2R dt+ 2

n∑
i,j,k,l=1

Λijkl1 ψxixjψxkxldt+ 2
n∑

i,j=1

Λij2 ψxiψxjdt+ 2Λ3ψ
2dt

+2κd

(
1

2
|∇2ψ|2− 1

2
Ψ2|∇ψ|2−2s2λ2ξ2|∇η∇ψ|2+1

2
Ψ5ψ

2

)
+κθ2Ψ2|d∇φ+∇ℓdφ|2−κΨ5θ

2(dφ)2

+ 4κs2λ2ξ2θ2|∇ηd∇φ+∇η∇ℓdφ|2 − κθ2
n∑

i,j=1

[dφxixj + ℓxidφxj + ℓxjdφxi + (ℓxixj + ℓxiℓxj)dφ]
2

(2.1)
The additional remainder is

R =
1

2

n∑
i,j,k=1

∂xk(Ψ
j
4Φ

i
1 −Ψi

4Φ
j
1)ψxiψxjxk .

It arises when integrating
∑

i,j Ψ
i
4Φ

j
1ψxi(∆ψ)xj twice: the matrix Ψi

4Φ
j
1 need not be symmetric.

Here
K1 = ∆2ψ +Ψ2∆ψ +

n∑
i,j=1

Ψij
3 ψxixj +

n∑
i=1

Ψi
4ψxi +Ψ5ψ,

with 
Ψ2 = 2s2λ2ξ2|∇η|2, Ψij

3 = 4s2λ2ξ2ηxiηxj ,

Ψi
4 = 12s2λ3ξ2|∇η|2ηxi + 4s2λ2ξ2∆ηηxi +

n∑
j=1

8s2λ2ξ2ηxixjηxj ,

Ψ5 = s4λ4ξ4|∇η|4,

i, j = 1, · · · , n.

K2 =
n∑
i=1

Φi
1∆ψxidt+ Φ2∆ψdt+

n∑
i,j=1

Φij
3 ψxixjdt+

n∑
i=1

Φi
4ψxidt+ Φ5ψdt+ κdψ,

with
Φi

1 = −4sλξηxi , Φ2 = −2sλ2ξ|∇η|2 − 2sλξ∆η − λ,

Φij
3 = 4sλξηxixj − 4sλ2ξηxiηxj , Φi

4 = −4s3λ3ξ3|∇η|2ηxi ,
Φ5 = −6s3λ4ξ3|∇η|4 − 12s3λ3ξ3(∇2η∇η∇η)− 2s3λ3ξ3|∇η|2∆η − s3λ

7
2 ξ3|∇η|4,

i, j = 1, · · · , n.
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K3 = −8sλξ
n∑

i,j=1

ηxixjψxixjdt− 4∇∆ℓ · ∇ψdt+ 4(∇ℓ · ∇∆ℓ)ψdt+ 2|∇2ℓ|2ψdt−∆2ℓψdt

+ |∆ℓ|2ψdt+ 8s3λ3ξ3(∇2η∇η∇η)ψdt− κsαtψdt+ s3λ
7
2 ξ3|∇η|4ψdt+ λ∆ψdt,

V1 = (V 1
1 , V

2
1 , · · · , V n

1 ), V2 = (V 1
2 , V

2
2 , · · · , V n

2 ),

V j
1 =

n∑
i,k=1

[ n∑
l=1

Φl
1ψxkxkxlψxixixj −

1

2

n∑
l=1

Φj
1ψxkxkxlψxixixl +

1

2
Ψ2Φ

j
1ψxixiψxkxk

+
n∑
l=1

Ψik
3 Φ

l
1ψxixkψxlxj −

1

2

n∑
l=1

Ψij
3 Φ

l
1ψxixkψxkxl + Φk

4ψxixixjψxk

− Φk
4ψxixjψxixk +

1

2
Φj

4ψ
2
xixk

+
(
Ψ2Φ

k
4δij −

1

2
Ψ2Φ

j
4δik −

1

2
Ψ5Φ

j
1δik +

1

2
Ψij

3 Φ
k
4

)
ψxiψxk

]
,

V j
2 =

n∑
i,l,r,m=1

Θijlrm
1 ψxixixlψxrxm +

n∑
i,k,l,r=1

Θijklr
2 ψxixkψxlxr +

n∑
i,k,l=1

Θijkl
3 ψxixkψxl

+
n∑

i,k=1

Θijk
4 ψxiψxk +

n∑
i=1

Θ5ψxixixjψ +
n∑

i,k=1

Θijk
6 ψxixkψ +

n∑
i=1

Θij
7 ψxiψ +Θj

8ψ
2,

M = −
n∑

i,j,k,l=1

(Φl
1xj

+ Φjl
3 )ψxkxkxlψxixixj +

(
1

2

n∑
i=1

Φi
1xi

− Φ2

)
|∇∆ψ|2

+
n∑

i,j,k,l=1

[(−Ψij
3 Φ

l
1)xk +Ψil

3Φ
kj
3 ]ψxixjψxkxl

+
n∑

i,j,k=1

[
2Φk

4xj
+Ψ2Φ

jk
3 +

1

2

n∑
l=1

(Ψlj
3 Φ

k
1)xl +Ψjk

3 Φ2 −Ψj
4Φ

k
1

]
ψxixjψxixk

− 1

2

n∑
i=1

Φi
4xi

|∇2ψ|2 +
[
Φ5 −

1

2

n∑
i=1

(Ψ2Φ
i
1)xi + Φ2Ψ2

]
|∆ψ|2

+
n∑

i,j=1

[
−(Ψ2Φ

i
4)xj −

1

2

n∑
k=1

(Ψik
3 Φ

j
4)xk −Ψij

3 Φ5 +Ψi
4Φ

j
4 + (Ψ5Φ

i
1)xj −Ψ5Φ

ij
3

]
ψxiψxj

+

[
−1

2

n∑
i=1

(Ψ5Φ
i
4)xi +Ψ5Φ5

]
|ψ|2 +

[
1

2

n∑
i=1

(Ψ2Φ
i
4)xi −Ψ2Φ5 +

1

2

n∑
i=1

(Ψ5Φ
i
1)xi −Ψ5Φ2

]
|∇ψ|2,

Λijkl1 =
n∑
r=1

(1
2
Φ2xrxrδijδkl − Φkr

3xjxr
δil − Φkr

3xixr
δlj +

1

2

n∑
m=1

Φrm
3xrxmδikδlj

)
+ Φkl

3xixj
+ Φkj

3xixl
,

Λij2 =
n∑
k=1

[
− Φj

4xixkxk
+

1

2
Φk

4xixjxk
+ (Ψ2Φ

jk
3 )xixk −

1

2
(Ψ2Φ

ij
3 )xkxk −

n∑
l=1

1

2
(Ψ2Φ

kl
3 δij)xkxl

+ (Ψik
3 Φ2)xkxj −

n∑
l=1

1

2
(Ψkl

3 Φ2δij)xkxl −
1

2
(Ψij

3 Φ2)xkxk +
n∑
l=1

(Ψik
3 Φ

jl
3 )xkxl
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−
n∑
l=1

1

2
(Ψij

3 Φ
kl
3 )xkxl −

n∑
l=1

1

2
(Ψkl

3 Φ
ij
3 )xkxl +

1

2
(Ψi

4Φ
j
1)xkxk +

1

2
(Ψk

4Φ2δij)xk

− (Ψi
4Φ

jk
3 )xk +

1

2
(Ψk

4Φ
ij
3 )xk

]
− 2Φ5xixj − (Ψi

4Φ2)xj +
κ

2
(Ψ2tδij +Ψij

3t),

Λ3 =
1

2
∆2Φ5 +

1

2
∆(Ψ2Φ5) +

1

2

n∑
i,j=1

(Ψij
3 Φ5)xixj −

1

2

n∑
i=1

(Ψi
4Φ5)xi

− 1

2

n∑
i,j=1

(Ψ5Φ
i
1)xixjxj +

1

2
∆(Ψ5Φ2) +

1

2

n∑
i,j=1

(Ψ5Φ
ij
3 )xixj −

κ

2
Ψ5t.

and

Θijlrm
1 = Φ2δljδrm + Φrm

3 δlj − Φmj
3 δlr + Φlr

3 δmj,

Θijklr
2 = −1

2
Φ2xjδikδlr − Φlr

3xi
δkj + Φrj

3xk
δil +

n∑
m=1

Φrm
3xmδkjδil −

1

2

n∑
m=1

Φjm
3xmδilδkr − Φkl

3xi
δrj,

Θijkl
3 = −Φl

4xi
δkj − Φ5δikδlj +Ψ2Φ

ik
3 δlj −Ψ2Φ

ij
3 δkl +Ψlj

3 Φ2δik −Ψkl
3 Φ2δij +Ψik

3 Φ
lj
3

−Ψij
3 Φ

kl
3 +Ψl

4Φ
k
1δij

Θijk
4 = Φk

4xixj
− 1

2
Φj

4xixk
+ 2Φ5xiδkj − Φ5xjδik − (Ψ2Φ

jk
3 )xi +

1

2
(Ψ2Φ

ik
3 )xj +

n∑
l=1

1

2
(Ψ2Φ

jl
3 )xlδik

−
n∑
l=1

(Ψil
3Φ2)xlδkj +

1

2

n∑
l=1

(Ψlj
3 Φ2)xlδik +

1

2
(Ψik

3 Φ2)xj −
n∑
l=1

(Ψij
3 Φ

kl
3 )xl +

1

2

n∑
l=1

(Ψik
3 Φ

jl
3 )xl

+
1

2

n∑
l=1

(Ψlj
3 Φ

ik
3 )xl −

1

2
(Ψi

4Φ
k
1)xj +Ψi

4Φ2δkj −
1

2
Ψj

4Φ2δik +Ψi
4Φ

kj
3 − 1

2
Ψj

4Φ
ik
3

Θ5 = Φ5,

Θijk
6 = −Φ5xjδik +Ψ5Φ

k
1δij,

Θij
7 =

n∑
k=1

Φ5xkxkδij +Ψ2Φ5δij +Ψij
3 Φ5 − (Ψ5Φ

i
1)xj +Ψ5Φ2δij +Ψ5Φ

ij
3 ,

Θj
8 = −1

2

n∑
i=1

Φ5xixixj −
1

2
(Ψ2Φ5)xj −

1

2

n∑
i=1

(Ψij
3 Φ5)xi +

1

2
Ψj

4Φ5 +
1

2

n∑
i=1

(Ψ5Φ
j
1)xixi −

1

2
(Ψ5Φ2)xj

− 1

2

n∑
i=1

(Ψ5Φ
ij
3 )xi +

1

2
Ψ5Φ

j
4.

Theorem 2.1 can be proved by following the steps of the proof of the fundamental identity
presented in [16, Theorem 2.2]. So we omit the proof here.

It is easy to see that for all t ∈ (0, T ) and x ∈ G,

|ξt| ≤
T

2
ξ3, |αt| ≤

T

2
ξ3, ξ−1 ≤ T

2
. (2.2)

In what follows, for a nonnegative integer m, we denote by O(λm) a function of order λm
for large λ. Similarly to [16, Proposition 2.2], we have the following estimate.
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Proposition 2.2. When s and λ are large enough, it holds that

n∑
i,j,k,l=1

Λijkl1 ζijζkl ≥ sξO(λ4)|ζ|2, ∀ζ = (ζij) ∈ Rn×n,

n∑
i,j=1

Λij2 ζiζj ≥
[
s3ξ3O(λ6) + Ts2ξ4O(λ2)

]
|ζ|2, ∀ζ = (ζ1, . . . , ζn) ∈ Rn,

Λ3 ≥ s5ξ5O(λ8) + Ts4ξ6O(λ4).

(2.3)

for any t ∈ (0, T ) and x ∈ G.

From the Carleman inequality for the Laplace operator with homogeneous Dirichlet
boundary conditions (see [7, Lemma 2.4]), we obtain the following result.

Lemma 2.3. [16, Lemma 2.3] Let q ∈ H2(G) ∩H1
0 (G) and η be given by (1.4). Then there

exists a constant C > 0 independent of s and λ, and parameters λ̂ > 1 and ŝ > 1 such that
for all λ ≥ λ̂ and for all s ≥ ŝ,∫

Q

s6λ8ξ6θ2|q|2dxdt+
∫
Q

s4λ6ξ4θ2|∇q|2dxdt

≤ C
(∫

(0,T )×G2

s6λ8ξ6θ2|q|2dxdt+
∫
Q

s3λ4ξ3θ2|∆q|2dxdt
)
. (2.4)

Let
α⋆(t) =

eλ|2η|C(G) − e4λ|η|C(G)

t1/2(T − t)1/2
, ξ⋆(t) =

eλ|2η|C(G)

t1/2(T − t)1/2
. (2.5)

Lemma 2.4. There exists a constant C > 0, such that for φ ∈ L2
F(0, T ;H

4(G)), f ∈
L2
F(0, T ;L

2(G)) and g ∈ L2
F(0, T ;H

2
0 (G)) satisfyingdφ+∆2φdt = fdt+ gdW (t) in Q,

φ =
∂φ

∂ν
= 0 on Σ,

(2.6)

for s ≥ CT 1/2, it holds that

E
∫
Σ

[
s

9
4λ3ξ

9
4 θ2|∇2φ|2 + s

3
4λξ

3
4 θ2|∇3φ|2

]
dΓdt+ E

∫ T

0

e2sα⋆ |φ|2H4(G)dt

≤ CE
∫
Q

s6λ8ξ6θ2|φ|2dxdt+ CE
∫
Q

θ2(|f |2 + |∆g|2 + s2λ2ξ2|∇g|2 + s4λ4ξ4g2)dxdt.

The proof of Lemma 2.4 is similar to that of [16, Lemma 2.4], which is put in section A
for the sake of completeness.
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3 Proof of Carleman estimate
Proof of Theorem 1.3. By a density argument, we assume φ ∈ L2

F(0, T ;H
4(G)).

In order to shorten the formulas used in the sequel, we define the lower order terms

A1
∆
= s5E

∫
Q

ξ5[O(λ8) + sξO(λ7)]|ψ|2dxdt, A2
∆
= s3E

∫
Q

ξ3[O(λ6) + sξO(λ5)]|∇ψ|2dxdt,

A3
∆
= sE

∫
Q

ξ[O(λ4) + sξO(λ3)]|∇2ψ|2dxdt, A4
∆
= E

∫
Q

O(1)|∇∆ψ|2dxdt, (3.1)

B1
∆
= s2E

∫
Σ

ξ2O(λ3)θ2|∇2φ|2dΓdt, B2
∆
= s1/2E

∫
Σ

ξ1/2O(λ)θ2|∇3φ|2dΓdt,

and
A = A1 +A2 +A3 +A4, B = B1 + B2.

Writing h = (∇2η)∇η, we have Ψj
4Φ

i
1 − Ψi

4Φ
j
1 = −32s3λ3ξ3(hjηxi − hiηxj). Consequently,

Young’s inequality yields∣∣∣∣E ∫
Q

R dxdt

∣∣∣∣ ≤ CE
∫
Q

(
s2λ3ξ2|∇2ψ|2 + s4λ5ξ4|∇ψ|2

)
dxdt.

These are already lower order terms of the types A3 and A2, respectively, and are absorbed
with them below. Integrating the equality (2.1) with κ = 1 on Q, taking mathematical
expectation in both sides, and noting (2.2), (2.3), we conclude that, there exists a s1 ≥ CT 1/2,
such that for s ≥ s1, it holds that

2E
∫
Q

θK1(dφ+∆2φdt)dx− 2E
∫
Q

div(V1 + V2)dxdt

− 2E
∫
Q

n∑
i,j=1

(ψxixixjdψ − ψxixjdψxi +Ψ2ψxiδijdψ +Ψij
3 ψxidψ)xjdx

≥ 2E
∫
Q

K2
1dxdt+ 2E

∫
Q

K1K3dx+ 2E
∫
Q

Mdxdt+ 2E
∫
Q

R dxdt

− E
∫
Q

θ2
n∑

i,j=1

[
dφxixj + ℓxidφxj + ℓxjdφxi + (ℓxixj + ℓxiℓxj)dφ

]2
dx+ E

∫
Q

θ2Ψ2|d∇φ+∇ℓdφ|2dx

+ 4E
∫
Q

s2λ2ξ2θ2|∇ηd∇φ+∇η∇ℓdφ|2dx− E
∫
Q

Ψ5θ
2(dφ)2dx+A. (3.2)

We will estimate the divergence terms, the interior terms and the stochastic terms in the
following Steps 1–3.

Step 1. In this step, we deal with the divergence terms.
Firstly, we estimate V1. Since φ = ∂φ

∂ν
= 0 and ψ = θφ, we have ψ = 0 and ∇ψ = 0 on

the boundary Σ. Hence, on Σ, we obtain

V1 · ν =
n∑

i,j,k=1

[ n∑
l=1

Φl
1ψxkxkxlψxixixj −

1

2

n∑
l=1

Φj
1ψxkxkxlψxixixl +

1

2
Ψ2Φ

j
1ψxixiψxkxk

9



+
n∑
l=1

Ψik
3 Φ

l
1ψxixkψxlxj −

1

2

n∑
l=1

Ψij
3 Φ

l
1ψxixkψxkxl − Φk

4ψxixjψxixk +
1

2
Φj

4ψ
2
xixk

]
νj,

= −4
n∑

i,j,k,p=1

sλξηxpψxkxkxpψxixixjν
j + 2

n∑
i,k,p=1

sλξ
∂η

∂ν
ψxkxkxpψxixixp

− 4
n∑

i,k=1

s3λ3ξ3
(
∂η

∂ν

)3

ψxixiψxkxk − 16
n∑

i,j,k,p=1

s3λ3ξ3
(
∂η

∂ν

)3

ψxixkν
iνkψxpxjν

pνj

+ 12
n∑

i,j,k=1

s3λ3ξ3
(
∂η

∂ν

)3

ψxixjν
jψxixkν

k − 2
n∑

i,k=1

s3λ3ξ3
(
∂η

∂ν

)3

ψ2
xixk

. (3.3)

Since ∇ψ = 0 on Σ, it holds that
n∑

i,j=1

ψxixjν
iνj =

n∑
i,j=1

(
ψxiν

iνj
)
xj
−

n∑
i,j=1

ψxi
(
νiνj

)
xj

=
n∑
j=1

(
∂ψ

∂ν
νj
)
xj

=
n∑
j=1

ψxjxj , (3.4)

and
n∑

i,j=1

ψ2
xixj

=
n∑
i=1

( n∑
j=1

ψ2
xixj

)
=

n∑
i=1

(
|∇ψxi |2

)
=

n∑
i=1

(
|∇ψxi · ν|2

)
=

n∑
i=1

( n∑
j=1

ψxixjν
j
)2

=
n∑

i,j,k=1

ψxixjν
jψxixkν

k. (3.5)

Combining (3.3)–(3.5), on the boundary Σ, we deduce that

V1 · ν = −4
n∑

i,j,k,p=1

sλξηxpψxkxkxpψxixixjν
j + 2

n∑
i,k,p=1

sλξ
∂η

∂ν
ψxkxkxpψxixixp

− 20
n∑

i,k=1

s3λ3ξ3
(
∂η

∂ν

)3

ψxixiψxkxk + 10
n∑

i,j=1

s3λ3ξ3
(
∂η

∂ν

)3

ψ2
xixj

. (3.6)

We claim that, on the boundary Σ,
n∑

i,j=1

ψxixiψxjxj =
n∑

i,j=1

ψ2
xixj

. (3.7)

In fact, for i = 1, · · · , n, since ψxi = 0 on Σ, we can write ∇ψxi = Kiν, where Ki =
∂ψi

∂ν
,

which means ψxixj = Kiν
j for all j = 1, · · · , n. Notice that, for i, j = 1, · · · , n, ψxixj = ψxjxi .

We obtain Kiν
j = Kjν

i. Hence, it holds that
n∑

i,j=1

ψxixiψxjxj =
n∑

i,j=1

Kiν
iKjν

j =
n∑

i,j=1

Kiν
jKjν

i =
n∑

i,j=1

(
Kiν

j
)2

=
n∑

i,j=1

ψ2
xixj

.
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Combining (3.6) and (3.7), we obtain

V1 · ν = −4
n∑

i,j,k,p=1

sλξηxpψxkxkxpψxixixjν
j + 2

n∑
i,k,p=1

sλξ
∂η

∂ν
ψxkxkxpψxixixp

− 10
n∑

i,k=1

s3λ3ξ3
(
∂η

∂ν

)3

ψxixiψxkxk

= −4sλξ
∂η

∂ν
|∇∆ψ · ν|2 + 2sλξ

∂η

∂ν
|∇∆ψ|2 − 10s3λ3ξ3

(
∂η

∂ν

)3

|∆ψ|2. (3.8)

Next, we consider the second term in the right hand side of (3.8). Put τ ∆
= ∇∆ψ−(∇∆ψ·ν)ν

|∇∆ψ−(∇∆ψ·ν)ν| .
We have

2sλξ
∂η

∂ν
|∇∆ψ|2 = 2sλξ

∂η

∂ν

(
|∇∆ψ · ν|2 + |∇∆ψ · τ |2

)
. (3.9)

Using the interpolation inequality, we obtain

|∆ψ|H1(Γ) ≤ |∆ψ|1/3L2(Γ)|∆ψ|
2/3

H3/2(Γ)
,

which implies

E
∫
Σ

2sλξ
∂η

∂ν
|∇∆ψ · τ |2dΓdt

≥ −CE
∫ T

0

sλξ|∆ψ|2H1(Γ)dt

≥ −CE
∫ T

0

sλξ|∆ψ|2/3L2(Γ)|∆ψ|
4/3

H3/2(Γ)
dt

≥ E
∫
Σ

s3λ3ξ3
(
∂η

∂ν

)3

|∆ψ|2dΓdt− CE
∫ T

0

e2sα⋆ |φ|2H4(G)dt

= E
∫
Σ

s3λ3ξ3
(
∂η

∂ν

)3

|∇2ψ|2dΓdt− CE
∫ T

0

e2sα⋆ |φ|2H4(G)dt, (3.10)

where we use the the fact that ∂η
∂ν

≤ −C on Σ and (3.7). Combining (3.8)–(3.10), we obtain

E
∫
Q

divV1dxdt = E
∫
Σ

V1 · νdΓdt

≥ E
∫
Σ

[
− 2sλξ

∂η

∂ν
|∇∆w · ν|2 − 9s3λ3ξ3

(
∂η

∂ν

)3

|∇2w|2
]
dΓdt− CE

∫ T

0

e2sα⋆ |φ|2H4(G)dt

≥ −CE
∫ T

0

e2sα⋆ |φ|2H4(G)dt. (3.11)

Now, we estimate V2. From (2.1) and (3.1) and ψ = |∇ψ| = 0 on the boundary, there
exists a constant s2 ≥ CT , such that for s ≥ s2, we deduce

E
∫
Q

divV2dxdt = E
∫
Σ

V2 · νdΓdt
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= E
∫
Σ

n∑
j=1

[ n∑
i,l,r,m=1

Θijlrm
1 ψxixixlψxrxm +

n∑
i,k,l,r=1

Θijklr
2 ψxixkψxlxr

]
νjdΓdt

≥ −CE
∫
Σ

n∑
i,k,p,r,q=1

sλ2ξ|ψxixkxpψxrxq |dΓdt− CE
∫
Σ

sλ3ξ|∇2ψ|2dΓdt

≥ −CE
∫
Σ

[
s2λ3ξ2|∇2ψ|2 + λ|∇3ψ|2

]
dΓdt− CE

∫
Σ

sλ3ξ|∇2ψ|2dΓdt

≥ −CE
∫
Σ

[
s2λ3ξ2|∇2ψ|2 + λ|∇3ψ|2

]
dΓdt

≥ B1 + B2. (3.12)

Hence, from (3.11) and (3.12), we obtain

E
∫
Q

div(V1 + V2)dxdt ≥ −CE
∫ T

0

e2sα⋆ |φ|2H4(G)dt+ B1 + B2 (3.13)

Step 2. In this step, we deal with the interior term E
∫
Q
Mdxdt and stochastic terms

via integration by parts.
From Theorem 2.1, we have

M = 8sλ2ξ|∇∆ψ · ∇η|2 + 32s3λ4ξ3|∇2ψ∇η∇η|2 + 48s3λ3ξ3∇2η(∇2ψ∇η)(∇2ψ∇η)

+ 16s3λ3ξ3(∇2ψ∇η∇η)
n∑

i,j=1

ηxixjψxixj − 16s3λ4ξ3|∇η|2|∇2ψ∇η|2 + 6s3λ4ξ3|∇η|4|∇2ψ|2

+ 4s3λ3ξ3(∇2η∇η∇η)|∇2ψ|2 + 2s3λ3ξ3|∇η|2∆η|∇2ψ|2 + 2s3λ4ξ3|∇η|4|∆ψ|2

− 4s3λ3ξ3(∇2η∇η∇η)|∆ψ|2 − 2s3λ3ξ3|∇η|2∆η|∆ψ|2 + 40s5λ6ξ5|∇η|4|∇ψ · ∇η|2

+ 64s5λ5ξ5(∇2η∇η∇η)|∇ψ · ∇η|2 − 16s5λ6ξ5|∇η|6|∇ψ|2 + 8s7λ8ξ7|∇η|8ψ2 + λ|∇∆ψ|2

− s3λ
7
2 ξ3|∇η|4|∆ψ|2 + 4s5λ

11
2 ξ5|∇η|4|∇ψ · ∇η|2 + 2s5λ

11
2 ξ5|∇η|6|∇ψ|2 − s7λ

15
2 ξ7|∇η|8ψ2

− 4s2λ3ξ2|∇2ψ∇η|2 − 2s2λ3ξ2|∇η|2|∆ψ|2 + s4λ5ξ4|∇η|4|∇ψ|2. (3.14)

Thanks to (3.1), it holds that

E
∫
Q

(
− 4s2λ3ξ2|∇2ψ∇η|2 − 2s2λ3ξ2|∇η|2|∆ψ|2 + s4λ5ξ4|∇η|4|∇ψ|2

)
dxdt ≥ −A2 −A3.

(3.15)

Combining (2.2) and (3.1), using integration by parts, for s ≥ s2, we obtain

− E
∫
Q

16s3λ4ξ3|∇η|2|∇2ψ∇η|2dxdt

≥ −4E
∫
Q

sλ2ξ|∇∆ψ · ∇η|2dxdt− 16E
∫
Q

s5λ6ξ5|∇η|4|∇ψ · ∇η|2dxdt−A2. (3.16)
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Thanks to (1.4), there exists λ1 ≥ C, such that for all λ ≥ λ1, it holds that

E
∫
Q

64s5λ5ξ5(∇2η∇η∇η)|∇ψ · ∇η|2dxdt

≥ −CE
∫
(0,T )×G3

s5λ5ξ5|∇ψ|2dxdt− E
∫
Q

s5λ6ξ5|∇η|4|∇ψ · ∇η|2dxdt. (3.17)

Combining (2.2) and (3.1), using integration by parts, for s ≥ s2, we have

E
∫
Q

[
4s3λ3ξ3(∇2η∇η∇η) + 2s3λ3ξ3|∇η|2∆η

]
(|∇2ψ|2 − |∆ψ|2)dxdt ≥ −A2, (3.18)

and

6E
∫
Q

s3λ4ξ3|∇η|4|∇2ψ|2dxdt ≥ 6E
∫
Q

s3λ4ξ3|∇η|4|∆ψ|2dxdt−A2. (3.19)

Similarly, for s ≥ s2, we deduce

E
∫
Q

16s3λ3ξ3(∇2ψ∇η∇η)
n∑

i,j=1

ηxixjψxixjdxdt

≥ E
∫
Q

16s3λ3ξ3∇2η(∇2ψ∇η)(∇2ψ∇η)dxdt− (A2 +A3). (3.20)

Combining (2.2) and (3.1), there exists λ2 ≥ C, such that for all λ ≥ λ2 and s ≥ s2, it holds
that

E
∫
Q

64s3λ3ξ3∇2η(∇2ψ∇η)(∇2ψ∇η)dxdt

≥ −E
∫
Q

sλ2ξ|∇∆ψ · ∇η|2dxdt− E
∫
Q

s5λ6ξ5|∇η|4|∇ψ · ∇η|2dxdt−A2. (3.21)

Next, we estimate the stochastic terms. Thanks to the divergence theorem, we obtain

−2E
∫
Q

n∑
i,j=1

(ψxixixjdψ − ψxixjdψxi +Ψ2ψxiδijdψ +Ψij
3 ψxidψ)xjdx = 0 (3.22)

From (1.5), for s ≥ s2, it holds that

− E
∫
Q

θ2
n∑

i,j=1

[
dφxixj + ℓxidφxj + ℓxjdφxi + (ℓxixj + ℓxiℓxj)dφ

]2
dx− E

∫
Q

Ψ5θ
2(dφ)2dx

+ E
∫
Q

θ2Ψ2|d∇φ+∇ℓdφ|2dx+ 4E
∫
Q

s2λ2ξ2θ2|∇ηd∇φ+∇η∇ℓdφ|2dx

≥ −C
(
s4E

∫
Q

λ4e2sαξ4g2dxdt+ s2E
∫
Q

λ2e2sαξ2|∇g|2dxdt+ E
∫
Q

e2sα|∇2g|2dxdt
)
.

(3.23)
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Combining (3.2) and (3.13)–(3.23), there exist λ3 ≥ max{λ1, λ2} and s3 ≥ max{s1, s2},
such that for all λ ≥ λ3 and s ≥ s3, we obtain

2E
∫
Q

θK1(dφ+∆2φdt)dx+ CE
∫
Q

θ2(f 2 + s4λ4ξ4g2 + s2λ2ξ2|∇g|2 + |∇2g|2)dxdt

+ CE
∫
(0,T )×G3

s5λ5ξ5|∇ψ|2dxdt+ CE
∫ T

0

e2sα⋆ |φ|2H4(G)dt+A+ B

≥ 2E
∫
Q

K2
1dxdt+ 2E

∫
Q

K1K3dx

+ 2E
∫
Q

(3sλ2ξ|∇∆ψ · ∇η|2 + 32s3λ4ξ3|∇2ψ∇η∇η|2 + 8s3λ4ξ3|∇η|4|∆ψ|2

+ 22s5λ6ξ5|∇η|4|∇ψ · ∇η|2 − 16s5λ6ξ5|∇η|6|∇ψ|2 + 8s7λ8ξ7|∇η|8ψ2 + λ|∇∆ψ|2

+ 2s5λ
11
2 ξ5|∇η|6|∇ψ|2 − s7λ

15
2 ξ7|∇η|8ψ2 − s3λ

7
2 ξ3|∇η|4|∆ψ|2)dxdt. (3.24)

Step 3. In this step, we get the estimate of φ.
Using integration by parts, we have

E
∫
Q

[(
8s3λ4ξ3 − s3λ

7
2 ξ3

)
|∇η|4|∆ψ|2 − 2

(
8s3λ4ξ3 − s3λ

7
2 ξ3

)
|∇η|6s2λ2ξ2|∇ψ|2

+
(
8s3λ4ξ3 − s3λ

7
2 ξ3

)
|∇η|8s4λ4ξ4|ψ|2

]
dxdt

≥ E
∫
Q

(
8s3λ4ξ3 − s3λ

7
2 ξ3

)
|∇η|4

(
∆ψ + s2λ2ξ2|∇η|2ψ

)2
dxdt−A1, (3.25)

and

E
∫
Q

s3λ4ξ3θ2|∇η|4|∆φ|2dxdt

= E
∫
Q

s3λ4ξ3|∇η|4
(
∆ψ − 2sλξ∇η · ∇ψ + s2λ2ξ2|∇η|2ψ − sλ2ξ|∇η|2ψ − sλξ∆η ψ

)2
dxdt

≤ 3E
∫
Q

s3λ4ξ3|∇η|4
(
∆ψ+s2λ2ξ2|∇η|2ψ

)2
dxdt+12E

∫
Q

s5λ6ξ5|∇η|4|∇ψ · ∇η|2 +A1.

(3.26)

We also obtain

E
∫
Q

λ|∇∆ψ|2dxdt+ CE
∫
Q

(s2λ3ξ2θ2|∇2φ|2 + s4λ5ξ4θ2|∇φ|2 + s6λ7ξ6θ2|φ|2)dxdt

≥ E
∫
Q

λθ2|∇∆φ|2dxdt. (3.27)

Using (3.1), there exists s4 ≥ C(T 1/2 + T ), such that for s ≥ s4, it holds that

2E
∫
Q

K1K3dx ≥ −E
∫
Q

K2
1dxdt− E

∫
Q

K2
3dxdt ≥ −E

∫
Q

K2
1dxdt−A. (3.28)
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Thanks to(1.4), we obtain

E
∫
(0,T )×G3

s5λ5ξ5|∇ψ|2dxdt ≤ CE
∫
(0,T )×G3

(s7λ7ξ7θ2|φ|2 + s5λ5ξ5θ2|∇φ|2)dxdt. (3.29)

and

2E
∫
Q

θK1(dφ+∆2φdt)dx ≤ E
∫
Q

K2
1dxdt+ E

∫
Q

θ2f 2dxdt. (3.30)

Using Lemma 2.3, there exist λ4 ≥ λ̂ and s4 ≥ ŝ, such that for all λ ≥ λ4 and s ≥ s4, we
obtain

E
∫
Q

s6λ8ξ6θ2|φ|2dxdt+ E
∫
Q

s4λ6ξ4θ2|∇φ|2dxdt

≤ C
(
E
∫
(0,T )×G3

s6λ8ξ6θ2|φ|2dxdt+ E
∫
Q

s3λ4ξ3θ2|∆φ|2dxdt
)
. (3.31)

By means of Lemma 2.4 and (2.2), we can absorb B and |esα∗φ|2
L2
F(0,T ;H

4(G))
.

Next, we estimate A3. Letting φ̃ = sλ2ξesαφ, we obtain

E
∫
Q

|∆φ̃|2dxdt ≤ CE
∫
Q

(s6λ8ξ6θ2|φ|2 + s4λ6ξ4θ2|∇φ|2 + s2λ4ξ2θ2|∆φ|2)dxdt. (3.32)

Note that
|φ̃|2L2

F(0,T ;H
2(G)) ≤ C|∆φ̃|2L2

F(0,T ;L
2(G)), (3.33)

and

E
∫
Q

s2λ4ξ2θ2|∇2φ|2dxdt ≤ C|φ̃|2L2
F(0,T ;H

2(G)) + CE
∫
Q

(s6λ8ξ6θ2|φ|2 + s4λ6ξ4θ2|∇φ|2)dxdt.

(3.34)

Combining (3.24), (3.25) and (3.27)–(3.34), there exist λ5 ≥ max{λ3, λ4} and s5 ≥
max{s3, s4}, such that for all λ ≥ λ5 and s ≥ s5, it holds that

CE
∫
Q

θ2f 2dxdt+ CE
∫
Q

θ2(s5λ5ξ5g2 + s3λ3ξ3|∇g|2 + sλξ|∇2g|2)dxdt

+ C
[
E
∫
(0,T )×G3

(
s7λ7ξ7θ2|φ|2 + s5λ5ξ5θ2|∇φ|2 + s3λ4ξ3θ2|∆φ|2

)
dxdt

]
+ CE

∫
(0,T )×G2

s6λ8ξ6θ2|φ|2dxdt

≥ E
∫
Q

(
s6λ8ξ6θ2|φ|2 + s4λ6ξ4θ2|∇φ|2 + s3λ4ξ3θ2|∆φ|2 + s2λ4ξ2θ2|∇2φ|2 + λθ2|∇∆φ|2

)
dxdt.

(3.35)

Now, we estimate the local terms on ∇φ and ∆φ. Let us introduce a cut-off function ρ
such that

ρ ∈ C∞
0 (G2), ρ = 1 in G3, 0 ≤ ρ ≤ 1. (3.36)
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Using Itô’s formula and (1.5), we get

d(ρ4ξ3θ2φ2) =
(
2sρ4ξ3αt + 3ρ4ξ2ξt

)
θ2φ2dt+ ρ4ξ3θ2g2dt+ 2ρ4ξ3θ2φdφ.

Integrating it on Q2, taking mathematical expectation on the both sides, we arrive

0 =E
∫
Q2

(
2sρ4ξ3αt + 3ρ4ξ2ξt

)
θ2φ2dxdt+ E

∫
Q2

ρ4ξ3θ2g2dxdt− E
∫
Q2

2ρ4ξ3θ2φ∆2φdxdt

+ E
∫
Q2

2ρ4ξ3θ2φfdxdt. (3.37)

From (3.36) and integration by parts, there exist λ6 ≥ C and s6 ≥ CT , such that for all
λ ≥ λ6 and s ≥ s6, it follows that

E
∫
Q2

s3λ4ξ3ρ4θ2|∆φ|2dxdt

≤ E
∫
Q2

s3λ4ξ3ρ4θ2φ∆2φdxdt+ CE
∫
Q2

s5λ6ξ5ρ4θ2|∇φ|2dxdt (3.38)

+ CE
∫
Q2

s7λ8ξ7θ2φ2dxdt+ CE
∫
Q

s3λ4ξ3θ2(|φ|2 + |∇φ|2)dxdt.

For s ≥ s6, we also have∣∣∣E ∫
Q2

2s3λ4ξ3ρ4θ2φfdxdt
∣∣∣ ≤ CE

∫
Q2

s6λ8ξ6θ2φ2dxdt+ CE
∫
Q

θ2f 2dxdt (3.39)

and ∣∣∣E ∫
Q2

s3λ4(2sρ4ξ3αt + 3ρ4ξ2ξt)θ
2φ2dxdt

∣∣∣ ≤ CE
∫
Q2

s7λ8ξ7θ2φ2dxdt. (3.40)

Using integration by parts, for ε > 0, λ ≥ λ6 and s ≥ s6, we obtain

E
∫
Q2

s5λ6ξ5ρ4θ2|∇φ|2dxdt ≤ εE
∫
Q2

s3λ4ξ3ρ4θ2|∆φ|2dxdt+ Cε−1E
∫
Q2

s7λ8ξ7θ2φ2dxdt.

(3.41)

From (3.36)–(3.41), letting ε > 0 small enough, for λ ≥ λ6 and s ≥ s6, it follows that

E
∫
(0,T )×G3

(s5λ5ξ5θ2|∇φ|2 + s3λ4ξ3θ2|∆φ|2)dxdt

≤ C
[
E
∫
Q

θ2(f 2 + s4λ4ξ4g2)dxdt+ E
∫
Q2

s7λ8ξ7θ2φ2dxdt+ E
∫
Q

s3λ4ξ3θ2(|φ|2 + |∇φ|2)dxdt
]

(3.42)

From (3.35) and (3.42), for λ ≥ max{λ5, λ6} ≥ C and s ≥ max{s5, s6} ≥ C(T + T 1/2),
we deduce (1.6).
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4 Proof of the observability estimate
In this section, we use the Carleman estimate Theorem 1.3 to prove Theorem 1.2.

From Theorem 1.3, we obtain the following proposition.

Proposition 4.1. Let (z1, z2) be a solution to the system (1.2). Then for all λ ≥ λ0 and
s ≥ s0, it holds that

E
∫
Q

s6λ8ξ6e2sα(z21 + z22)dxdt ≤ CE
∫
Q2

s7λ8ξ7e2sα(z21 + z22)dxdt.

Lemma 4.2. For any constants c0 > 0 and p, q, c1 ≥ 0, there exists a constant s̃0 > 0 such
that for all s ≥ s̃0, we have

|c1spξqec0sα| ≤ 1. (4.1)

Proof. Letting γ(t) = 1
t1/2(T−t)1/2 , for t ∈ (0, T ), it clearly holds that

2

T
≤ γ(t) <∞. (4.2)

By means of (1.3) and (1.4), the inequality

c1s
pξqec0sα ≤ c1s

pc2(λ)γ
qe−c0c3(λ)sγ ≤ 1

holds if

s ≥ ln(c1c2(λ))
c0c3(λ)γ

+
q ln γ

c0c3(λ)γ
+

p ln s
c0c3(λ)γ

.

Thanks to (4.2) and ln γ
γ

≤ c4 <∞, it is sufficient that

s ≥ T ln(c1c2(λ))
2c0c3(λ)

+
qc4

c0c3(λ)
+

Tp ln s
2c0c3(λ)

.

Hence, there exists s̃0 = s̃0(p, q, c1, c0, λ, T ) such that (4.1) holds.

Proposition 4.3. Fix λ = λ0. Let (z1, z2) be a solution to the system (1.2). There exists
constants C, s̃1 > 0 such that for all s ≥ s̃1, it holds that

E
∫
Q

ξ6e2sα(z21 + z22)dxdt ≤ CE
∫
Q0

e
3
2
sαz22dxdt.

Proof. From Assumption 1.1, without loss of generality, we assume that a2(x, t) ≥ σ, a.e.
(x, t) ∈ G1 × (0, T ), P−a.s.

Thanks to Proposition 4.1 and Lemma 4.2, there exists a constant s̃2 > 0 such that for
all s ≥ s̃2, we have

E
∫
Q

s6ξ6e2sα(z21 + z22)dxdt ≤ CE
∫
Q2

s7ξ7e
1
3
sαe

5
3
sα(z21 + z22)dxdt
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≤ CE
∫
Q2

e
5
3
sα(z21 + z22)dxdt. (4.3)

Let ζ ∈ C∞
0 (G1) be a cut-off function satisfying ζ = 1 in G2 and 0 ≤ ζ ≤ 1 in G1. Put

ρ = ζ12. Let β, k, l, r and τ be positive numbers which will be specified later.
Let

P ∆
= ekταρ

4
3 z21 + βe2ταρz1z2 + elταρ

2
3 z22 .

Using Itô’s formula, we have

dP = kταte
kταρ

4
3 z21 + 2ekταρ

4
3 z1dz1 + ekταρ

4
3 (dz1)

2

+ 2τβαte
2ταρz1z2 + βe2ταρ(z1dz2 + z2dz1 + dz1dz2)

+ lταte
lταρ

2
3 z22 + 2elταρ

2
3 z2dz2 + elταρ

2
3 (dz2)

2.

From (1.2), noting that lim
t→0+

θ(x, t) = lim
t→T−

θ(x, t) = 0 for all x ∈ G, we have

βE
∫
Q

e2ταρa2z
2
1dxdt

= E
∫
Q

(
kτekτααtρ

4
3 z21 − 2ekταρ

4
3a1z

2
1 + ekταρ

4
3a23z

2
1

)
dxdt

− E
∫
Q

[
2ekταρ

4
3 b1z1z2 − 2βτe2τααtρz1z2 + βe2ταρ(a1 + b2 − a3b3)z1z2 + 2elταρ

2
3a2z1z2

]
dxdt

+ E
∫
Q

(
lτelτααtρ

2
3 z22 − βe2ταρb1z

2
2 − 2elταρ

2
3 b2z

2
2 + elταρ

2
3 b23z

2
2

)
dxdt

− E
∫
Q

(
2ekταρ

4
3 z1∆

2z1 + βe2ταρ(z2∆
2z1 + z1∆

2z2) + 2elταρ
2
3 z2∆

2z2
)
dxdt

∆
=

4∑
i=1

Ii. (4.4)

Next, we estimate Ii for i = 1, 2, 3, 4.
Thanks to (2.2) and (4.4), assuming k > 2 and noting Lemma 4.2, there exists τ1 > 0

such that for all τ ≥ τ1, it holds that

I1 = E
∫
Q

(
kτekτααtρ

4
3 z21 − 2ekταρ

4
3a1z

2
1 + ekταρ

4
3a23z

2
1

)
dxdt

= E
∫
Q

(
kτe(k−2)τααtρ

1
3 − 2e(k−2)ταρ

1
3a1 + e(k−2)ταρ

1
3a23

)
e2ταρz21dxdt

≤ E
∫
Q

e2ταρz21dxdt. (4.5)

Using (2.2) and (4.4) again, assuming k > 2, 2 > r and l > 1+ r
2
, noting Lemma 4.2 and

Cauchy-Schwarz inequality, there exists τ2 > 0 such that for all τ ≥ τ2, it holds that

I2 = −E
∫
Q

[
2ekταρ

4
3 b1z1z2 − 2βτe2τααtρz1z2 + βe2ταρ(a1 + b2 − a3b3)z1z2 + 2elταρ

2
3a2z1z2

]
dxdt
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≤ E
∫
Q

e2ταρz21dxdt+ (1 + β2)E
∫
Q

erταρ
1
3 z22dxdt. (4.6)

Utilizing (2.2) and (4.4), assuming l > r and r < 2, noting Lemma 4.2, there exists τ3 > 0
such that for all τ ≥ τ3, it holds that

I3 = E
∫
Q

(
lτelτααtρ

2
3 z22 − βe2ταρb1z

2
2 − 2elταρ

2
3 b2z

2
2 + elταρ

2
3 b23z

2
2

)
dxdt

= E
∫
Q

(
lτe(l−r)τααtρ

1
3 − βe(2−r)ταρ

2
3 b1 − 2e(l−r)ταρ

1
3 b2 + e(l−r)ταρ

1
3 b23

)
erταρ

1
3 z22dxdt

≤ (1 + β)E
∫
Q

erταρ
1
3 z22dxdt. (4.7)

In order to estimate I4, through the direct calculation, for the C2(G) function R, u and
v, we have the following equality

n∑
i,j=1

Ruvxixixjxj

=
n∑

i,j=1

(
Ruvxixixj −Rxjuvxixi −Ruxjvxixi

)
xj
+∆Ru∆v + 2∇R · ∇u∆v +R∆u∆v. (4.8)

Put Qτ = 1 + τ 2ξ2. We retain this factor when estimating spatial derivatives of the expo-
nential weights. With λ fixed, its derivatives of order at most two are bounded by CQτ .
The strict gaps k > 2, l > r, and 4 − k − l > 0 allow every remaining polynomial in τξ to
be absorbed by the corresponding exponential gap, uniformly for sufficiently large τ . From
(4.8), choosing u = v = z1 and R = −2ekταρ

4
3 , utilizing the divergence theorem, we have

−E
∫
Q

2ekταρ
4
3 z1∆

2z1dxdt = −2E
∫
Q

∆
(
ekταρ

4
3

)
z1∆z1dxdt− 4E

∫
Q

∇
(
ekταρ

4
3

)
∇z1∆z1dxdt

− 2E
∫
Q

ekταρ
4
3 |∆z1|2dxdt. (4.9)

Thanks to Cauchy-Schwarz inequality, (1.3) and Lemma 4.2, recalling that k > 2, there
exists τ4 > 0 such that for all τ ≥ τ4, it holds that

−2E
∫
Q

∆
(
ekταρ

4
3

)
z1∆z1dxdt ≤

1

8
E
∫
Q

ekταρ
4
3 |∆z1|2dxdt+ E

∫
Q

e2ταρ|z1|2dxdt, (4.10)

and

−4E
∫
Q

∇
(
ekταρ

4
3

)
∇z1∆z1dxdt ≤ CE

∫
Q

Qτe
kταρ

7
6 |∇z1|2dxdt+

1

8
E
∫
Q

ekταρ
4
3 |∆z1|2dxdt.

(4.11)

Combining (4.9)–(4.11), for τ ≥ τ4, we have

−E
∫
Q

2ekταρ
4
3 z1∆

2z1dxdt ≤ E
∫
Q

e2ταρ|z1|2dxdt+ CE
∫
Q

Qτe
kταρ

7
6 |∇z1|2dxdt
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− 7

4
E
∫
Q

ekταρ
4
3 |∆z1|2dxdt. (4.12)

From (4.8), choosing u = v = z2 and R = −2elταρ
2
3 , recalling l > r, similarly to (4.12),

there exists τ5 > 0 such that for all τ ≥ τ5, we have

−E
∫
Q

2elταρ
2
3 z2∆

2z2dxdt ≤ E
∫
Q

erταρ
1
3 |z2|2dxdt+ CE

∫
Q

Qτe
lταρ

1
2 |∇z2|2dxdt

− 7

4
E
∫
Q

elταρ
2
3 |∆z2|2dxdt. (4.13)

From (4.8), choosing R = −βe2ταρ, we have

− E
∫
Q

βe2ταρ(z2∆
2z1 + z1∆

2z2)dxdt

= −βE
∫
Q

∆
(
e2ταρ

)
(z1∆z2 + z2∆z1)dxdt− 2βE

∫
Q

∇
(
e2ταρ

)
(∇z1∆z2 +∇z2∆z1)dxdt

− 2βE
∫
Q

e2ταρ∆z1∆z2dxdt. (4.14)

Thanks to Cauchy-Schwarz inequality, (1.3) and Lemma 4.2, assuming that k + l < 4, there
exists τ6 > 0 such that for all τ ≥ τ6, it holds that

− βE
∫
Q

∆
(
e2ταρ

)
(z1∆z2 + z2∆z1)dxdt

≤ 1

6
E
∫
Q

ekταρ
4
3 |∆z1|2dxdt+

1

6
E
∫
Q

elταρ
2
3 |∆z2|2dxdt+

1

4
E
∫
Q

ekταρ|z1|2dxdt

+
1

4
E
∫
Q

elταρ
1
3 |z2|2dxdt, (4.15)

− 2βE
∫
Q

∇
(
e2ταρ

)
(∇z1∆z2 +∇z2∆z1)dxdt

≤ 1

6
E
∫
Q

ekταρ
4
3 |∆z1|2dxdt+

1

6
E
∫
Q

elταρ
2
3 |∆z2|2dxdt+

1

4
E
∫
Q

Qτe
kταρ

7
6 |∇z1|2dxdt

+
1

4
E
∫
Q

Qτe
lταρ

1
2 |∇z2|2dxdt, (4.16)

and

−2βE
∫
Q

e2ταρ∆z1∆z2dxdt ≤
1

6
E
∫
Q

ekταρ
4
3 |∆z1|2dxdt+

1

6
E
∫
Q

elταρ
2
3 |∆z2|2dxdt. (4.17)

Combining (4.14)–(4.17), for τ ≥ τ6, it holds that

− E
∫
Q

βe2ταρ(z2∆
2z1 + z1∆

2z2)dxdt
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≤ 1

2
E
∫
Q

ekταρ
4
3 |∆z1|2dxdt+

1

2
E
∫
Q

elταρ
2
3 |∆z2|2dxdt+

1

4
E
∫
Q

Qτe
kταρ

7
6 |∇z1|2dxdt

+
1

4
E
∫
Q

Qτe
lταρ

1
2 |∇z2|2dxdt (4.18)

+
1

4
E
∫
Q

ekταρz21 dxdt+
1

4
E
∫
Q

elταρ1/3z22 dxdt.

Hence, from (4.4), (4.12), (4.13) and (4.18), for τ ≥ τ7 = max{τ4, τ5, τ6}, we have

I4 = −E
∫
Q

(
2ekταρ

4
3 z1∆

2z1 + βe2ταρ(z2∆
2z1 + z1∆

2z2) + 2elταρ
2
3 z2∆

2z2
)
dxdt

≤ −5

4
E
∫
Q

ekταρ
4
3 |∆z1|2dxdt−

5

4
E
∫
Q

elταρ
2
3 |∆z2|2dxdt+ CE

∫
Q

Qτe
kταρ

7
6 |∇z1|2dxdt

+ CE
∫
Q

Qτe
lταρ

1
2 |∇z2|2dxdt+ E

∫
Q

e2ταρ|z1|2dxdt+ E
∫
Q

erταρ
1
3 |z2|2dxdt (4.19)

+
1

4
E
∫
Q

ekταρz21 dxdt+
1

4
E
∫
Q

elταρ1/3z22 dxdt.

Through the direct calculation, for C2(G) functions R and u, we have the following
equality

R|∇u|2 =
n∑
i=1

(
Ruxiu−

1

2
Rxiu

2

)
xi

+
1

2
∆Ru2 −R∆uu.

Choosing R = Qτe
kταρ

7
6 and u = z1, from (1.2) and Lemma 4.2, there exists τ8 > 0 such

that for all τ ≥ τ8, it holds that

E
∫
Q

Qτe
kταρ

7
6 |∇z1|2dxdt =

1

2
E
∫
Q

∆
(
Qτe

kταρ
7
6

)
|z1|2dxdt− E

∫
Q

Qτe
kταρ

7
6∆z1z1dxdt

≤ E
∫
Q

e2ταρ|z1|2dxdt+
1

4C
E
∫
Q

ekταρ
4
3 |∆z1|2dxdt. (4.20)

Similarly, there exists τ9 > 0 such that for all τ ≥ τ9, we have

E
∫
Q

Qτe
lταρ

1
2 |∇z2|2dxdt =

1

2
E
∫
Q

∆
(
Qτe

lταρ
1
2

)
|z2|2dxdt− E

∫
Q

Qτe
lταρ

1
2∆z2z2dxdt

≤ E
∫
Q

erταρ
1
3 |z2|2dxdt+

1

4C
E
∫
Q

elταρ
2
3 |∆z2|2dxdt. (4.21)

Absorbing the two retained zero-order terms using k > 2 and l > r, and combining (4.19)–
(4.21), for τ ≥ τ10 = max{τ7, τ8, τ9}, we obtain

I4 ≤ −E
∫
Q

ekταρ
4
3 |∆z1|2dxdt− E

∫
Q

elταρ
2
3 |∆z2|2dxdt+ CE

∫
Q

e2ταρ|z1|2dxdt

+ CE
∫
Q

erταρ
1
3 |z2|2dxdt. (4.22)
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From (4.4)–(4.7) and (4.22), for τ ≥ τ11 = max{τ1, τ2, τ3, τ10}, it holds that

βE
∫
Q

e2ταρa2z
2
1dxdt ≤ CE

∫
Q

e2ταρ|z1|2dxdt+ C(1 + β2)E
∫
Q

erταρ
1
3 |z2|2dxdt.

Choosing β = 2C/σ, recalling that a2(x, t) ≥ σ, a.e. (x, t) ∈ G1 × (0, T ), P−a.s., for τ ≥ τ11,
we have

E
∫
Q

e2ταρz21dxdt ≤ CE
∫
Q

erταρ
1
3 |z2|2dxdt.

Choosing τ = 5
6
s and r = 9

5
, recalling that ζ = 1 in G2 and ζ ∈ C∞

0 (G1), for s ≥ 6
5
τ11, it

holds that

E
∫
Q2

e
5
3
sαz21dxdt ≤ CE

∫
Q0

e
3
2
sα|z2|2dxdt.

Combining it with (4.3), letting s̃1 = max{s̃2, 65τ11}, we complete the proof.

Now, we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Thanks to Proposition 4.3, fixing λ = λ0 and s = s̃1, for the solution
(z1, z2) of the system (1.2), it holds that

E
∫
Q

ξ6e2sα(z21 + z22)dxdt ≤ CE
∫
Q0

e
3
2
sαz22dxdt. (4.23)

Recalling (1.3), we have

E
∫
Q

ξ6e2sα(z21 + z22)dxdt ≥ min
x∈G

(
ξ6(x, T/2)e2sα(x,T/4)

)
E
∫ 3T

4

T
4

∫
G

(z21 + z22)dxdt, (4.24)

and

E
∫
Q0

e
3
2
sαz22dxdt ≤ max

(t,x)∈Q
e

3
2
sαE

∫
Q0

z22dxdt. (4.25)

Combining (4.23)–(4.25), we get

E
∫ 3T

4

T
4

∫
G

(z21 + z22)dxdt ≤ C
max(t,x)∈Q e

3
2
sα

minx∈G
(
ξ6(x, T/2)e2sα(x,T/4)

)E ∫
Q0

z22dxdt

≤ CE
∫
Q0

z22dxdt. (4.26)

Thanks to Itô’s formula, for 0 ≤ t1 ≤ t2 ≤ T , we have

E
∫
G

(z21(t2) + z22(t2))dx− E
∫
G

(z21(t1) + z22(t1))dx = E
∫ t2

t1

∫
G

d(z21 + z22)dx

22



= −E
∫ t2

t1

∫
G

[2z1(∆
2z1 + a1z1 + b1z2) + 2z2(∆

2z2 + a2z1 + b2z2)− a23z
2
1 − b23z

2
2 ]dxdt

≤ CE
∫ t2

t1

∫
G

(z21 + z22)dxdt.

Hence, using Gronwall inequality, for all t ∈ (0, T ), we have

E
∫
G

(z21(T ) + z22(T ))dx ≤ CE
∫
G

(z21(t) + z22(t))dx.

Combining it with (4.26), we complete the proof.

5 Proof of the null controllability
Proof of Theorem 1.1. We define the linear subspace Y of L2

F(0, T ;L
2(G0)) to be

Y =
{
χG0z2 | (z1, z2) solves the system (1.2) with(z01 , z02) ∈ L2(G)× L2(G)

}
,

and define a linear functional F on Y as follows

F (χG0z2) = E
∫
G

(yT1 z1(T ) + yT2 z2(T ))dx.

Thanks to Theorem 1.2, it holds that

|F (χG0z2)| =
∣∣∣E ∫

G

(yT1 z1(T ) + yT2 z2(T ))dx
∣∣∣

≤
(
E
∫
G

(|yT1 |2 + |yT2 |2)dx
) 1

2
(
E
∫
G

(|z1(T )|2 + |z2(T )|2)dx
) 1

2

≤ C
(
E
∫
G

(|yT1 |2 + |yT2 |2)dx
) 1

2 |z2|L2
F(0,T ;L

2(G0)). (5.1)

Hence, F is a bounded linear functional on Y . By Hahn-Banach theorem, F can be extended
to a bounded linear functional on L2

F(0, T ;L
2(G0)). For simplicity, we also denote F for this

extension. From Riesz representation theorem, there exists u ∈ L2
F(0, T ;L

2(G0)) such that

E
∫
G

(yT1 z1(T ) + yT2 z2(T ))dx = F (χG0z2) = E
∫ T

0

∫
G0

z2udxdt. (5.2)

We claim that u is the desired control. In fact, thanks to Itô’s formula and (1.1), we
know that

E
∫
G

yT1 z1(T )dx−
∫
G

y1(0)z
0
1dx = E

∫ T

0

∫
G

d(y1z1)dx

= E
∫ T

0

∫
G

(z1dy1 + y1dz1 + dy1dz1)dx
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= E
∫ T

0

∫
G

[(∆z1∆y1 + a1z1y1 + a2z1y2 + a3Y1z1) + (−∆z1∆y1 − a1z1y1 − b1z2y1)− a3z1Y1]dxdt

= E
∫ T

0

∫
G

(a2z1y2 − b1z2y1)dxdt, (5.3)

and

E
∫
G

yT2 z2(T )dx−
∫
G

y2(0)z
0
2dx = E

∫ T

0

∫
G

d(y2z2)dx

= E
∫ T

0

∫
G

(z2dy2 + y2dz2 + dy2dz2)dx

= E
∫ T

0

∫
G

[(∆z2∆y2 + b1z2y1 + b2z2y2 + b3Y2z2 + χG0uz2) + (−∆z2∆y2 − a2z1y2 − b2z2y2)

− b3z2Y2]dxdt

= E
∫ T

0

∫
G

(b1z2y1 − a2z1y2)dxdt+ E
∫ T

0

∫
G0

uz2dxdt. (5.4)

Combining (5.2)–(5.4), for any (z01 , z
0
2) ∈ L2(G)× L2(G), we have∫

G

y1(0)z
0
1dx+

∫
G

y2(0)z
0
2dx = 0.

Hence, this implies (y1(0), y2(0)) = 0 in G, P−a.s., which completes the proof.

A Proof of Lemma 2.4
We need the following regularity estimate.

Lemma A.1. There exists a constant C > 0, such that for all h ∈ L2
F(0, T ;H

4(G)), f ∈
L2
F(0, T ;L

2(G)) and g ∈ L2
F(0, T ;H

2
0 (G)) satisfying

dh+∆2hdt = fdt+ gdW (t) in Q,

h =
∂h

∂ν
= 0 on Σ,

h(0, ·) = 0 in G,

we have

|h|2L2
F(0,T ;H

4(G)) ≤ C(|f |2L2
F(0,T ;L

2(G)) + |g|2L2
F(0,T ;H

2(G))).

Proof. Let A be an unbounded operator on L2(G) as followsD(A) =
{
φ ∈ H4(G) | φ =

∂φ

∂ν
= 0 on Γ

}
,

Aφ = ∆2φ, ∀φ ∈ D(A).
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Denote by 0 < µ1 < µ2 ≤ · · · the eigenvalues of A and by {ϕi}∞i=1 ⊂ D(A) the corresponding
eigenfunctions, which serves as a standard orthonormal basis of L2(G). Since Aϕi = µiϕi,
each eigenfunction belongs to D(A2). Both ϕi and Aϕi satisfy the clamped boundary con-
ditions. All integrations below can equivalently be read as finite spectral sums; no H8

boundary regularity assertion is needed.
Consider the following stochastic differential equations{

dcmi = −µicmi dt+ (f, ϕi)L2(G)dt+ (g, ϕi)L2(G)dW (t),

cmi (0) = 0,
(A.1)

where i = 1, · · · ,m. Clearly, we have (f, ϕi)L2(G), (g, ϕi)L2(G) ∈ L2
F(0, T ;R). Thanks to the

classical theory of stochastic differential equations (see [17, Theorem 3.2]), equation (A.1)
exists a unique solution cmi (·) ∈ L2

F(Ω;C([0, T ];R)) for i = 1, . . . ,m.
Let hm =

m∑
i=1

cmi (t)ϕi. From (A.1), we have

dhm = −∆2hmdt+ fmdt+ gmdW (t), (A.2)

where fm =
m∑
i=1

(f, ϕi)L2(G)ϕi and gm =
m∑
i=1

(g, ϕi)L2(G)ϕi. Note that hm(0) ≡ 0. Thanks to
Itô’s formula, it holds that

d(hm∆2hm) = dhm∆2hm + hm∆2(dhm) + dhmd(∆2hm). (A.3)

Integrating it on Q, taking expectation on both sides, we have

E
∫
G

hm(T )∆2hm(T )dx = E
∫
Q

[dhm∆2hm + hm∆2(dhm) + dhmd(∆2hm)]dx. (A.4)

From the definition of hm and ϕi, we obtain

E
∫
G

hm(T )∆2hm(T )dx =
m∑
i=1

µiE(cmi (T ))2 ≥ 0. (A.5)

From (A.2), we get

E
∫
Q

dhm∆2hmdx ≤ −1

2
E
∫
Q

|∆2hm|2dxdt+ 2E
∫
Q

|f |2dxdt, (A.6)

E
∫
Q

hm∆2(dhm)dx = E
∫
Q

hm(−∆4hm)dxdt+ E
∫
Q

hm(∆2fm)dxdt

≤ −1

2
E
∫
Q

|∆2hm|2dxdt+ 2E
∫
Q

|f |2dxdt, (A.7)

and

E
∫
Q

dhmd(∆2hm)dx = E
∫
Q

gm∆2gmdxdt = E
∫
Q

|∆gm|2dxdt. (A.8)
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Combining (A.4)–(A.8), we have

|∆2hm|2L2
F(0,T ;L

2(G)) ≤ 4|fm|2L2
F(0,T ;L

2(G)) + |∆gm|2L2
F(0,T ;L

2(G)). (A.9)

From (A.9), thanks to elliptic regularity theory (see [11, Chapter 4, Theorem 4.1]), we get

|hm|2L2
F(0,T ;H

4(G)) ≤ C|fm|2L2
F(0,T ;L

2(G)) + C|∆gm|2L2
F(0,T ;L

2(G)).

Therefore {hm}∞m=1 exists a subsequence, which is still denoted by {hm}∞m=1, weakly con-
vergence to h̃ ∈ L2

F(0, T ;H
4(G)) as m tends to ∞. On the other hand, thanks to the

well-posedness of the stochastic evolution equations (see [17, Theorem 3.13]), we know that
lim
m→∞

|hm − h|L2
F(0,T ;L

2(G)) = 0. Hence, h̃ = h for a.e. (t, x, ω) ∈ [0, T ]×G× Ω and

|h|L2
F(0,T ;H

4(G)) ≤ lim inf
m→∞

|hm|L2
F(0,T ;H

4(G)) ≤ C(|f |L2
F(0,T ;L

2(G)) + |g|L2
F(0,T ;H

2(G))).

Proof of Lemma 2.4. The multiplicative trace inequalities, obtained by integration in a
boundary-normal coordinate and Cauchy–Schwarz, give

∥∇2φ∥2L2(Γ) ≤ C∥φ∥H2(G)∥φ∥H3(G),

∥∇3φ∥2L2(Γ) ≤ C∥φ∥H3(G)∥φ∥H4(G).
(A.10)

Hence, combining it with (2.5), we have

E
∫
Σ

s
9
4λ3ξ

9
4 θ2|∇2φ|2dΓdt+ E

∫
Σ

s
3
4λξ

3
4 θ2|∇3φ|2dΓdt

≤ CE
∫
Q

s6λ8ξ6θ2φ2dxdt+ CE
∫ T

0

e2sα⋆ |φ|2H4(G)dt. (A.11)

Let φ⋆
∆
= esα⋆φ. From (2.6), we get

dφ⋆ +∆2φ⋆dt = (esα⋆f + (esα⋆)tφ)dt+ esα⋆gdW (t) in Q,

φ⋆ =
∂φ⋆
∂ν

= 0 on Σ,

φ⋆(0, ·) = φ⋆(T, ·) = 0 in G.

By means of Lemma A.1 and (2.2), for s ≥ CT
1
2 , we have

E
∫ T

0

e2sα⋆ |φ|2H4(G)dt = |φ⋆|2L2
F(0,T ;H

4(G))

≤ C|esα⋆f + (esα⋆)tφ|2L2
F(0,T ;L

2(G)) + C|esα⋆g|2L2
F(0,T ;H

2(G))

≤ CE
∫
Q

θ2(|f |2 + |∆g|2 + s2λ2ξ2|∇g|2 + s4λ4ξ4g2)dxdt+ CE
∫
Q

s6ξ6θ2φ2dxdt. (A.12)

Combining (A.11) and (A.12), we complete the proof.
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