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Abstract

We establish the null controllability for fourth order stochastic parabolic equations. Utilizing
the duality argument, the null controllability is reduced to the observability for fourth order
backward stochastic parabolic equations, and the desired observability estimate is obtained by
a new global Carleman estimate. Our Carleman estimate is based on a new fundamental identity
for a fourth order stochastic parabolic operator.
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1 Introduction

Let T'> 0 and (2, F,F,P) with F = {F;};>0 be a complete filtered probability space on which
a one-dimensional standard Brownian motion {W(¢)};>¢ is defined and F is the natural filtration
generated by W (-), augmented by all the P null sets in F. Write [ for the progressive o-field with
respect to F. Let H be a Banach space. Denote by LQB (Q; H) the space of all F;-measurable
random variables ¢ such that E[£[% < oo; by LZ(0,T; H) the space consisting of all H-valued F-
adapted processes X (-) such that E(|X(:) %Q(OI;H)) < o0; by Lg°(0,T; H) the space consisting of
all H-valued F-adapted bounded processes; and by L2(; C[0,T]; H)) the space consisting of all
H-valued F-adapted continuous processes X (+) such that E(]X (')%([O,T]; H)) < 00. All these spaces

are Banach spaces with the cononical norms (e.g., [20, Section 2.6]).

Let G C R™ (n € N) be a bounded domain with a C*° boundary 0G. Set @ = (0,7) x G and
¥ =(0,T) x G. Let Gy C G be a nonempty open subset. Set Qo = (0,7) x Gp. As usual, xq,
denotes the characteristic function of Gy.

Consider the following control system:

dy + A%ydt = (a1y + xcyu + azv)dt + (agy +v)dW(t) in Q,
y=Ay=0 on X, (1.1)
y(0) = o in G,

where yo € L*(G), a1, az,a3 € LF(0,T; L>=(G)) and (u,v) € LZ(0,T; L*(Go))x Li(0,T; L*(G)). In
(1.1), y is the state and (u,v) are the controls. By the classical wellposedness result for stochastic
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evolution equations, we know that (1.1) admits a unique weak solution y € L(Q2; C([0,T); L*(G))) x
L4(0,T; H*(G) N HY(G)) (e.g., [20, Theorem 3.24]).

Remark 1.1. The term asv reflects the effect of the control v in the diffusion term to the drift
term. It is the side effect of the control v, i.e., once we put a control v in the diffusion term, asv
appears passively. This will lead to some technical difficulties in the study of the null controllability
of (1.1).

When u = v = 0, the equation (1.1) is widely used to describe some fast diffusion phenomenon
under stochastic perturbations (e.g., [6, 12, 14]). Further, it is the linearized version of stochastic
Cahn-Hilliard equation, which is used to model phase separation phenomena in a melted alloy that
is quenched to a temperature at which just two distinctive phases can exist steadily (e.g., [1]). By
acting control on the system, we aim to modify the diffusion of the material. It is an important
goal to drive the state to the rest. This leads to the following definition.

Definition 1.1. The system (1.1) is said to be null controllable at time T if for any yo € L*(G),
there exists a pair (u,v) € L2(0,T; L?(Gp))x L2(0,T; L*(G)) such that the corresponding solution
to (1.1) fulfills that y(7') = 0, P-a.s.

The main result of this paper is the following.

Theorem 1.1. System (1.1) is null controllable at any time T > 0. Furthermore, there is a
constant C > 0 such that for each given yo € L*(G), one can choose controls (u,v) which steer the
state of (1.1) to 0 and satisfy

7.2 —1
\(U’U)|L§(0,T;L2(Go))ng(o,T;m(G)) < C\3J0|L2(G)€C(1+ D H)’

where 1 = |a1|Lee (0,151 (@) + 02| Lgo (0,130 (@) + @3] Lge (0,100 (@) -

Here and in what follows, C' stands for a generic positive constant depending only on G and Gy
whose value may vary from line to line.

Remark 1.2. Like in [21], due to the randomness, extra control is required in the diffusion term.
Hence, the control of (1.1) is a pair of function (u,v). It would be quite interesting to study the
null controllability for system (1.1) with only one control in the drift. When a; is independent of
(t,w) and ag is independent of x, one can follow the idea in [18] to establish the null controllability
of (1.1). However, we have no idea about handling the general case.

Remark 1.3. From the proof of Theorem 1.2, one can see that Theorem 1.1 still holds when the
equation (1.1) contains Vy and V2y in the drift terms. We do not introduce these two terms in
the control system (1.1) for the simplicity of notations. On the other hand, we do not know how
to handle the term of derivatives of the third order derivative of y now.

To prove the null controllability of (1.1), we introduce the adjoint equation:

dz — A%zdt = —(a12 4 aoZ)dt + ZdW (t) in Q,
z=Az=0 on X, (1.2)
z2(T) = 27 in G.
By the classical wellposedness result for backward stochastic evolution equations, we know that
(1.2) admits a unique weak solution (z, Z) € (L&(Q; C([0,T); L*(G)) x L&(0, T; H*(G)NH}(G))) x
L(0,T; L*(@)) (e.g., [20, Theorem 4.11]).
By a standard duality argument, Theorem 1.1 is implied by the following observability estimate
(e.g., [20, Theorem 7.17]).



Theorem 1.2. There exists a constant C > 0 such that the solution (z, Z) to system (1.2) satisfies
2 —1
|Z(O)|L2(G) < CGC(1+T1)(T +1)(|Z|L%(O,T;L2(Go)) + |a32 =+ Z’L%(O,T;L%G)))’ VZT S L_27_—T (Q; LQ(G)).

Remark 1.4. In [21], the authors obtain observability estimates for second order stochastic parabo-
lic equation. The constant in their observability inequality is CeCT™" when T is small. In our case,
it is CeCT".

Controllability problems for deterministic parabolic equations are extensively studied. Partic-
ularly, we refer readers to [2-5, &, 10, 11, 22] and the rich references therein for controllability
problems of fourth order parabolic equations. However, to the best of our knowledge, [9] is the
only published work addressing null controllability of fourth order stochastic parabolic equations,
in which the authors establish the null controllability of (1.1) when G is an interval.

We will use Carleman estimates to prove Theorem 1.2, which is deduced taking inspiration from
the works [9, 10, 17, 21]. To state our Carleman estimate, we first introduce the weight functions:

6)‘(|277|C(E)+77(33)) o 64>‘|"7‘c(5) 6>\(‘277|c(§)+77(m))
oz, t) = AT — 1)1/ , lwt) = AT = )2 (1.3)
where 7 satisfies: o
neC*G), n>0inG, nlspc=0, |Vn>C>0in G\G1 (1.4)

with G C G7 C G an open set. For the existence of 7, see [7, Lemma 1.1]. We remark that our
weight functions are the same as that in [10], except for a minus sign.
Let 6 = e, £ = sa. We have the following Carleman estimate for (1.2).

Theorem 1.3. There exists a constant C > 0 such that for all zr € L% (Q;L*(G)), the weak
solution (z(+), Z(+)) to (1.2) satisfies that

E / (sSX8€502 |22 + s*NOe402 |V 2| + P A1E20% Az | 4 2202 | V22|12 dxdt (1.5)
Q
< CE / STASETY2 |22 dadt + Ce“Me@R / sIN4 102 Z 2 dadt + Cr2E / 0%(|2)> + | Z|?)dadt
Qo Q Q

for \>C and s > C’(Tl/2 + 7).

Remark 1.5. Theorem 1.3 can be regarded as a generalization of [10, Theorem 1.2] for stochastic
equations. Due to the appearance of the diffusion term, we cannot simply mimic the proof of [10,
Theorem 1.2] to prove Theorem 1.3.

Remark 1.6. From the proof of Theorem 1.3, it is not difficult to see that Carleman inequality
(1.5) is still valid when z satisfies the boundary condition

0
z:a—i:OOnE, (1.6)
where v(x) = (v}(z),---,v"(x)) stands for the unit outward normal vector (of G) at z € 9G.
H the situation f
owever, the situation for 9: oA - ",
v o '

is more difficult. As far as we know, it is still an open problem for the validity of Carleman
estimates for deterministic fourth order parabolic operator under the boundary conditions (1.7) in
the multi-dimensional case.



Remark 1.7. From Theorem 1.3, one can also get the approximate controllability of system (1.1).
In fact, thanks to [20, Theorem 7.19], we only need to show the following unique continuation
property holds:

for some zp € L%ET(Q; L?(@)), the corresponding solution (z, Z) for equation (1.2) fulfills that
z=01in Qp and azz + Z =0 in Q, P-a.s., then zpr = 0 in G, P-a.s.

By choosing A = C and s = C(1 4 r3)(TY2 + T) in (1.5), we can get

E / s0€502 |z dxdt < C[E / s7¢70%| 2| dadt + E / 52402 |asz + Z|2dxdt|.
Q Q

Qo

This implies the desired unique continuation property immediately.

The rest of this paper is organized as follows. In Section 2, we give some preliminaries. The
Carleman estimate (1.5) is proved in Section 3. In Section 4, we prove Theorem 1.2. Finally, we
finished our article with appendices in which we prove the weighted identity and lemmas that are
important in deriving the Carleman estimate.

2 Some preliminary results

This section is devoted to presenting some preliminary results for the proof of Theorem 1.3.
Before we state our weighted identity, let’s start with a simple example to understand its key

idea, which is taken from [13, Section 8.1]. For constants A\, K > 0 such that 2AK > 1, we claim

that

dop |2
[epei i [|2f ¢ veecrm. (2.1)

Remark 2.1. Please note that (2.1) is not a special case of the famous Poincaré inequality since
the integral is taken on R.

Letting ¢ = e\*/2p, for t € R, we have

i(Auﬁ?). (2.2)

dy
oMM DY — (92242 1 \)@? —
pe o ( +A)p o

Noting that ¢ € C§°(R), integrating (2.2) on R, we obtain

2
/2/\¢2dt§/‘d@‘ M dt,

which completes the proof of (2.1).

The proof of (2.1) is very simple. But it reveals the two features in the deriving of a Carleman
estimate. One is the introduction of the weight function eM* . The efficiency of Carleman estimate
depends greatly on a clever choice of the weight function which is different for different types
of equations. The other is the pointwise weighted identity (2.2). By multiplying the weighted
multiplier —2)\t4ﬁe)‘t2/ 2 the principal operator % can be rewritten as the sum of the “divergence”
term —%(Atcﬁ) and the “energy” term (2A\%t2 + \)$2. Generally speaking, the divergence term
will contribute the boundary term after applying the divergence theorem. Here it equals zero after
integration on R. The energy term leads to the appearance of the left hand side term in (2.1).

We have introduced the weight function by (1.3) and (1.4). Now, we give a pointwise weighted
identity for the (formal) stochastic partial differential operator —dh + A2hdt.

In what follows, for simplicity, we will use the notation y,, = y.,(x) = dy(z)/0z;, where x; is
the i-th coordinate of a generic point = = (x1,...,z,) in R™.

Recall that § = e’ and ¢ = sa. Set w = 6h. Put
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n n n
I=Aw+UAw+ Y Wwga, + Y Viwe, + > Vhwy, + Ugw, I =Idt,  (2.3)
ij=1 i=1 i=1

where for i,j =1,--- ,n,

Uy = 25°XN2€% |V, O = 42N n,m,,, U = 1282032V 20y, + 482N2E2 Ay,

n
Ui = Z 852)\25277;cﬂj17xj, T = sTA vt (2.4)
j=1
Let n n n
I =) ®\Aw,dt + DoAwdt + Y O wya;dt + Y Phwy,dt + Sswdt — dw, (2.5)
=1 1,j=1 =1
where for i,j =1,--- ,n,
D} = —4sAEny,, P2 = —25M2E|Vnl? — 2sMEAD,
oy = 4SNENej; — 48)\2517%7790]., Y = —433)\353]V7ﬂ27}$i, (2.6)
d5 = —65N1E3| V|t — 1253 N33 (V2 VnVn) — 2s3X3€3| V|2 An.
Put

Iy = —85A Y Ny, Waaydt — AVAL - Vwdt + 4(VE- VAL wdt + 2|V ([ wdt
i,j=1
— A% fwdt + | ALPwdt + 8s3N\3E3(V2VnVn)wdt + sagwdt. (2.7)

We have the following fundamental identity.

Theorem 2.1. Let h be an H*(G)-valued Ité process. Set 0 = e, £ = sa and w = 6h, the function
a, &, and n being as in (1.3) and (1.4). Then, for any t € [0,T] and a.e. (x,w) € G X £,

201(—dh+A2hdt)+2 > (Wam,a; A0 —We,0; g, +Vowy, b;5dw+ V5 wy, dw),, —2 div(Vy +Vo)dt
ij=1

dt + 2Azw?dt (2.8)

J

n n
= 21%dt + 2113+ 2Mdt +2 Y APPwy i wep,dt +2 > Afw,,w,
2,5,k,p=1 i,j=1
1 1 1
- 2d<§\V2w\2 — 5l Vul? = 282X2 VTl + §\I/6w2> — 482\2€20%|VndV h+ ViV Ldh)?
n

+ 0% ) [dhga; + Laydha, + Lo dha, + (Lo, + o, )dR)? — 67Wo|dVh + VEdh|? + U6 (dh)?,
i,j=1

where

%:[Vllv"'avlja"'7‘/in]7 ‘/YQZ[V217"'aV2jv"'7VY2n]7

n n 1 1
J _ E E D E J J
V1 = |: (I)lkaxkxpwmimixj - 5 (I)lwwk:pkxpwmimimp + inQq)lwxi:pikamk
i,k=1 p=1 p=1

n n

A 1 g

ik &P ij &P k k

+ E U O Wa o W, — 3 E U3 P Wa 0 Wargary + PhWaiain; Way, — PoyWao; Wiy,
p=1 p=1



ST N (s
+ <1> + (wahoy; - S Ua®bu — SWed]di + §\P§”¢i)wmika},

a:a:k

n n
J _ } : ijkprq E : ijkpr E : ijkp
‘/2 - 91 w:vixk:vaxra:q + @2 wxikawp:vr + 63 wzikaxl,

i,k,p,r,q=1 i,k,p,r=1 t,k,p=1
n n n n
ijk ijk ij j 2
+ E O, "Wy, Wy, + E O5Wg, 250, W + E Of " Wy, W + E 0wz, w + Oyw
ik=1 i=1 ik=1 i=1

M = 8s\2E|VAw - V|? + 3253 A3 V2wV V|2 + 485333V 2 (V2w Vn) (V2wVn)

+165° X (V2wVnVn) > ey, We,a, — 165° X3V V2w V|
i,j=1
+ 653X1E3| V) | V2w|? + 45 X\33 (V2 VnVn) |[V2w|? + 253 X\3€3| V|2 An|V2w|?
+ 25" MVt Aw]? — 45* X33 (VP VnVn) |[Aw|* — 25° N Vn[* An| Aw]®
+ 405" 02|V [* | Vw - Vi|? + 6455 A3E3 (V2nVnVn) |Vw - V2

n
— 165° X065 |Vn|® | Vw|? + 85" X3¢ |V [Bw? — Z (\I'étl)lf)xijikaxj,
ik,j=1
n
. 1
Aijkp = Z (5<I)2$rzr5ij5kp 3:1: Tr 6ZJ + Z (1)3.1‘ Tq 51]5’%0 2(1)31‘ i T 51}7 + @33: Tr 0i ) + 2(I)3x ;)
r=1 q=1
VR j L ok ik 1 ij 1 kp s
2 = Z[ (1)490 xkxk+§q)4x¢:pjxk+ (\112@3 )$i$k_ 5(\:[’2@3 )Ikl’k_ Z 5(\112(1)3 ij)kap
k=1 p=1
ik 1 L ij ik g
+ (g <I)2)xkxj - Z 5(\1’3 (b25ij)xkxp - 5(\1’3 (D?)Ikxk + Z(\PZ& Py )Ikxp
p=1 p=1
1 1 1
- Z lj(I) p l"/cxp - Z 5(\1’312(1)?)%% + 5(\112@)31)%% + 5(@{2@25@')%
p=1

Tk

) . 1 o 1 -
- <wz¢§k>xk + (AR )y + S (WD), — (W0L),, + J(wheY)

; i 1
} — 20550, — (V) P2)s, — (V5P2)s; — 5‘1’2155@‘]‘ — 45 N2E (&N )M

1 1 1 ’ 1 j ‘
As = §A2<1’5 + 5 A0P5) + 5 D (U500, — B D (Wi®s),, + (V5D5),,]
ij=1 i=1
n

1 O : 1 1 i 1
-5 ;1(@6@@%% + 5 A(TePa) + 5 MZI(%% Jaiz; + 5 Vot

and

®z]kprq (1)2511951)] 5rq + (I) 5zk5pj @é’f&qépj + (I)éj5kp5TQ7

g 1. .
@;ﬁk}” — _5@2Zj5ik(spr + @g;] Oik — 5 Z @%‘iqéiképr — Q‘Pg;ékj + 2(I)§?Ek(51p — q)]?f;?] 5ip7
qg=1



O =~ 5 — Prdindy;+ Ua®f oy — VadY G+ UH @by — T B85+ UL — 0 @hP
+ WL, + WEDS;;,
| . 1 , "1 .
off =af,, - @3@ o 2850, 045 — D, 0 — (W2®]")g, + 5(%@5’“)% +> 5 (0228, b

p=1
n n n

. 1 L
= (VD) JepOkj+ 5 Z (wh ¢2)zp5m+ (‘Iﬂk%) =Y (W), + §Z(q’§kq’§p)xp
p=1 p 1 p=1 p=1

1 & 1 . 1. NPV B ,
+5 > (o), (\Iﬂ by, j+q/g¢>25kj—§qfiq>25ik+q/g¢>’§f—imicbguqu@gakj
p=1
1 . T
— 5 U3Padis + Lok — 5 Vhey
O5 = @5,
oy = — sy, 05 + Va5,

oY = Z@Wk% + WaDsdyj + WDy — (Wbt ), + Uabady; + Vi,

k=1
' 1 — 1 1, ii 1. 1. 1 — -
el = -3 > Csa0,a, — 5 (T2s)a, — Z(wgf¢5)xi+§wg¢5+§wg<b5+§ D (W6®]) e,
i=1 i=1 =1
1 I i 1
—5(U6D2)s, — 5 > (W), + 5 V6l
=1

Remark 2.2. The weighted identity (2.8) can be used to derive Carleman estimates for different
boundary conditions, such as (1.6) and (1.7). Although the form of the identity is complex, many
terms can merge or vanish under different boundary conditions.

Remark 2.3. In spite of its complicate form, the identity (2.8) enjoys the same features of (2.2).
Namely, it represents 0I(—dh-+A2hdt) as divergence terms, positive energy terms and lower order
term.

Proof of Theorem 2.1 is put in Appendix A.
In what follows, for a nonnegative integer m, we denote by O(A™) a function of order A" for

large A (which is independent of s). Likewise, we use the notation O(e’\lmc (@)) and so on. It is easy
to check that, for t € (0,7) and x € G,
T 4 T 4 T
< — < — < —.
‘&’-257 ‘at’—zga f =9

In fact, thanks to (1.3) and (1.4), we obtain

(2.9)

(T — 2t)6)\(|277|0(§)+77(x)) T (|2n‘c(6>+77(x)) .
= < -
‘ft‘ ‘ 2t3/2(T _ t)3/2 ‘ 2 t3/2( t)3/2 > 25
4)\
and T



for any t € (0,7) and = € G.

Proposition 2.2. When s and A are large enough, it holds that

ST AT Gy > seOY|CP, Ve = (Gy) € RV,
i,5,k,p=1
Z AZZJQC] > [53530()\6) 4 TS2€4O()\2)] K|2) V¢ = (CL o Cn) € R", (210)
i,7=1
(A3 > S°E0(N%) + Ts*¢BO(M).

for any t € (0,T) and x € G.
Proof. Noting that V& = A{Vn, due to (1.4) and (2.6), for i,5,p,q =1,--- ,n, we obtain
|Por,a;| < SEO(NY), |50, | < sEO(NY).

3z,

This gives the first inequality of (2.10).
Thanks to (2.4) and (2.9), we have

o] = s> N*¢J&[[Vnl* < Ts*6'0(N?).
The rest of the proof runs as before. O

The following is the Carleman inequality for the Laplace operator with homogeneous Dirichlet
boundary conditions.

Lemma 2.3. [10, Lemma 2.4] Let ¢ € H*(G) N HE(G) and 1 be given by (1.4). Then there exists
a constant C > 0 independent of s and A\, and parameters X > 1 ands > 1 such that for all A > A
and for all § > 5,

56/\8/ 66>\Tl(m)e2§e>‘”(ﬂc)’q|2d$+54)\6/ e“"("”)e%eWx)Nqux
G G

< C(gGAS/G

Remark 2.4. By taking s = s

G

1

Xp(A|2 = —exp(4X =
% in (2.11), multiplying (2.11) by exp (23M>,

t1/2(T—t)1/2
and integrating it in (0,7"), we obtain that for A > X\ and s > 5T,
/ 8002 q|2dadt+ / s*ASE492| Vg 2dudt < C( / $SA8E602| |2 ddt + / s3A4§392|Aq\2dxdt).
Q Q (0,T)xG1 Q

Denote
€>‘|277|c(6) _ 64)“7”0(6) e)‘|277|c(6)

H2(T — )iz &(t) = #172(T — £)1/2

o (t) = (2.12)

Lemma 2.4. There ezists a constant C > 0, such that for all h € Li(0,T; HYQ)), f, g €
L]QF(O, T; L*(Q)), satisfying

— dh + A*hdt = fdt + gdW(t) in Q,

h=Ah=0 on X,

we have



. . T
E/ [SZA%ZQQv2h|2+sixgie2\v3hﬂdadt+1€/ €2 B[4y dt
Y 0
< CE / sOA8e802|n|2dadt + CE / 02| f|2dzdt, Vs> CTY?.
Q Q

Lemma 2.4 is a generalization of Lemma 2.3 in [10] to stochastic equations. Its proof is put in
Appendix B.
3 Proof of the Carleman estimate for the backward equation

Proof of Theorem 1.3. Let h € LZ(0,T; HY(QG)), f € L2(0,T; L*(G)),g € LZ(0,T; H*(G)) satisfy-
ing

— dh + A%hdt = fdt + gdW(t) in Q, 3.1)
h=Ah=0 on X. '
In order to simplify the formulae used in the sequel, we define
A = 5°E / E[0ON®) + s€ONN|w|?dzdt, Ay = s°E / [0\ + s0(N°)]|Vw|*dadt,
Q Q
2
A = sE / (OO + €0V |V2w2dwdt, By = s*E / EO(N) + s€0(AY)] (?)Z)) dodt, (3.2)
Q by
By = SQE/ 20(N30?|V2h | dodt, Bs = 51/21@/ Y20(N)0* V3h|2dodt,
b b

and
A=A + Ay + As, B =B+ By + Bs.

Integrating the equality (2.8) on @, taking mathematical expectation in both sides, and noting
(2.9), (2.10), we conclude that, for s > CT'/?2,

QE/ OI(—dh + Atht)dx + QE/ Z (W2, AW — We i, dwg, + Wowy, 05dw + \I/gjwzidw]wj dx
Q Q=1

— QE/ div Vidxdt — 2E/ div Vadzxdt (3.3)
Q Q

> 2F / IPdxdt+2FE / II3dx+2E / Mdxdt
Q Q Q

+E / 03" [dho,o, +lo,dho; + o, dha, +(Coa, + Lo, Lo, )dh) da
Q jj=1 ‘ ‘

-E / 0> Uy|dVh+Vidh|*dx—AR / s*A\2€20%|ndV h+VnVidh*dz+E / Ts02(dh)?dz + A.
Q Q Q
We will estimate the divergence terms, the interior terms, the stochastic terms, and the bound-

ary terms in the following Steps 1-4.
Step 1. In this step, we deal with the divergence term.



Using the boundary conditions satisfied by h, on the boundary 3, we get that

B _ Ow onow 0w B on ow i ow
w =0, Vw——yy, Aw —2)\58 5 R 2)\5—77 1v(y)$

and
Ow\ 2
212 _ 2p2 2
|V-w| —350()\)<—8V> +

2
(V3w = s*¢to (W) (?;5) + s2E20(\H)0?|V2h)? + O(1)6%|V3h)?,

O(1)6%|V2h|?,
for s > CT.

Combining (2.9) and (3.4), for s > CT', we obtain that

—2IE/ div Vidadt
Q

§—2E/[ 4s Agan(mw) +2s Af |VAw|2 905 5)\5£5< ) (@) +12s 3A3g3( ) V2w 2

0 ov
3>\3§3<8y) g‘;’ aaAVw _ 253/\3§3<5> |V2w|2} dodt + B.

Combining (2.4), (2.6), (2.9), (3.4) and (3.5), for s > CT, we have

—2]E/ div Vodzdt < B1 + By + Bs.
Q

Step 2. In this step, we simplify 2E fQ Mdxdt via integration by parts.
Thanks to (2.4), (2.6) and (3.2), we obtain

2F / > (DY) 0w, ey dwdt > —(Az + As).

i,k,j

Combining (2.9), (3.2) and (3.4), using integration by parts, for s > C'T, we have
—IE/ 3253 N3 V|2 | V2wV | 2dadt
Q
> —8E / SAXE|VAwVn2dzdt — 32E / P60\ V| | Vw V|2 dedt — (A + By).
Q Q
Thanks to (1.4), we deduce that for A > C,
2R / 645°\°E5 (V2 VnVn)|Vw - Vi|?dxdt
Q
—CE/ s5A5£5|Vw\2dxdt—IE/ s°A\E5| VY| Vw - V| dzdt.
(0,7)xG1 Q
From (2.9) and (3.2), we see that for s > CT,

2E / (4PN (VY n) + 255 X3V 2An) (V2w — [Awf?) = —(As + By).
Q
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(3.6)

(3.7)

(3.10)

(3.11)



Using the argument similar to (3.9), we get that for A > C and s > CT,

E/ 3253)\353(V2wV77V77) Z Naj; War gz dxdt
Q

ij=1

>R / 3253 N33V (V2w Vn) (ViwVn)dzdt — (As + Az + By + B) (3.12)
Q
and, writing F = s3\3¢3, integration by parts gives
2F / 64F V2 (V2wVn)(ViwVn) dzdt
Q

> _CE/ E Z NeNe; Waiz), Wa 2, drdt
Z'7j7k

> CE / F(VAw- V) (Vw - Vi) dedt — (As + By)
Q
> —E/ 3A2§]VAw-Vn]2dmdt—E/ P60\ V|t | Vw - Vin|? dadt
Q Q
— C’E/ s* N8| Vw|* drdt — (Ag + By). (3.13)
(O,T)XGl

The coefficient-derivative remainder in the integration by parts contains only DQ(aninxj)wxiwxj
and boundary terms, which are bounded by As + B;. Young’s inequality first leaves C's°A\*¢5|Vw -
Vnl2. On G\ G this is absorbed by the displayed A|Vn|* term for large \; on G it is bounded
by the added local gradient term. This local term is retained together with the one in (3.10).
Step 3. In this step, we estimate the stochastic terms.
Using Divergence Theorem and noting that w = 0 on X, we have

n
2 Z (wxixixjdw + Wowy, 6;dw + \I/?wzidw)gc dr =0. (3.14)
Q=1 !

Thanks to (3.4), noting that lim+ 0(t,-) = lim 6(¢,-) = 0, we deduce that for s > CT, Put
K =2s\d,n —divv and ¢ = 8yzi;_.>then K <t0_>§)r the chosen sufficiently large parameters, and
the time endpoint terms vanish. The product rule gives

—2E/ Z(wximjdwxi)xj dox = —QE/ Kqdgdo

= —IE/ d(KqQ)da+IE/ K;¢* dadt+E/ K(dg)*do
P ) P
< Bi. (3.15)

From (3.1), and noting that £a® < (a + b+ ¢)? + b? + ¢ for any a,b,c € R, it follows that

E / 0° > " [dhaye, + by, dha; + Loy dhy, + (Cayn; + Lo le;)dR)*da
Q

3,7=1

1
> 3E / 02|V%g|2dzdt — CE / s2A\2€202 |V g|*dadt — CE / sINEL0? g ddt. (3.16)
Q Q Q

11



From (3.1) again, we get that
—E / 02Uy|dVh 4 Vidh|*dx — 4R / s*A\2€20%|NndV h + VnVidh|2dx
Q Q
> —CE / s*A\%€%0%|Vg|?dxdt — CE / sINAEY0? g2 dadt. (3.17)
Q Q

For any t € (0,T) and € > 0, we use the interpolation inequality (e.g., [15, Theorem 9.1]) and
Young’s inequality to obtain

C
| IV@g)Paz << [ 9¥09)Pds+ 2 [ g,
G G € Ja
Take
f—e <L)*2
-2 t1/2(T — 1)1/2 )
where g9 will be fixed later. Using

[tl/Q(T _ t)l/Q]—l <¢< 63)\|77\c(5) [tl/z(T . t)1/2]_1

we obtain
C
/02|Vg|2d:c <5/ ]V2(99)|2dx+/ 02]g]2dx+2/ VO g2dx
G G € Ja G
< 525_2)\_2/75(Tt)|V2(Og)|2d:c + 052182)\260)‘|"|C<G>/ t YT —t)16? g% dx,
a a

from which it follows that for s > CT,
/ 02|V g|2dz < s 2A~2 / HT — )62V 2gPda + Cey ' 222N e / UT — )02
G G G
Hence,

/ 22202 |V g|Pde < epeMe@) / 02|V2g]2dx+052_134)\460/\|77|C(5> / 102 ¢%dx. (3.18)
G G G

From (3.16), (3.17), and (3.18), letting €2 > 0 sufficiently small, it follows that for s > CT,

E / 0> > [dha,z; + Loy dha; + Leydha, + (Lya; + Lo Lz))dB)dz — E / 0*Us|dVh + Vedh|*dx
Q i,j=1 Q
—4E / s*A\2€20%|VndVh + VnVidh|*dz + E / U6 (dh)*dx (3.19)
Q Q
> —CceMeog / sINE02 g |2 dadt.
Q
Combining (3.3), (3.6)—(3.15), and (3.19), for s > CT, we obtain that

2 / 0I(—dh + A*hdt)dx
Q
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> 9K / IPdzdt+2E / [I3dz—CE / SNE|Vw|2dzdt—CeNMec@E / s*A1E40? g2 dadt
Q Q (0,7)xGh Q

+ 2FE / [3sA2¢|VAw - V|? 4 3253 M3 V2w VnVn|? + 852 M ¢3| V|| Awl? (3.20)
Q
+ 2255\565 V|4V - V|2 — 1655 M85 | V|| Vaw|? + 85" \8¢T |V |Bw?] dadt

+2E/[ 4s Aga”(ag—:”) +2s Af—\VAw[Q 9035A5§5( ) (%)) 4125 3A3§3( ) V202

3/\3§3<ay> gﬁ’ 8?:” 233/\3§3<%> \Vzw\Q]dadt—(AJrB).

Step 4. In this step, we deal with the boundary terms.

Denote
B—E/[ 4s Agan(agw) +2s )\f \VAwP 905 5/\5§5< ) (?;) +12s 3A3§3( ) V2w
3)\3§3<ay> ZZ’ 8?:” 3)\3§3<$) |V2w|2}dadt. (3.21)

On X, put £ =sX, r=0,n <0, ¢g=0,w, and H = divv. Let II be the second fundamental form
and Vr the full tangential gradient. Since n = 0 on I', k is constant along each boundary time
slice. The boundary conditions imply

IV2wv|? = (2kr — H)?¢* + [Vrg?,  |V?w]? = (2kr — H)?¢* 4+ 2|Vrg|? + [11]°¢°
Consequently,
E / 12k373|V2wr|? dodt > E / (48k5r° % 4+ 12k3r3|Vrq|?) dodt — By, (3.22)
b b

E/ —2k%r3|V2w|? dodt > E/ (—8Kk°1°¢? — 4k3r®|Vrq|?) dodt — By. (3.23)
X %

Also |[VAw|? = |9,Aw|? + 4k2|rVrq + ¢Vrr|?. Use |a + b|> < (14 1/8)]al? + 9]b|%, remembering
that 2kr < 0, to obtain

E/ 2kr|V Aw|? dodt > E/ (2kr|0, Aw|? + 9K*r3|Vrq|?) dodt — B. (3.24)
P %

Noting that 1 <0 on X, we have

e [ -06(5) g gttt 2 [ [10036 () (5) + ey () Jaoet

(3.25)

Combining (3.21)-(3.25), for s > CT', we have

BZE/E[ sxgan(ag/w) 345 5>\5§5(ay) (%") 175 3>\3§3( ) |qu\2]dadt—81 (3.26)

We now estimate the last term. Thanks to the interpolation inequality(e.g., [15, Theorem 9.1]),
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(1.4), (2.12), Young’s inequality, and noting that % < 0 on X, we find
E/ 175 3/\3§3< ) Vrq|2dodt

> —CE / $3N3¢3

‘ ov ‘Hl(dG)

Ow |6/5 ow
> _CE 3133
= / A v 20| ov

ZIE/E 5»”55((%) ((sz) dodt — C]E/O &30 2 g dt.

This, together with (3.26), implies that for s > CT,

s [ ore02 () - mre (32)" (G o cm -
(3.27)

4/5

H5/2(0G)

By (1.4) and (2.9), for A > C and s > CT', we have

B ZE/E 5A5g5(ay) (?,f) dodt. (3.28)

Combining (3.20), (3.21), (3.27), and (3.28), for A > C and s > CT', we get
2F / 0I(—dh + A*hdt)dx
Q

T
> 9K / IPdxdt + 2E / [I;dz — CeNMo@E / s*A1e10?|g|?dadt — CE / € |h| sy dt
Q Q Q 0

+2E / [3sA%E|VAw - V2 + 3283 M3 V2wVn V| + 85X | V|t Aw? (3.29)
Q
+ 2259208 | V|| Vw - V|2 — 165°X5¢°| V¢ | Vw|? + 85" A3¢7|Vn[Bw?] dxdt

ow
_ 51545 _ 515 ¢5 2
E/E A2¢ <8u> <8V) dodt — (A+ By + Bs) — CE/(O,T)xGIS N0 |Vw|*dxdt.

Step 5. In this step, we sort out the results of the previous steps and get the estimate of h.

First, we have
2E/ [8s* M3 V[ Aw|? — 165°X5¢% |V |®|Vw|? 4 8" A7 | V| Pw?] dxdt
Q
= QE/ [8s 1M (N Vit w + s X223 | Vn? Aw)? — 165°X56°| Vi PwAw (3.30)
Q

- 1655)\6§5|V77|6\Vw|2]dxdt
> 2FE / [8s7 11N Vinpltw + s X232 | V| Aw)?] dodt — Ay
Q

14



Noting that (a + b+ c)? < 8a® + 2b% + 3¢ for a,b, c € R, we find
QJE/Q53A4§392|V77|4|Ah|2dxdt
= 2IE/Q sTHETH(SN2E VP Aw — 28 N33 VPV Vw + sTANE V| tw — s A |V tw
— 33)\353]V17]2A77w)2dmdt (3.31)

< QIE/ [8s7Le (NN V[t w + 222 V2 Aw)? 4 85° NP | V| [ Vw - Vi|*]dadt + A;.
Q

Using (2.7) and (2.9), we obtain that for s > C(T'/2 +T),

2E / II3dx > —E / I*dzdt — A. (3.32)
Q Q
Thanks to (1.4), we get
E / SN | Vw|?dedt < CE / (sTATETO%|h|? + sONOE50? |V h|?)dadt. (3.33)
(O,T)XGl (O,T)XGl

For the left hand side of (3.29), we have
2K / 0I(—dh + Ahdt)dz < E / I*dxdt + / 62 f2dxdt. (3.34)
Q Q Q
From (3.29)—(3.34), for A > C and s > C(T"/? + T'), we obtain that
2 2 CAlnle@ 4y4¢402) 12 s 1|2
IE/QH Pdudt + Ce "c<c>E/Qs N2 g dedt + C(A+ Bs + By + 16 Mo rupry
+C [E / (s"TATETO2|R)? + s AOEP0% |V R)? + 53)\45392|Ah|2)dxdt] (3.35)
(0,T)><Gl
> 53)\41[1‘1/ £30%| Ah|*dzxdt.
Q
Thanks to Remark 2.4, for A > C and s > C(T'/2? + T, we have
34)\61}3/ 102 (2N B + |Vh|?)dxdt
Q
< C<E / $OABE002|h|2dwdt + E / 53A4§392|Ah|2dazdt>. (3.36)
(0,T)xG1 Q
Hence, combining (2.9), (3.2), (3.35) and (3.36), for A > C and s > C(T"/? 4+ T), we obtain
IE/ 0% f2dxdt + C’eC)‘MC(G)IE/ s*NE0%|gPdadt + C(Ag + B2 + B3 + \esa*h\%ﬂg(o T~H4(G))>
Q Q o

+C [E / (sTABETO2|R|2 + s5APE062|Vh|? + 53)\45302]Ah|2)dxdt} (3.37)
(0,7)x G4
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> E/ (s5X8€502|n)? + sTAOE10%|Vh|? + sPA1E30%| AR|?)dadt.
Q

With the help of Lemma 2.4 and (2.9), we can absorb Bg, B3, and |e***h|
Thanks to (3.37), for A > C and s > C(T"/? + T, we have

2
L2(0,T;H(G))"

CE / 02 f2dzdt + CeCNMec@E / sINAE102 g2 dadt + C As
Q Q
+ C[JE / (s"ABETO?|h|? + sPAEP0% | VA |? + 53A4g302|Ah\2)dxdt} (3.38)
(0,T)xG1
>E / (sONBE8O? | |? + sTAOE1O? VR |? + s AYE20%| AR %) dadt.
Q
Next, we estimate As. Letting h = sA2£e*h, we have
E / |AR|2dzdt < CE / (sONBE0O? |h|? + s*ACEO? |V h|? + s N1E20° | Ah|?) dadt. (3.39)
Q Q
Since h = 0 on X, it follows that
712 712
|h’L§(0,T;H2(G)) = C|Ah’L[2F(O,T;L2(G))' (3.40)
Noting that
]E/Qs2)\4£292\v2h|2dxdt < C|ﬁ|%%(O7T;H2(G)) + CIE/Q (56)\85692|h|2 + 54)\65492|Vh’2)dxdt,
by (2.9), (3.2), (3.38)(3.40), for A > C and s > C(T"/? + T), we obtain
CE / 02 f2dzdt + CeCNMe@E / sINEE102 g2 dudt
Q Q
+C [IE / (sASETO2|RJ2 + sPAPEP0%| VR + 53)\45302|Ah|2)d:vdt} (3.41)
(0,T)xG1
> E/ (sONBE0O?|h)? + sTIACE0? | Vh|? + s NEP0? | AL + s*N1E20%|V2h|?) dzdt.
Q
We are now ready to estimate the local terms on VA and Ah. Let us introduce a cut-off function

1) such that
Y €C5(Go), Y=1inGi, 0<¢ <L (3.42)

Using Itd’s formula and (3.1), we get
AP h?) = (2591 oy + 391¢2¢) 02 hPdt + 10 g dt + 2446 hh.

Hence,

0 =E / (2593 ay + 31€%¢) 0 R dadt + E | ¢*€30%gPdadt + E / 201302 A% hdzdt
0

Qo 0
~E / 2p1€30%h fdxdt. (3.43)
Qo
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From (3.42) and integration by parts, it follows that
E / SN Y02 | AhPdadt
Qo

<E / s A3 10°h A hdxdt + CE / sPA0E5 02|V h 2 dxdt (3.44)
0

Qo

+ CE / sTASET0?h2dxdt + CR / sSA1E30%(|h)? + |V A1) dadt.
0 Q
For s > C'T, we also have

(E / 253A4g3¢492hfd:cdt( < CE / SN2 h2dadt + CE / 02 f2dadt (3.45)
Qo Q

0

and
‘IE / s3>\4(251/)4§3at+31,b4§2£t)92h2d:1:dt‘ < CE / sTASETO2h2 L. (3.46)
Qo 0

Using integration by parts, we obtain
E / s°N6e510%|Vh|2dxdt < R / SSNAE3Y0%| AhPdxdt + Ce™ B / sTASET0%h2dxdt.  (3.47)
0 Qo 0
From (3.42)-(3.47), letting € > 0 small enough, for A > C and s > CT, it follows that
E (s°A°€20%|Vh|? + 21302 Ah|?)dxdt
(O,T)XGl
C|E / 0 f2dxdt + E / STAET0?h2dxdt + E / SSAE0%(|h)? + |V A dadt (3.48)
Q 0 Q
+ P Me@R / 54A4£492!9\2dxdt]
Q
Combining (3.41) and (3.48), for A > C and s > C(T'/? + T, we deduce
C[E/ 0% f2dadt + eCM"C(G)E/ sIA1E10% g2 dadt +E/ S7>\8§792|h’2dl‘dt]
Q Q Qo
> E/ (sONBE0O?|h)? + sTACE0? | VA|? + s NEP0?| AL + s*N1E20%|V2h|?) dadt.
Q
By a density argument, we obtain (1.5). O

4 Proof of Theorem 1.2

In this section, we use the Carleman estimate (1.5) to prove Theorem 1.2.

Proof of Theorem 1.2. We first consider the case T' € (0,1]. Thanks to (1.5), and choosing A = C
and s = C(1 + r?), we deduce that

E/ €502 |2 2dzdt < C(1 +r%)(E/ 5792\z|2dxdt+1E/ £402|azz + Z\dedt>. (4.1)
Q Qo Q
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Recalling (1.3), it follows from (4.1) that

3T/4
inf (e250T/42)¢8(T /2, z) / / 22dxdt < E/ e252€8 2 ddt
G Q

zeG

<C(+7d) [E/ e250¢T 2 dadt + IE/Q e*%¢ (azz + Z)dedt}
0

< sup [PCOD(E (L) + €4t 2)] - COL ) [E / 2dadt + /

(agz + Z)dedt} :
(t,l‘)EQ 0 Q

Therefore,
3T/4 -
/ / 2dadt < CeCUHDT [E/ 22dxdt + E/ (agz + Z)dedt}. (4.2)
0 Q

Thanks to It6’s formula, we find that for 0 < t; <ty < T,

to to
IE/ zQ(tg)dx—IE/ (t1)dz =E / / Hdx > C(1+r1)E/ /zzdxdt
G t1 t1 G

Thus, in terms of the Gronwall inequality, for 0 <t <ty < T,
IE/ 22(ty)dx < CeCT(HT%)E/ 22(ty)da. (4.3)
G G
From (4.2) and (4.3), we deduce

E / 22(0)dx < CeCOHDT! [E / Zdrdt + / (a3z+2)2dxdt]
G Q

0

Next, we deal with the case T" > 1. By the result for 7' = 1 shown above, we have

7,,2
E/ 2(0)de < Ce“MTD (1235 1 p2 () F 1037 + 2200 1.02(cy)
G

’f'2 -1
< Ot (’Z‘L2(OTL2(G n T |azz + Z|%H%(O,T;L2(G’)))'

This completes the proof of Theorem 1.2. O
A Proof of the weighted identity
Proof of Theorem 2.1. 1t is clear that
0dh = dw — saywdt, (A.1)
and
OA%h = A%w — 4sAEVY - VAw — 4sX2E(V2wVnVn) — 4sAE Z Najz; Wiz, + 252 A\2E2|Vn|? Aw
ij=1
— 2s\2E| V> Aw — 2s \EANAwW + 45°N2E2(V2wVnVn) — 4VAL - Vw
+ 125 M3V 2PVnVw + 852 263 (V2 VnVw) — 453 X33 | V|2V Vw (A.2)

+ 42 N2 AnVnVw + 4(VL - VADw + 2| V2)?w — A% lw — 653 X1€3 |V tw
18



— 4PN (VEVnVn)w + s MV w — 28° A3 Vi Anw + [ALPw
From (2.3)—(2.7), (A.1), and (A.2), it follows that

201(—dh + A%hdt) = 2I(I; + Iy + I3).

6 6
We will compute /15 under the form ) > I;;, where I;; is the product of the i-th term of I
i=14=1
with the j-th term of Is.
By direct computations, we get the following equalities:

n n
1.
_ p J p
Ly = g (‘lexkxkxpwxixixj - §q)1kawkwpwwixixp) dt — E : @1xijkwkwpwwﬂﬂjdt
.
irj,kp=1 ! irj,kp=1

+ 5 E (I)lmpw:pk:pka:] Wgiz;z; dt,

i,5,k.p=1
" 1 1
2 2
Is = E <<I>2wmixm].wszp — iéngwxpxpwmﬂJx‘dt — Oo| VAw|?dt + §A<I>2|Aw\ dt,
i,5,p=1 ’
n
_ kp kp kp kj
113 - Z <‘P3 kal‘pwxixixj - (I>3 wzkxpxijixi + ¢31ijkxpwxixi + @3 wIkSCpIpwini
i,5,k,p=1
_ Ly — 20 + 20 — kr dt
9 3z, W, Waiz, 3z; Wapap Weix; 3z, Wiz, Wa;zp 3z; Waia, Waap .
J
n

n
kp kp 2
E : q)S wxjxjkaﬂfil‘ixpdt_ § : (1)3 T;T; wwkxpwl’zxzdt_’_ E : (I)3a:kx |Aw| dt
'J/apﬂ ',jk‘ypfl kvp 1

+2 E @Sx @ Wy, Warga; AT — 2 E <I>3x Jap Wiz, W o dt + E <I)3x ;Wi sp Wy, AL
2,5,k,p=1 i,J,k,p=1 i,J,k,p=1
- 1
_ k k k k J
Ly = E <(I)4wxwixjwdfk - (I)4miw$i$jwwk - (I)4w$i$jwwiwk + ®4w¢$ijika - 5@4xikaxiwﬂfk
i,5,k=1

n
1
1,5,k=1 i,,k=1

n
k k 2
+2 E Py, Waya; Waryay AL — 5 E Dy, Wi, Al
7:7j7k:1 l,j,kzl
Z” 1
2
Il5 = (@5w$il‘il‘jw - (I)5l‘jw$i$iw + (I)5asi93iwm]-w - §¢51‘i1‘i1‘jw - (I)5w$i$iw1‘j + 2(I)5ziwxiwm]-

ij=1
— B, ) dt + = Z By, WAL — 2 Z B Wi W, it + D5 Aw|dt;
t,j=1 ,j=1
Iy =3 ';1(‘P2¢{wziziwxm>z]~dt -3 ;(\p2q>’f)kaw|2dt, Iy = 20| Aw|2dt,
,3,k= =
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n

123 == Z [\I’2®3pwiijkxp - (QQQép)kakaxp + 5(\1’2@3p)xijkwxp — \Ilgq)gijpkaxp

J.k,p=1
n n
1
(\yzqﬂp) gk} At Y (U )y iyt — 5 D (@) w00,
I j.k.p=1 jkp=1
1 « i
-5 > (W20 )awwd dt + Y WD wy  we
j k7p—1 j,k,pil
n n
= Uy dk lyeie? ) @ U, Pk dt+ 2+ Wodk), w? dt
- Z 2P Wy ; Wy, 2 2P Wy, _ Z( 2 4)ijivjw$k +2 Z( 2 4)£Ekwxj )
k=1 i k=1 k=1
n n
1 1
= Z [q/2q>5wxjw — 5(\112@5)zjw2] , 33 D (Wo®5)0, 0, widt — Uads |V |*dt;
7=1 j=1
n n
) 1 . .
I3 = Z (‘I]g}kq)zl)wzﬂkwwpwj - iqjgjq)zl)wmimkkaxp)xvdt_ Z (\ngq)ﬁ))kaxixijkzpdt
i:jzkzpzl J i,j,k‘,pzl
1 & g
*3 > (U)o W,
i7j7k:7p:]'
n g ‘ 1 . .
I3y = Z [i’?@zwxiwxpxp — (U Do), We,we; + i(llgjq)g)xiwgp — U Powy, Wy oz,
1,J,p=1
1 ip = ij 1 ¢ ij 2
+ 57 <1>2)xijiwxp} A+ 3 (O @o)ayo, wowaydt = 5 S (WY @o)apyu? dt
i ijp=1 ijp=1

1 & . n .
~3 Z (U5 ®9) 2, W, W, dt + Z WY Doy, We o, At

1,J,p=1 1,J,p=1
n
T — Pk kP 1 kP I kP
33 = 3 P3" Wyz, Wy, _( 3 %3 )mpwriwzk + 5( 3 P3 )rpwxiwrk — Yy P Wy, Way,
i7j7k7p:1

n

1 .. .
+§(\pgj¢)§p)xiwxpwmk} dt + Z Z]‘I)kp mjmpwwiwmkdt_f Z (qlgj(pgp)xkxpwmiwrjdt

2

’]’k7p 1 ’l:,j,k,pzl
- n
-3 Z (WTDEP), 0wy wy, dE + Z U 5P Wy, 0, Way o, dE,
ivjvkvpzl ’i,j,k,pzl
1 & . 1 & »
Iy = > (U Qhwg,ws, ), dt — 5 > (WY BY), wg,wy, dt,
4,J,p=1 i,J,p=1
n n
1 -
Iy =) [\If Psw,,w — 7(\1;”(1)5) 2} dt+ - Z (U D)., et — S W bsw,w,,dt;
ij=1 ij=1 i1
Iy = Z {‘I’Z@’fwmkaxj - 5(\1151@)’1“)%10%11;%}36@15 +5 Z (U5®F) 0, W, dt
i k,jfl J ik,j=1

Z WD w0 Way o, It
i,k,j=1
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n n n

2

. 1 . 1 :
Ip=Y (\pg@zwxiw% - 5\1:51@21032,) dt — Y (Vs)g we,wedt + = Y (W480)4,w?, dt,
Tj

ig=1 i,j=1 i,j=1
n 1 n
Iy3 = Z (\IIZ(I)% Wa; Wey, — imi@ékwxika>m,dt - Z (V3 ) W, War
i k=1 T igk=l
1 n
"
+ B (\;[12(1)% )xiwivjwzkdt’
i’j7k:1
Ly =Y Uidjw,wedt, Ii5= 5 > (W 05w?),, dt — 5 > (W 5),, widt;
ij=1 j=1 J=1
Is = (‘I’%(I)lfwxiwmkxj)wjdt_ Z (‘Iﬂsq)lf)xjwziwwkwjdt - Z ‘I’%(I)lfwzizjwwkwjdtv
ik, =1 ik,j=1 bkj=1
n n

, 1 . . 1 & 4
Iz =Y (Wi@owsws, — SWI0uL ) dt = Y7 (Whbo)wawa,dt + 5 Y (Wha),wl db,
S Zj

1,j=1 1,5=1 t,j=1
- i ik L i @ik ik
Iy= ) (‘1'5‘1’3 WaiWay, — 5 W58y wxiwwk> dt = ) (W5 )y, dt
ij k=1 i i g k=1
1 < L
+ B (W%@ék)xiwxj We, dt,
i?jvkzl
Iy =Y Widjw,w,dt, I = 5 > (W osw?),, dt - 5 > (Wd5), widt;
ij=1 j=1 J=1
and
" : : 1 , 1 :
Ig = Z {\IIGCIYLlwmjw — (WD )z, we;w + 5(‘1}6@@@@202 — 5\1’6(1){1”9231}:0_&
i,j=1 !
-5 D (W6 g m,widt + Y (V6D )g,wa,wy, dt + 3 > (W), w dt
ij=1 ij=1 ij=1
& 1 1< -
Ip=>" [%%ww% - 5(\P6(I>2)$‘jw2]z_dt 5 D (VeP2)o o widt — ) Webywl dt,
j=1 ! j=1 7=1

n n

g 1 g 1 i n g
Is= > [\pﬁégﬂwwxi - i(qfﬁ@gf)riwﬂmdw 5 D (U6DY )payw’dt — > WY wy,wydt,
J

ij=1 ij=1 ij=1
1 ¢ : 1o :
Ioa = 5 > (Wejw?),,dt — 3 D (Wed))e,widt, Ies = VePswdt.
j=1 j=1

Using It6’s formula, we conclude

n
1 1
Ig == Y (Wayayy 00 — Wy AWz, ), — 5d(yv%y?) + 5ydv%y?,

ij=1
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Ig = — > (Vowy,dw)s, + Z‘I’% W, dw + d(\I’g|Vw\ ) — f\y%va| dt — f%yde\
j=1 i=1

Ig = — > (U wy,dw),; + Z Uy, wy,dw + 2d(|sAVnVw[?) — 4 Z S2N2E (€M, )My Wasy We, A
i,j=1 i,j=1 i,j=1
— 282 \2€2|VndVwl|?,
LA LA 1 1 1
Iyg = — Zl Viwy, dw, I = — Z Viwg, dw, Igs = —id(‘l’wﬂ) + 5‘1’6tw2dt + 5\1'6((11“)2-
P -

By summing all the I;;, we get (2.8). O

B Proof of Lemma 2.4

To prove Lemma 2.4, we need the following regularity estimate for the stochastic fourth order
parabolic equation.

Lemma B.1. There exists a constant C > 0, such that for all (h,g) € L4(0,T; HY(G)) x L2(0,T;
L*(@)), and f € L4(0,T; L*(Q)) satisfying

dh = Ahdt + fdt + gdW (t) in Q,
h=Ah=0 on X,
hT,-)=0 in G,

we have
2 2
M2, 586 < ClIr20,m22(0))-

Proof. The proof is standard. For the sake of completeness, we provide a sketch below. Define an
unbounded operator A on L?(G) as follows:

D(A) = {p € H'(G) | ¢, Ap € Hy(G)},
Ap = A%p, Yy € D(A).

Denote by 0 < pu1 < pg < --- the eigenvalues of A and by {¢;}5°, C D(A) the corresponding
eigenfunctions such that [¢;[r2q) = 1 (1 = 1,2,3,--+), which serves as an orthonormal basis of
L?(@G). Thanks to the regularity for solutions to the elliptic equations (see [15, Chapter 2, Theorem
5.1]), we have ¢; € H8(G), and A%¢; = 0 on G for i =1,2,3,---

For i =1,...,m, consider the following backward stochastic differential equations

{dc = mdt+(f,¢z)L2 ydt + g dW (t), (B.1)
i .

)=

We have (f, ¢i)r2q) € L%(0,T;R). According to the classical theory of backward stochastic differ-
ential equations (see [20, Theorem 4.2]), we know that there is a unique solution (¢*(-),g"(-)) €
LA(;C([0,T);R)) x L2(0,T;R) fori = 1,...,m

Denote m
=St (B2)
i=1
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From (B.1) and (B.2), we get
dh™ = A*h™dt + f™dt + g™ dW (t),

where fm = Z(f ¢1)L2 G)¢fu Z gzquZ and hm( ) =0.
Using Ito S formula we get that

A(R™AZR™) = (AZR™)2dt + fAZRT AL+ BT ATRT A+ BT A? fTdE + g A g™t

B.3
+ gmAPR™AW () + A ARG AW (t). (B:3)

Integrating the equality (B.3) on @, taking expectation in both sides, we obtain
- / R™(0)A%R™(0)dz = E / [(AZR™)2 + fAPR™ + B AYR™ + BT A? ™+ g™ AP g™ ] dadt.
G Q
(B.4)

Thanks to (B.2), we get

_/Ghm( )Ath Z,UZ <0. (B.5)

Utilizing integration by parts, noting h™ = AR™ = A2p™ = A3h™ = f = Af™m = g7 =
Ag™ =0 on X, we have

E / [AmAYR™ + BMA2 f™ 4 g A2 dadt = E / [(AZh™)2 + fmAZR™ + (Ag™)?|dxdt.  (B.6)
Q Q
Combining (B.4)—(B.6), using Cauchy’s inequality, we find
E/ |AZR™ 2dadt < CE/ |f™ 2 dadt. (B.7)
Q Q

Thanks to elliptic regularity theory (see [16, Chapter 4, Theorem 4.1]), we get
2 2, m|2
’hm|L%(O,T;H4(G)) < C'|A hm’L%((),T;Lz(G))- (BS)
Combining (B.7) and (B.8), we have

m|2 m|2
W™ (20,0506 = O™ 200209

Therefore {h™}%°_, is bounded in L2(0,T; H*(G)), and there exists a subsequence, which is still
denoted by {h™}°_,, such that h™ weakly convergence to h € L2(0,T; H*(G)) as m tends to
0. On the other hand, thanks to the well-posedness of backward stochastic evolution equations
(see [20, Theorem 4.11]), we know that 771i_r>noo|hm - h|L§F(0,T;L2(G)) = 0. Hence, h = h for a.e.

(t,z,w) €10,T] x G x Q and
M 20,714y < lim inf (W™ L20,mm1@)) < ClflLzom02))-

O
Proof of Lemma 2.4 . Using the trace inequality (e.g., [15, Theorem 9.4]) and interpolation in-
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equality between Sobolev spaces (e.g., [15, Theorem 9.1]), we have

IV2hl[ 7206y < ClR a2 1P 3 (@)

V3h||? < C|lh h (B-9)
IV°hII7206) < Clblms @) lhll zeye)-

By (B.9), (2.12), and interpolation results between the Hilbert spaces L2(0,T; H"(G))(r € [0,4])
(see [15, Chapter 1, Remark 14.4]), we have

T 9
E /Z sIA3¢102V2h[2dodt = E /0 SINSEL P VPR 2 ot

T 9
< CE/ STABER €2 Bl g2 Bl pra
0

(B.10)
4 943 % 250 % %
< CE ; stAEle *’h|L2(G)|h|H4(G)dt
T
<c(E / SONEEO2h2dwdt + / e |f3s gyt )
Q 0
where we use o > ay and &€ > &, in Q.
Similarly, we can obtain that
3 20210312 T§%2sa*i i
E | sV dodt < OB | - s3I L g Pl e
T
< C<E/ 36A8§692h2dxdt+E/ era*|hy§,4(G)dt>. (B.11)
Q 0
To estimate E fOT e |3, (G)dt, we set h, = e**h. This function satisfies
— dhy + A’hydt = [e* f — (e%),h]dt + " gdW (t)  in Q,
hy =Ah, =0 on X,
h*(T7 ) - 0 lIl C;7
where we use lim e*** = 0.
t—T~
Thanks to Lemma B.1 and (2.9), for s > CT"'/2, we have
Ty 2 2 2
E/O e *‘h|H4(G)dt = ‘h*|L§(O,T;H4(G)) < C‘e “f - (6 *)th‘L%(O,T;LQ(G))
< C(E / 02| f2dwdt + E / 365692h2dxdt). (B.12)
Q Q
Combining (B.10)—(B.12), the proof is complete. O
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