
The ϕ-null controllability for stochastic fourth order semi-discrete

parabolic equations

Yu Wang∗ and Qingmei Zhao†

Abstract

This paper is devoted to studying the ϕ-null controllability for a class of stochastic fourth
order semi-discrete parabolic equations, where the spatial variable is discretized by a finite
difference scheme while the time variable remains continuous. For this purpose, we establish a
new global Carleman estimate for a backward stochastic fourth order semi-discrete parabolic
operator, in which the large parameter is connected to the mesh size. A relaxed observability
estimate is then obtained for backward stochastic fourth order semi-discrete parabolic equations,
with an explicit observability constant depending on the discretization parameter and the lower-
order coefficients. By the standard duality argument, we finally prove the ϕ-null controllability
of the corresponding stochastic fourth order semi-discrete parabolic equations.
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1 Introduction

Let T > 0 and (Ω,F ,F,P) with F = {Ft}t≥0 be a complete filtered probability space on which
a one-dimensional standard Brownian motion {W (t)}t≥0 is defined and F is the natural filtration
generated by W (·), augmented by all the P null sets in F . Write F for the progressive σ-field with
respect to F. Let H be a Banach space. Denote by L2

Fτ
(Ω;H) the space of all Fτ -measurable

random variables ξ such that E|ξ|2H < ∞; by L2
F(0, T ;H) the Banach space consisting of all H-

valued {Ft}t≥0-adapted processes X(·) such that E(|X(·)|2L2(0,T ;H)) <∞, with the canonical norm;

by L∞
F (0, T ;H) the Banach space consisting of all H-valued {Ft}t≥0-adapted essentially bounded

processes; and by L2
F(Ω;C([0, T ];H)) the Banach space consisting of all H-valued {Ft}t≥0-adapted

continuous processes X(·) such that E(|X(·)|2C([0,T ];H)) <∞.

Let G = (0, 1) and G0 be a nonempty open subset of G. As usual, χG0 denotes the characteristic
function of G0. Firstly, we introduce the following controlled fourth order stochastic parabolic
equation in a continuous framework:

dy + ∂4xydt = (a1y + χG0u)dt+ (a2y + v)dW (t) in (0, T )×G,

y(t, 0) = y(t, 1) = 0 on (0, T ),

∂xy(t, 0) = ∂xy(t, 1) = 0 on (0, T ),

y(0) = y0 in G.

(1.1)
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Here, the initial datum y0 ∈ L2(G), the coefficients a1, a2 in L∞
F (0, T ;L∞(G)) and the control

(u, v) ∈ L2
F(0, T ;L

2(G0))× L2
F(0, T ;L

2(G)). By the classical well-posedness result for stochastic
evolution equations, we know that (1.1) admits a unique weak solution y ∈ L2

F(Ω;C([0, T ];L
2(G)))×

L2
F(0, T ;H

2(G)∩H1
0 (G)) (e.g., [19, Theorem 3.24]). The system (1.1) is said to be null controllable

at time T if for any given y0, there exist controls (u, v) ∈ L2
F(0, T ;L

2(G0))× L2
F(0, T ;L

2(G)) such
that the corresponding solution satisfies y(T, x) = 0, P-a.s.

Stochastic fourth order parabolic equation in a continuous framework is widely used to describe
some fast diffusion phenomenon under stochastic perturbations (e.g.,[9]). Further, it is the lin-
earized version of the stochastic Cahn-Hilliard equation, which is used to model phase separation
phenomena in a melted alloy that is quenched to a temperature (e.g.,[6]). Compared to second
order parabolic equation, to derive controllability for higher order parabolic equation is not an
easy task even in the continuous framework. To the best of our knowledge, the controllability of
deterministic and stochastic fourth order parabolic equations has been extensively studied in many
work (see [8, 12, 13, 20, 30] and the references cited therein).

As the numerical approximation of this control system, it is natural to investigate the control-
lability properties of the corresponding discrete systems.

For N ∈ N, put the space discretization parameter h
∆
=1/(N + 1). We consider the pairs

(t, xi) with t ∈ (0, T ) and xi = ih for i = 0, · · · , N + 1. Utilizing the centered finite difference
method to the space variable for the system (1.1), and considering two additional points x−1 = −h
and xN+2 = (N + 2)h to discretize the boundary conditions, we consider the following stochastic
semi-discrete system:

dyi +
1

h4
(yi+2 − 4yi+1 + 6yi − 4yi−1 + yi−2)dt,

= (ai1y
i + χiG0

ui)dt+ (ai2y
i + vi)dW (t) t ∈ (0, T ), i = 1, · · · , N,

y0(t) = yN+1(t) = 0 t ∈ (0, T ),

y−1(t) = yN+2(t) = 0 t ∈ (0, T ),

yi(0) = yi0 i = 1, · · · , N.

(1.2)

It is well known that the uniform null controllability property is very delicate for semi-discrete
parabolic equations and generally fails. For instance, as demonstrated by the counterexample
provided in [31], the uniform null controllability property may not hold even for the deterministic
second order semi-discrete equation in the two dimensional case. To the best of our knowledge,
there are also only few results on the uniform null controllability of deterministic second order
semi-discrete parabolic equations for some special cases; see [1, 14, 18, 22, 25]. The underlying
reason is that the semi-discrete operator may admit some eigenfunctions which are not seen from
the observation region. As explained in [4], the presence of such modes leads to initial data that
are not null controllable for the semi-discrete system. In the stochastic semi-discrete setting, it was
also shown in [17] that, in higher dimensions, a semi-discrete approximation of a null-controllable
system may fail to preserve null controllability. This mechanism provides a strong motivation for
relaxing the notion of null controllability in the semi-discrete setting.

Therefore, rather than seeking uniform null controllability, it is natural to consider weaker
controllability notions. There are papers that study ϕ-null controllability instead of uniform null
controllability. In [2, 3], a uniform null controllability result for the lower part of the spectrum
of deterministic semi-discrete second order parabolic problem is established. Later, [5] proved
that the deterministic second order semi-discrete parabolic equations are ϕ-null controllable by
establishing a discrete global Carleman estimate directly for semi-discrete parabolic operator. This
ϕ-null controllability means that the norm of the semi-discrete solution at time T can be dominated
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by
√
ϕ(h), where ϕ is a real-valued function that tends to zero as the space discretization parameter

h tends to zero.
Since then, there have been many results on the controllability of deterministic semi-discrete

or fully discrete parabolic systems by using discrete Carleman estimates. We refer readers to
[7, 15, 16, 21]. Recent works on semi-discrete and fully discrete problems also include stochastic
controllability results in [17, 27, 28, 34] and a fully discrete controllability result in [29].

To state our main results, we first introduce some notations. We define the following regular
partition of the interval [0, 1] as K = {xi | i = 0, 1, · · · , N,N + 1}. Considering any set of points
W ⊂ K, we define the dual meshes W ′ and W∗, respectively, by

W ′ ∆= τ+(W) ∩ τ−(W), W∗ ∆
= τ+(W) ∪ τ−(W)

where

τ±(W)
∆
=

{
x± h

2

∣∣∣∣x ∈ W
}

We denote W ∆
=(W∗)∗ and W̊ ∆

=(W ′)′. Note that for two consecutive points xi, xi+1 ∈ W, we have

xi+1−xi = h provided W̊ = W. We call such a subset W ⊂ K a regular mesh. Define the boundary

of a regular mesh W as ∂W ∆
=W\W.

Then, we introduce the semi-discrete sets Q ∆
=(0, T ) × W. Moreover, we say that the semi-

discrete set is regular if the space variable is a regular mesh. We also define the dual semi-discrete

sets by Q′ ∆=(0, T ) × W ′ and Q∗ ∆
=(0, T ) × W∗. Similarly, the semi-discrete boundary is given by

∂Q = (0, T )× ∂W.
Next, we define the average operator Ah and the difference operator Dh by

Ah(u)(t, x)
∆
=
τ+u(t, x) + τ−u(t, x)

2
,

Dh(u)(t, x)
∆
=
τ+u(t, x)− τ−u(t, x)

h
,

where τ±u(t, x)
∆
=u

(
t, x± h

2

)
.

Here and in the sequel, L(W) denotes the set of real-valued functions defined in W. We also
denote by L2

h(W) the Hilbert space with the inner product

⟨u, v⟩L2
h(W)

∆
=

∫
W
uv

∆
=h

∑
x∈W

u(x)v(x)

For u ∈ L(W), we define its L∞
h (W)-norm as

|u|L∞
h (W)

∆
=max
x∈W

{|u(x)|}.

With above notations, definingQ
∆
=(0, T )×M whereM ∆

= K̊, the controlled semi-discrete system
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(1.2) can be written as
dy +D4

hydt = (a1y + χG0u)dt+ (a2y + v)dW (t) in Q,

y(t, 0) = y(t, 1) = 0 on (0, T ),

Dhy
(
t,−h

2

)
= Dhy

(
t, 1 + h

2

)
= 0 on (0, T ),

y(0, x) = y0 in M,

(1.3)

where the initial datum y0 ∈ L2
h(M), the coefficients a1, a2 in L∞

F (0, T ;L∞
h (M)) and the control

(u, v) ∈ L2
F(0, T ;L

2
h(G0 ∩ M)) × L2

F(0, T ;L
2
h(M)). According to the classical theory of stochas-

tic differential equations (see [19, Theorem 3.2]), we know that there is a unique solution y ∈
L2
F(Ω;C([0, T ];L

2
h(M))) to (1.3).

The main ϕ-null controllability result of this paper is the following.

Theorem 1.1. There exist positive constants h0 and C such that for all T > 0 and h ≤ min{h0, h1}
with

h1 = C(1 + T−1 +H2/7)−1,

where H = |a1|L∞
F (0,T ;L∞

h (M)) + |a2|L∞
F (0,T ;L∞

h (M)), there exist (u, v) ∈ L2
F(0, T ;L

2
h(G0 ∩ M)) ×

L2
F(0, T ;L

2
h(M)) such that the solution y to (1.3) satisfies

E
∫
Q
|v|2dt+ E

∫ T

0

∫
G0∩M

|u|2dt ≤ Cobs

∫
M

|y0|2 ,

and

E
∫
M

|y(T )|2 ≤ Cobse
−C

h

∫
M

|y0|2 . (1.4)

Here, Cobs = eC(1+T−1+H2/7+T+H2T ).

Here and in what follows, unless otherwise stated, C stands for a generic positive constant
depending only on G and G0 whose value may vary from line to line.

Remark 1.1. Choosing ϕ(h) to be the right hand side of (1.4), we have |y(T )|L2
FT

(Ω;L2
h(M)) ≤

√
ϕ(h)

with lim
h→0

ϕ(h) = 0, which means that system (1.3) is ϕ-null controllable at time T . Compared with

the null controllability results in the continuous case [20, Theorem 1.3] and [11, Theorem 1.1], here
we obtain only the ϕ-null controllability in Theorem 1.1. It would be quite interesting to study the
uniform null controllability; i.e., for all sufficiently small admissible h > 0, there exist (u, v) which
have uniform bounds, such that the corresponding solution to (1.3) satisfies y(T, x) = 0, P-a.s for
any x ∈ M. It has been done for the deterministic semi-discrete heat equation on a uniform mesh
in [1]. However, we currently do not have a method for achieving this for the stochastic case.

Remark 1.2. Similar to proving Theorem 1.1, employing the techniques presented in this paper
allows us to obtain ϕ-null controllability results for the backward stochastic fourth order semi-
discrete parabolic equation.

Remark 1.3. Here we use an additional control in the diffusion term, as in [24]. Therefore,
the control of (1.3) is a pair of function (u, v). It is an interesting question to study the ϕ-null
controllability for system (1.3) with only one control in the drift.
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To prove the controllability result of (1.3), we introduce the adjoint equation:
dz −D4

hzdt = −(a1z + a2Z)dt+ ZdW (t) in Q,

z(t, 0) = z(t, 1) = 0 on (0, T ),

Dhz
(
t,−h

2

)
= Dhz

(
t, 1 + h

2

)
= 0 on (0, T ),

z(T, x) = zT in M.

(1.5)

Due to the classical theory of backward stochastic differential equations (see [19, Theorem 4.2]), we
know that there is a unique solution (z, Z) ∈ L2

F(Ω;C([0, T ];L
2
h(M)))× L2

F(0, T ;L
2
h(M)) to (1.5).

We have the following observability estimate

Theorem 1.2. There exist positive constants h0 and C such that for all T > 0 and h ≤ min{h0, h1},
the solution (z, Z) to system (1.5) satisfies

E
∫
M

|z(0)|2 ≤ Cobs

(
E
∫
Q
|Z|2dt+ E

∫ T

0

∫
G0∩M

|z|2dt+ e−
C
h E

∫
M

|z|2
∣∣∣
t=T

)
,

where h1 and Cobs is given in Theorem 1.1.

Remark 1.4. Compared with the continuous observability estimates in [20, Theorem 1.6] and [11,
Theorem 1.3], Theorem 1.2 contains the additional last term on the right hand side. This term
tends to 0 exponentially as h tends to 0. Currently, we do not know how to remove this term.

We will use discrete Carleman estimates to prove Theorem 1.2. To state our Carleman estimate,
we first introduce the weight functions. Let G̃ be an open interval contains [0, 1], G1 ⊂ G1 ⊂ G0

and G2 ⊂ G2 ⊂ G1 be two open sets. By [10, Lemma 1.1], we know that there exists a function
ψ ∈ C∞(G̃) satisfies

ψ > 0 in G̃, |∂xψ| ≥ C0 > 0 in G\G2, ∂xψ(0) > 0, and ∂xψ(1) < 0. (1.6)

Furthermore, we assume M∩G2 ⊂ M ∩ G1. For any positive parameters λ and µ, choosing
0 < δ < 1

2 , put 
ϕ(x) = e

µ(|2ψ|C(G)+ψ(x)) − e
4µ|ψ|C(G) , φ(x) = e

µ(|2ψ|C(G)+ψ(x)),

s(t) = λθ(t), θ(t) = 1
(t+δT )(T+δT−t) ,

r(t, x) = es(t)ϕ(x), ρ(t, x) = (r(t, x))−1.

(1.7)

We have the following Carleman estimate.

Theorem 1.3. Let the function s and ϕ be defined according to (1.7). There exists a positive
constant µ0 such that for any µ ≥ µ0, one can find positive constants C = C(µ), h0 and ε0 with
0 < ε0 ≤ 1 and a sufficiently large λ0 ≥ 1 such that for all λ ≥ λ0

(
T + T 2

)
, 0 < h ≤ h0 and

λh
(
δT 2

)−1 ≤ ε0, it holds that

E
∫
Q
s7e2sϕ|w|2dt+ E

∫
Q∗
s5e2sϕ |Dhw|2 dt+ E

∫
Q
s3e2sϕ

∣∣D2
hw

∣∣2 dt+ E
∫
Q∗
se2sϕ

∣∣D3
hw

∣∣2 dt
≤ C

(
E
∫ T

0

∫
G0∩M

s7e2sϕ|w|2dt+ E
∫
Q
e2sϕ|f |2dt+ E

∫
Q
s4e2sϕ|g|2dt

+ h−4E
∫
M
e2sϕ|w|2

∣∣∣
t=0

+ h−4E
∫
M
e2sϕ|w|2

∣∣∣
t=T

)
, (1.8)
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for all w ∈ L2
F(Ω;C([0, T ];L

2
h(M))) and f, g ∈ L2

F(0, T ;L
2
h(M)) satisfying

−dw +D4
hwdt = fdt+ gdW (t) (1.9)

with w = 0 on ∂M and Dhw = 0 on ∂M∗.

Remark 1.5. For continuous stochastic differential operators, Carleman estimates are often derived
from weighted pointwise identities (see e.g. [24]). In the semi-discrete setting, however, we do not
establish such an identity, but instead derive the estimate directly. There are two reasons for this
approach. First, the stochastic structure of the operator makes the corresponding identity extremely
complicated. Second, a pointwise formulation would lose essential information at individual mesh
points and would therefore obscure the argument.

Remark 1.6. By combining the approach in [26, Theorem 1.3] with the method of the present
paper, one can also derive a Carleman estimate for the forward equation associated with the
discrete system.

Remark 1.7. Starting from the Carleman estimate Theorem 1.3, one can include first order, second
order, and third order spatial derivative terms of the state in the drift term of (1.1). Moreover, one
can also include first order spatial derivative terms of the state in the diffusion term. We have not
written these lower order terms explicitly only for the sake of notational simplicity. However, we
currently do not know how to treat the case where second order or higher order spatial derivative
terms of the state appear in the diffusion term.

Remark 1.8. Since the control v acts on the whole domain, the term a2y in the diffusion can be
absorbed into the control by setting ṽ = v + a2y (see [27, Remark 1.6]). Therefore, the problem
can be reduced to the case a2 ≡ 0. We retain the more general form only for completeness.

The rest of this paper is organized as follows. In section 2, we give some preliminaries. The
Carleman estimate (1.8) is proved in section 3. In section 4, we prove Theorem 1.2. Finally,
we prove the main controllability result Theorem 1.1 based on the Hilbert uniqueness method in
section 5.

2 Some preliminary results

This section is devoted to presenting some preliminary results we needed.

Lemma 2.1 ([7, Lemma 2.1]). For any u, v ∈ C(W), we have for the difference operator

Dh(uv) = DhuAhv +AhuDhv, on W∗. (2.1)

Similarly, the average of the product gives

Ah(uv) = AhuAhv +
h2

4
DhuDhv, on W∗. (2.2)

Finally, on W̊ we have

u = A2
hu− h2

4
D2
hu. (2.3)

Corollary 2.2 ([7, Corollary 2.2]). Let W ⊆ M be a regular mesh. For u ∈ L(W),

Ah(u
2) = (Ahu)

2 +
h2

4
(Dhu)

2, on W∗. (2.4)
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In particular, for all u ∈ L(W),

Ah(u
2) ≥ (Ahu)

2, on W∗. (2.5)

For u ∈ L(W)

Dh(u
2) = 2DhuAhu. (2.6)

To deal with the boundary conditions, we note that, in the one-dimensional setting considered
here, W is a regular mesh and therefore, for each x ∈ ∂W, exactly one of the following two cases
occurs. We define the outward normal for x ∈ ∂W by

ν(x)
∆
=

{
1, if τ−(x) ∈ W∗ and τ+(x) /∈ W∗,

−1, if τ−(x) /∈ W∗ and τ+(x) ∈ W∗.
(2.7)

We also introduce the trace operator for u ∈ L(W∗) by

∀ x ∈ ∂W, tr(u)(x)
∆
=

{
τ−u(x), if ν(x) = 1,

τ+u(x), if ν(x) = −1.

Then by the definition of trace operator, for x ∈ ∂W and u ∈ L(W), it is easy to check that

tr(|Ahu|2)ν −
h2

4
tr(|Dhu|2)ν = |u|2ν − hutr(Dhu). (2.8)

Finally, let us introduce the discrete integration on the boundary for u ∈ L(∂W) as∫
∂W

u
∆
=

∑
x∈∂W

u(x).

Proposition 2.3 ([7, Proposition 2.3]). Let W ⊂ K be a regular mesh. For u ∈ L(W) and
v ∈ L(W∗) we have ∫

W
uDhv = −

∫
W∗

Dhuv +

∫
∂W

utr(v)ν (2.9)

and ∫
W
uAhv =

∫
W∗

Ahuv −
h

2

∫
∂W

utr(v). (2.10)

Corollary 2.4 ([7, Corollary 2.4]). Let W ⊂ K be a regular mesh. For u ∈ L(W) and v ∈ L(W)
we have ∫

W
uD2

hv =

∫
W
vD2

hu−
∫
∂W∗

Dhutr(v)ν +

∫
∂W

utr (Dhv) ν, (2.11)∫
W
uA2

hv =

∫
W
vA2

hu− h

2

∫
∂W∗

Ahutr(v)−
h

2

∫
∂W

utr (Ahv) , (2.12)
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and ∫
W
uAhDhv = −

∫
W
vAhDhu+

h

2

∫
∂W∗

Dhutr(v) +

∫
∂W

utr (Ahv) ν

= −
∫
W
vAhDhu− h

2

∫
∂W

utr (Dhv) +

∫
∂W∗

Ahutr(v)ν. (2.13)

Proposition 2.5 ([7, Corollary 2.7]). Let f be a (n+4)-times differentiable function defined on R
and m,n ∈ N. Then

Amh D
n
hf = f (n) +RAm

h
(f (n)) +RDn

h
(f) +RAm

h D
n
h
(f),

where

RDn
h
(f) := h2

n∑
k=0

(
n
k

)
(−1)k

(
(n− 2k)

2

)n+2 ∫ 1

0

(1− σ)n+1

(n+ 1)!
f (n+2)

(
·+(n− 2k)h

2
σ

)
dσ

RAn
h
(f) :=

h2

2n+2

n∑
k=0

(
n
k

)
(n− 2k)2

∫ 1

0
(1− σ)f (2)

(
·+(n− 2k)h

2
σ

)
dσ,

and RAm
h D

n
h
:= RAm

h
◦RDn

h
. Here, f (n) denotes the n-th derivative of f with respect to x.

In the sequel, for any n ∈ N, we denote by O(sn) a function of order sn for sufficiently large
s (which is independent of µ and h), by Oµ(s

n) a function of order sn for fixed µ and sufficiently
large s (which is independent of h), and by Oµ((sh)

n) a function of order (sh)n for fixed µ and
sufficiently large s, sufficiently small h.

Lemma 2.6 ([16, Lemma 4.3]). For α, β ∈ N, we have

∂βx (r∂
α
x ρ) = αβ(−sφ)αµα+β(∂xψ)α+β + αβ(sφ)αµα+β−1O(1) + sα−1α(α− 1)Oµ(1)

= sαOµ(1). (2.14)

Corollary 2.7 ([16, Corollary 4.4]). For α, β, γ ∈ N, we have

∂γx(r
2(∂αx ρ)∂

β
xρ) = (α+ β)γ(−sφ)α+βµα+β+γ(∂xψ)α+β+γ + γ(α+ β)(sφ)α+βµα+β+γ−1O(1)

+ sα+β−1[α(α− 1) + β(β − 1)]Oµ(1)

= sα+βOµ(1). (2.15)

By (1.7) and (2.14), it follows that the following result holds.

Lemma 2.8. For α, β, γ, σ ∈ N, we have

∂σx (r∂
α
x ρ∂

β
x (r∂

γ
xρ)) = γβ(α+ γ)σ(−sφ)α+γµα+β+γ+σ(∂xψ)α+β+γ+σ + (sφ)α+γµα+β+γ+σ−1O(1)

+ sα+γ−1Oµ(1)

= sα+γOµ(1). (2.16)

Lemma 2.9. [16, Lemma 4.8] Let α, j, k,m, n ∈ N. Provided λh(δT 2)−1 ≤ 1, we have

AjhD
k
h∂

α
x (rA

m
h D

n
hρ) = ∂kx∂

α
x (r∂

n
xρ) + snOµ((sh)

2) = snOµ(1). (2.17)
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Theorem 2.10. [16, Theorem 4.9] Let α, β, j, k, l,m, n, p ∈ N. Provided λh(δT 2)−1 ≤ 1, we have

AphD
l
h∂

β
x (r

2AjhD
k
h(∂

α
x ρ)A

m
h D

n
h(ρ)) = ∂lx∂

β
x (r

2∂kx∂
α
x ρ∂

n
xρ) + sn+k+αOµ((sh)

2)

= sn+k+αOµ(1). (2.18)

Theorem 2.11. [7, Theorem 2.9] Let α, j, k,m, n ∈ N. Provided λh(δT 2)−1 ≤ 1, we have

∂tA
j
hD

k
h(rA

m
h D

n
h(∂

α
x ρ)) = Tθsα+nOµ(1). (2.19)

By Theorem 2.5 and (2.17), it is easy to check that the following estimate holds.

Lemma 2.12. Let i, j, k, l,m, n, p, q ∈ N. Provided λh(δT 2)−1 ≤ 1, we have

AihD
j
h(rA

k
hD

l
hρA

m
h D

n
h(rA

p
hD

q
hρ)) = ∂jx(r∂

l
xρ∂

n
x (r∂

q
xρ)) + sl+qOµ((sh)

2)

= sl+qOµ(1). (2.20)

Remark 2.1. Several asymptotic estimates collected in this section can alternatively be deduced
from [23, Proposition 3.3 and Theorems 3.5, 3.7, 3.13]. We keep the present preliminaries in order
to make the paper self-contained and to fix the notation used later in the proof of the Carleman
estimate.

3 Proof of the Carleman estimate

Proof of Theorem 1.3. Before entering the computations, let us emphasize two features that are
specific to the stochastic semi-discrete fourth-order setting. Compared with the deterministic case in
[7], the conjugated operator now produces Itô terms involving dv, Dh(dv), and D

2
h(dv), which must

be balanced with the diffusion variable g. Moreover, the fourth-order discrete operator gives rise to
correction terms that must be combined carefully; in particular, the contributions corresponding
to I41 and I51 will be absorbed into the estimates of I11, I21, and I31 after discrete integrations by
parts. For readability, we divide the proof into six clearly separated parts.

Step 1. Conjugated operator and decomposition. At first, we define

Phw = −dw +D4
hw. (3.1)

Letting v = rw and recalling that ρ = r−1, utilizing Itô’s formula, we have

−rdw = −rd(ρv) = −dv + λϕ∂tθvdt. (3.2)

Thanks to Theorem 2.1 (see also [23, Proposition 2.2] for a general discrete Leibniz rule) and
w = ρv, it holds that

D4
hw = D4

hρA
4
hv + 4AhD

3
hρA

3
hDhv + 6A2

hD
2
hρA

2
hD

2
hv + 4A3

hDhρAhD
3
hv +A4

hρD
4
hv. (3.3)

Combining (3.1)–(3.3), we deduce that

rPhw = I1dt+ I2 + I3dt, (3.4)

where

I1 = 6rA2
hD

2
hρA

2
hD

2
hv + rD4

hρA
4
hv + rA4

hρD
4
hv + 6AhDh(rA

2
hD

2
hρ)AhDhv +Φ(v),

9



I2 = −dv + 4rAhD
3
hρA

3
hDhvdt+ 4rA3

hDhρAhD
3
hvdt+ 2AhDh(rAhD

3
hρ)vdt,

I3 = λϕ∂tθv − 6AhDh(rA
2
hD

2
hρ)AhDhv − 2AhDh(rAhD

3
hρ)v − Φ(v)

Φ(v) = 3h2D2
h[AhDh(rA

2
hD

2
hρ)AhDhv] +

h2

2
A2
h[AhDh(rD

4
hρ)AhDhv] +

h2

4
D2
h(rD

4
hρ)A

2
hv

−D2
h(rA

4
hρ)D

2
hv + 2AhDh[AhDh(rA

4
hρ)D

2
hv].

(3.5)

Using (3.4), it follows that

2I1rPhw = 2I21dt+ 2I1I2 + 2I1I3dt,

which, combined with Cauchy-Schwarz inequality, (1.9) and (3.1), implies

E
∫
Q
|rf |2dt ≥ 2E

∫
Q
I1I2 − E

∫
Q
|I3|2dt. (3.6)

The next steps provide an estimate for the right hand side of (3.6). For convenience, we denote

E
∫
Q
I1I2 =

5∑
i=1

4∑
j=1

Iij , (3.7)

where Iij stands for the inner product in L2
F(0, T ;L

2
h(M)) between the i-th term of I1 and j-th

term of I2.
In order to shorten the formulas used in the sequel, we define the following lower order terms

A1 = E
∫
Q
[s6Oµ(1) + s7Oµ((sh)

2) + s7µ7φ7O(1)]|v|2dt

+ E
∫
Q∗

[s4Oµ(1) + s5Oµ((sh)
2) + s5µ5φ5O(1)]|Dhv|2dt

+ E
∫
Q
[s2Oµ(1) + s3Oµ((sh)

2) + s3µ3φ3O(1)]|D2
hv|2dt

+ E
∫
Q∗

[Oµ(1) + sOµ((sh)
2) + sµφO(1)]|D3

hv|2dt,

A2 = E
∫
Q
s4Oµ(1)|dv|2 + E

∫
Q
h2Oµ(1)|D2

h(dv)|2,

A3 = E
∫
M
s4Oµ(1)|v|2

∣∣∣
t=0

+ E
∫
M∗

s2Oµ(1)|Dhv|2
∣∣∣
t=0

+ E
∫
M

Oµ(1)|D2
hv|2

∣∣∣
t=0

+ E
∫
M
s4Oµ(1)|v|2

∣∣∣
t=T

+ E
∫
M∗

s2Oµ(1)|Dhv|2
∣∣∣
t=T

+ E
∫
M

Oµ(1)|D2
hv|2

∣∣∣
t=T

,

B = E
∫
∂Q

[s4Oµ(1) + s5Oµ((sh)
2)]tr(|Dhv|2)dt+ E

∫
∂Q

[s2Oµ(1) + s3Oµ(sh)]|D2
hv|2dt

+ E
∫
∂Q

[Oµ(1) + sOµ(sh)]tr(|D3
hv|2)dt.

Step 2. Estimate of the terms Ii1 with i = 1, . . . , 5. We begin with the terms involving −dv.
The deterministic part of the computation is parallel to [7], while the stochastic setting requires
additional applications of Itô’s formula to control the terms involving Dh(dv) and D

2
h(dv).
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Since w = 0 on ∂M and Dhw = 0 on ∂M∗, noting that v = rw, we obtain

v = 0 on ∂Q, Dhv = Ahv = 0 on ∂Q∗, (3.8)

and

tr(v) = 0 on ∂Q∗ and ∂Q
∗
, tr(Dhv) = tr(Ahv) = 0 on ∂Q. (3.9)

From (3.5), (2.13), (3.8), (2.1), (2.2) and (2.3), letting q11 = rA2
hD

2
hρ, we have

I11 = −6E
∫
Q
q11A

2
hD

2
hvdv = 6E

∫
Q
AhDhvAhDh(q11dv)

= 6E
∫
Q
AhDhq11A

2
h(dv)AhDhv + 6E

∫
Q
A2
hq11AhDh(dv)AhDhv

+
3

2
h2E

∫
Q
D2
hq11AhDh(dv)AhDhv +

3

2
h2E

∫
Q
AhDhq11D

2
h(dv)AhDhv

= 6E
∫
Q
AhDhq11AhDhvdv + 6E

∫
Q

(
q11 +

h2

2
D2
hq11

)
AhDhvAhDh(dv)

+ 3h2E
∫
Q
AhDhq11AhDhvD

2
h(dv). (3.10)

By Itô’s formula, it follows that

6E
∫
Q

(
q11 +

h2

2
D2
hq11

)
AhDhvAhDh(dv)

= 3E
∫
M

[(
q11 +

h2

2
D2
hq11

)
|AhDhv|2

]∣∣∣∣∣
T

0

− 3E
∫
Q
∂t

(
q11 +

h2

2
D2
hq11

)
|AhDhv|2dt

− 3E
∫
Q

(
q11 +

h2

2
D2
hq11

)
|AhDh(dv)|2. (3.11)

To derive the next estimate, (2.17) yields the coefficient bound for q11+
h2

2 D
2
hq11. Next, (2.5) gives

|AhDhv|2 ≤ Ah(|Dhv|2).

Finally, (2.10) together with (3.8) transfers the average from M to M∗ without boundary contri-
butions. Hence, for λh(δT 2)−1 ≤ 1, we have

3E
∫
M

(
q11 +

h2

2
D2
hq11

)
|AhDhv|2 ≥ −E

∫
M
[s2Oµ(1) +Oµ((sh)

2)]|AhDhv|2

≥ −E
∫
M
[s2Oµ(1) +Oµ((sh)

2)]Ah(|Dhv|2)

≥ −E
∫
M∗

[s2Oµ(1) +Oµ((sh)
2)]|Dhv|2. (3.12)

Therefore, similar to (3.12), by (2.19), it holds that

− 3E
∫
Q
∂t

(
q11 +

h2

2
D2
hq11

)
|AhDhv|2dt− 3E

∫
Q

(
q11 +

h2

2
D2
hq11

)
|AhDh(dv)|2

11



≥ −E
∫
Q∗
Tθ[s2Oµ(1) +Oµ((sh)

2)]|Dhv|2dt− E
∫
Q∗

[s2Oµ(1) +Oµ((sh)
2)]|Dh(dv)|2. (3.13)

By Cauchy-Schwarz inequality and combining (3.11)–(3.13), for λh(δT 2)−1 ≤ 1 and λ ≥ T + T 2,
we obtain

6E
∫
Q

(
q11 +

h2

2
D2
hq11

)
AhDhvd(AhDhv)

≥ −E
∫
Q∗

[s2Oµ(1) +Oµ((sh)
2)]|Dh(dv)|2 −A1 −A3

= E
∫
Q
[s2Oµ(1) +Oµ((sh)

2)]D2
h(dv)dv −A1 −A3

≥ −1

8
E
∫
Q
|D2

h(dv)|2 −A1 −A2 −A3. (3.14)

Combining (3.10), (3.14), (2.11), (3.9) and (3.8), for λh(δT 2)−1 ≤ 1 and λ ≥ T + T 2, we have

I11 ≥ 6E
∫
Q
AhDh(rA

2
hD

2
hρ)AhDhvdv + 3h2E

∫
Q
D2
h[AhDh(rA

2
hD

2
hρ)AhDhv]dv

− 1

8
E
∫
Q
|D2

h(dv)|2 −A1 −A2 −A3. (3.15)

From (2.12), (3.8), (2.2) and (2.3), letting q21 = rD4
hρ, we obtain

I21 = −E
∫
Q
q21A

4
hvdv = −E

∫
Q
A2
h(q21dv)A

2
hv

= −E
∫
Q
A2
hq21A

2
h(dv)A

2
hv −

h2

2
E
∫
Q
AhDhq21AhDh(dv)A

2
hv −

h2

4
E
∫
Q
D2
hq21A

2
h(dv)A

2
hv

+
h2

4
E
∫
Q
D2
hq21A

2
hvdv. (3.16)

Thanks to Itô’s formula and similar to (3.12), from (2.17) and (2.19), for λh(δT 2)−1 ≤ 1 and
λ ≥ T + T 2, we have

− E
∫
Q
A2
hq21A

2
h(dv)A

2
hv

= −1

2
E
∫
M
(A2

hq21|A2
hv|2)

∣∣∣T
0
+

1

2
E
∫
Q
∂t(A

2
hq21)|A2

hv|2dt+
1

2
E
∫
Q
A2
hq21|A2

h(dv)|2

≥ −A1 −A2 −A3. (3.17)

Using the identity AhDh(dv)A
2
hv = 1

2d[Dh(|Ahv|2)]−AhDhvA
2
h(dv)−AhDh(dv)A

2
h(dv) and Cauchy-

Schwarz inequality, from (2.5), (3.9), (2.9), (2.10), (2.17) and (2.19), for λh(δT 2)−1 ≤ 1, we deduce
that

− h2

2
E
∫
Q
AhDhq21AhDh(dv)A

2
hv

= −h
2

4
E
∫
Q
d[AhDhq21Dh(|Ahv|2)] +

h2

2
E
∫
Q
∂t(AhDhq21)AhDhvA

2
hvdt
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+
h2

2
E
∫
Q
AhDhq21AhDhvA

2
h(dv) +

h2

2
E
∫
Q
AhDhq21AhDh(dv)A

2
h(dv)

= −h
2

4
E
∫
M
AhDhq21Dh(|Ahv|2)

∣∣∣T
0
+ E

∫
Q
Tθs2Oµ((sh)

2)AhDhvA
2
hvdt

+
h2

2
E
∫
Q
AhDhq21AhDhvA

2
h(dv)−

h2

4
E
∫
Q∗
AhD

2
hq21|Ah(dv)|2

≥ h2

2
E
∫
Q
AhDhq21AhDhvA

2
h(dv)−A1 −A2 −A3

=
h2

2
E
∫
Q
A2
h(AhDhq21AhDhv)dv −A1 −A2 −A3. (3.18)

Thanks to Itô’s formula, from (2.5), (2.17), (2.10) and (2.19), for λh(δT 2)−1 ≤ 1 and λ ≥ T + T 2,
it holds that

− h2

4
E
∫
Q
D2
hq21A

2
h(dv)A

2
hv

= −h
2

8
E
∫
M
D2
hq21|A2

hv|2
∣∣∣T
0
+
h2

8
E
∫
Q
∂t(D

2
hq21)|A2

hv|2dt+
h2

8
E
∫
Q
D2
hq21|A2

h(dv)|2

≥ −A1 −A2 −A3. (3.19)

Combining (3.16)–(3.19), for λh(δT 2)−1 ≤ 1 and λ ≥ T + T 2, it follows that

I21 ≥
h2

2
E
∫
Q
A2
h[AhDh(rD

4
hρ)AhDhv]dv +

h2

4
E
∫
Q
D2
h(rD

4
hρ)A

2
hvdv −A1 −A2 −A3. (3.20)

From (2.11), (3.8), (2.1), (2.3), (2.13) and (3.9), letting q31 = rA4
hρ, we have

I31 = −E
∫
Q
q31D

4
hvdv = −E

∫
Q
D2
h(q31dv)D

2
hv

= −E
∫
Q
D2
hq31A

2
h(dv)D

2
hv − 2E

∫
Q
AhDhq31AhDh(dv)D

2
hv − E

∫
Q
A2
hq31D

2
h(dv)D

2
hv

= −E
∫
Q
D2
hq31D

2
hvdv + 2E

∫
Q
AhDh(AhDhq31D

2
hv)dv

− E
∫
Q

(
A2
hq31 +

h2

4
D2
hq31

)
D2
h(dv)D

2
hv. (3.21)

Choose ε∗ = ε∗(µ) ∈ (0, 1] sufficiently small. Since ϕ is smooth, every ratio r(x)ρ(x + jh) with
|j| ≤ 2 lies between e−C(µ)sh and eC(µ)sh. Thus, if λh(δT 2)−1 ≤ ε∗, then

A2
hq31 +

h2

4
D2
hq31 =

q31(x+ h) + q31(x− h)

2
≥ 3

4
.

Thanks to Itô’s formula, (2.17) and (2.19), for h ≤ 1 and λ ≥ T + T 2, it follows that

− E
∫
Q

(
A2
hq31 +

h2

4
D2
hq31

)
D2
h(dv)D

2
hv
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= −1

2
E
∫
Q

(
A2
hq31 +

h2

4
D2
hq31

)
|D2

hv|2
∣∣∣∣T
0

+
1

2
E
∫
Q
∂t

(
A2
hq31 +

h2

4
D2
hq31

)
|D2

hv|2dt

+
1

2
E
∫
Q

(
A2
hq31 +

h2

4
D2
hq31

)
|D2

h(dv)|2

≥ 3

8
E
∫
Q
|D2

h(dv)|2 −A1 −A2 −A3. (3.22)

Combining (3.22) and (3.21), for λh(δT 2)−1 ≤ ε∗, h ≤ 1 and λ ≥ T + T 2, we have

I31 ≥ −E
∫
Q
D2
h(rA

4
hρ)D

2
hvdv + 2E

∫
Q
AhDh[AhDh(rA

4
hρ)D

2
hv]dv

+
3

8
E
∫
Q
|D2

h(dv)|2 −A1 −A2 −A3. (3.23)

The terms I41 and I51 are not treated separately. Indeed, after the discrete integrations by parts
in the estimates of I11, I21, and I31, the correction terms appearing in (3.15), (3.20) and (3.23) are
exactly the contributions corresponding to I41 and I51. Hence (3.24) is obtained by collecting all
these terms together.

Hence, combining (3.15), (3.20), (3.23) and (3.5), for λh(δT 2)−1 ≤ ε∗, h ≤ 1 and λ ≥ T + T 2,
we obtain

I11 + I21 + I31 + I41 + I51 ≥
1

4
E
∫
Q
|D2

h(dv)|2 −A1 −A2 −A3. (3.24)

Noting that (1.9) and v = rw, by Proposition 2.5, (1.7) and (2.1), for λh(δT 2)−1 ≤ 1, we have

E
∫
Q
|D2

h(dv)|2 = E
∫
Q
|D2

h(rg)|2dt

≥ 1

3
E
∫
Q
r2|D2

hg|2dt− E
∫
Q
Oµ((sh)

4)r2|D2
hg|2dt− E

∫
Q∗
s2Oµ(1)r

2|Dhg|2dt

− E
∫
Q
s4Oµ(1)r

2|g|2dt. (3.25)

From (2.9), (2.1), Proposition 2.5 and (1.7), thanks to Cauchy-Schwarz inequality, for λh(δT 2)−1 ≤
1, we obtain

−E
∫
Q∗
s2Oµ(1)r

2|Dhg|2dt ≥ − 1

12
E
∫
Q
r2|D2

hg|2dt− E
∫
Q
s4Oµ(1)r

2|g|2dt. (3.26)

Decrease h1 ≤ 1 so that the coefficient h2Oµ(1) in A2 is at most 1/12. Then (3.24) retains at least
1/6 of E

∫
Q |D2

h(dv)|2. Decrease ε∗ further so that the coefficient Oµ((sh)
4) in (3.25) is at most

1/8. By (3.26), the remaining coefficient of E
∫
Q r

2|D2
hg|2dt is at least 1/3 − 1/12 − 1/8 = 1/8.

Consequently, for λ ≥ T + T 2, h ≤ h1 and λh(δT 2)−1 ≤ ε∗, we obtain

I11 + I21 + I31 + I41 + I51 ≥
1

48
E
∫
Q
r2|D2

hg|2dt− C(µ)E
∫
Q
s4r2|g|2dt−A1 −A3. (3.27)

Step 3. Estimate of the terms Iij with i = 1, . . . , 4 and j = 2, 3, 4. The estimates in
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this step follow the same pattern as in the deterministic fourth-order semi-discrete case treated
in [7]. We include them for completeness and to keep the notation consistent with the present
stochastic framework; readers familiar with [7] may proceed directly to Step 4. The genuinely new
contributions among the terms with j = 2, 3, 4 are the terms I5j , which will be treated separately
in Step 4.

Noting that (2.6), (2.9), (2.3), (2.18), (2.15), (1.6) and (2.7), letting q12 = r2A2
hD

2
hρAhD

3
hρ, for

λh(δT 2)−1 ≤ 1, we have

I12 = 24E
∫
Q
q12A

2
hD

2
hvA

3
hDhvdt = 12E

∫
Q
q12Dh[(A

2
hDhv)

2]dt

= −12E
∫
Q∗
Dhq12|A2

hDhv|2dt+ 12E
∫
∂Q
q12tr(|A2

hDhv|2)νdt

= −12E
∫
Q∗
Dhq12

∣∣∣∣Dhv +
h2

4
D3
hv

∣∣∣∣2dt+ 12E
∫
∂Q
q12tr

(∣∣∣∣Dhv +
h2

4
D3
hv

∣∣∣∣2)νdt
≥ 60E

∫
Q∗
s5µ6φ5|∂xψ|6|Dhv|2dt− E

∫
Q∗

[sOµ((sh)
2) + sOµ((sh)

4)]|D3
hv|2dt

− E
∫
Q∗

[s4Oµ(1) + s5Oµ((sh)
2) + s5µ5φ5O(1)]|Dhv|2dt

− 12E
∫
∂Q
s5µ5φ5(∂xψ)

5tr(|Dhv|2)νdt− E
∫
∂Q

[sOµ((sh)
2) + sOµ((sh)

4)]tr(|D3
hv|2)dt

− E
∫
∂Q

[s4Oµ(1) + s5Oµ((sh)
2)]tr(|Dhv|2)dt

≥ 60E
∫
Q∗
s5µ6φ5|∂xψ|6|Dhv|2dt+ 12E

∫
∂Q
s5µ5φ5|∂xψ|5tr(|Dhv|2)dt−A1 − B. (3.28)

From (2.6), (2.9), (2.4) and (2.10), letting q13 = r2A2
hD

2
hρA

3
hDhρ, we obtain

I13 = 24E
∫
Q
q13A

2
hD

2
hvAhD

3
hvdt = 12E

∫
Q
q13Dh[|AhD2

hv|2]dt

= −12E
∫
Q∗
Dhq13|AhD2

hv|2dt+ 12E
∫
∂Q
q13tr(|AhD2

hv|2)νdt

= −12E
∫
Q∗
Dhq13Ah(|D2

hv|2)dt+ 3h2E
∫
Q∗
Dhq13|D3

hv|2dt+ 12E
∫
∂Q
q13tr(|AhD2

hv|2)νdt

= −12E
∫
Q
AhDhq13|D2

hv|2dt+ 6hE
∫
∂Q∗

Dhq13tr(|D2
hv|2)dt+ 3h2E

∫
Q∗
Dhq13|D3

hv|2dt

+ 12E
∫
∂Q
q13tr(|AhD2

hv|2)νdt. (3.29)

From (2.18) and (2.15), for λh(δT 2)−1 ≤ 1, we have

−12E
∫
Q
AhDhq13|D2

hv|2dt ≥ 36E
∫
Q
s3µ4φ3|∂xψ|4|D2

hv|2dt

− E
∫
Q
[s2Oµ(1) + s3Oµ((sh)

2) + s3µ3φ3O(1)]|D2
hv|2dt, (3.30)
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and

6hE
∫
∂Q∗

Dhq13tr(|D2
hv|2)dt+ 3h2E

∫
Q∗
Dhq13|D3

hv|2dt

≥ −E
∫
∂Q
s2Oµ(1)|D2

hv|2dt− E
∫
Q∗
sOµ((sh)

2)|D3
hv|2dt. (3.31)

From (2.18), (2.15), (2.8), and the Cauchy-Schwarz inequality, for λh(δT 2)−1 ≤ 1, it holds that

12E
∫
∂Q
q13tr(|AhD2

hv|2)νdt

= 12E
∫
∂Q
q13|D2

hv|2νdt+ 3h2E
∫
∂Q
q13tr(|D3

hv|2)νdt− 12hE
∫
∂Q
q13D

2
hvtr(D

3
hv)dt

≥ −12E
∫
∂Q
s3µ3φ3(∂xψ)

3|D2
hv|2νdt− E

∫
∂Q

[s2Oµ(1) + s3Oµ(sh)]|D2
hv|2dt

− E
∫
∂Q
sOµ(sh)tr(|D3

hv|2)dt. (3.32)

Combining (3.29)–(3.32), for λh(δT 2)−1 ≤ 1 and λ ≥ T 2, we have

I13 ≥ 36E
∫
Q
s3µ4φ3|∂xψ|4|D2

hv|2dt+ 12E
∫
∂Q
s3µ3φ3|∂xψ|3|D2

hv|2dt−A1 − B. (3.33)

From (2.3), (3.8), (3.9), (2.9), (2.6), (2.1), (2.20) and (2.16), noting that Cauchy-Schwarz in-
equality, letting q14 = rA2

hD
2
hρAhDh(rAhD

3
hρ), for λh(δT

2)−1 ≤ 1 and λ ≥ T 2, we have

I14 = 12E
∫
Q
q14A

2
hD

2
hvvdt = 12E

∫
Q
q14D

2
hvvdt+ 3h2E

∫
Q
q14D

4
hvvdt

= −12E
∫
Q∗
Dhq14AhvDhvdt− 12E

∫
Q∗
Ahq14|Dhv|2dt− 3h2E

∫
Q∗
Dhq14AhvD

3
hvdt

− 3h2E
∫
Q∗
Ahq14DhvD

3
hvdt

= 6E
∫
Q
D2
hq14|v|2dt− 12E

∫
Q∗
Ahq14|Dhv|2dt− 3h2E

∫
Q∗
Dhq14AhvD

3
hvdt

− 3h2E
∫
Q∗
Ahq14DhvD

3
hvdt

≥ 36E
∫
Q∗
s5µ6φ5|∂xψ|6|Dhv|2dt+ E

∫
Q
s5Oµ(1)|v|2dt+ E

∫
Q∗
sOµ((sh)

2)|D3
hv|2dt

− E
∫
Q∗

[s5µ5φ5O(1) + s5Oµ((sh)
2) + s4Oµ(1)]|Dhv|2dt

≥ 36E
∫
Q∗
s5µ6φ5|∂xψ|6|Dhv|2dt−A1. (3.34)

From (2.2), (2.6), (2.3), (2.13) and (2.9), letting q22 = r2D4
hρAhD

3
hρ, we have

I22 = 4E
∫
Q
q22A

4
hvA

3
hDhvdt = 4E

∫
Q
q22Ah(A

3
hvA

2
hDhv)dt− h2E

∫
Q
q22A

3
hDhvA

2
hD

2
hvdt
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= 2E
∫
Q
q22AhDh(|A2

hv|2)dt−
h2

2
E
∫
Q
q22Dh(|A2

hDhv|2)dt

= 2E
∫
Q
q22AhDh

(∣∣∣∣v + h2

4
D2
hv

∣∣∣∣2)dt− h2

2
E
∫
Q
q22Dh

(∣∣∣∣Dhv +
h2

4
D3
hv

∣∣∣∣2)dt
= −2E

∫
Q
AhDhq22

∣∣∣∣v + h2

4
D2
hv

∣∣∣∣2dt+ hE
∫
∂Q∗

Dhq22tr

(∣∣∣∣v + h2

4
D2
hv

∣∣∣∣2)dt
+ 2E

∫
∂Q
q22tr

(
Ah

∣∣∣∣v + h2

4
D2
hv

∣∣∣∣2)νdt+ h2

2
E
∫
Q∗
Dhq22

∣∣∣∣Dhv +
h2

4
D3
hv

∣∣∣∣2dt
− h2

2
E
∫
∂Q
q22tr

(∣∣∣∣Dhv +
h2

4
D3
hv

∣∣∣∣2)νdt. (3.35)

From (2.18) and (2.15), for λh(δT 2)−1 ≤ 1, we obtain

− 2E
∫
Q
AhDhq22

∣∣∣∣v + h2

4
D2
hv

∣∣∣∣2dt
≥ 14E

∫
Q
s7µ8φ7|∂xψ|8|v|2dt− E

∫
Q
[s6Oµ(1) + s7Oµ((sh)

2) + s7µ7φ7O(1)]|v|2dt

− E
∫
Q
s3Oµ((sh)

2)|D2
hv|2dt. (3.36)

Thanks to (2.18) and (3.9), for λh(δT 2)−1 ≤ 1, we have

hE
∫
∂Q∗

Dhq22tr

(∣∣∣∣v + h2

4
D2
hv

∣∣∣∣2)dt− h2

2
E
∫
∂Q
q22tr

(∣∣∣∣Dhv +
h2

4
D3
hv

∣∣∣∣2)νdt
≥ −E

∫
∂Q
s2Oµ((sh)

5)|D2
hv|2dt− E

∫
∂Q
s5Oµ((sh)

2)tr(|Dhv|2)dt

− E
∫
∂Q
sOµ((sh)

6)tr(|D3
hv|2)dt. (3.37)

and

2E
∫
∂Q
q22tr

(
Ah

∣∣∣∣v + h2

4
D2
hv

∣∣∣∣2)νdt
≥ −E

∫
∂Q
s3Oµ((sh)

2)|D2
hv|2dt− E

∫
∂Q
s5Oµ((sh)

2)tr(|Dhv|2)dt− E
∫
∂Q
sOµ((sh)

2)tr(|D3
hv|2)dt.

(3.38)

From (2.18), for λh(δT 2)−1 ≤ 1, we obtain

h2

2
E
∫
Q∗
Dhq22

∣∣∣∣Dhv +
h2

4
D3
hv

∣∣∣∣2dt ≥ −E
∫
Q∗
s5Oµ((sh)

2)|Dhv|2dt− E
∫
Q∗
sOµ((sh)

6)|D3
hv|2dt,

(3.39)

Hence, combining (3.35)–(3.39), for all µ ≥ 1, one can find constant h′1 ≤ h1, such that for all
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λ ≥ T + T 2, h ≤ h′1 and λh(δT 2)−1 ≤ 1, it holds that

I22 ≥ 14E
∫
Q
s7µ8φ7|∂xψ|8|v|2dt−A1 − B. (3.40)

From (2.3), letting q23 = r2D4
hρA

3
hDhρ, for λh(δT

2)−1 ≤ 1, we have

I23 = 4E
∫
Q
q23A

4
hvAhD

3
hvdt = 4E

∫
Q
q23

(
v +

h2

4
D2
hv +

h2

4
A2
hD

2
hv

)
AhD

3
hvdt. (3.41)

From (2.9), (3.8), (3.9), (2.1), (2.10), (2.6), (2.18), (2.15), (2.4) and (2.11), for λh(δT 2)−1 ≤ 1, we
obtain

4E
∫
Q
q23vAhD

3
hvdt = 4E

∫
Q
D2
h(q23v)AhDhvdt

= 4E
∫
Q
D2
hq23A

2
hvAhDhvdt+ 8E

∫
Q
AhDhq23|AhDhv|2dt+ 4E

∫
Q
A2
hq23AhDhvD

2
hvdt

= −2E
∫
Q∗
D3
hq23|Ahv|2dt+ 6E

∫
Q∗
A2
hDhq23|Dhv|2dt− 2h2E

∫
Q
AhDhq23|D2

hv|2dt

≥ −30E
∫
Q∗
s5µ6φ5|∂xψ|6|Dhv|2dt− E

∫
Q
s3Oµ((sh)

2)|D2
hv|2dt− E

∫
Q
s5Oµ(1)|v|2dt

− E
∫
Q∗

[s5µ5φ5O(1) + s4Oµ(1) + s5Oµ((sh)
2)]|Dhv|2dt. (3.42)

From (2.10), (2.2), (2.6), (2.9) and (2.18), for λh(δT 2)−1 ≤ 1, we get

h2E
∫
Q
q23D

2
hvAhD

3
hvdt

= h2E
∫
Q∗
Ahq23AhD

2
hvD

3
hvdt+

h4

4
E
∫
Q∗
Dhq23|D3

hv|2dt−
h3

2
E
∫
∂Q
q23D

2
hvtr(D

3
hv)dt

= −h
2

2
E
∫
Q
AhDhq23|D2

hv|2dt+
h2

2
E
∫
∂Q∗

Ahq23tr(|D2
hv|2)νdt+

h4

4
E
∫
Q∗
Dhq23|D3

hv|2dt

− h3

2
E
∫
∂Q
q23D

2
hvtr(D

3
hv)dt

≥ −E
∫
Q
s3Oµ((sh)

2)|D2
hv|2dt− E

∫
Q∗
sOµ((sh)

4)|D3
hv|2dt− E

∫
∂Q
s3Oµ((sh)

2)|D2
hv|2dt

− E
∫
∂Q
sOµ((sh)

4)tr(|D3
hv|2)dt. (3.43)

From (2.6), (2.9), (2.18), (2.5), (2.10) and (2.8), for λh(δT 2)−1 ≤ 1, it holds that

h2E
∫
Q
q23A

2
hD

2
hvAhD

3
hvdt

= −h
2

2
E
∫
Q∗
Dhq23|AhD2

hv|2dt+
h2

2
E
∫
∂Q
q23tr(|AhD2

hv|2)νdt

= −h
2

2
E
∫
Q∗
Dhq23|AhD2

hv|2dt+
h2

2
E
∫
∂Q
q23

(
|D2

hv|2ν − hD2
hvtr(D

3
hv) +

h2

4
tr(|D3

hv|2)ν
)
dt
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≥ −E
∫
Q
s3Oµ((sh)

2)|D2
hv|2dt− E

∫
∂Q
s3Oµ((sh)

2)|D2
hv|2dt− E

∫
∂Q
sOµ((sh)

4)tr(|D3
hv|2)dt.

(3.44)

Combining (3.41)–(3.44), for λh(δT 2)−1 ≤ 1 and λ ≥ T 2, we have

I23 ≥ −30E
∫
Q∗
s5µ6φ5|∂xψ|6|Dhv|2dt−A1 − B. (3.45)

From (2.3), letting q24 = rD4
hρAhDh(rAhD

3
hρ), we have

I24 = 2E
∫
Q
q24A

4
hvvdt = 2E

∫
Q
q24

(
v +

h2

4
D2
hv +

h2

4
A2
hD

2
hv

)
vdt. (3.46)

From (2.20) and (2.16), for λh(δT 2)−1 ≤ 1, we have

2E
∫
Q
q24v

2dt ≥ −6E
∫
Q
s7µ8φ7|∂xψ|8v2dt− E

∫
Q
[s6Oµ(1) + s7Oµ((sh)

2) + s7µ7φ7O(1)]|v|2dt.

(3.47)

From (3.8), (3.9), (2.9), (2.1), (2.6) and (2.17), for λh(δT 2)−1 ≤ 1, we obtain

h2

2
E
∫
Q
q24D

2
hvvdt = −h

2

2
E
∫
Q∗
Dhq24AhvDhvdt−

h2

2
E
∫
Q∗
Ahq24|Dhv|2dt

=
h2

4
E
∫
Q
D2
hq24v

2dt− h2

2
E
∫
Q∗
Ahq24|Dhv|2dt

≥ −E
∫
Q
s5Oµ(1)v

2dt− E
∫
Q∗
s5Oµ((sh)

2)|Dhv|2dt. (3.48)

From (2.9), (3.8), (2.1), (2.3), (2.6), (2.17), (2.10) and (2.5), thanks to Cauchy-Schwarz inequality,
for λh(δT 2)−1 ≤ 1, we obtain

h2

2
E
∫
Q
q24A

2
hD

2
hvvdt

= −h
2

2
E
∫
Q∗
Dhq24AhvA

2
hDhvdt−

h2

2
E
∫
Q∗
Ahq24DhvA

2
hDhvdt

= −h
2

2
E
∫
Q∗
Dhq24AhvDhvdt−

h4

8
E
∫
Q∗
Dhq24AhvD

3
hvdt−

h2

2
E
∫
Q∗
Ahq24|Dhv|2dt

− h4

8
E
∫
Q∗
Ahq24DhvD

3
hvdt

≥ −E
∫
Q
s5Oµ((sh)

2)|v|2dt− E
∫
Q∗
s5Oµ((sh)

2)|Dhv|2dt− E
∫
Q∗
sOµ((sh)

4)|D3
hv|2dt. (3.49)

Combining (3.46)–(3.49), for λh(δT 2)−1 ≤ 1 and λ ≥ T 2, we have

I24 ≥ −6E
∫
Q
s7µ8φ7|∂xψ|8v2dt−A1. (3.50)
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From (2.9), (2.1) and (2.3), letting q32 = r2A4
hρAhD

3
hρ, we have

I32 = 4E
∫
Q
q32D

4
hvA

3
hDhvdt = 4E

∫
Q
q32D

4
hvAhDhvdt+ h2E

∫
Q
q32D

4
hvAhD

3
hvdt

= −4E
∫
Q∗
Dhq32A

2
hDhvD

3
hvdt− 4E

∫
Q∗
Ahq32AhD

2
hvD

3
hvdt+ 4E

∫
∂Q
q32AhDhvtr(D

3
hv)νdt

+ h2E
∫
Q
q32D

4
hvAhD

3
hvdt. (3.51)

From (2.3), (2.9), (2.1), (3.8), (3.9), (2.6), (2.18) and (2.15), for λh(δT 2)−1 ≤ 1, we obtain

− 4E
∫
Q∗
Dhq32A

2
hDhvD

3
hvdt

= −4E
∫
Q∗
Dhq32DhvD

3
hvdt− h2E

∫
Q∗
Dhq32|D3

hv|2dt

= 4E
∫
Q
D2
hq32AhDhvD

2
hvdt+ 4E

∫
Q
AhDhq32|D2

hv|2dt− h2E
∫
Q∗
Dhq32|D3

hv|2dt

= −2E
∫
Q∗
D3
hq32|Dhv|2dt+ 4E

∫
Q
AhDhq32|D2

hv|2dt− h2E
∫
Q∗
Dhq32|D3

hv|2dt

≥ −12E
∫
Q
s3µ4φ3|∂xψ|4|D2

hv|2dt− E
∫
Q∗
s3Oµ(1)|Dhv|2dt− E

∫
Q∗
sOµ((sh)

2)|D3
hv|2dt

− E
∫
Q
[s2Oµ(1) + s3Oµ((sh)

2) + s3µ3φ3O(1)]|D2
hv|2dt. (3.52)

From (2.6), (2.9), (2.18) and (2.15), for λh(δT 2)−1 ≤ 1, it holds that

− 4E
∫
Q∗
Ahq32AhD

2
hvD

3
hvdt

= 2E
∫
Q
AhDhq32|D2

hv|2dt− 2E
∫
∂Q∗

Ahq32tr(|D2
hv|2)νdt

≥ −6E
∫
Q
s3µ4φ3|∂xψ|4|D2

hv|2dt+ 2E
∫
∂Q∗

s3µ3φ3(∂xψ)
3tr(|D2

hv|2)νdt

− E
∫
Q
[s2Oµ(1) + s3Oµ((sh)

2) + s3µ3φ3O(1)]|D2
hv|2dt

− E
∫
∂Q∗

[s2Oµ(1) + s3Oµ((sh)
2) + s3µ2φ3O(1)]tr(|D2

hv|2)dt. (3.53)

From (3.8), (2.18) and (2.15), thanks to Cauchy-Schwarz inequality, for λh(δT 2)−1 ≤ 1, it holds
that

4E
∫
∂Q
q32AhDhvtr(D

3
hv)νdt ≥ −E

∫
∂Q
s3Oµ(1)|AhDhv|tr(|D3

hv|)dt

= −h
2
E
∫
∂Q
s3Oµ(1)|D2

hv|tr(|D3
hv|)dt

≥ −E
∫
∂Q
s3Oµ(sh)|D2

hv|2dt− E
∫
∂Q
sOµ(sh)tr(|D3

hv|2)dt. (3.54)
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From (2.6), (2.9) and (2.18), for λh(δT 2)−1 ≤ 1, we obtain

h2E
∫
Q
q32D

4
hvAhD

3
hvdt = −h

2

2
E
∫
Q∗
Dhq32|D3

hv|2dt+
h2

2
E
∫
∂Q
q32tr(|D3

hv|2)νdt

≥ −E
∫
Q∗
sOµ((sh)

2)|D3
hv|2dt− E

∫
∂Q
sOµ((sh)

2)tr(|D3
hv|2)dt. (3.55)

Combining (3.51)–(3.55), for λh(δT 2)−1 ≤ 1 and λ ≥ T 2, we have

I32 ≥ −18E
∫
Q
s3µ4φ3|∂xψ|4|D2

hv|2dt− 2E
∫
∂Q
s3µ3φ3|∂xψ|3|D2

hv|2dt−A1 − B. (3.56)

From (2.6), (2.9), (2.18) and (2.14), letting q33 = r2A4
hρA

3
hDhρ, for λh(δT

2)−1 ≤ 1, we have

I33 = 4E
∫
Q
q33D

4
hvAhD

3
hvdt = −2E

∫
Q∗
Dhq33|D3

hv|2dt+ 2E
∫
∂Q
q33tr(|D3

hv|2)νdt

≥ 2E
∫
Q∗
sµ2φ|∂xψ|2|D3

hv|2dt+ 2E
∫
∂Q
sµφ|∂xψ|tr(|D3

hv|2)dt

− E
∫
Q∗

[Oµ(1) + sOµ((sh)
2) + sµφO(1)]|D3

hv|2dt

− E
∫
∂Q

[Oµ(1) + sOµ(sh) + sφO(1)]tr(|D3
hv|2)dt. (3.57)

Letting q34 = rA4
hρAhDh(rAhD

3
hρ), from (2.11), (3.8), (3.9), (2.1), (2.3), (2.6), (2.9), (2.20) and

(2.16), for λh(δT 2)−1 ≤ 1 and λ ≥ T 2, we have

I34 = 2E
∫
Q
q34D

4
hvvdt = 2E

∫
Q
D2
h(q34v)D

2
hvdt

= 2E
∫
Q
D2
hq34A

2
hvD

2
hvdt+ 4E

∫
Q
AhDhq34AhDhvD

2
hvdt+ 2E

∫
Q
A2
hq34|D2

hv|2dt

= 2E
∫
Q
D2
hq34vD

2
hvdt+

h2

2
E
∫
Q
D2
hq34|D2

hv|2dt− 2E
∫
Q∗
AhD

2
hq34|Dhv|2dt

+ 2E
∫
Q
A2
hq34|D2

hv|2dt

≥ −6E
∫
Q
s3µ4φ3|∂xψ|4|D2

hv|2dt− E
∫
Q∗
s3Oµ(1)|Dhv|2dt− E

∫
Q
s4Oµ(1)|v|2dt

− E
∫
Q
[s2Oµ(1) + (s+ s3)Oµ((sh)

2) + s3µ3φ3O(1)]|D2
hv|2dt

≥ −6E
∫
Q
s3µ4φ3|∂xψ|4|D2

hv|2dt−A1. (3.58)

Letting q42 = AhDh(rA
2
hD

2
hρ)rAhD

3
hρ from (2.3), (2.4), (2.10), (2.5), (2.17) and (2.14), thanks

to Cauchy-Schwarz inequality, for λh(δT 2)−1 ≤ 1, we obtain

I42 = 24E
∫
Q
q42AhDhvA

3
hDhvdt = 24E

∫
Q
q42|AhDhv|2dt+ 6h2E

∫
Q
q42AhDhvAhD

3
hvdt
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= 24E
∫
Q
q42Ah(|Dhv|2)dt− 6h2E

∫
Q
q42|D2

hv|2dt+ 6h2E
∫
Q
q42AhDhvAhD

3
hvdt

= 24E
∫
Q∗
Ahq42|Dhv|2dt− 12hE

∫
∂Q
q42tr(|Dhv|2)dt− 6h2E

∫
Q
q42|D2

hv|2dt

+ 6h2E
∫
Q
q42AhDhvAhD

3
hvdt

≥ −48E
∫
Q∗
s5µ6φ5|∂xψ|6|Dhv|2dt− E

∫
Q∗

[s4Oµ(1) + s5Oµ((sh)
2) + s5µ5φ5O(1)]|Dhv|2dt

− E
∫
Q
s3Oµ((sh)

2)|D2
hv|2dt− E

∫
Q∗
sOµ((sh)

2)|D3
hv|2dt− E

∫
∂Q
s4Oµ((sh))tr(|Dhv|2)dt

≥ −48E
∫
Q∗
s5µ6φ5|∂xψ|6|Dhv|2dt−A1 − B. (3.59)

Letting q43 = AhDh(rA
2
hD

2
hρ)rA

3
hDhρ, from (2.9) and (2.1), we have

I43 = 24E
∫
Q
q43AhDhvAhD

3
hvdt

= −24E
∫
Q∗
Dhq43A

2
hDhvAhD

2
hvdt− 24E

∫
Q∗
Ahq43|AhD2

hv|2dt

+ 24E
∫
∂Q
q43AhDhvtr(AhD

2
hv)νdt. (3.60)

From (2.6), (2.9), (2.4), (2.10), (3.8), (3.9), (2.17) and (2.8), for λh(δT 2)−1 ≤ 1, we obtain

− 24E
∫
Q∗
Dhq43A

2
hDhvAhD

2
hvdt

= 12E
∫
Q
D2
hq43|AhDhv|2dt− 12E

∫
∂Q∗

Dhq43tr(|AhDhv|2)νdt

= 12E
∫
Q∗
AhD

2
hq43|Dhv|2dt− 3h2E

∫
Q
D2
hq43|D2

hv|2dt− 3h2E
∫
∂Q∗

Dhq43tr(|D2
hv|2)νdt

≥ −E
∫
Q∗
s3Oµ(1)|Dhv|2dt− E

∫
Q
sOµ((sh)

2)|D2
hv|2dt− E

∫
∂Q
sOµ((sh)

2)|D2
hv|2dt. (3.61)

From (2.4), (2.10), (2.17) and (2.14), for λh(δT 2)−1 ≤ 1, it holds that

− 24E
∫
Q∗
Ahq43|AhD2

hv|2dt

= −24E
∫
Q
A2
hq43|D2

hv|2dt+ 12hE
∫
∂Q∗

Ahq43tr(|D2
hv|2)dt+ 6h2E

∫
Q∗
Ahq43|D3

hv|2dt

≥ 48E
∫
Q
s3µ4φ3|∂xψ|4|D2

hv|2dt− E
∫
Q
[s2Oµ(1) + s3Oµ((sh)

2) + s3µ3φ3O(1)]|D2
hv|2dt

− E
∫
Q∗
sOµ((sh)

2)|D3
hv|2dt− E

∫
∂Q
s2Oµ(sh)|D2

hv|2dt. (3.62)

From (3.8) and Cauchy-Schwarz inequality, by AhDhv = −h
2νD

2
hv, tr(AhD

2
hv) = D2

hv−
h
2 tr(D

3
hv)ν
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on ∂Q, then for λh(δT 2)−1 ≤ 1, we have

24E
∫
∂Q
q43AhDhvtr(AhD

2
hv)νdt ≥ −E

∫
∂Q
s2Oµ(sh)|D2

hv|2dt

− E
∫
∂Q

Oµ((sh)
2)tr(|D3

hv|2)dt. (3.63)

Combining (3.60)–(3.63), for λh(δT 2)−1 ≤ 1 and λ ≥ T 2, we obtain

I43 ≥ 48E
∫
Q
s3µ4φ3|∂xψ|4|D2

hv|2dt−A1 − B. (3.64)

From (2.17), (2.14), (2.5) and (2.10), thanks to Cauchy-Schwarz inequality, for λh(δT 2)−1 ≤ 1
and λ ≥ T 2, we have

I44 = 12E
∫
Q
AhDh(rA

2
hD

2
hρ)AhDh(rAhD

3
hρ)AhDhvvdt

≥ −E
∫
Q∗
s4Oµ(1)|Dhv|2dt− E

∫
Q
s6Oµ(1)|v|2dt

≥ −A1. (3.65)

Step 4. Estimate of the terms I5j with j = 2, 3, 4. These terms come from the correction
term Φ(v) in the decomposition of I1. They do not appear in the deterministic argument of [7], so
we isolate them here.

From (3.5), (2.1), (2.2), (2.3), (2.17) and (2.14), letting{
q1 = AhDh(rA

2
hD

2
hρ), q2 = AhDh(rD

4
hρ), q3 = D2

h(rD
4
hρ),

q4 = D2
h(rA

4
hρ), q5 = AhDh(rA

4
hρ),

(3.66)

for λh(δT 2)−1 ≤ 1, h ≤ 1, we obtain

Φ(v) = 3h2D2
h(q1AhDhv) +

h2

2
A2
h(q2AhDhv) +

h2

4
q3A

2
hv − q4D

2
hv + 2AhDh(q5D

2
hv)

= 3h2(D2
hq1A

3
hDhv + 2AhDhq1A

2
hD

2
hv +A2

hq1AhD
3
hv) +

h2

2
q2AhDhv

+
h4

8
(D2

hq2A
3
hDhv + 2AhDhq2A

2
hD

2
hv +A2

hq2AhD
3
hv) +

h2

4
q3A

2
hv − q4D

2
hv

+ 2AhDhq5A
2
hD

2
hv +

h2

2
D2
hq5AhD

3
hv + 2Ah(Ahq5D

3
hv)

≥ −Oµ((sh)
2)(|A3

hDhv|+ |A2
hD

2
hv|+ |AhD3

hv|+ |D2
hv|)− s2Oµ((sh)

2)(|AhDhv|+ |A2
hv|)

+ 2Ah(Ahq5D
3
hv). (3.67)

From (3.66), (3.67), (2.17), (2.14), (2.5) and (2.10), thanks to Cauchy-Schwarz inequality, for
λh(δT 2)−1 ≤ 1, h ≤ 1 and λ ≥ T 2, we have

I52 = 4E
∫
Q
rAhD

3
hρA

3
hDhvΦ(v)dt
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≥ −E
∫
Q
s5Oµ((sh)

2)|v|2dt− E
∫
Q∗

[(s3 + s5)Oµ((sh)
2) + s4Oµ(1) + s5µ5φ5O(1)]|Dhv|2dt

− E
∫
Q
[s3Oµ((sh)

2) + s2Oµ(1)]|D2
hv|2dt

− E
∫
Q∗

[Oµ(1) + sOµ((sh)
2) + sµφO(1)]|D3

hv|2dt

≥ −A1, (3.68)

and

I53 = 4E
∫
Q
rA3

hDhρAhD
3
hvΦ(v)dt

≥ −E
∫
Q
s3Oµ((sh)

2)|v|2dt− E
∫
Q∗

[sOµ((sh)
2) + s3Oµ((sh)

2)]|Dhv|2dt

− E
∫
Q
sOµ((sh)

2)|D2
hv|2dt− E

∫
Q∗

[Oµ(1) + sOµ((sh)
2) + sµφO(1)]|D3

hv|2dt

≥ −A1. (3.69)

Further,

I54 = 2E
∫
Q
AhDh(rAhD

3
hρ)vΦ(v)dt

≥ −E
∫
Q
(s5 + s6)Oµ(1)|v|2dt− E

∫
Q∗

(Oµ(1) + s4Oµ(1))|Dhv|2dt

− E
∫
Q
Oµ(1)]|D2

hv|2dt− E
∫
Q∗

Oµ(1)|D3
hv|2dt

≥ −A1. (3.70)

Combining the estimates obtained in Steps 3 and 4, namely (3.28), (3.33), (3.34), (3.40), (3.45),
(3.50), (3.56)–(3.58), (3.59), (3.64), (3.65) and (3.68)–(3.70), for λh(δT 2)−1 ≤ 1, h ≤ 1 and λ ≥ T 2,
we have

5∑
i=1

4∑
j=2

Iij ≥ 8E
∫
Q
s7µ8φ7|∂xψ|8|v|2dt+ 18E

∫
Q∗
s5µ6φ5|∂xψ|6|Dhv|2dt

+ 60E
∫
Q
s3µ4φ3|∂xψ|4|D2

hv|2dt+ 2E
∫
Q∗
sµ2φ|∂xψ|2|D3

hv|2dt

+ 12E
∫
∂Q
s5µ5φ5|∂xψ|5tr(|Dhv|2)dt+ 10E

∫
∂Q
s3µ3φ3|∂xψ|3|D2

hv|2dt

+ 2E
∫
∂Q
sµφ|∂xψ|tr(|D3

hv|2)dt−A1 − B. (3.71)

Step 5. Return to the variable w.
From (3.5), (2.19), (2.18), (2.5), (2.10) and (3.67), for λh(δT 2)−1 ≤ 1 and λ ≥ T + T 2, we have

E
∫
Q
|I3|2dt ≤ E

∫
Q
(s4 + s6)Oµ(1)|v|2dt+ E

∫
Q∗

(s4Oµ(1) +Oµ(1))|Dhv|2dt
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+ E
∫
Q
Oµ(1)|D2

hv|2dt+ E
∫
Q∗

Oµ(1)|D3
hv|2dt

≤ A1. (3.72)

Combining (3.27), (3.71), (3.6), (3.7), (3.72) and (1.6), for all µ ≥ 1, there exists a positive
constant ε1 ≤ ε∗ and a sufficiently large λ1 ≥ 1, such that for λ ≥ λ1(T + T 2), h ≤ h′1, and
λh(δT 2)−1 ≤ ε1, we have

CE
∫
Q
r2|f |2dt+ C(µ)E

∫
Q
s4r2|g|2dt+ CE

∫ T

0

∫
M∩G2

s7µ8φ7|v|2dt

+ C
[
E
∫ T

0

∫
M∗∩G2

s5µ6φ5|Dhv|2dt+ E
∫ T

0

∫
M∩G2

s3µ4φ3|D2
hv|2dt+ E

∫ T

0

∫
M∗∩G2

sµ2φ|D3
hv|2dt

]
≥ E

∫
Q
s7µ8φ7|v|2dt+ E

∫
Q∗
s5µ6φ5|Dhv|2dt+ E

∫
Q
s3µ4φ3|D2

hv|2dt+ E
∫
Q∗
sµ2φ|D3

hv|2dt

+ E
∫
Q
r2|D2

hg|2dt−A1 −A3. (3.73)

Noting w = ρv, combining (2.1), (2.18) and (2.15), for λh(δT 2)−1 ≤ 1, we obtain

E
∫
Q∗
s5µ6φ5r2|Dhw|2dt = E

∫
Q∗
s5µ6φ5r2|Dh(ρv)|2dt

≤ 2E
∫
Q∗
s5µ6φ5r2(|DhρAhv|2 + |AhρDhv|2)dt

≤ CE
∫
Q∗
s7µ8φ7|Ahv|2dt+ 2E

∫
Q∗
s5µ6φ5|Dhv|2dt+ E

∫
Q
[s6Oµ(1) + s7Oµ((sh)

2)]|v|2dt

+ E
∫
Q∗
s5Oµ((sh)

2)|Dhv|2dt. (3.74)

From (2.5), (2.10), (1.7), Proposition 2.5 and (3.8), we have

E
∫
Q∗
s7µ8φ7|Ahv|2dt ≤ E

∫
Q∗
s7µ8φ7Ah(v

2)dt

= E
∫
Q
s7µ8Ah(φ

7)v2dt

≤ E
∫
Q
s7µ8φ7|v|2dt+ E

∫
Q
s5Oµ((sh)

2)|v|2dt. (3.75)

Combining (3.74) and (3.75), for λh(δT 2)−1 ≤ 1 and λ ≥ T 2, it holds that

E
∫
Q∗
s5µ6φ5r2|Dhw|2dt ≤ CE

∫
Q
s7µ8φ7|v|2dt+ 2E

∫
Q∗
s5µ6φ5|Dhv|2dt+A1. (3.76)

Since

r2|D2
hw|2 = r2|D2

h(ρv)|2 ≤ Cr2(|D2
hρA

2
hv|2 + |AhDhρAhDhv|2 + |A2

hρD
2
hv|2),
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similar to (3.76), for λh(δT 2)−1 ≤ 1 and λ ≥ T 2, we have

E
∫
Q
s3µ4φ3r2|D2

hw|2dt

≤ C
[
E
∫
Q
s7µ8φ7|v|2dt+ E

∫
Q∗
s5µ6φ5|Dhv|2dt+ E

∫
Q
s3µ4φ3|D2

hv|2dt
]

+ E
∫
Q
s3Oµ((sh)

2)|D2
hv|2dt+ E

∫
Q∗

[s5Oµ((sh)
2) + s4Oµ(1))|Dhv|2dt

+ E
∫
Q
[s7Oµ((sh)

2) + s6Oµ(1))|v|2dt

≤ C
[
E
∫
Q
s7µ8φ7|v|2dt+ E

∫
Q∗
s5µ6φ5|Dhv|2dt+ E

∫
Q
s3µ4φ3|D2

hv|2dt
]
+A1. (3.77)

Noting that

r2|D3
hw|2 = r2|D3

h(ρv)|2 ≤ Cr2(|D3
hρA

3
hv|2 + |AhD2

hρA
2
hDhv|2 + |A2

hDhρAhD
2
hv|2 + |A3

hρD
3
hv|2),

similar to (3.76), for λh(δT 2)−1 ≤ 1 and λ ≥ T 2, we have

E
∫
Q∗
sµ2φr2|D3

hw|2dt

≤ C
[
E
∫
Q
s7µ8φ7|v|2dt+ E

∫
Q∗
s5µ6φ5|Dhv|2dt+ E

∫
Q
s3µ4φ3|D2

hv|2dt+ E
∫
Q∗
sµ2φ|D3

hv|2dt
]

+ E
∫
Q∗
sOµ((sh)

2)|D3
hv|2dt+ E

∫
Q
[s3Oµ((sh)

2) + s2Oµ(1)]|D2
hv|2dt

+ E
∫
Q∗

[s5Oµ((sh)
2) + s4Oµ(1))|Dhv|2dt+ E

∫
Q
[s7Oµ((sh)

2) + s6Oµ(1))|v|2dt

≤ C
[
E
∫
Q
s7µ8φ7|v|2dt+ E

∫
Q∗
s5µ6φ5|Dhv|2dt+ E

∫
Q
s3µ4φ3|D2

hv|2dt+ E
∫
Q∗
sµ2φ|D3

hv|2dt
]

+A1. (3.78)

Hence, combining (3.76), (3.73), (3.77) and (3.78), for µ ≥ 1, λ ≥ λ1(T + T 2), h ≤ h1, and
λh(δT 2)−1 ≤ ε1, we have

CE
∫
Q
r2|f |2dt+ C(µ)E

∫
Q
s4r2|g|2dt+ CE

∫ T

0

∫
M∩G2

s7µ8φ7|v|2dt

+ C
[
E
∫ T

0

∫
M∗∩G2

s5µ6φ5|Dhv|2dt+ E
∫ T

0

∫
M∩G2

s3µ4φ3|D2
hv|2dt+ E

∫ T

0

∫
M∗∩G2

sµ2φ|D3
hv|2dt

]
≥ E

∫
Q
s7µ8φ7r2|w|2dt+ E

∫
Q∗
s5µ6φ5r2|Dhw|2dt+ E

∫
Q
s3µ4φ3r2|D2

hw|2dt

+ E
∫
Q∗
sµ2φr2|D3

hw|2dt+ E
∫
Q
r2|D2

hg|2dt−A1 −A3. (3.79)

From (2.1) and (2.17), for λh(δT 2)−1 ≤ 1, we have

rDhw = rDhρAhv + rAhρDhv = rDhρAhv +Dhv +Oµ((sh)
2)Dhv,
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which implies

E
∫ T

0

∫
M∗∩G2

s5µ6φ5|Dhv|2dt

≤ CE
∫ T

0

∫
M∗∩G2

s5µ6φ5(rDhρ)
2|Ahv|2dt+ CE

∫ T

0

∫
M∗∩G2

s5µ6φ5r2|Dhw|2dt

+ E
∫
Q∗
s5Oµ((sh)

2)|Dhv|2dt

≤ CE
∫ T

0

∫
M∩G1

s7µ8φ7r2|w|2dt+ CE
∫ T

0

∫
M∗∩G1

s5µ6φ5r2|Dhw|2dt

+ E
∫
Q∗
s5Oµ((sh)

2)|Dhv|2dt+ E
∫
Q
[s7Oµ((sh)

2) + s6Oµ(1)]|v|2dt

≤ CE
∫ T

0

∫
M∩G1

s7µ8φ7r2|w|2dt+ CE
∫ T

0

∫
M∗∩G1

s5µ6φ5r2|Dhw|2dt+A1, (3.80)

where we use |Ahv|2 ≤ C(|τ+v|2 + |τ−v|2).
Similarly, for λh(δT 2)−1 ≤ 1, we have

D2
hv = rD2

hw − rD2
hρA

2
hv − 2rAhDhρAhDhv −Oµ((sh)

2)D2
hv,

which implies

E
∫ T

0

∫
M∩G2

s3µ4φ3|D2
hv|2dt

≤ CE
∫ T

0

∫
M∩G1

s7µ8φ7r2|w|2dt+ CE
∫ T

0

∫
M∗∩G1

s5µ6φ5r2|Dhw|2dt

+ CE
∫ T

0

∫
M∩G1

s3µ4φ3r2|D2
hw|2dt+A1. (3.81)

For λh(δT 2)−1 ≤ 1, we also obtain

E
∫ T

0

∫
M∗∩G2

sµ2φ|D3
hv|2dt

≤ CE
∫ T

0

∫
M∩G1

s7µ8φ7r2|w|2dt+ CE
∫ T

0

∫
M∗∩G1

s5µ6φ5r2|Dhw|2dt

+ CE
∫ T

0

∫
M∩G1

s3µ4φ3r2|D2
hw|2dt+ CE

∫ T

0

∫
M∗∩G1

sµ2φr2|D3
hw|2dt+A1. (3.82)

Noting that

|Dhv|2 ≤ Ch−2(|τ−v|2 + |τ+v|2), (3.83)

and

|D2
hv|2 ≤ Ch−4(|τ2−v|2 + |τ2+v|2 + |v|2),
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for all µ ≥ 1 and λh(δT 2)−1 ≤ 1, we have

A3 ≤ C(µ)h−4
(
E
∫
M
r2|w|2

∣∣∣
t=0

+ E
∫
M
r2|w|2

∣∣∣
t=T

)
(3.84)

Combining (3.79)–(3.82) and (3.84), there exists a positive constant µ1 ≥ 1 such that for all
µ ≥ µ1, one can find positive constants ε2 ≤ ε1, h2 ≤ h′1 and λ2 ≥ λ1, such that for λ ≥ λ2(T +T 2),
h ≤ h2, and λh(δT

2)−1 ≤ ε2, we have

CE
∫
Q
r2|f |2dt+ C(µ)E

∫
Q
s4r2|g|2dt+ CE

∫ T

0

∫
M∩G1

s7µ8φ7r2|w|2dt

+ CE
∫ T

0

∫
M∗∩G1

s5µ6φ5r2|Dhw|2dt+ CE
∫ T

0

∫
M∩G1

s3µ4φ3r2|D2
hw|2dt

+ CE
∫ T

0

∫
M∗∩G1

sµ2φr2|D3
hw|2dt+ C(µ)h−4

(
E
∫
M
r2|w|2

∣∣∣
t=0

+ E
∫
M
r2|w|2

∣∣∣
t=T

)
≥ E

∫
Q
s7µ8φ7r2|w|2dt+ E

∫
Q∗
s5µ6φ5r2|Dhw|2dt+ E

∫
Q
s3µ4φ3r2|D2

hw|2dt+ E
∫
Q∗
sµ2φr2|D3

hw|2dt

+ E
∫
Q
r2|D2

hg|2dt. (3.85)

Step 6. Local estimates on Dhw, D
2
hw, and D3

hw.
Choose a function ξ ∈ C∞

0 (G0; [0, 1]) such that ξ = 1 in G1. Thanks to Itô’s formula and (1.9),
we have

d(s3φ3ξ4r2w2) = φ3ξ4∂t(s
3r2)w2dt+ 2s3φ3ξ4r2wdw + s3φ3ξ4r2(dw)2.

Hence, we get

E
∫
M∩G0

s3φ3ξ4r2w2
∣∣∣
t=T

− E
∫
M∩G0

s3φ3ξ4r2w2
∣∣∣
t=0

= E
∫ T

0

∫
M∩G0

φ3ξ4∂t(s
3r2)w2dt+ 2E

∫ T

0

∫
M∩G0

s3φ3ξ4r2w(D4
hw − f)dt

+ E
∫ T

0

∫
M∩G0

s3φ3ξ4r2|g|2dt. (3.86)

For all µ ≥ 1 and λh(δT 2)−1 ≤ 1, we have

E
∫
M∩G0

s3φ3ξ4r2w2
∣∣∣
t=T

− E
∫
M∩G0

s3φ3ξ4r2w2
∣∣∣
t=0

≤ Ch−3
(
E
∫
M
r2|w|2

∣∣∣
t=0

+ E
∫
M
r2|w|2

∣∣∣
t=T

)
.

(3.87)

For λ ≥ T + T 2, we obtain

E
∫ T

0

∫
M∩G0

φ3ξ4∂t(s
3r2)w2dt ≤ E

∫
Q
s6Oµ(1)r

2w2dt. (3.88)
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Thanks to Cauchy-Schwarz inequality, it holds that

E
∫ T

0

∫
M∩G0

s3φ3ξ4r2wfdt ≤ E
∫
Q
s6Oµ(1)r

2w2dt+ E
∫
Q
r2f2dt. (3.89)

From (2.11) and (2.1), we have

2E
∫ T

0

∫
M∩G0

s3φ3ξ4r2wD4
hwdt

= 2E
∫ T

0

∫
M∩G0

s3D2
h(φ

3ξ4r2w)D2
hwdt

= 2E
∫ T

0

∫
M∩G0

s3[D2
h(φ

3ξ4r2)A2
hw + 2AhDh(φ

3ξ4r2)AhDhw +A2
h(φ

3ξ4r2)D2
hw]D

2
hwdt. (3.90)

Thanks to Proposition 2.5, (2.5), (2.10), and the Cauchy-Schwarz inequality, for all ε > 0 and
λh(δT 2)−1 ≤ 1, it holds that

2E
∫ T

0

∫
M∩G0

s3D2
h(φ

3ξ4r2)A2
hwD

2
hwdt

≤ εE
∫ T

0

∫
M∩G0

s3φ3ξ4r2|D2
hw|2dt+ C(ε)E

∫ T

0

∫
M∩G0

s7µ4φ7ξ4r2|w|2dt

+ E
∫
Q
[s2Oµ(1) + s3Oµ((sh)

2)]r2|D2
hw|2dt+ E

∫
Q
[s6Oµ(1) + s7Oµ((sh)

2)]r2|w|2dt, (3.91)

and

4E
∫ T

0

∫
M∩G0

s3AhDh(φ
3ξ4r2)AhDhwD

2
hwdt

≤ εE
∫ T

0

∫
M∩G0

s3φ3ξ4r2|D2
hw|2dt+ C(ε)E

∫ T

0

∫
M∗∩G0

s5µ2φ5ξ4r2|Dhw|2dt

+ E
∫
Q
[s2Oµ(1) + s3Oµ((sh)

2)]r2|D2
hw|2dt+ E

∫
Q∗

[s4Oµ(1) + s5Oµ((sh)
2)]r2|Dhw|2dt. (3.92)

Similarly, for all ε > 0 and λh(δT 2)−1 ≤ 1, we get

2E
∫ T

0

∫
M∩G0

s3A2
h(φ

3ξ4r2)|D2
hw|2dt

≥ 2E
∫ T

0

∫
M∩G0

s3φ3ξ4r2|D2
hw|2dt− E

∫
Q
s3Oµ((sh)

2)r2|D2
hw|2dt. (3.93)

The bounds (3.88), (3.89), (3.91) and (3.92) also hold with the absolute value of the left-hand
side. Solving (3.86) for the fourth-order term, we may discard the nonnegative quadratic-variation
term. Combining (3.86)–(3.93), letting ε be sufficiently small, for µ ≥ 1, λ ≥ T + T 2, h ≤ 1 and
λh(δT 2)−1 ≤ 1, we obtain

E
∫ T

0

∫
M∩G1

s3µ4φ3r2|D2
hw|2dt
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≤ E
∫ T

0

∫
M∩G0

s3µ4φ3ξ4r2|D2
hw|2dt

≤ CE
∫ T

0

∫
M∩G0

s7µ8φ7r2|w|2dt+ CE
∫ T

0

∫
M∗∩G0

s5µ6φ5ξ4r2|Dhw|2dt

+ E
∫
Q
[s2Oµ(1) + s3Oµ((sh)

2)]r2|D2
hw|2dt+ E

∫
Q
[s6Oµ(1) + s7Oµ((sh)

2)]r2|w|2dt

+ E
∫
Q∗

[s4Oµ(1) + s5Oµ((sh)
2)]r2|Dhw|2dt+ C(µ)E

∫
Q
r2|f |2dt+ C(µ)E

∫
Q
s4r2|g|2dt

+ C(µ)h−4
(
E
∫
M
r2|w|2

∣∣∣
t=0

+ E
∫
M
r2|w|2

∣∣∣
t=T

)
. (3.94)

From (2.9), (2.1), and Proposition 2.5, thanks to Cauchy-Schwarz inequality, for all ε > 0 and
λh(δT 2)−1 ≤ 1, we have

E
∫ T

0

∫
M∗∩G0

s5µ6φ5ξ4r2|Dhw|2dt

= −E
∫ T

0

∫
M∩G0

s5Dh(µ
6φ5ξ4r2Dhw)wdt

= −E
∫ T

0

∫
M∩G0

s5Dh(µ
6φ5ξ4r2)AhDhwwdt− E

∫ T

0

∫
M∩G0

s5Ah(µ
6φ5ξ4r2)D2

hwwdt

≤ εE
∫ T

0

∫
M∗∩G0

s5µ6φ5ξ4r2|Dhw|2dt+ εE
∫ T

0

∫
M∩G0

s3µ4φ3ξ4r2|D2
hw|2dt

+ C(ε)E
∫ T

0

∫
M∩G0

s7µ8φ7r2|w|2dt+ E
∫
Q∗

[s4Oµ(1) + s5Oµ((sh)
2)]r2|Dhw|2dt

+ E
∫
Q
[s6Oµ(1) + s7Oµ((sh)

2)]r2|w|2dt. (3.95)

From (3.94) and (3.95), letting ε be sufficiently small, for µ ≥ 1, λ ≥ T+T 2, h ≤ 1 and λh(δT 2)−1 ≤
1, we obtain

E
∫ T

0

∫
M∗∩G1

s5µ6φ5r2|Dhw|2dt

≤ E
∫ T

0

∫
M∗∩G0

s5µ6φ5ξ4r2|Dhw|2dt

≤ CE
∫ T

0

∫
M∩G0

s7µ8φ7r2|w|2dt+ E
∫
Q∗

[s4Oµ(1) + s5Oµ((sh)
2)]r2|Dhw|2dt

+ E
∫
Q
[s6Oµ(1) + s7Oµ((sh)

2)]r2|w|2dt+ E
∫
Q
[s2Oµ(1) + s3Oµ((sh)

2)]r2|D2
hw|2dt

+ C(µ)E
∫
Q
r2|f |2dt+ C(µ)E

∫
Q
s4r2|g|2dt+ C(µ)h−4

(
E
∫
M
r2|w|2

∣∣∣
t=0

+ E
∫
M
r2|w|2

∣∣∣
t=T

)
.

(3.96)

Thanks to Itô’s formula and (1.9), we have

d(sφξ4r2|Dhw|2) = φξ4∂t(sr
2)|Dhw|2dt+ 2sφξ4r2Dhwd(Dhw) + sφξ4r2|d(Dhw)|2.
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Hence, we get

E
∫
M∗∩G0

sφξ4r2|Dhw|2
∣∣∣
t=T

− E
∫
M∗∩G0

sφξ4r2|Dhw|2
∣∣∣
t=0

= E
∫ T

0

∫
M∗∩G0

φξ4∂t(sr
2)|Dhw|2dt+ 2E

∫ T

0

∫
M∗∩G0

sφξ4r2Dhw(D
5
hw −Dhf)dt

+ E
∫ T

0

∫
M∗∩G0

sφξ4r2|Dhg|2dt. (3.97)

From (3.83), for all µ ≥ 1 and λh(δT 2)−1 ≤ 1, we have

E
∫
M∗∩G0

sφξ4r2|Dhw|2
∣∣∣
t=T

− E
∫
M∗∩G0

sφξ4r2|Dhw|2
∣∣∣
t=0

≤ Ch−3
(
E
∫
M
r2|w|2

∣∣∣
t=0

+ E
∫
M
r2|w|2

∣∣∣
t=T

)
. (3.98)

For λ ≥ T + T 2, we obtain

E
∫ T

0

∫
M∗∩G0

φξ4∂t(sr
2)|Dhw|2dt ≤ E

∫
Q∗
s4Oµ(1)r

2|Dhw|2dt. (3.99)

Similar to (3.26), for ε > 0 and λh(δT 2)−1 ≤ 1, we have

E
∫ T

0

∫
M∗∩G0

sφξ4r2|Dhg|2dt ≤ εE
∫
Q
r2|D2

hg|2dt+ C(ε, µ)E
∫
Q
s3r2|g|2dt. (3.100)

From (2.9), (2.1), Proposition 2.5, (2.5) and (2.10), thanks to Cauchy-Schwarz inequality, for
λh(δT 2)−1 ≤ 1, it holds that

− 2E
∫ T

0

∫
M∗∩G0

sφξ4r2DhwDhfdt

= 2E
∫ T

0

∫
M∩G0

Dh(sφξ
4r2Dhw)fdt

≤ E
∫
Q
s2Oµ(1)r

2|D2
hw|2dt+ E

∫
Q∗
s4Oµ(1)r

2|Dhw|2dt+ E
∫
Q
r2f2dt. (3.101)

From (2.11) and (2.1), we have

2E
∫ T

0

∫
M∗∩G0

sφξ4r2DhwD
5
hwdt

= 2E
∫ T

0

∫
M∗∩G0

D2
h(sφξ

4r2)A2
hDhwD

3
hwdt+ 4E

∫ T

0

∫
M∗∩G0

AhDh(sφξ
4r2)AhD

2
hwD

3
hwdt

+ 2E
∫ T

0

∫
M∗∩G0

A2
h(sφξ

4r2)|D3
hw|2dt. (3.102)
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Similar to (3.91), for all ε > 0 and λh(δT 2)−1 ≤ 1, it holds that

2E
∫ T

0

∫
M∗∩G0

D2
h(sφξ

4r2)A2
hDhwD

3
hwdt+ 4E

∫ T

0

∫
M∗∩G0

AhDh(sφξ
4r2)AhD

2
hwD

3
hwdt

≤ εE
∫ T

0

∫
M∗∩G0

sφξ4r2|D3
hw|2dt+ C(ε)E

∫ T

0

∫
M∗∩G0

s5µ4φ5ξ4r2|Dhw|2dt

+ C(ε)E
∫ T

0

∫
M∩G0

s3µ2φ3ξ4r2|D2
hw|2dt+ E

∫
Q∗

[Oµ(1) + sOµ((sh)
2)]r2|D3

hw|2dt

+ E
∫
Q
[s2Oµ(1) + s3Oµ((sh)

2)]r2|D2
hw|2dt+ E

∫
Q∗

[s4Oµ(1) + s5Oµ((sh)
2)]r2|Dhw|2dt,

(3.103)

and

2E
∫ T

0

∫
M∗∩G0

A2
h(sφξ

4r2)|D3
hw|2dt

≥ 2E
∫ T

0

∫
M∗∩G0

sφξ4r2|D3
hw|2dt− E

∫
Q∗
sOµ((sh)

2)r2|D3
hw|2dt. (3.104)

The bounds (3.99), (3.101) and (3.103) also hold with the absolute value of the left-hand side.
Again we discard the nonnegative quadratic-variation term when solving (3.97) for the fourth-
order term. Combining (3.97)–(3.104), (3.94), (3.95) and (3.96), letting ε be sufficiently small, for
µ ≥ 1, λ ≥ T + T 2, h ≤ 1 and λh(δT 2)−1 ≤ 1, we obtain

E
∫ T

0

∫
M∗∩G1

sµ2φr2|D3
hw|2dt

≤ E
∫ T

0

∫
M∗∩G0

sµ2φξ4r2|D3
hw|2dt

≤ CE
∫ T

0

∫
M∩G0

s7µ8φ7r2|w|2dt+ E
∫
Q∗

[s4Oµ(1) + s5Oµ((sh)
2)]r2|Dhw|2dt

+ E
∫
Q
[s6Oµ(1) + s7Oµ((sh)

2)]r2|w|2dt+ E
∫
Q
[s2Oµ(1) + s3Oµ((sh)

2)]r2|D2
hw|2dt

+ E
∫
Q∗

[Oµ(1) + sOµ((sh)
2)]r2|D3

hw|2dt+ C(µ)E
∫
Q
r2|f |2dt+ C(µ)E

∫
Q
s4r2|g|2dt

+ C(µ)h−4
(
E
∫
M
r2|w|2

∣∣∣
t=0

+ E
∫
M
r2|w|2

∣∣∣
t=T

)
. (3.105)

Combining (3.85), (3.94), (3.95), (3.96) and (3.105), there exists a positive constant µ0 ≥ µ1
such that for all µ ≥ µ0, one can find positive constants ε0 ≤ ε2, h0 ≤ h2 and λ0 ≥ λ2, such that
for λ ≥ λ0(T + T 2), 0 < h ≤ h0, and λh(δT

2)−1 ≤ ε0, we obtain (1.8).

4 Proof of the observability inequality

This section is devoted to the proof of Theorem 1.2.

Proof of Theorem 1.2. From Theorem 1.3, choosing µ = µ0, for λ ≥ λ0(T + T 2), 0 < h ≤ h0 and
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λh
(
δT 2

)−1 ≤ ε0, we have

E
∫
Q
s7e2sϕ|z|2dt ≤ C

(
E
∫ T

0

∫
G0∩M

s7e2sϕ|z|2dt+ E
∫
Q
e2sϕ|a1z + a2Z|2dt+ E

∫
Q
s4e2sϕ|Z|2dt

+ h−4E
∫
M
e2sϕ|z|2

∣∣∣
t=0

+ h−4E
∫
M
e2sϕ|z|2

∣∣∣
t=T

)
,

From this, there exists λ1 ≥ λ0 such that for a fixed

λ = λ1(T + T 2 +H2/7T 2) (4.1)

we obtain

E
∫
Q
θ7e2sϕ|z|2dt ≤ C

(
E
∫ T

0

∫
G0∩M

θ7e2sϕ|z|2dt+ E
∫
Q
θ7e2sϕ|Z|2dt+ λ−7h−4E

∫
M
e2sϕ|z|2

∣∣∣
t=0

+ λ−7h−4E
∫
M
e2sϕ|z|2

∣∣∣
t=T

)
. (4.2)

Noting that (1.7), we have θ(t) ≥ θ(T/2) ≥ T−2 for t ∈ [0, T ] and θ(t) ≤ θ(T/4) ≤ 16
3T 2 for

t ∈ [T/4, 3T/4]. Then

E
∫
Q
θ7e2sϕ|z|2dt ≥ E

∫ 3T
4

T
4

∫
M
θ7e2sϕ|z|2dt ≥ CT−14e−CλT

−2
E
∫ 3T

4

T
4

∫
M

|z|2dt. (4.3)

From (1.5) and (2.11), thanks to Cauchy-Schwarz inequality, for any 0 ≤ t1 ≤ t2 ≤ T , we have

E
∫
M

|z(t2)|2 − E
∫
M

|z(t1)|2 = E
∫ t2

t1

∫
M
d(z2) = E

∫ t2

t1

∫
M
[2zdz + (dz)2]

= E
∫ t2

t1

∫
M
[2z(D4

hz − a1z − a2Z) + Z2]dt

= 2E
∫ t2

t1

∫
M

|D2
hz|2dt+ E

∫ t2

t1

∫
M
[−2a1z

2 − 2a2zZ + Z2]dt

≥ −C(1 +H2)E
∫ t2

t1

∫
M

|z|2dt.

Thus, in terms of Gronwall inequality, for 0 ≤ t1 ≤ t2 ≤ T , we have

E
∫
M

|z(t1)|2 ≤ CeCT (1+H2)E
∫
M

|z(t2)|2. (4.4)

From it, since θ(T ) = θ(0) ≥ 1
2(δT

2)−1, we obtain

h−4E
∫
M
e2sϕ|z|2

∣∣∣
t=0

+ h−4E
∫
M
e2sϕ|z|2

∣∣∣
t=T

≤ Ch−4e−Cλ(δT
2)−1

[
E
∫
M

|z|2
∣∣∣
t=0

+ E
∫
M

|z|2
∣∣∣
t=T

]
≤ Ch−4e−Cλ(δT

2)−1+CT (1+H2)E
∫
M

|z|2
∣∣∣
t=T

. (4.5)
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Since supx≥0 x
7e−cx <∞ for each c > 0, we have

E
∫ T

0

∫
G0∩M

θ7e2sϕ|z|2dt+ E
∫
Q
θ7e2sϕ|Z|2dt

≤ Cλ−7e−CλT
−2
(
E
∫ T

0

∫
G0∩M

|z|2dt+ E
∫
Q
|Z|2dt

)
. (4.6)

Integrating (4.4) over t2 ∈ [T/4, 3T/4] gives a factor 2/T . Together with (4.3) this yields the
prefactor T 13λ−7, which is bounded uniformly because λ ≥ λ1(T +T 2). Combining (4.2)–(4.6), for

0 < h ≤ h0 and λh
(
δT 2

)−1 ≤ ε0, it holds that

E
∫
M

|z(0)|2 ≤ CeCλT
−2+CT (1+H2)

(
E
∫ T

0

∫
G0∩M

|z|2dt+ E
∫
Q
|Z|2dt+ h−4e−Cλ(δT

2)−1
E
∫
M

|z|2
∣∣∣
t=T

)
(4.7)

Since we required λh
(
δT 2

)−1 ≤ ε0 and (4.1), define

h1 =
ε0T

2

4λ1(T + T 2 +H2/7T 2)
.

Then, for every 0 < h ≤ min{h0, h1}, choose δ = λh/(ε0T
2) ∈ (0, 1/4]. This gives λh/(δT 2) = ε0

and λ/(δT 2) = ε0/h. After decreasing h0 if necessary, the factor h−4 is absorbed by half of this
decaying exponential. From (4.1) and (4.7), we obtain

E
∫
M

|z(0)|2 ≤ eC(1+T−1+H2/7+T+H2T )
(
E
∫ T

0

∫
G0∩M

|z|2dt+ E
∫
Q
|Z|2dt+ e−

C
h E

∫
M

|z|2
∣∣∣
t=T

)
.

5 Proof of the controllability result

Proof of Theorem 1.1. For any y0 ∈ L2
h(M), define

Jε(zT ) =
1

2
E
∫
Q
|Z|2dt+ 1

2
E
∫ T

0

∫
M∩G0

|z|2dt+ ε

2
E|zT |2L2

h(M) − ⟨y0, z(0)⟩L2
h(M),

where ε = e−
C
h and (z, Z) solves (1.5) with final datum zT . It is clearly that Jε(·) is continuous

and convex. From Theorem 1.2 and Young’s inequality, for h ≤ min{h0, h1}, we obtain

Jε(zT )

≥ 1

2
E
∫
Q
|Z|2dt+ 1

2
E
∫ T

0

∫
M∩G0

|z|2dt+ ε

2
E|zT |2L2

h(M) −
1

4Cobs
E|z(0)|2L2

h(M) − Cobs|y0|2L2
h(M)

≥ ε

4
E|zT |2L2

h(M) − Cobs|y0|2L2
h(M),
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which implies that Jε(·) is coercive. Hence, Jε(·) admits a unique minimizer z∗T . Denote (z∗, Z∗)
the solution to (1.5) with final datum z∗T . Then we obtain

E
∫
Q
ZZ∗dt+ E

∫ T

0

∫
M∩G0

zz∗dt+ εE⟨zT , z∗T ⟩L2
h(M) − ⟨y0, z(0)⟩L2

h(M) = 0, (5.1)

for any zT with the associated solution (z, T ) of (1.5). Choose u = −z∗ and v = −Z∗, by the
duality of (1.3) with (1.5), we obtain

E⟨y(T ), zT ⟩L2
h(M) − ⟨y0, z(0)⟩L2

h(M) = E
∫ T

0

∫
M∩G0

uzdt+ E
∫
Q
vZdt.

Then y(T ) = εz∗T . Noting that (5.1), we have

E
∫
Q
|Z∗|2dt+ E

∫ T

0

∫
M∩G0

|z∗|2dt+ εE|z∗T |2L2
h(M) ≤ Cobs|y0|2L2

h(M) +
1

4Cobs
|z∗(0)|2L2

h(M). (5.2)

From Theorem 1.2, for h ≤ min{h0, h1}, we obtain

|z∗(0)|2L2
h(M) ≤ Cobs

(
E
∫
Q
|Z∗|2dt+ E

∫ T

0

∫
M∩G0

|z∗|2dt+ εE|z∗T |2L2
h(M)

)
(5.3)

Combining (5.2) and (5.3), for h ≤ min{h0, h1}, we have

E
∫
M

|y(T )|2 = ε2E|z∗T |2L2
h(M) ≤ Cobse

−C
h

∫
M

|y0|2 ,

and

E
∫
Q
|v|2dt+ E

∫ T

0

∫
G0∩M

|u|2dt = E
∫
Q
|Z∗|2dt+ E

∫ T

0

∫
M∩G0

|z∗|2dt ≤ Cobs

∫
M

|y0|2 ,

which implies that (u, v) satisfy our need.

6 Concluding remarks and future directions

In this paper, we established a global Carleman estimate for a backward stochastic fourth-order
semi-discrete parabolic equation, with the large Carleman parameter explicitly linked to the mesh
size. This yields a relaxed observability inequality and, by duality, a ϕ-null controllability result
for the corresponding forward system.

Compared with the deterministic semi-discrete fourth-order case, two features are specific to the
present stochastic setting. First, after conjugation, the stochastic differential produces additional
Itô terms involving dv, Dh(dv), and D

2
h(dv), which must be balanced with the diffusion variable.

Second, the fourth-order discrete operator creates correction terms that cannot be handled inde-
pendently and must be combined carefully inside the cross-product estimates.

Several interesting questions remain open. A first direction is to remove the exponentially
small remainder term in the observability estimate and to study the uniform null controllability
problem. A second direction is to consider more restrictive control configurations, for instance one-
control problems or boundary controls. A third direction concerns inverse problems. The method
developed in this paper may also be useful for studying inverse problems. Recent works already
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address deterministic semi-discrete inverse problems and semi-discrete stochastic inverse problems
for second-order operators in arbitrary dimension; see [32, 33]. It would be very interesting to
extend these results to stochastic semi-discrete fourth-order operators.
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[16] R. Lecaros, J. H. Ortega, and A. Pérez, Stability estimate for the semi-discrete linearized
Benjamin–Bona–Mahony equation, ESAIM Control Optim. Calc. Var., 27 (2021), pp. Paper No.
93, 30.
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[23] A. A. Pérez, Asymptotic behavior of Carleman weight functions and application to control-
lability, arXiv:2412.19892.

[24] S. Tang and X. Zhang, Null controllability for forward and backward stochastic parabolic
equations, SIAM J. Control Optim., 48 (2009), pp. 2191–2216.
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