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Abstract

This paper is devoted to studying the ¢-null controllability for a class of stochastic fourth
order semi-discrete parabolic equations, where the spatial variable is discretized by a finite
difference scheme while the time variable remains continuous. For this purpose, we establish a
new global Carleman estimate for a backward stochastic fourth order semi-discrete parabolic
operator, in which the large parameter is connected to the mesh size. A relaxed observability
estimate is then obtained for backward stochastic fourth order semi-discrete parabolic equations,
with an explicit observability constant depending on the discretization parameter and the lower-
order coefficients. By the standard duality argument, we finally prove the ¢-null controllability
of the corresponding stochastic fourth order semi-discrete parabolic equations.
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1 Introduction

Let T > 0 and (Q, F,F,P) with F = {F;}+>0 be a complete filtered probability space on which
a one-dimensional standard Brownian motion {W(t)};>¢ is defined and F is the natural filtration
generated by W(-), augmented by all the P null sets in F. Write [ for the progressive o-field with
respect to F. Let H be a Banach space. Denote by LQE(Q;H) the space of all F--measurable
random variables £ such that E|{ \3_[ < oo; by L2(0,T;H) the Banach space consisting of all H-
valued {F;};>o-adapted processes X (-) such that E(|X(-)7, (O’T;H)) < 00, with the canonical norm;
by Lg°(0,7; 1) the Banach space consisting of all H-valued {F;};>0-adapted essentially bounded
processes; and by L(Q; C([0,T]; H)) the Banach space consisting of all H-valued {F; }+>o-adapted
continuous processes X (-) such that E(|X(')|20([0,T];H)) < 00.

Let G = (0,1) and G be a nonempty open subset of G. As usual, x¢, denotes the characteristic
function of Gy. Firstly, we introduce the following controlled fourth order stochastic parabolic
equation in a continuous framework:

dy + Oydt = (a1y + xgou)dt + (agy +v)dW(t) in (0,T) x G,

y(t,0) =y(t,1) =0 on (0,7, (1.1)
92y(t,0) = dpy(t,1) =0 on (0,7), '
y(0) = yo in G.
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Here, the initial datum yo € L?(G), the coefficients ay,az in L (0,T; L°°(G)) and the control
(u,v) € L&(0,T; L*(Go))x L&(0,T; L*(G)). By the classical well-posedness result for stochastic
evolution equations, we know that (1.1) admits a unique weak solution y € L(Q2; C([0, T); L*(G))) x
L4(0,T; H*(G)N H}(Q)) (e.g., [19, Theorem 3.24]). The system (1.1) is said to be null controllable
at time T if for any given yo, there exist controls (u,v) € L2(0,T; L*(Go))x L2(0,T; L*(G)) such
that the corresponding solution satisfies y(7T', x) = 0, P-a.s.

Stochastic fourth order parabolic equation in a continuous framework is widely used to describe
some fast diffusion phenomenon under stochastic perturbations (e.g.,[9]). Further, it is the lin-
earized version of the stochastic Cahn-Hilliard equation, which is used to model phase separation
phenomena in a melted alloy that is quenched to a temperature (e.g.,[6]). Compared to second
order parabolic equation, to derive controllability for higher order parabolic equation is not an
easy task even in the continuous framework. To the best of our knowledge, the controllability of
deterministic and stochastic fourth order parabolic equations has been extensively studied in many
work (see [8, 12, 13, 20, 30] and the references cited therein).

As the numerical approximation of this control system, it is natural to investigate the control-
lability properties of the corresponding discrete systems.

For N € N, put the space discretization parameter ha1 /(N + 1). We consider the pairs
(t,z;) with t € (0,T) and x; = ih for i = 0,--- N + 1. Utilizing the centered finite difference
method to the space variable for the system (1.1), and considering two additional points z_; = —h
and xn12 = (N + 2)h to discretize the boundary conditions, we consider the following stochastic
semi-discrete system:

dy' + o (U = dy™ 6yt — Ty Rt
= (aly' + XGo u')dt + (agy + vi)dW(t) te(0,T), i=1,---,N,
y0t) =y" ) =0 te (0,7), (1.2)
y ') =9V () =0 te(0,T),
[4'(0) = v i=1,---,N.

It is well known that the uniform null controllability property is very delicate for semi-discrete
parabolic equations and generally fails. For instance, as demonstrated by the counterexample
provided in [31], the uniform null controllability property may not hold even for the deterministic
second order semi-discrete equation in the two dimensional case. To the best of our knowledge,
there are also only few results on the uniform null controllability of deterministic second order
semi-discrete parabolic equations for some special cases; see [1, 14, 18, 22/ 25]. The underlying
reason is that the semi-discrete operator may admit some eigenfunctions which are not seen from
the observation region. As explained in [4], the presence of such modes leads to initial data that
are not null controllable for the semi-discrete system. In the stochastic semi-discrete setting, it was
also shown in [17] that, in higher dimensions, a semi-discrete approximation of a null-controllable
system may fail to preserve null controllability. This mechanism provides a strong motivation for
relaxing the notion of null controllability in the semi-discrete setting.

Therefore, rather than seeking uniform null controllability, it is natural to consider weaker
controllability notions. There are papers that study ¢-null controllability instead of uniform null
controllability. In [2, 3], a uniform null controllability result for the lower part of the spectrum
of deterministic semi-discrete second order parabolic problem is established. Later, [5] proved
that the deterministic second order semi-discrete parabolic equations are ¢-null controllable by
establishing a discrete global Carleman estimate directly for semi-discrete parabolic operator. This
¢-null controllability means that the norm of the semi-discrete solution at time T' can be dominated



by v/#(h), where ¢ is a real-valued function that tends to zero as the space discretization parameter
h tends to zero.

Since then, there have been many results on the controllability of deterministic semi-discrete
or fully discrete parabolic systems by using discrete Carleman estimates. We refer readers to
[7, 15, 16, 21]. Recent works on semi-discrete and fully discrete problems also include stochastic
controllability results in [17, 27, 28, 34] and a fully discrete controllability result in [29].

To state our main results, we first introduce some notations. We define the following regular
partition of the interval [0,1] as K = {z; | ¢ = 0,1,--- , N, N + 1}. Considering any set of points
W C K, we define the dual meshes VW and W*, respectively, by

WEL, W) NT_(W), WEr (W)Ur_(W)
where

(W) 2 {xi g

xEW}

We denote W2 (W*)* and W 2 (W')'. Note that for two consecutive points z;, ;11 € W, we have
Zi+1—x; = h provided W = W. We call such a subset W C K a regular mesh. Define the boundary
of a regular mesh W as OW éW\VV

Then, we introduce the semi-discrete sets Qé(O,T ) X W. Moreover, we say that the semi-
discrete set is regular if the space variable is a regular mesh. We also define the dual semi-discrete
sets by Q' é(O,T ) x W and Q* é(O,T) X W*. Similarly, the semi-discrete boundary is given by
0Q = (0,T) x OW.

Next, we define the average operator A; and the difference operator Dy, by

A Tyu(t,x) + 7_u(t, z)

= 5 ,

Tru(t, ) — T_u(t, z)
h )

Ap(u)(t, )

1>

Dp(u)(t, )

where Tyru(t, ) 2 u(t,z + b.
Here and in the sequel, L(W) denotes the set of real-valued functions defined in WW. We also
denote by L? (W) the Hilbert space with the inner product

(o) zom 2 [ wBh' 3wl
w zeWw
For w € L(W), we define its L{°(W)-norm as

A
|U!L;°(W) Zgé%ﬂu(xﬂ}-

With above notations, defining ) é(O7 T)x M where M 2K , the controlled semi-discrete system



(1.2) can be written as

dy + Diydt = (a1y + xou)dt + (agy +v)dW(t) in Q,

y(tv 0) = y(ta 1) =0 on (07 T)v

. . (1.3)
Dpy(t,—%) = Dpy(t, 1+ %) =0 on (0,7),
y(oa :E) = %Yo in M,

where the initial datum yo € L% (M), the coefficients a1, as in L§°(0,T; L (M)) and the control
(u,v) € LZ(0,T; L3 (Go N M)) x LZ(0,T; L3 (M)). According to the classical theory of stochas-
tic differential equations (see [19, Theorem 3.2]), we know that there is a unique solution y €
L2 C([0,T]; LE(M))) to (L3).

The main ¢-null controllability result of this paper is the following.

Theorem 1.1. There exist positive constants hy and C such that for allT > 0 and h < min{hg, h1}
with

hl — C(]. —|—T_1 +H2/7)_1,

where H = |a1|peo 07,000 (Mm)) + [a2|Lee(0,1,000 M) there exist (u,v) € L(0,T; L2(Go N M)) x
L2(0,T; L2(M)) such that the solution y to (1.3) satisfies

T
B[ Par [ ] s o [,
Q 0 JGonM M

E/|Mﬂﬁsamaf/|mﬁ (1.4)
M M

and

—1 2/7 2
Here, Cppy = €O +H [THTHH?T),

Here and in what follows, unless otherwise stated, C stands for a generic positive constant
depending only on G and Gy whose value may vary from line to line.

Remark 1.1. Choosing ¢(h) to be the right hand side of (1.4), we have \y(T)\sz (@L2(M) < Vo(h)
T 9
with }lLir% ¢(h) = 0, which means that system (1.3) is ¢-null controllable at time 7. Compared with
%

the null controllability results in the continuous case [20, Theorem 1.3] and [11, Theorem 1.1], here
we obtain only the ¢-null controllability in Theorem 1.1. It would be quite interesting to study the
uniform null controllability; i.e., for all sufficiently small admissible h > 0, there exist (u,v) which
have uniform bounds, such that the corresponding solution to (1.3) satisfies y(7T',x) = 0, P-a.s for
any x € M. It has been done for the deterministic semi-discrete heat equation on a uniform mesh
in [1]. However, we currently do not have a method for achieving this for the stochastic case.

Remark 1.2. Similar to proving Theorem 1.1, employing the techniques presented in this paper
allows us to obtain ¢-null controllability results for the backward stochastic fourth order semi-
discrete parabolic equation.

Remark 1.3. Here we use an additional control in the diffusion term, as in [24]. Therefore,
the control of (1.3) is a pair of function (u,v). It is an interesting question to study the ¢-null
controllability for system (1.3) with only one control in the drift.



To prove the controllability result of (1.3), we introduce the adjoint equation:

dz — Dizdt = —(a12 + axZ)dt + ZdW (t)  in Q,

2(t,0) = 2(t,1) =0 on (0,7), (1.5)
th(t,—%) :th(t,l—l—%) =0 on (0,7), '
2(T,z) = zp in M.

Due to the classical theory of backward stochastic differential equations (see [19, Theorem 4.2]), we
know that there is a unique solution (z, Z) € L&(; C([0,T); L7 (M))) x L&(0,T; L2 (M)) to (1.5).
We have the following observability estimate

Theorem 1.2. There exist positive constants hg and C' such that for allT > 0 and h < min{hg, h1},
the solution (z,Z) to system (1.5) satisfies

T
IE/ 12(0)]? < Cobs(E/ \Z\2dt+E/ / |zy2dt+efE/ |z]2‘ )
M Q 0 JGonM M =T

where hy and Cys s given in Theorem 1.1.

Remark 1.4. Compared with the continuous observability estimates in [20, Theorem 1.6] and [11,
Theorem 1.3, Theorem 1.2 contains the additional last term on the right hand side. This term
tends to 0 exponentially as h tends to 0. Currently, we do not know how to remove this term.

We will use discrete Carleman estimates to prove Theorem 1.2. To state our Carleman estimate,
we first introduce the weight functions. Let G be an open interval contains [0,1], G1 C G C Gy
and Go C G C G be two open sets. By [10, Lemma 1.1], we know that there exists a function

1 € C°(G) satisfies
Y >0in G, |0,0]>Co>0in G\Ga, 8,4(0) >0, and d,1p(1) < 0. (1.6)

Furthermore, we assume M NGy C M N G1. For any positive parameters A and u, choosing
0<d< %, put

b(z) = MYl +o(@) €4u\¢\c@7 o(z) = eM(\QWC(é)"‘W“}))’

s(t) = M(t),  0(t) = GremormT—
r(t,x) = e W@ p(t,x) = (r(t,z)) "t

(1.7)

We have the following Carleman estimate.

Theorem 1.3. Let the function s and ¢ be defined according to (1.7). There exists a positive
constant po such that for any p > po, one can find positive constants C' = C(u), hy and ey with
0 < g9 <1 and a sufficiently large A\g > 1 such that for all A > Ao (T+T2) ,0 < h < hy and

M (8T2) " < &g, it holds that

E/ 57628¢|w|2dt—|—E/ 5562s¢|th|2dt+E/83628¢’D]21w’2dt+1€/ se2s¢|D2w}2dt
Q Q* Q Q*

T
< C(E/ / 37625¢\w!2dt+E/ 623¢\f|2dt+E/ s'e®*?g|*dt
0 GonNM Q Q

+h4IE/ 628¢|w\2‘t 0+h4E/ 628¢yw|2( T), (1.8)
M = M t=
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for all w € LA(;C([0,T); LZ(M))) and f,g € LE(0,T; L2 (M)) satisfying
—dw 4 Diwdt = fdt + gdW (t) (1.9)

with w =0 on OM and Dyw =0 on OM™.

Remark 1.5. For continuous stochastic differential operators, Carleman estimates are often derived
from weighted pointwise identities (see e.g. [24]). In the semi-discrete setting, however, we do not
establish such an identity, but instead derive the estimate directly. There are two reasons for this
approach. First, the stochastic structure of the operator makes the corresponding identity extremely
complicated. Second, a pointwise formulation would lose essential information at individual mesh
points and would therefore obscure the argument.

Remark 1.6. By combining the approach in [26, Theorem 1.3] with the method of the present
paper, one can also derive a Carleman estimate for the forward equation associated with the
discrete system.

Remark 1.7. Starting from the Carleman estimate Theorem 1.3, one can include first order, second
order, and third order spatial derivative terms of the state in the drift term of (1.1). Moreover, one
can also include first order spatial derivative terms of the state in the diffusion term. We have not
written these lower order terms explicitly only for the sake of notational simplicity. However, we
currently do not know how to treat the case where second order or higher order spatial derivative
terms of the state appear in the diffusion term.

Remark 1.8. Since the control v acts on the whole domain, the term asy in the diffusion can be
absorbed into the control by setting v = v + asy (see [27, Remark 1.6]). Therefore, the problem
can be reduced to the case ag = 0. We retain the more general form only for completeness.

The rest of this paper is organized as follows. In section 2, we give some preliminaries. The
Carleman estimate (1.8) is proved in section 3. In section 4, we prove Theorem 1.2. Finally,
we prove the main controllability result Theorem 1.1 based on the Hilbert uniqueness method in
section 5.

2 Some preliminary results

This section is devoted to presenting some preliminary results we needed.

Lemma 2.1 ([7, Lemma 2.1]). For any u,v € C(W), we have for the difference operator
Dy (uwv) = DpuApv + ApuDpv, on W*. (2.1)

Similarly, the average of the product gives

h2
Ap(uwv) = ApuApv + ZDhUDhU’ on W*. (2.2)
Finally, on W we have
h2
u= Alu — ZD}%U (2.3)

Corollary 2.2 ([7, Corollary 2.2]). Let W C M be a regular mesh. For w € L(W),

Ap(u?) = (Apu)? + T(Dhu)2, on W*. (2.4)
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In particular, for all uw € L(W),
Ap(u?) > (Apu)?, on W*. (2.5)
For v € L(W)
Dh(uQ) = 2DpuApu. (2.6)

To deal with the boundary conditions, we note that, in the one-dimensional setting considered
here, W is a regular mesh and therefore, for each x € 9V, exactly one of the following two cases
occurs. We define the outward normal for z € OW by

o(z) all, ?f 7_(xz) € W* and 14 (x) ¢ W*, 27)
—1, if7_(x) ¢ W* and 71 () € W*.
We also introduce the trace operator for u € L(W*) by
_ if =1
Vreow,  t(u(xd U@ v =1,
myru(z), if v(z) = —1.
Then by the definition of trace operator, for € 9V and u € L(W), it is easy to check that
2 h? 2 2
tr(|Apu|*)v — Ztr<‘Dhu| v = |u|*v — hut,(Dpu). (2.8)

Finally, let us introduce the discrete integration on the boundary for u € L(OW) as

/awué S ).

zeOW

Proposition 2.3 ([7, Proposition 2.3]). Let W C K be a regular mesh. For v € L(W) and
v € L(W*) we have

/ uDpv = — Dhuv+/ uty(v)v (2.9)
w 2% ow

h
/ uAhU:/ Ahuv—/ uty(v). (2.10)
W . 2 Jow

Corollary 2.4 ([7, Corollary 2.4]). Let W C K be a regular mesh. For u € L(W) and v € L(W)
we have

and

/ uD3v :/ vD3u — Dhutr(v)v—i—/ uty (Dpv) v, (2.11)
w w oW oW
h h
/ uAiv = / vAFu — — Aput,(v) — / ut, (Apv), (2.12)
W w 2 Jow- 2 Jow



and

/ uApDpv = — /vAhDhu + g Dput,(v) +/ ut, (Apv) v
w

w oOW* ow
h
= —/ vARDpu — / uty (Dpv) + Aput, (v)v. (2.13)
w 2 Jow oW*

Proposition 2.5 ([7, Corollary 2.7]). Let f be a (n+ 4)-times differentiable function defined on R
and m,n € N. Then

ARDyf = f 4 Rag (™) + Rpp (f) + Razpp (f),

Ry (f) = Q’Lkzo (3) =22 | (- o) (+0 2 ao

and Rappyp := Ram o Rpr. Here, ) denotes the n-th derwative of f with respect to .

In the sequel, for any n € N, we denote by O(s"™) a function of order s™ for sufficiently large
s (which is independent of p and h), by O,(s™) a function of order s™ for fixed p and sufficiently
large s (which is independent of h), and by O,((sh)") a function of order (sh)" for fixed p and
sufficiently large s, sufficiently small h.

Lemma 2.6 ([16, Lemma 4.3]). For «, 3 € N, we have

92 (ro2p) = o (—s@)* P (0,9) T + aB(se)*uTPLO(1) + s* La(a — 1)0,(1)
= 590, (1). (2.14)

Corollary 2.7 ([16, Corollary 4.4]). For «, 3,7 € N, we have

03 (r? (95 p)0% p) = (a4 B) (=) TP TPH(9,0) TP 4 y(a + B) (s)* TP p P11 0(1)
+ s ala — 1) + B(8 — 1)]0u(1)
=520, (1). (2.15)

By (1.7) and (2.14), it follows that the following result holds.

Lemma 2.8. For o, 3,7,0 € N, we have

07 (rogpd] (ragp)) = 7 (a4 7)7 (=sp) T p TPV (0,) HFFIHT 4 (5)*F1 0 FFHIH1O(1)
+ 5277710, (1)
= s*T70,(1). (2.16)

Lemma 2.9. [16, Lemma 4.8] Let a, j, k,m,n € N. Provided Ah(§T?)~! < 1, we have

A} DEOS (r A} Ditp) = 9502 (190 p) + 80, ((sh)?) = "0, (L). (2.17)



Theorem 2.10. [16, Theorem 4.9] Let «, B, j,k,l,m,n,p € N. Provided Ah(6T?)~! < 1, we have
A} D} (r* A} D03 p) AR Dj (p) = 0405 (r* 0505 pli p) + 8" HET 0, ((sh)?)
= s"thteo (1). (2.18)
Theorem 2.11. [7, Theorem 2.9] Let a, j, k,m,n € N. Provided ANh(6T?)~! < 1, we have
atAﬂDﬁ(rAZLD,’}(agp)) =T0s*"0,(1). (2.19)
By Theorem 2.5 and (2.17), it is easy to check that the following estimate holds.
Lemma 2.12. Let i, 4, k,l,m,n,p,q € N. Provided Ah(6T%)~ < 1, we have
D3 (r A} D} p Al D (r AL Df p) = 04(rd,p0 (rdfip)) + s"H90,((sh)?)
= sT10,(1). (2.20)

Remark 2.1. Several asymptotic estimates collected in this section can alternatively be deduced
from [23, Proposition 3.3 and Theorems 3.5, 3.7, 3.13]. We keep the present preliminaries in order
to make the paper self-contained and to fix the notation used later in the proof of the Carleman
estimate.

3 Proof of the Carleman estimate

Proof of Theorem 1.3. Before entering the computations, let us emphasize two features that are
specific to the stochastic semi-discrete fourth-order setting. Compared with the deterministic case in
[7], the conjugated operator now produces It6 terms involving dv, Dy,(dv), and D?(dv), which must
be balanced with the diffusion variable g. Moreover, the fourth-order discrete operator gives rise to
correction terms that must be combined carefully; in particular, the contributions corresponding
to I41 and I5; will be absorbed into the estimates of I11, I21, and I3; after discrete integrations by
parts. For readability, we divide the proof into six clearly separated parts.

Step 1. Conjugated operator and decomposition. At first, we define
Prw = —dw + Djw. (3.1)

Letting v = rw and recalling that p = r—!, utilizing It6’s formula, we have
—rdw = —rd(pv) = —dv + A\p0fvdt. (3.2)

Thanks to Theorem 2.1 (see also [23, Proposition 2.2] for a general discrete Leibniz rule) and
w = pv, it holds that

Ditw = DipAtv +4A, D3 pA3 Do 4 6A2 D3 p A2 Div + 4A3 Dpp Ay Div + A} pDiv. (3.3)
Combining (3.1)—(3.3), we deduce that
rPrw = I dt + I + I3dt, (3.4)
where

I1 = 6rA2D3pA2 D2v + rDipAtv + 1A} pDiv + 6 Ap Dy (rA2 D3 p) Ay Dy + ®(v),
9



Iy = —dv + 4r Ay D3 pA3 Dpvdt + 41 A3 Dy pAp D3vdt + 2A, Dy (r Ay D3 p)udt,
I3 = \p0y0v — 6 A, Dy, (r A3 D7 p) A, Do — 24, Dy (r ApDj p)v — ®(v)
h? h?
®(v) = 3h2Di[AnDy(r A3 Dip) A Dol + ?Az[AhDh(rDﬁp)Ahth] + ZD,%(rDﬁp)AZv
— D2(rA}p)Div + 2A;, Dy [Ap Dy (1A} p) D3],

(3.5)

Using (3.4), it follows that
21 rPyw = 2I7dt + 211 I + 21, Izdt,

which, combined with Cauchy-Schwarz inequality, (1.9) and (3.1), implies

E/ |Tf|2dt > QE/ 11 —E/ ’13|2dt. (3.6)
Q Q Q

The next steps provide an estimate for the right hand side of (3.6). For convenience, we denote

5 4
IE/QI1[2 => > I (3.7)

i=1 j=1

where [;; stands for the inner product in L2(0,T; L7 (M)) between the i-th term of I; and j-th
term of I.
In order to shorten the formulas used in the sequel, we define the following lower order terms

s =E [ [50,(1) + 57O, ((sh)?) + 5wl O(1) o
Q
+ IE/ [0, (1) + 80, ((sh)?) + 515 *O(1)]| Dyo|?dt
[ [20,1) + SO,(sh)) + 5 O] Dol
Q
+E [ [04(1) +50u((sh)?) + sppO(L]| Dol
As :E/ 34ON(1)|dv|2+E/hQOM(1)|D,%(dv)\2,
Q Q
Ang/ s4ou(1)|uy2‘ +E/ 520H(1)|th|2‘ —I—IE/OM(l)D,%vH
M t=0 M* t=0 M t=0
4 2 2 2 2 12
—HE/MS Oyl ‘t:TJrE/M*s O,(1) [ Dyo] ‘t:T—i—E/M(’)H(l)]th] .
B:E/ [54(%(1)+550#((sh)2)]tr(|th|2)dt+E/ 120,,(1) + 530, (sh))| D2v|2dt
0Q oQ

4 E/ (0,(1) + 5O (sh))tr (| D3v[2)dt.
oQ

Step 2. Estimate of the terms I;; with ¢ =1,...,5. We begin with the terms involving —dwv.
The deterministic part of the computation is parallel to [7], while the stochastic setting requires
additional applications of It6’s formula to control the terms involving Dp,(dv) and D3 (dv).
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Since w = 0 on M and Dpw = 0 on IM*, noting that v = rw, we obtain
v=0on dQ, Dpv= Apv =0 on 0Q", (3.8)
and
tr(v) =0 on AQ* and AQ", t,(Dpv) = t.(Ayv) =0 on Q. (3.9)

From (3.5), (2.13), (3.8), (2.1), (2.2) and (2.3), letting q11 = rA? D3 p, we have
I; = —6E /Q q11 A2 Divdv = 6E /Q ApDyvAL Dy (qi1dv)
= 6E /Q ApDpq11 A% (dv) Ap Dy + 6E /Q A2 q11 A Dy, (dv) Ay Do
- ghQE /Q D32q11 A Dy, (dv) A Do + ;hQE /Q ApDypq11 D3 (dv) A Do

h2
= GE/ ApDypgi1ApDypodo + 6E/ <Q11 + 2D;2Lq11>AhDhUAhDh(dU)
Q

Q
+ 3h’E / ApDpqi1 Ay DpoD3 (dv). (3.10)

Q
By Itd’s formula, it follows that

h2
GE/ <qn + 2D;2LQ11>AhDhUAhDh(dU)
Q

T
h2
= 3E / |:<q11 + 2D}21q11> |AhDhU|2:|
M

0

h2
— 3E/ <Q11 + 2D,21q11> |AhDh(dU)|2. (3'11)
Q

h2
- 3E/3t <Q11 + 2D;QLQ11> |Ap Dyo|?dt
Q

To derive the next estimate, (2.17) yields the coefficient bound for ¢;1 + %QD,zlqu. Next, (2.5) gives
’Ahl)h’l)’2 < Ah(’DhUP).

Finally, (2.10) together with (3.8) transfers the average from M to M* without boundary contri-
butions. Hence, for Ah(67%)~! < 1, we have

2
3E //\/1 (C_Ill + h2D,21q11> |Ahth]2 > —F /M[S2OM(1) + OM((sh)2)]|Ahth|2
> E /M[s%’)u(l) + O, ((sh)2)] An(IDyol)
> B [ [5°0,(1) + O, ((sh)1Dac (3.12)

Therefore, similar to (3.12), by (2.19), it holds that

h? h?
—3E / 2 <Q11 + 2Dim)|Ahth|2dt—31E / <Q11 + 2D,%qu>|AhDh(dv>|2
Q Q@
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> -E [ 1620,(1) + O,((sh)|Dpofde ~ & /Q [0u(1) + Ol Du(d) . (3.13)

By Cauchy-Schwarz inequality and combining (3.11)(3.13), for Ah(672)~! <1 and A > T + T2,
we obtain

6F /Q <Q11 - fD%m)Ahthd(Ahth)
> B [ [£0,(1) + O,((shP)|Da (o) — A1 — Ay
_ E/Q[s%u(l) + O, ((sh)?)| D2 (dv)dv — Ar — Ay
> —éE/Q ID2(dv))? — Ay — Ag — As, (3.14)
Combining (3.10), (3.14), (2.11), (3.9) and (3.8), for Ah(67?)"' <1 and A > T + T2, we have
I; > 6E / A Dy, (A2 D32 p) Ay Dyvdv + 3h*E / D32[ADy,(rA2 D3 p) Ay Dyv)dv
- E/ |D2(dv)| — Ay — As. (3.15)
From (2.12), (3.8), (2.2) and (2.3), letting ga1 = rDjp, we obtain

121 = —]E/ QQlA;lL’UdU = —E/Ai(fhldv)A%U
Q Q

2

h? h
=—-E /QA%qglA%(dv)A%lv— 2E/QAhDhq21AhDh(dv)A,2LU— ZE /QD%qglAi(dv)Aiv

h2
) / Dj go1 Ajvdv. (3.16)
Q

Thanks to It6’s formula and similar to (3.12), from (2.17) and (2.19), for Ah(6T%)~! < 1 and
A>T +T?, we have

~E / A2 g0 A2 (dv) A3
Q

1 T 1 1
=—5E /(A%mﬂA%U\Q)’ +5E /at(A%LQm)\A%U\thJF E/A%QQlA%(d’U)\Q

— Ay — As. (3.17)

Using the identity A, Dy (dv)AZv = $d[Dy(|Apv|?)]— ApDpv A2 (dv)— Ap Dy (dv) A2 (dv) and Cauchy-
Schwarz inequality, from (2.5), (3.9), (2.9), (2.10), (2.17) and (2.19), for A(6T?)~! < 1, we deduce
that

- E/ AhDhq21AhDh(dv)Ahv

h? h?
= —4E/Qd[AhDhq21Dh(|AhU|2)] + 2E/Q8t(AhDhq21)AhthA%vdt

12



h? h?
+ —E /AhDhquhthA%(dv) + E/AhDhquhDh(dv)A,%(dv)
= —E/ AhDhQQth(|Ah’U| )‘ —i—]E/ T0s*O ((Sh) )AhDh’UAh’Udt

7E /AhDhqglAhthA%L(d’U) — 4E/AhD%Lq21’Ah(d’U)2
Q Q*

h2
Z 2E/AhDhQQ1AhDhUA?L(dU> — .Al - ./42 - A3
Q
h2
o5 / A7 (AnDpgor ApDyv)dv — Ay — Ay — As. (3.18)
Q

Thanks to It&’s formula, from (2.5), (2.17), (2.10) and (2.19), for Ar(6T?)"t <1 and A > T + T2,
it holds that

- ]E/ Dhq21Ah(dv)Ah’U

h2
= —E/ DhQQ1|A;21’U| ’ + E/ 8t DhQQ1)|A U’2dt+8E/D}2LQQ1’A}2Z(d’U)2
Q
> —A; — Ay — As. (3.19)

Combining (3.16)—(3.19), for Ab(6T?)~1 <1 and A > T + T?, it follows that

h2 h2
Iy > E /Q A2[An Dy, (1D} p) ApDyvldv + TF /Q D} (rDip)Aivdv — Ay — Ay — Az, (3.20)

From (2.11), (3.8), (2.1), (2.3), (2.13) and (3.9), letting g31 = 1A} p, we have
131 = —E/ Q31D;1L’Udv = —E/D%(qgldv)D,%v

Q Q

=-FE / D3q31 A7 (dv)Div — 2E / ApDyg31 Ay Dy, (dv)Div — B / A3 q31 D3 (dv) Div
Q Q Q

=-FE / D32 g3 Divdv + 2E / ApDy(ApDpgz1 Div)dv
Q Q

2 h2 2 2 2
—E [ [Ag1+ ZD}L(]?)I D;,(dv) Djw. (3.21)

Q

Choose e, = e.(u) € (0,1] sufficiently small. Since ¢ is smooth, every ratio r(z)p(z + jh) with
|| < 2 lies between e~C(#Wsh and eCWsh Thus, if Ah(672)~" < &, then

h? z+h)+gi(z—h
" D2gs = g1 ( ) ! g1 ( )

AZgs + 1

>

1w

Thanks to Itd’s formula, (2.17) and (2.19), for h <1 and A > T + T2, it follows that

h2
— IE/Q <A;QLQ31 + 4D;21Q31>D;21(dv)D%U
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T 1 h2
+ 5IEﬂ /Qat (A%Q:n + 4D;2LQ31> | Djtv|dt
0

1 2 h? o 2,12
= _iE [ | Apgz1 + ZDh(Bl | Dj vl
Q
EE A2 h72D2 D2 2
+ 5B || Ahast + 7 Dhast ) [ Dy (dv)]
Q
3
> SE/‘D}QL(CZU)F - A — Ay — As. (3.22)
Q
Combining (3.22) and (3.21), for Ah(d0T?)"! <e,, h <1 and A > T + T2, we have
I3 > —E/Di(rA%p)D%vdv + QE/AhDh[AhDh(TAip)D%v]dv
Q Q
3
+ SE/ |D}2L(dv)|2 - Al — ./42 — ./43. (3.23)
Q

The terms I4; and I5; are not treated separately. Indeed, after the discrete integrations by parts
in the estimates of 111, I21, and I31, the correction terms appearing in (3.15), (3.20) and (3.23) are
exactly the contributions corresponding to I4; and I5;. Hence (3.24) is obtained by collecting all
these terms together.

Hence, combining (3.15), (3.20), (3.23) and (3.5), for Ar(6T?)7! <e,, h<1land A > T + T2,
we obtain

1
I+ Io1 + 131 + 11 + 151 > 4E/|D}21(dv)]2 —A; — Ay — As. (3.24)
Q
Noting that (1.9) and v = rw, by Proposition 2.5, (1.7) and (2.1), for Ah(67?)~! < 1, we have
E [ Dhao) = [ Dfrg)Par
Q Q
1
> 3E/r2|D,2lg|2dt—E/(’)H((sh)4)r2|ng|2dt—E/ s20,(1)r?| Dyg|*dt
Q Q *

]E/ s*0,(1)r?|g|?dt. (3.25)
Q

From (2.9), (2.1), Proposition 2.5 and (1.7), thanks to Cauchy-Schwarz inequality, for Ah(6T2)~! <
1, we obtain

1
—E/*szOu(l)TQIDthth > —IQE/QTQ\D,QLg\th—E/Qs‘l(’)u(l)r2|g|2dt. (3.26)
Decrease hy < 1 so that the coefficient h20,,(1) in Aj is at most 1/12. Then (3.24) retains at least
1/6 of Ef§|D}2L(dv)|2. Decrease e, further so that the coefficient O, ((sh)*) in (3.25) is at most

1/8. By (3.26), the remaining coefficient of ]Ef@TQ\D%g\?dt is at least 1/3 —1/12 —1/8 = 1/8.
Consequently, for A > T + T2, h < hy and A (6T?)~! < &,, we obtain

1
N+ Iog + I3y + 141 + 151 > @E /T2|D%g|2dt — C(,LL)E/ S4T2|g|2dt - A — As. (3.27)
Q Q

Step 3. Estimate of the terms I;; with i = 1,...,4 and j = 2,3,4. The estimates in
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this step follow the same pattern as in the deterministic fourth-order semi-discrete case treated
in [7]. We include them for completeness and to keep the notation consistent with the present
stochastic framework; readers familiar with [7] may proceed directly to Step 4. The genuinely new
contributions among the terms with j = 2, 3,4 are the terms I5;, which will be treated separately
in Step 4.

Noting that (2.6), (2.9), (2.3), (2.18), (2.15), (1.6) and (2.7), letting qi12 = r?A2 D2pA, D3 p, for
AR(6T?)~1 < 1, we have

112 = 24E/ Q12A%D%UA%thdt = 12E/ qlgDh[(A%Dh’U)z]dt
Q Q

= —12E DhQ12|A%Dh’U|2dt + 12E/ Q12tr(|A%Dh’U|2)th
Q* 0Q

h2
= —12E [ Dpqi2|Dpv + ZD%’U

2
> vdt
Q*

> GOE/ s° 185 |0,1|®| D)2 dt — IE/ (s0,((sh)?) + 5O, ((sh)*h)]| Djv|*dt
Q* Q*

2 2
h
dt + IQE/ q1oty, (‘th + —D%v
0Q 4

*

E/ )+ 50 ((sh)?) + 1P O(1)]| Dpol2dt

o

- 12E/ $* 12" (0, )5tr(|th\2)vdt—E/ [5O0,((sh)?) + 5O, ((sh)")]t (| Div[*)dt
0Q
E / ) 4 SO, ((sh)2 e (1 Do P
0Q
O0E | 510,00 Dyt + 12E | P00t (Duof)dt — Ay~ B (328)
Q* 0Q
From (2.6), (2.9), (2.4) and (2.10), letting 15 = r2A42 D? pA3 Dy, p, we obtain
I3 = 24E / q13A3 Div A, D}vdt = 12E / q13Dp[|Ap Div|*]dt
Q Q
= —12E Dhqlg\AhD,idetHQE/ qustr(|ApDiv|?)vdt
Q* oQ
= —12E DhqlgAh(yDﬁv|2)dt+3h2E/ Dyquz| Div|?dt + IQE/ q3t, (|ApDiv*)vdt
Q*

Q* o0Q
= —12E/AhDhq13|D}2LU|2dt + GhE/ Dhqlgtr(|D%U|2)dt + 3h2]E/ DhQ13|D2’U|2dt
Q oQ~ Q*
+ 12E / qu3t, (|ApDiv|?)vdt. (3.29)
0Q
From (2.18) and (2.15), for Ah(6T?)~! < 1, we have

—12E/Ahphq13m,%v|2dt > 36E/s3ﬂ4¢3yax¢y4|D,%v|2dt
Q Q

— E/[S2OM(1) +530,((sh)?) + s> O(1)]|Div[*dt,  (3.30)
Q
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and
6hE / Dyqust, (| D3v|?)dt + 3h°E / Dyqu3|Div|?dt
0Q* Q*
> —E/ sQOH(l)]D}QLdet—E/ 5O,((sh)2)| Ddv|2dt. (3.31)
0Q Q*
From (2.18), (2.15), (2.8), and the Cauchy-Schwarz inequality, for Ah(672)~! < 1, it holds that
128 | quaty(14nDFo e
oQ
= 12E/ q13|D}2Lv|2vdt+3h2E/ qu3t, (| D3v|*)vdt — 12hE/ qu3Divt,.(Djv)dt
oQ 2Q

aQ
> _19E / 188 (00| D2v[2vdt — B / 20, (1) + 550, (sh)]| D2v|2dt
oQ oQ
_E / 5O, (sh)t, (| Div|?)dt. (3.32)
aQ
Combining (3.29)—(3.32), for A(6T%)~1 <1 and A\ > T?, we have

I3 > 36E /s3ﬂ4¢3yax¢y4|D,3v|2dt + 12E/ s 13030, | Div|2dt — Ay — B. (3.33)
Q oQ

From (2.3), (3.8), (3.9), (2.9), (2.6), (2.1), (2.20) and (2.16), noting that Cauchy-Schwarz in-
equality, letting q14 = rA2 D3 pAp Dy, (rApD;p), for Ah(6T?)~! <1 and A > T?, we have

I, =12E / q14A2 Divvdt = 121 / quaD?vvdt + 3h°E / quaDjvvdt
Q Q

Q
= —12E Dhql4Ah'UDhUdt - 12E/ Ahql4|DhU‘2dt — 3h2E/ Dhq14Ath?Lvdt
Q Q Q
—3R*E | ApquaDpvDjudt
Q*
= 6E / D3 qua|v|?dt — 12 / Apqua|Dpv|?dt — 3h*E | DpquaApvDivdt
Q Q Q

—3h’E Ahq14thD2vdt
Q*
> 36E/ s5u6<p5|8x¢|6|th]2dt+E/ 55(9H(1)|v|2dt—|—E/ 5O, ((sh))| Dot
Q* Q Q*
~E [ [080(1) + S0, ((sh)?) + 50, (D]| Dyofde
> 36E/ $° 810,10 (8| Do) ?dt — Ay (3.34)
Q*

From (2.2), (2.6), (2.3), (2.13) and (2.9), letting g2 = r>DjipAj, D3 p, we have

Iy = 4E / G2 A}V A3 Dpvdt = AR / g2 An(A3v A3 Dyv)dt — h*E / qa2 A3 Dyv A3 Divdt
Q Q Q
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h2
= 2E/Qq22AhDh(|A%v]2)dt— Q]E/QQQQD}LGA%LD}LUF)dt

= 2IE:/ Q22AhDh(
Q

=—2E /AhDhQQQ
Q

+ QE/ qootr <Ah
aQ

h? h?
_ E/ qooty (’th + fD?LU
2 Joo 1

h2
v+ ZD,%U

2
Jat
2

Jat

h2
Dpv + ZD%’U

2 h2 h2
)dt — E/ Qoo Dy, (‘th + fD?L’U
2 Jo 4

2 h2
dt + hE DhQQQtr< v+ ZD%LU

hQ

v+ —Div
4

o0Q*

2
dt

hr o, 2 h?
v+ ZD%U >l/dt + ?E Dpyqoo
Q*

2) vdt. (3.35)

From (2.18) and (2.15), for Ah(6T%)~1 < 1, we obtain

hro, P
— QE/AhDthQ v+ ZD]%’U dt
Q

> 14E/ sm%?\am%y?dt—m/ 90,(1) + 570, ((sh)?) + sTuT " O(1)]o|dt
Q Q

_E / S0,((sh)2)| D2v[2dt. (3.36)
Q

2

Thanks to (2.18) and (3.9), for Ah(6T?)~! < 1, we have
h” o
hIE Dpgoot, | |v+ ZDhU

2 h2 h2
>dt — E/ qggtrthv + —Djv

> —E/ SQOM((sh)E’)\D,?Lv]th—E/ S0, ((sh)2)t, (| Dpol2)dt
0Q oQ

2
) vdt

—E/ sO,((sh)®)t,(|Djv|?)dt. (3.37)
0Q
and

2
2E/ QQgtr <Ah >th
oQ

> —E/ 530M((sh)2)yD,%v|2dt—E/ 35OH((sh)2)tr(]th|2)dt—E/ sO,u((sh)*)t,(|Djv|?)dt.
aQ aQ oQ
(3.38)

h2
v+ Z‘D}QLU

From (2.18), for Ah(6T?)~! < 1, we obtain

h2 2
?E Dpg22

h2
Dpv + ZD?L’U
Q*

it > —E/ 35(9#((sh)2)|th|2dt—E/

sOu((sh)°)|Dyvf*dt,
Q*

(3.39)

Hence, combining (3.35)—(3.39), for all u > 1, one can find constant k] < hj, such that for all
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A>T +T2 h <k and A(6T%)~! < 1, it holds that
Ips > 14E /Q §T BT 0,0 v] 2t — Ay — B, (3.40)
From (2.3), letting ga3 = 72D} pA3 Dpp, for Ah(6T?)~! < 1, we have
h2 h2
I3 = 4E /Q g3 AtvALDivdt = 4R /Q 023 <v + ZD}QL’U + 4A2D,%v) ApD3vdt. (3.41)

From (2.9), (3.8), (3.9), (2.1), (2.10), (2.6), (2.18), (2.15), (2.4) and (2.11), for Ah(6T%)~! < 1, we
obtain

4R / qo3vApDivdt = 4R / D3 (qa3v) Ap Dyudt
Q Q
= 4FE / D3 qo3 A2v A Dyvdt + SE / ApDigas| ApDyv|*dt + 4E / A2 g3 Ay Dy D3 vdt
Q Q Q
= —2E | Djqo3|Apv|*dt + 6E /AiDhq23thv\2dt—2h2E / ApDygos| Div|dt
@ o8 Q
> —30E/ s5u6<p5\6$w\6th]2dt—E/33(’)“((sh)2)]Df2Lv\2dt—E/ S0, (1)|o[2dt
Q* Q Q
_E / 10O + 50, (1) + 5O, ((sh)?)]| Dyo|2dt. (3.42)
From (2.10), (2.2), (2.6), (2.9) and (2.18), for Ah(6T%)~! < 1, we get

h’E / qo3Div Ay D3vdt
Q

ht h3
= hE | AnqosApDivDivdt + +E Dygo3| Div|?dt — —E / qa3Divt,(Djv)dt
Q" Q" oQ
h2 2,12 h2 2,12 h4 3,12
— f?E /AhDhq23|th| dt + 2E/ Apgast, (| Dyv|?)vdt + 4IE/ Dpygos|Dyv|“dt
Q oQ* Q

3

h
— E/ qggDivtr(ng)dt
2 00

> —E/530#((sh)2)|D%v|2dt—E/ s(’)u((sh)4)|Dzv]2dt—]E/ s°0,((sh)?)| Div|*dt
Q Q 2Q
_E / 5O, ((sh)Mtn (| Div]?)dt. (3.43)
2Q
From (2.6), (2.9), (2.18), (2.5), (2.10) and (2.8), for Ah(67?)~! < 1, it holds that
h’E / q23A7 D3v Ay D3 vdt
Q

n2 n?
= _IE/ Dpgos| Ap Do dt + E/ gastr (| Ap Dol vt
2 Jo 2 Jog

h? h? h?
— _21[«:/ Dyqos|ApDiv|?dt + 21&:/ 3 (yD,%v\?u — hD3ut,(D3v) + 4tr(\D%02)y> dt
Q 0Q
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> E/sg(’)#((sh)2)|Div|2dtIE/ 53(’)H((sh)2)]D;2lv|2th/ SOM((sh)4)tr(|Div|2)dt.
Q 0Q aQ

(3.44)
Combining (3.41)—(3.44), for Ab(6T%)~1 <1 and A > T?, we have
I3 > —30E / s° 18|01 || Dol 2dt — Ay — B. (3.45)
Q*
From (2.3), letting gaq = 7D} pAp Dy (rApD3p), we have
h? h?
Iy = QIE/ q24A;§vvdt = QE/ Qo4 (v + ZD%” + 4A,%D,%v> vdt. (3.46)
Q Q

From (2.20) and (2.16), for Ah(6T%)~1 < 1, we have

QE/ qoavidt > —GE/ sTpBo" |0 [Bv?dt — IE/ (s°0,(1) + 57 0,((sh)?) + s u " O1)]|v|*dt.
Q Q Q

(3.47)
From (3.8), (3.9), (2.9), (2.1), (2.6) and (2.17), for Ah(6T?)~! < 1, we obtain
h? 9 h? h? 9
—E | guDjvvdt = ——FE DypgosApvDpvdt — —E Apqosa|Dpol=dt
2/, 2 Jo 2 Jo
h? 2 2 h? 2
= ZE [ Djqoav=dt — ?E Apqosa| Dpol=dt
Q Q*
> —]E/st’OM(l)Uzdt - E/ s°0,((sh)?)|Dpvl*dt. (3.48)

From (2.9), (3.8), (2.1), (2.3), (2.6), (2.17), (2.10) and (2.5), thanks to Cauchy-Schwarz inequality,
for Ah(6T?)~! < 1, we obtain

h2
2]E/ qo4 A% Divvdt
Q
= —?E Dpqaa Apv Ay, Dypvdt — ?E ApqoaDpvAg Dpodt
Q* Q"
h? h 5 h2 )
=——FE DhQQ4Athhvdt ——E DhQQ4AhUDhUdt — —E Ahq24‘Dh’U’ dt
h4
— —E AhQQ4Dh’l}Di’Udt
8 Q*
> —E/Qs%u((sh)?)ym?dt—la/@ 55OM((sh)2)|th|2dt—E/Q* sOu((sh)Y)|Div2dt.  (3.49)

Combining (3.46)(3.49), for Ah(6T2)~! <1 and A > T2, we have

Ioy > —6E/ sTP T |0y PuPdt — Ar. (3.50)
Q
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From (2.9), (2.1) and (2.3), letting g3z = r>A} pA, D3 p, we have

I3o = 4E / q32D}v A3 Dyvdt = 4R /
Q

q32D}v AL Dyvdt + hR / g2 Div A, D3vdt
Q Q

= —4E DhqggA%Dh’UD%Udt —4E Ahq?)QAhD}QZ’UD%Udt + 4E/ q32Ap Dyt (D%U)th
Q* Q* oQ
+ h’E / q32Djv AL D3 vdt. (3.51)
Q

From (2.3), (2.9), (2.1), (3.8), (3.9), (2.6), (2.18) and (2.15), for Ah(67?)~! < 1, we obtain
—4E | Dpg32 A2 DpvDivdt
Q*
= —4E | Dygs2DpvD3vdt — h*E / Digse| Div|?dt
Q* Q"
=4E / D330 Ay DyvDivdt + 4R / ApDpgse| Div|?dt — h*E / Digse| Div|dt
Q Q Q"
= 2E /qugg\th|2dt+4E / ApDpgsz| Div|?dt — h*E / Dhgse| Div|dt
Q" Q Q
> —12E/ s3u4ap3|8x1p|4\D,21v|2dt—E/ 33Ou(1)|th|2dt—E/ sO,((sh)?)|Djv|?dt
Q Q Q
- ]E/ [s20,(1) + s30,((sh)?) + s> O(1)]| Div|?dt. (3.52)
Q

From (2.6), (2.9), (2.18) and (2.15), for Ah(67?)~! < 1, it holds that

— 4E/ Ahq:;QAhD}zLUD?LUdt

=2E /AhDhq?)Q‘D%L’U’Zdt — 2E/ AhQ32tT(’D}2LU|2)I/dt
Q 2Q

> —6E/s3u4go3|azzp|4\p,%v12dt+2E/ s2 1303 (0,0) %t (| DEv|? ) vdt

Q 2Q
~ B [ [£0u(1) + S°O,((sh)?) + s *O(1) Dt

Q

—E / [20u(1) + 20, ((sh)?) + $*12* O (L)]t, (| DRo]2) . (3.53)
oQ+

From (3.8), (2.18) and (2.15), thanks to Cauchy-Schwarz inequality, for Ah(672)~! < 1, it holds
that

4F / @32 Ap Dyt (Div)vdt > —E / s°0,(1)|Ap Dpolt, (|1 Djv|)dt
0Q oQ
h

——3E [ $0,)|D}lt (Dl
2 0

>_E / SO, (sh)| D2oldt — E / 5O, (sh)t, (| DEv]?)dt. (3.54)
0Q aQ
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From (2.6), (2.9) and (2.18), for Ah(6T?)~! < 1, we obtain

h2 h2
h2E/ (p,gD%’UAhD}zvdt = —?E DhQ32’D27J|2dt + ZE/ Q32tr(’Dzv|2)th
Q oQ

o
Z]E/ sOM((sh)2)|Div|2dtIE/ O, ((sh)2)t,(|D3v|?)dt.  (3.55)
o

0Q
Combining (3.51)(3.55), for Ah(67?)~! <1 and A > T?, we have
I3 > —18E /33M4ap3]8m¢]4|D,2Lv\2dt - QE/ 213030, 3| Div2dt — Ay — B. (3.56)
Q 0Q
From (2.6), (2.9), (2.18) and (2.14), letting g33 = r? A} pA3 Dpp, for Ah(6T2)~1 < 1, we have
133 — 4E/ Q33D;4LUAhD2’Udt = —2E/ Dhq33|D?L’U‘2dt + 2E/ Q33tr(’D%’U|2)I/dt
Q Q* 0Q
> 28 | siplonPIDRuPdt+ 28 | suplosulty (DRl
Q 0Q
~E [ [0u(1) + 5O, ((s)?) + supO(U]|Diofde

— IE/ [0,(1) + 80, (sh) + spO(1)]t,(|Djv|?)dt. (3.57)
0Q

Letting gsq = 1A} pAp Dy (rApD3 p), from (2.11), (3.8), (3.9), (2.1), (2.3), (2.6), (2.9), (2.20) and
(2.16), for Ah(6T?)~t <1 and A > T?, we have

I34 = 2E / gzaDivvdt = 2E / D3 (g3qv)D2vdt
Q Q
ZQE/DI%Q34A}2LUD%LUdt+4E /AhDhQ34AhDhUD%L’Udt+2E /A%Q34‘D}2lvy2dt
Q Q Q
h2
= QE/D,QquwD;QLvdt-i- E/DiQ34’D}QLU|2dt—2E /AhD,%Q34‘DhU’2dt
Q 2 Jg @
+ 2E / A3 g3a| Div 2 dt
Q
> —6]E/53u4g03|81¢|4|D,21U|2dt—E/ SSOM(1)|th|2dt—E/ s*0,(1)|v]?dt
Q Q* Q
~E [ [£0,1) + (s + s)0,((6h)?) + 54 O(1) Do
Q

> —6E /s3u4g03]8I¢]4|D,2lv\2dt—A1. (3.58)
Q

Letting gao = ApDp(rA2D2p)rA,D3p from (2.3), (2.4), (2.10), (2.5), (2.17) and (2.14), thanks
to Cauchy-Schwarz inequality, for Ah(§7?)~! < 1, we obtain

I4o = 24E / qu2ApDpv A3 Dyvdt = 24 / qua| Ap Do) dt + 6h°E / qu2ApDpv Ay D3vdt
Q Q Q
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= 24E/ q42Ah(|DhU|2)dt6h2E/ q42|D%v|2dt+6h2]E/ q42AhthAhD%’Udt
Q Q Q
— uE / Apqio| Dyo|2dt — 12hE / qast, (|Dpo[2)dt — 6h2E / quo| D2v|2dt
Q 2Q Q
+ 6Rh°E / Qu2ApDpv Ay D3vdt
Q
> —48E/ s° 180,10 (8| Dpw|?dt — E/ [s70,(1) + 50, ((sh)?) + " ®O(1)]| Dpv|*dt
Q Q
—E/ 33(’)M((sh)2)\D%Lv]2dt—IE/ SON((sh)2)|D,?3Lv\2dt—E/ S0, ((sh))t (| Dol dt
Q Q 0Q
> 481 / s° 150,10 |°| Dol ?dt — A — B. (3.59)
Q*
Letting qi3 = ApDp(rA2D2p)rA3 Dyp, from (2.9) and (2.1), we have
I43 = 24E/ Q43AhDh’UAhD:,3lvdt
Q
= —24F / Dyqa3 A2 Dpv Ay Divdt — 24 / Apqus|ApDiv|*dt
Q Q
+ 24F / qu3Ap Dot (ApDiv)vdt. (3.60)
2Q
From (2.6), (2.9), (2.4), (2.10), (3.8), (3.9), (2.17) and (2.8), for Ah(67?)~! < 1, we obtain
— 24E DhQ43A%DhUAhD]21’Udt
Q*
= 12E/D%Q43‘AhDhU‘2dt - 12E/ DhQ43tr(’AhDhU‘2)th
Q oQ
=12E | Ay Djiqus|Dypv|?dt — 3h°E / D3 qu3|Div|*dt — 3h°E / Dhyqust,(|Div|*)vdt
Q Q 0Q
> —E/ 53OM(1)|th]2dt—E/s(f)u((sh)2)|D,2lv|2dt—IE/ sO,((sh)?)|Div?dt.  (3.61)
- Q 0Q
From (2.4), (2.10), (2.17) and (2.14), for Ah(6T?)~! < 1, it holds that
— 24E / Apqus|ApD3v|*dt
Q*
= —24F / A2 qu3|Div|?dt + 12hE / Apqust,(|D3v|?)dt + 6h*E / Apqus|D3v|dt
Q 0Q* Q
> 48E/s3u4<p3|8$¢|4\D}2Lv]2dt — E/[sz(’)u(l) + 5°0,((sh)?) + s> 1> > O(1)]| Div|dt
Q Q

—IE/ SOM((sh)2)|Div\2dt—E/ 50, (sh)| Djv|dt. (3.62)
Q oQ

From (3.8) and Cauchy-Schwarz inequality, by Ay Dypv = —4v D20, t,(A,D3v) = D3v — 4, (D}v)v
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on 0Q, then for A\h(6T?)~1 < 1, we have
24]E/ qu3Ap Dot (ApDiv)vdt > —E/ 50, (sh)| Div|?dt
oQ 2Q
~E [ Ou((sh)*)t.(|Djv|?)dt. (3.63)
oQ
Combining (3.60)(3.63), for Ah(67?)~! <1 and A > T2, we obtain
I3 > 48E / s3 3|0, Y| D3v|2dt — A — B. (3.64)
Q

From (2.17), (2.14), (2.5) and (2.10), thanks to Cauchy-Schwarz inequality, for Ah(672)~! < 1
and A > T2, we have

Iy = 12E / ApDy(r A3 D32 p) Ay Dy, (1A Di p) Ay, Dpvvdt
Q

> —E/ 540”(1)|th\2dt—E/ SO, (1)]o]2dt
* Q

> A, (3.65)

Step 4. Estimate of the terms I5; with j = 2,3,4. These terms come from the correction
term ®(v) in the decomposition of I;. They do not appear in the deterministic argument of [7], so
we isolate them here

From (3.5), (2.1), (2.2), (2.3), (2.17) and (2.14), letting

{ = ApDp(rAiD:p), q2 = ApDy(rDip), g3 = Di(rDjp), (3.66)

g1 = Dj(rALp), g5 = ApDy(rApp),

for Ah(6T?)~! <1, h < 1, we obtain

h? h?
®(v) = 3h2D2(q1 ApDyv) + 5A%L(q2Ahth) + quA%v — q1D?v 4+ 24, Dy, (g5 D)

h2
= 3h2(D;2quA%DhU + 2AhDhqlA;21D,21U + A%qlAhDiv) + ?CDAhDhU

Rt h?
+ g(D,%qu%th + 245, Dyqa AL Div + AZqe ApDiv) + quA%U — qD}v
P 3 3
+ 2AhDhQ5AhDhU + ?DhQ5AhDhU + 2Ah(AhQ5Dh’U)
> —0u((sh)*) (143 Dwv] + | AR Dol + [ ApDjjvl + | Djvl) — s*Opu((sh)*)(|An Dyol + | A5 0])
+ 245, (Angs D3v). (3.67)
From (3.66), (3.67), (2.17), (2.14), (2.5) and (2.10), thanks to Cauchy-Schwarz inequality, for
A(ST?)~1 <1, h <1 and A > T2, we have

Iso = 4E / rApD3pA3 Dyo®(v)dt
Q
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> -E /Q $0,((sh)?)oldt —E /Q 1(5° + 5)0u((5h)?) + 510, (1) + $°u>° O (1) Dyolalt

E /Q [5°0u((5h)?) + 520, (1) D3v|2dt

— 5 [ 10(1) + 5O,((s)*) + s O(1)]| Dol

> A, (3.68)
and
Iss = 4E / A3 DppApD3v® (v)dt
Q
> —E / S0,((sh)?)[vl?dt — E / [50u((sh)?) + 520, ((sh)?)] | Do dt
Q Q*
—E /sou((sh)Q)lDidet - E/ [04(1) + 50,((sh)?) + spO(1)]| Dyo|*dt
Q Q*
> A (3.69)
Further,

Isy = 21 / ApDy,(rALD3 p)v®(v)dt
Q

> —E/62(55+56)OM(1)|v2dt—E/ (0,(1) + 5*0,(1))| Dyv|*dt

*

—E/OH(U]D,%UPdt—E/ 0,(1)|Dyv|*dt
Q Q*

> —Aj. (3.70)
Combining the estimates obtained in Steps 3 and 4, namely (3.28), (3.33), (3.34), (3.40), (3.45),
(3.50), (3.56)—(3.58), (3.59), (3.64), (3.65) and (3.68)—(3.70), for Ah(6T?)"' <1, h <1and A > T?,

we have

5 4
So3 1288 [ S0l uPdi+ 158 | 540 o%l0,0l| Dyl
i=1 j=2 Q Q"
+60E/83u4¢3\8rw\4]D%v|2dt+2E/ 52| 0|2 | D3 v dt
Q Q*
128 | 00,00t (DuoP)de + 108 | 40,0l Do
0Q aQ

+ 2IE/ 5110|020 |t (| Dpv|?)dt — Ay — B. (3.71)
0Q

Step 5. Return to the variable w.
From (3.5), (2.19), (2.18), (2.5), (2.10) and (3.67), for Ah(0T?)"! <1 and A > T + T2, we have

IE/ |I5[2dt gE/(s4+56)Ou(l)v|2dt+E/ (s0,(1) + 0,(1))|Dpv|dt
Q Q Q*
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+IE/ Ou(l)D%v|2dt+E/ 0,(1)|Djv|*dt
Q Q
< A (3.72)

Combining (3.27), (3.71), (3.6), (3.7), (3.72) and (1.6), for all p > 1, there exists a positive
constant £; < e, and a sufficiently large A\; > 1, such that for A > A\ (T + T2), h < hY, and
AR(0T?)~! < &1, we have

T
CIE/ r2\f]2dt+C(M)E/ s4r2\g\2dt+CIE/ / s S |v|?dt
Q 0 MNGa

Q
T T T
—I—C[E/ / 55,u6<,05|th|2dt+]E/ / 53u4¢3|Div|2dt+E/ / s,u2g0|D,3zv|2dt]
0 M*NGa 0 MnNGa 0 M*NGa

ZE/ s7u8<p7|v\2dt+E/ ss,uﬁg05\th]2dt—|—E/s3u4cp3]D,QLv\2dt+E/ sp2p|Div|?dt
Q Q* Q Q*
+ E/Tz\Dig\th — Ay — As. (3.73)
Q
Noting w = pv, combining (2.1), (2.18) and (2.15), for Ah(672)~! < 1, we obtain
IE/ s5u6¢5T2|th\2dt:E/ s> 852 Dy, (p)|2dt
Q* Q*
< QE/ s" S @°r?(| DppApv|® + [AppDpol?)dt
< CE/ s7u84p7|Ahv]2dt+2E/ 85,u6g05\th|2dt—|—E/ 190,(1) + 57O, ((sh)?)] ot
Q* Q* Q
—i—E/ s°0,((sh)?)|Dpvl*dt. (3.74)
From (2.5), (2.10), (1.7), Proposition 2.5 and (3.8), we have
IE/ sTulp" | Apv|2dt < E/ sTpBp” Ay (v?)dt
Q* Q*
:E/ sTuB Ay ("3 dt
Q
gE/ s7u8ap7|v\2dt+E/ S0, ((sh)?)|v[2dt. (3.75)
Q Q
Combining (3.74) and (3.75), for Ah(6T?)~! < 1 and A > T2, it holds that
E/ s° 1S’ r?| Dpw|?dt < C’E/ sTpSo" uf?dt + 2E/ s° 18| Dpvldt + Ay (3.76)
* Q Q*

Since

[ D3wl? = 12D} (p0) > < Or>(|DRp M50l + | AnDup A Dol + | A3 pD3olP),
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similar to (3.76), for Ah(672%)~! <1 and A > T2, we have
E/53u4<p37‘2|D,21w|2dt
Q
< C’[E/ 37,u8g07|v|2dt—|—E/ s5u6cp5|DhU|2dt+E/s3p4gp3|D,21v|2dt
Q Q* Q
+IE/33(9#((sh)2)1D%v|2dt+E/ 90, ((sh)?) + 50, (1)) [ Dyo[2dt
Q Q*
—I—IE/Q[37(’)H((3h)2)+36(’)#(1))]v12dt
< C[E/ s7u8gp7]v|2dt+E/ s5u6cp5|th\2dt+IE/83,u4g03\D%Lv]2dt + A (3.77)
Q Q* Q

Noting that
2| Diw]? = 12D} (pv)|? < Cr2(|D} pA3v]? + | Ay DRp AL Dyol? + | A3 DypAn Dol + | ApDiol?),

similar to (3.76), for Ah(672)~! <1 and A > T2, we have
IE/ sp2or? | Diw|?dt
Q*
< C[E/ 57,ug<,07|v]2dt+E/ 35,u6g05|th|2dt—|—E/53u4g03|D%U|2dt+E/ s,u230|D%U|2dt]
Q Q* Q Q*
+E/ SO#((sh)Q)]Df’Ldet—l—E/[33(9#((sh)2)+32(’)#(1)]]D;2Lv|2dt
* Q
HE [ [S0,((50) + 5'0,(1) Dyoft + B [ (STO,(sh)) + 570, (1) o
* Q

< C[E/ s7u8gp7\vl2dt+E/ s5u6<p5]th|2dt+E/s3u4<p3|D%Lv\2dt+E/ s,uch|D?Lv\2dt]
Q Q* Q Q*
+ A (3.78)

Hence, combining (3.76), (3.73), (3.77) and (3.78), for u > 1, A > M (T +T?), h < hy, and
A (0T?)~! < &1, we have

T
C’E/ r2|f]2dt+C(,u)E/ s4r2\g\2dt+CIE/ / sT ST |v|dt
Q Q 0 MNG2
T T T
—|—C[E/ / s5u6g05|th|2dt+]E/ / s3u44p3|D,2Lv|2dt+IE/ / s,u2<,0|D,3Lv|2dt]
0 M*NGa 0 MNGa 0 M*NGa
EE/ s7u8<p7r2]w|2dt+E/ s5u6<p5r2th|2dt+E/s3u4<p3r2D}2Lw|2dt
Q Q* Q
—HE/ s,u2g0r2D?lw|2dt+E/r2|D,2lg|2dt—A1 — As. (3.79)
* Q

From (2.1) and (2.17), for Ah(6T?)~! < 1, we have

rDpw = rDppApv + rAppDpv = rDyppApv + Dpv + OH((sh)2)th,
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which implies

T
E/ / s° 185 | Dyv|dt
M*NGa
< CE/ / s 185 (rDpp)?| Apv| dt—l—CE/ / s° 1S p°r?| Dpwl|?dt
M*NGo M*NGa

+IE/ $°0,((sh)2)| Dy |2dt

T
< CE/ / sTpSo 2w |?dt + CIE/ / s° 18 o°r?| Dyw|?dt
MNGy 0 M*NGy
+E / SO, ((sh)?)| Dyol2dt + B /Q 570, ((sh)2) + 550, (1)] o[t
T
< CE/ / sTploTr? | w|?dt + CIE/ / s° 18 o°r?| Dpw|dt + Ay, (3.80)
MNGy 0 M*NGy

where we use |Apv|? < C(|mpv|? + |7_v]?).
Similarly, for Ah(67?)~! < 1, we have

Div =rDiw — rDipAiv — 2r A DyppApDypv — O,((sh)?) Div,

which implies

T
E/ / st o®| Div|dt
0 MNGa
T T
< C’IE/ / 87,u8g07r2|w\2dt+C’E/ / s° 1012 Dpw|?dt
0 MNGq 0 M*NGq
T
+ CE/ / St | D2w|?dt + A (3.81)
0 MNGy

For Ah(6T%)~1 < 1, we also obtain

T
IE/ / spPp| Div|?dt
0 M*NGa

T T
< CIE/ / sTpSoTr? | w|?dt + CE/ / s° 1812 Dpw|?dt
0 MNGy 0 M*NGy
T T
+ CIE/ / st Diw|?dt + CE/ / splor?| D3w|?dt + A;. (3.82)
0 mﬂG& 0 M*NG1
Noting that
|Dyv|* < Ch™2(|7_v|* 4 |1e0]?), (3.83)
and

|Diol* < Ch7H (|20 + |30 + u]?),
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for all 4 > 1 and Ah(072)~! < 1, we have

As < C(wh ™ (E /M r2|w\2‘t:0 + IE/M r2|w|2‘t:T) (3.84)

Combining (3.79)—(3.82) and (3.84), there exists a positive constant p; > 1 such that for all
w > 1, one can find positive constants €3 < €1, ha < b} and Ag > A1, such that for A\ > )\2(T+T2),
h < hg, and Ah(6T?)7! < &5, we have

T
C’IE/ r2|f|2dt+0(u)E/ s4r2\g\2dt+CE/ / sTpSo r? lw|?dt
Q Q 0 JMNG,
T T
+C]E/ / s5u6<p5r2\th]2dt+CE/ / s utodr?| Diw|dt
0 M*NG1 0 mﬁG1
T
+C]E/ / suggpr2|D,3Lw|2dt+C’(u)h_4(E/ r2\w|2’ —I-E/ r2|w\2‘ )
0 M*NGy M t=0 M t=T
EE/ s7u8<p7r2]w|2dt+E/ s5u6<p5r2th|2dt+E/s3u4<p3r2D}QLw|2dt+E/ spor?| Diw|?dt
Q Q* Q Q*
+E/r2\D,%g\2dt. (3.85)
Q
Step 6. Local estimates on Djw, D%w, and D%w.

Choose a function £ € C§°(Go; [0,1]) such that £ = 1 in G;. Thanks to It6’s formula and (1.9),
we have

d(s*p3er?w?) = ?¢10,(s*r?)widt + 253 PP wdw + 53PN (dw)?.

Hence, we get

E/ s3g03§4r2w2‘ _ IE/ 33<p3§47’2w2’
MNGo =T MNGo t=0
T r T r
= E/ / 320, (53 widt + QE/ / 33t w(Diw — f)dt
0 MnNGo 0 MnNGo
T
—I—E/ / s33€42 | g|2dt. (3.86)
0 MnNGo

For all x> 1 and Ah(6T?)~! < 1, we have

IE/ 53<p3f4r2w2‘ —E/ s3g03§4r2w2) < Ch_3<IE/ r2|w|2‘ —HE/ T2|w|2‘ )
MnNGo t=T MnNGo t=0 M t=0 M t=T

(3.87)

For A > T + T2, we obtain

T
E/ / O340 (sPrHwidt < E/ s00,,(1)r*wdt. (3.88)
0 JMNGo Q
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Thanks to Cauchy-Schwarz inequality, it holds that

T
E / / sSS3etrtwfdt <E / s%0,(1)r*w?dt + E / r2 f2dt. (3.89)
0 MNGo Q Q

From (2.11) and (2.1), we have

T
QE/ / 33t rtwDiwdt
0 MNGo
T
= 2E/ / s D} (@3¢ w) Diwdt
0 MNGoy
T
= 2E / / s [ D3 (3" %) AZw + 245, Dy (93E%) A Dyyw + A3 (3% %) Diw| Diwdt.  (3.90)
0 MnNGo

Thanks to Proposition 2.5, (2.5), (2.10), and the Cauchy-Schwarz inequality, for all € > 0 and
Ah(6T?)~1 < 1, it holds that

T
2IE/ / s*Di(p3¢r?) AZwDiwdt
0 MNGo
T T
< EE/ / 33g03£4r2|D}2Lw|2dt+C(5)E/ / sTptp €2 w)dt
0 MnNGo 0 MNGo
+E/[320M(1)+330“((sh)2)]r2ypgw\2dt+E/[SGOM(1)+S7OH((sh)2)]r2w|2dt, (3.91)
Q Q
and
T
4E/ / 53AhDh(¢3§4r2)AhthD,%wdt
0 MNGo
T T
< EE/ / s3g03§4r2]D,2lw|2dt+C(€)E/ / §° 1202 | Dyw|dt
0 MNGy 0 M*NGy
+ E/ [s0,(1) + s*0,((sh)?)]r?| Diw|*dt + E/ [s*0,(1) + s°0,((sh)?)]r?| Dpw|*dt. (3.92)
Q Q*
Similarly, for all € > 0 and AR(6T2)~! < 1, we get
T
2]E/ / s3 A2 (p3€¢4?) | Diw|dt
0 MNGo
T
> QE/ / s3 o3¢ Diwl|2dt —E/ s°0,((sh)*)r?| Diw|*dt. (3.93)
0 MNGo

Q

The bounds (3.88), (3.89), (3.91) and (3.92) also hold with the absolute value of the left-hand
side. Solving (3.86) for the fourth-order term, we may discard the nonnegative quadratic-variation
term. Combining (3.86)(3.93), letting e be sufficiently small, for 4 > 1, A\ > T +T? h < 1 and
A (6T?)~1 < 1, we obtain

T
E/ / 53u4g03r2\D}2lw]2dt
0 mﬂGﬁ
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T
gE/ / st Pt Diw|dt
0 MnNGy
T T
< CE/ / s7u84p7r2\w]2dt+C]E/ / sS4 | Dyw|?dt
0 MnNGo 0 M*NGo
+E/Q[52(’)M(1)—|—33OM((sh)2)]r2]D,21w|2dt—i—]E/Q[SGOM(l) + 570, ((sh)?)]r?|w|?dt
+E/ [84(9M(1)—I—S5OM((sh)2)]r2|th|2dt—l—C(M)E/ r2]f\2dt+C(M)E/ shr2|g|2dt
* Q Q
—4 20,12 2012
+C()h <E/Mr o] ‘t_OJrIE/Mr wp| ). (3.94)

From (2.9), (2.1), and Proposition 2.5, thanks to Cauchy-Schwarz inequality, for all € > 0 and
AR(6T?)~1 < 1, we have

T
E/ / P uS e Dyw|?dt
0 M*NGo
T
= ]E/ / s° Dy, (18 €42 Dyw)wdt
0 MNGo
T T
= —E/ / 55Dh(,u6g05§47‘2)Ahthwdt—IE/ / s° Ap (1l r?) Diwwdt
0 MNGo 0 MNGo
T T
< EE/ / s5u6¢5§4r2|th\2dt+€E/ / st 3¢t | D3w|?dt
0 M*NGo 0 MnNGo
T
+C(€)E/ / s7u8<p7r2]w|2dt+E/ (570, (1) + 50, ((sh)?)]r?| Dpw|*dt
0 MNGo Q*
+E/Q[36(’)M(1)+37(’)u((3h)2)]r2|w\2dt. (3.95)

From (3.94) and (3.95), letting € be sufficiently small, for g > 1, A > T+T2, h < 1 and Ah(6T?)7! <
1, we obtain

T
E/ / s° 152 | Dpw|?dt
0 M*NGq
T
SE/ / s 8242 | Dyw|?dt
0 M*NGo
T
<CE / / B Tr 2w 2dt + E / (520, (1) + 5°O, (s)?))r?| Dt
0 MNGy Q*
+E/ 550, (1) +S7OM((sh)2)]r2\w12dt+E/[32(’)“(1)+s3O“((sh)2)]r2]D,2Lw\2dt
Q Q

+C(M)E/ r2\f\2dt+C(u)E/ s4r2]g]2dt+0(,u)h4<1[§/ Phl? +IE/ PhP| ).
Q Q M t=0 M t=T
(3.96)

Thanks to It6’s formula and (1.9), we have

d(sp&'r?| Dpw|?) = &0y (sr?)| Dypwl*dt + 259 r? Dpwd(Dpw) + s&'r?|d(Dypw)|>.
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Hence, we get
E/ sg0§4r2|th\2’ —]E/ scp§4r2\th|2’
M*NGo t=T M*NGo t=0
T T
=E / / &0, (sr?)| Dpw|?dt + 2E / / s Dpyw(Dyw — Dy, f)dt
0 *NGo 0 M*NGo
T
+ E/ / 5042 Dyg|?dt. (3.97)
0 M*NGo

From (3.83), for all 4 > 1 and Ah(672)~! < 1, we have

E/ sg0§4r2|th|2‘ IE/ 5@§4r2|th|2‘
M*OGO t:T M*QGO t:()

< Ch—3(E/M r2]w|2‘t:0+E/M 2| ). (3.98)

For A>T + T2, we obtain
T
E / / p€0,(s72) | Dyw|2dt < E / S0, (1) Dyw|2dt. (3.99)
0 JMnGo Q*
Similar to (3.26), for ¢ > 0 and Ah(6T?)~! < 1, we have
/ / so&ir?| Dpgl?dt < 6E/ r2|D%g|2dt+C(5,u)E/ $3r2|g|2dt. (3.100)
M*NGo Q Q

From (2. ) ( 1), Proposition 2.5, (2.5) and (2.10), thanks to Cauchy-Schwarz inequality, for
A (6T?)~1 , it holds that

T
— QE/ / sp€Y 2 DpwDy, fdt
0 M*NGo

T
=2FE / / Dy (sp&*r? Dpw) fdt
0 MnNGo

< E/ 520, (1)r?| Diw|*dt +E/ s*0,(1)r?| Dpw|*dt +E/ r2 f2dt. (3.101)
Q Q* Q
From (2.11) and (2.1), we have
T
oF / / s Dpyw DR wdt
0 M*NGo
T T
= QIE/ / D3 (sp€tr?) A2 DpywD3wdt + 4E/ / Ay Dy (s€*r?) A DiwDiwdt
M*NGo M*NGo

T
+ Q]E/ / A2 (spetr?) | Diw|dt. (3.102)
M*NGo
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Similar to (3.91), for all ¢ > 0 and Ah(6T%)~! < 1, it holds that
T T
2R / / D3 (sp€*r?) A2 DpwD3wdt 4 4R / / ApDy(s0€ %) Ay DiwDiwdt
0 M*NGo 0 *NGo
T T
< EE/ / se&4r? | D3w|?dt + C(E)E/ / $® P42 | Dyw|?dt
0 M*NGo 0 M*NGo
T
+C(E / / 2B D2w 2t + E / (0,(1) + 50, ((sh))]r2| Diw [t
0 MnNGo Q*

+E/Q[s2(’)u(1)—|—33OM((sh)2)]r2]D;2Lw\2dt—i—IE/Q*[sA‘(’)M(l)+35(’)M((sh)2)]r2]th|2dt,
(3.103)

and
T
2IE/ / A2 (spetr?) | D3 w|?dt
0 M*NGo
T
> 9K / / sp€hr?| Ddw|2dt — E / 5O, ((sh)>)r2| Diw2dt. (3.104)
o Jmenao Q-

The bounds (3.99), (3.101) and (3.103) also hold with the absolute value of the left-hand side.
Again we discard the nonnegative quadratic-variation term when solving (3.97) for the fourth-
order term. Combining (3.97)-(3.104), (3.94), (3.95) and (3.96), letting € be sufficiently small, for
pw>1, A>T +T2% h <1and MAh(6T?)~! < 1, we obtain

T
E/ / sp?pr? | Diw|?dt
0 M*NG1
T
SE/ / sp2petr? | D3w|?dt
0 M*NGo
T
SCIE/ / s7u8<p7r2]w\2dt+E/ (520, (1) + 5°O, ()22 D Pt
0 MﬂGo Q*
+E/ [36(9“(1)+S7ON((sh)2)]r2|w\2dt+E/[32(’)“(1)+33(’)M((sh)2)]r2]D;2Lw\2dt
Q Q
+E/ [(’)u(l)+s(’)u((sh)Q)]TQ\Diwlzdt+C(,LL)IE/ r2|f|2dt+C(M)E/ str2|g|?dt
* Q Q
—4 2 2 2 2
+ C(p)h (E/Mr o] ‘to—f—E/Mr wl_ ). (3.105)

Combining (3.85), (3.94), (3.95), (3.96) and (3.105), there exists a positive constant pg > 1
such that for all u > ug, one can find positive constants g9 < &2, hg < he and Ag > A9, such that
for A > \o(T +T?2), 0 < h < hg, and Ah(6T?)~! < g9, we obtain (1.8). O

4 Proof of the observability inequality
This section is devoted to the proof of Theorem 1.2.

Proof of Theorem 1.2. From Theorem 1.3, choosing p = pg, for A > A\o(T + T?), 0 < h < hg and
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AR (6T2) ! < g9, we have

T
E/ sTe?5?|z|2dt < C(E/ / 87628¢|Z|2dt—|—E/ 625¢|a12+a2Z|2dt+E/ st z|2dt
Q 0 JGonM Q Q

—I—h_4E/ 628¢|Z|2) +h_4E/ 628¢|Z|2) ),
M t=0 M t=T

From this, there exists Ay > Ag such that for a fixed

A= M(T+T%+HYT?) (4.1)
we obtain
T
E/ 07e25?|22dt < C(E/ / 97e28¢\z|2dt+1€/ 07625¢|Z|2dt+>\_7h_4E/ €2S¢|Z’2‘
Q 0 JGonM Q M t=0
+/\_7h_4IE/ €2S¢’2‘2‘ ) . (4.2)
M t=T

Noting that (1.7), we have 6(t) > 6(T/2) > T—2 for t € [0,T] and 6(t) < 6(T/4) < 5% for
t € [T/4,3T/4]. Then

3T 3T
]E/ 67e2s¢]z\2dt2E/ ! / 97623¢|Z|2dt20T14€C>‘T_2E/ ! / 2|%dt.  (4.3)
Q T Jm T JIm

From (1.5) and (2.11), thanks to Cauchy-Schwarz inequality, for any 0 < ¢; < to < T, we have

2 t2
/ |z(t2)] / |2(t1)] / / IE/ / [22dz + (d2)?]
t1 t1 M
t2
:E/ / [22(D}z — a1z — ax Z) + Z%)dt
t1 M
to t2
= 2IE/ / yD,%deHE/ / [—2a12% — 20927 + Z%]dt
t1 M t1 M
t2
—ca +’H2)E/ / 12 2dt.
t1 M

Thus, in terms of Gronwall inequality, for 0 < t; <ty < T, we have

/ | tl ‘2 < CGCT(1+H2 / |Z tg . (4.4)

From it, since 6(T) = 6(0) > $(672%)~"!, we obtain

h_4E/ er‘z’\zlz‘ +h_4E/ er‘z’\zlz‘

M t=0 M t=T

< Ot g / 2P| _ +E / 22 _ ]
M t=0 M t=T

< Ch4eC)\(§T2)—1+CT(1+’H2)E/ ’2‘2‘ . (45)
M t=T
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Te™ < o for each ¢ > 0, we have

T
E/ / 97625¢yz\2dt+E/ VAR
0 GonNM Q

T
< ON TN (E / / |2|%dt + E / \Zyzdt). (4.6)
0 GoNM Q

Integrating (4.4) over to € [T'/4,3T/4] gives a factor 2/T. Together with (4.3) this yields the
prefactor 7'\ =7, which is bounded uniformly because A > A;(T'+ T?2). Combining (4.2)—(4.6), for
0 < h < hgand A (8T2) " < g, it holds that

T
E/ |Z(O)|2 < CeC)xT—Q—i-CT(l—f—’HQ) (E/ / |22dt—|—E/ |Z|2dt+h—4e—c>\(5T2)—lE/ |Z|2) )
M 0 JGonM Q M t=T

(4.7)

Since sup,sg

Since we required A\h (5T2)_1 < ¢gp and (4.1), define

. 80T2
AN (T + T2 +HYTT?)

hi

Then, for every 0 < h < min{hg, h1}, choose § = Ah/(g9T?) € (0,1/4]. This gives A\h/(0T?) = &
and \/(6T?) = eo/h. After decreasing hg if necessary, the factor h=* is absorbed by half of this
decaying exponential. From (4.1) and (4.7), we obtain

T
IE/ 12(0)[2 < COHT™H+HTHT 13T (E/ / z|2dt—|—E/ |Z|2dt~|—e_§IE/ |Z’2‘ )
M 0 JGonM Q M t=T

O]

5 Proof of the controllability result

Proof of Theorem 1.1. For any yo € L7 (M), define

1 2 1 g 2 € 2
J&(ZT) == QE/C\Q |Z| dt + 2E/(; /MQGO |Z| dt + §]E|ZT|L%(M) - <y0,Z(O)>L}21(M),

where ¢ = e~ % and (z,Z) solves (1.5) with final datum zp. It is clearly that J.(-) is continuous

and convex. From Theorem 1.2 and Young’s inequality, for h < min{hg, h1}, we obtain

Je(2r)
b [ (zpar+te [ 24t + =E|zr|> LR 0) Copslyol?
23 Q’ !dt+§ S |2| di+ 5 ’ZT‘L%(M)_‘lCobS 12(0)[Z2 (at) = Cobsl¥ol L2 (ag)
g
27

4E|zT|ii(M) - Cobs|yo‘ii(M),

34



which implies that J.(-) is coercive. Hence, J.(-) admits a unique minimizer z}.. Denote (z*, Z*)
the solution to (1.5) with final datum z}. Then we obtain

T
E/ Zz*dt+E/ / 22 dt + B, 2 12 ) — (90> 2(0)) 12 ) = O (5.1)
Q 0 MNGo

for any zpr with the associated solution (z,7") of (1.5). Choose v = —z* and v = —Z*, by the
duality of (1.3) with (1.5), we obtain

T
B((T). )30 — W0 2Oz =B [ [ wede+E [ ozt
0 JMNGo Q

Then y(T') = ez7. Noting that (5.1), we have

T
1
%2 *|2 * |2 2 * 2
E/ |Z*| dt—i‘E/O //\/mGo |2 dt+sE\zT|Li(M) < CObS|y0‘Li(M) +7400b8|z (O)‘Li(M)‘ (5.2)

From Theorem 1.2, for h < min{hg, h;}, we obtain

T
25(0) gy < Cobs<E/Q]Z*]2dt+E/0 /MQG 2" Pdt 4+ <E|25 2 0p)) (5.3)
0

Combining (5.2) and (5.3), for h < min{hg, h1}, we have

2 2 * |2 e, 2
pr— <
E//\/l |y(T)‘ € E’ZT|L%(M) < Copse™ //\/l ’y0| )

T T
IE/ |v|2dt+IE/ / |u\2dt:E/ |Z*]2dt+E/ / |2*|2dt < cobs/ lyol?,
Q 0 GoNM Q 0 MNGo M

which implies that (u,v) satisfy our need. O

and

6 Concluding remarks and future directions

In this paper, we established a global Carleman estimate for a backward stochastic fourth-order
semi-discrete parabolic equation, with the large Carleman parameter explicitly linked to the mesh
size. This yields a relaxed observability inequality and, by duality, a ¢-null controllability result
for the corresponding forward system.

Compared with the deterministic semi-discrete fourth-order case, two features are specific to the
present stochastic setting. First, after conjugation, the stochastic differential produces additional
It6 terms involving dv, Dp(dv), and D2(dv), which must be balanced with the diffusion variable.
Second, the fourth-order discrete operator creates correction terms that cannot be handled inde-
pendently and must be combined carefully inside the cross-product estimates.

Several interesting questions remain open. A first direction is to remove the exponentially
small remainder term in the observability estimate and to study the uniform null controllability
problem. A second direction is to consider more restrictive control configurations, for instance one-
control problems or boundary controls. A third direction concerns inverse problems. The method
developed in this paper may also be useful for studying inverse problems. Recent works already
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address deterministic semi-discrete inverse problems and semi-discrete stochastic inverse problems
for second-order operators in arbitrary dimension; see [32, 33]. It would be very interesting to
extend these results to stochastic semi-discrete fourth-order operators.
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