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Abstract

We establish the null controllability for fourth order stochastic parabolic equations. Utilizing
the duality argument, the null controllability is reduced to the observability for fourth order
backward stochastic parabolic equations, and the desired observability estimate is obtained by
a new global Carleman estimate. Our Carleman estimate is based on a new fundamental identity
for a fourth order stochastic parabolic operator.

AMS Mathematics Subject Classification. 93B05, 93B07.
Keywords. Fourth order stochastic parabolic equation, null controllability, observability, Carle-
man estimate.

1 Introduction

Let T > 0 and (Ω,F ,F,P) with F = {Ft}t≥0 be a complete filtered probability space on which
a one-dimensional standard Brownian motion {W (t)}t≥0 is defined and F is the natural filtration
generated by W (·), augmented by all the P null sets in F . Write F for the progressive σ-field with
respect to F. Let H be a Banach space. Denote by L2

Ft
(Ω;H) the space of all Ft-measurable

random variables ξ such that E|ξ|2H < ∞; by L2
F(0, T ;H) the space consisting of all H-valued F-

adapted processes X(·) such that E
(
|X(·)|2L2(0,T ;H)

)
< ∞; by L∞

F (0, T ;H) the space consisting of

all H-valued F-adapted bounded processes; and by L2
F(Ω;C[0, T ];H)) the space consisting of all

H-valued F-adapted continuous processes X(·) such that E
(
|X(·)|2C([0,T ];H)

)
<∞. All these spaces

are Banach spaces with the cononical norms (e.g., [20, Section 2.6]).
Let G ⊂ Rn (n ∈ N) be a bounded domain with a C∞ boundary ∂G. Set Q = (0, T )×G and

Σ = (0, T ) × ∂G. Let G0 ⊂ G be a nonempty open subset. Set Q0 = (0, T ) × G0. As usual, χG0

denotes the characteristic function of G0.
Consider the following control system:

dy +∆2ydt = (a1y + χG0u+ a3v)dt+ (a2y + v)dW (t) in Q,

y = ∆y = 0 on Σ,

y(0) = y0 in G,

(1.1)

where y0 ∈ L2(G), a1, a2, a3 ∈ L∞
F (0, T ;L∞(G)) and (u, v) ∈ L2

F(0, T ;L
2(G0))× L2

F(0, T ;L
2(G)). In

(1.1), y is the state and (u, v) are the controls. By the classical wellposedness result for stochastic
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evolution equations, we know that (1.1) admits a unique weak solution y ∈ L2
F(Ω;C([0, T ];L

2(G)))×
L2
F(0, T ;H

2(G) ∩H1
0 (G)) (e.g., [20, Theorem 3.24]).

Remark 1.1. The term a3v reflects the effect of the control v in the diffusion term to the drift
term. It is the side effect of the control v, i.e., once we put a control v in the diffusion term, a3v
appears passively. This will lead to some technical difficulties in the study of the null controllability
of (1.1).

When u = v = 0, the equation (1.1) is widely used to describe some fast diffusion phenomenon
under stochastic perturbations (e.g., [6, 12, 14]). Further, it is the linearized version of stochastic
Cahn-Hilliard equation, which is used to model phase separation phenomena in a melted alloy that
is quenched to a temperature at which just two distinctive phases can exist steadily (e.g., [1]). By
acting control on the system, we aim to modify the diffusion of the material. It is an important
goal to drive the state to the rest. This leads to the following definition.

Definition 1.1. The system (1.1) is said to be null controllable at time T if for any y0 ∈ L2(G),
there exists a pair (u, v) ∈ L2

F(0, T ;L
2(G0))× L2

F(0, T ;L
2(G)) such that the corresponding solution

to (1.1) fulfills that y(T ) = 0, P-a.s.

The main result of this paper is the following.

Theorem 1.1. System (1.1) is null controllable at any time T > 0. Furthermore, there is a
constant C > 0 such that for each given y0 ∈ L2(G), one can choose controls (u, v) which steer the
state of (1.1) to 0 and satisfy

|(u, v)|L2
F(0,T ;L2(G0))×L2

F(0,T ;L2(G)) ≤ C|y0|L2(G)e
C(1+r21)(T

−1+1),

where r1 = |a1|L∞
F (0,T ;L∞(G)) + |a2|L∞

F (0,T ;L∞(G)) + |a3|L∞
F (0,T ;L∞(G)).

Here and in what follows, C stands for a generic positive constant depending only on G and G0

whose value may vary from line to line.

Remark 1.2. Like in [21], due to the randomness, extra control is required in the diffusion term.
Hence, the control of (1.1) is a pair of function (u, v). It would be quite interesting to study the
null controllability for system (1.1) with only one control in the drift. When a1 is independent of
(t, ω) and a2 is independent of x, one can follow the idea in [18] to establish the null controllability
of (1.1). However, we have no idea about handling the general case.

Remark 1.3. From the proof of Theorem 1.2, one can see that Theorem 1.1 still holds when the
equation (1.1) contains ∇y and ∇2y in the drift terms. We do not introduce these two terms in
the control system (1.1) for the simplicity of notations. On the other hand, we do not know how
to handle the term of derivatives of the third order derivative of y now.

To prove the null controllability of (1.1), we introduce the adjoint equation:
dz −∆2zdt = −(a1z + a2Z)dt+ ZdW (t) in Q,

z = ∆z = 0 on Σ,

z(T ) = zT in G.

(1.2)

By the classical wellposedness result for backward stochastic evolution equations, we know that
(1.2) admits a unique weak solution (z, Z) ∈

(
L2
F(Ω;C([0, T ];L

2(G))×L2
F(0, T ;H

2(G)∩H1
0 (G))

)
×

L2
F(0, T ;L

2(G)) (e.g., [20, Theorem 4.11]).
By a standard duality argument, Theorem 1.1 is implied by the following observability estimate

(e.g., [20, Theorem 7.17]).
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Theorem 1.2. There exists a constant C > 0 such that the solution (z, Z) to system (1.2) satisfies

|z(0)|L2(G) ≤ CeC(1+r21)(T
−1+1)(|z|L2

F(0,T ;L2(G0)) + |a3z + Z|L2
F(0,T ;L2(G))), ∀zT ∈ L2

FT
(Ω;L2(G)).

Remark 1.4. In [21], the authors obtain observability estimates for second order stochastic parabo-
lic equation. The constant in their observability inequality is CeCT−4

when T is small. In our case,
it is CeCT−1

.

Controllability problems for deterministic parabolic equations are extensively studied. Partic-
ularly, we refer readers to [2–5, 8, 10, 11, 22] and the rich references therein for controllability
problems of fourth order parabolic equations. However, to the best of our knowledge, [9] is the
only published work addressing null controllability of fourth order stochastic parabolic equations,
in which the authors establish the null controllability of (1.1) when G is an interval.

We will use Carleman estimates to prove Theorem 1.2, which is deduced taking inspiration from
the works [9, 10, 17, 21]. To state our Carleman estimate, we first introduce the weight functions:

α(x, t) =
e
λ(|2η|C(G)+η(x)) − e

4λ|η|C(G)

t1/2(T − t)1/2
, ξ(x, t) =

e
λ(|2η|C(G)+η(x))

t1/2(T − t)1/2
, (1.3)

where η satisfies:
η ∈ C∞(G), η > 0 in G, η|∂G = 0, |∇η| ≥ C > 0 in G\G1 (1.4)

with G1 ⊂ G1 ⊂ G0 an open set. For the existence of η, see [7, Lemma 1.1]. We remark that our
weight functions are the same as that in [10], except for a minus sign.

Let θ = eℓ, ℓ = sα. We have the following Carleman estimate for (1.2).

Theorem 1.3. There exists a constant C > 0 such that for all zT ∈ L2
FT

(Ω;L2(G)), the weak
solution (z(·), Z(·)) to (1.2) satisfies that

E
∫
Q
(s6λ8ξ6θ2|z|2 + s4λ6ξ4θ2|∇z|2 + s3λ4ξ3θ2|∆z|2 + s2λ4ξ2θ2|∇2z|2)dxdt (1.5)

≤ CE
∫
Q0

s7λ8ξ7θ2|z|2dxdt+ Ce
Cλ|η|C(G)E

∫
Q
s4λ4ξ4θ2|Z|2dxdt+ Cr21E

∫
Q
θ2(|z|2 + |Z|2)dxdt

for λ ≥ C and s ≥ C(T 1/2 + T ).

Remark 1.5. Theorem 1.3 can be regarded as a generalization of [10, Theorem 1.2] for stochastic
equations. Due to the appearance of the diffusion term, we cannot simply mimic the proof of [10,
Theorem 1.2] to prove Theorem 1.3.

Remark 1.6. From the proof of Theorem 1.3, it is not difficult to see that Carleman inequality
(1.5) is still valid when z satisfies the boundary condition

z =
∂z

∂ν
= 0 on Σ, (1.6)

where ν(x) = (ν1(x), · · · , νn(x)) stands for the unit outward normal vector (of G) at x ∈ ∂G.
However, the situation for

∂z

∂ν
=
∂∆z

∂ν
= 0 on Σ (1.7)

is more difficult. As far as we know, it is still an open problem for the validity of Carleman
estimates for deterministic fourth order parabolic operator under the boundary conditions (1.7) in
the multi-dimensional case.
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Remark 1.7. From Theorem 1.3, one can also get the approximate controllability of system (1.1).
In fact, thanks to [20, Theorem 7.19], we only need to show the following unique continuation
property holds:

for some zT ∈ L2
FT

(Ω;L2(G)), the corresponding solution (z, Z) for equation (1.2) fulfills that
z = 0 in Q0 and a3z + Z = 0 in Q, P-a.s., then zT = 0 in G, P-a.s.

By choosing λ = C and s = C(1 + r21)(T
1/2 + T ) in (1.5), we can get

E
∫
Q
s6ξ6θ2|z|2dxdt ≤ C

[
E
∫
Q0

s7ξ7θ2|z|2dxdt+ E
∫
Q
s4ξ4θ2|a3z + Z|2dxdt

]
.

This implies the desired unique continuation property immediately.

The rest of this paper is organized as follows. In Section 2, we give some preliminaries. The
Carleman estimate (1.5) is proved in Section 3. In Section 4, we prove Theorem 1.2. Finally, we
finished our article with appendices in which we prove the weighted identity and lemmas that are
important in deriving the Carleman estimate.

2 Some preliminary results

This section is devoted to presenting some preliminary results for the proof of Theorem 1.3.
Before we state our weighted identity, let’s start with a simple example to understand its key

idea, which is taken from [13, Section 8.1]. For constants λ,K > 0 such that 2λK ≥ 1, we claim
that ∫

R
|φ|2eλt2dt ≤ K

∫
R

∣∣∣dφ
dt

∣∣∣2eλt2dt, ∀ φ ∈ C∞
0 (R). (2.1)

Remark 2.1. Please note that (2.1) is not a special case of the famous Poincaré inequality since
the integral is taken on R.

Letting φ̂ = eλt
2/2φ, for t ∈ R, we have

−2λtφ̂eλt
2/2dφ

dt
= (2λ2t2 + λ)φ̂2 − d

dt
(λtφ̂2). (2.2)

Noting that φ̂ ∈ C∞
0 (R), integrating (2.2) on R, we obtain∫

R
2λφ̂2dt ≤

∫
R

∣∣∣dφ
dt

∣∣∣2eλt2dt,
which completes the proof of (2.1).

The proof of (2.1) is very simple. But it reveals the two features in the deriving of a Carleman
estimate. One is the introduction of the weight function eλt

2
. The efficiency of Carleman estimate

depends greatly on a clever choice of the weight function which is different for different types
of equations. The other is the pointwise weighted identity (2.2). By multiplying the weighted
multiplier −2λtφ̂eλt

2/2, the principal operator d
dt can be rewritten as the sum of the “divergence”

term − d
dt(λtφ̂

2) and the “energy” term (2λ2t2 + λ)φ̂2. Generally speaking, the divergence term
will contribute the boundary term after applying the divergence theorem. Here it equals zero after
integration on R. The energy term leads to the appearance of the left hand side term in (2.1).

We have introduced the weight function by (1.3) and (1.4). Now, we give a pointwise weighted
identity for the (formal) stochastic partial differential operator −dh+∆2hdt.

In what follows, for simplicity, we will use the notation yxi ≡ yxi(x) = ∂y(x)/∂xi, where xi is
the i-th coordinate of a generic point x = (x1, . . . , xn) in Rn.

Recall that θ = eℓ and ℓ = sα. Set w = θh. Put
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I = ∆2w +Ψ2∆w +
n∑

i,j=1

Ψij
3 wxixj +

n∑
i=1

Ψi
4wxi +

n∑
i=1

Ψi
5wxi +Ψ6w, I1 = Idt, (2.3)

where for i, j = 1, · · · , n,

Ψ2 = 2s2λ2ξ2|∇η|2, Ψij
3 = 4s2λ2ξ2ηxiηxj , Ψi

4 = 12s2λ3ξ2|∇η|2ηxi + 4s2λ2ξ2∆ηηxi ,

Ψi
5 =

n∑
j=1

8s2λ2ξ2ηxixjηxj , Ψ6 = s4λ4ξ4|∇η|4. (2.4)

Let

I2 =

n∑
i=1

Φi
1∆wxidt+Φ2∆wdt+

n∑
i,j=1

Φij
3 wxixjdt+

n∑
i=1

Φi
4wxidt+Φ5wdt− dw, (2.5)

where for i, j = 1, · · · , n,

Φi
1 = −4sλξηxi , Φ2 = −2sλ2ξ|∇η|2 − 2sλξ∆η,

Φij
3 = 4sλξηxixj − 4sλ2ξηxiηxj , Φi

4 = −4s3λ3ξ3|∇η|2ηxi , (2.6)

Φ5 = −6s3λ4ξ3|∇η|4 − 12s3λ3ξ3(∇2η∇η∇η)− 2s3λ3ξ3|∇η|2∆η.

Put

I3 = −8sλξ

n∑
i,j=1

ηxixjwxixjdt− 4∇∆ℓ · ∇wdt+ 4(∇ℓ · ∇∆ℓ)wdt+ 2|∇2ℓ|2wdt

−∆2ℓwdt+ |∆ℓ|2wdt+ 8s3λ3ξ3(∇2η∇η∇η)wdt+ sαtwdt. (2.7)

We have the following fundamental identity.

Theorem 2.1. Let h be an H4(G)-valued Itô process. Set θ = eℓ, ℓ = sα and w = θh, the function
α, ξ, and η being as in (1.3) and (1.4). Then, for any t ∈ [0, T ] and a.e. (x, ω) ∈ G× Ω,

2θI(−dh+∆2hdt)+2

n∑
i,j=1

(wxixixjdw−wxixjdwxi+Ψ2wxiδijdw+Ψij
3 wxidw)xj−2 div(V1+V2)dt

= 2I2dt+ 2II3 + 2Mdt+ 2

n∑
i,j,k,p=1

Λijkp
1 wxixjwxkxpdt+ 2

n∑
i,j=1

Λij
2 wxiwxjdt+ 2Λ3w

2dt (2.8)

− 2d
(1
2
|∇2w|2 − 1

2
Ψ2|∇w|2 − 2s2λ2ξ2|∇η∇w|2 + 1

2
Ψ6w

2
)
− 4s2λ2ξ2θ2|∇ηd∇h+∇η∇ℓdh|2

+ θ2
n∑

i,j=1

[dhxixj + ℓxidhxj + ℓxjdhxi + (ℓxixj + ℓxiℓxj )dh]
2 − θ2Ψ2|d∇h+∇ℓdh|2 +Ψ6θ

2(dh)2,

where

V1 = [V 1
1 , · · · , V

j
1 , · · · , V

n
1 ], V2 = [V 1

2 , · · · , V
j
2 , · · · , V

n
2 ],

V j
1 =

n∑
i,k=1

[ n∑
p=1

Φp
1wxkxkxpwxixixj −

1

2

n∑
p=1

Φj
1wxkxkxpwxixixp +

1

2
Ψ2Φ

j
1wxixiwxkxk

+
n∑

p=1

Ψik
3 Φp

1wxixk
wxpxj −

1

2

n∑
p=1

Ψij
3 Φ

p
1wxixk

wxkxp +Φk
4wxixixjwxk

− Φk
4wxixjwxixk
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+
1

2
Φj
4w

2
xixk

+
(
Ψ2Φ

k
4δij −

1

2
Ψ2Φ

j
4δik −

1

2
Ψ6Φ

j
1δik +

1

2
Ψij

3 Φ
k
4

)
wxiwxk

]
,

V j
2 =

n∑
i,k,p,r,q=1

Θijkprq
1 wxixkxpwxrxq +

n∑
i,k,p,r=1

Θijkpr
2 wxixk

wxpxr +
n∑

i,k,p=1

Θijkp
3 wxixk

wxp

+
n∑

i,k=1

Θijk
4 wxiwxk

+
n∑

i=1

Θ5wxixixjw +
n∑

i,k=1

Θijk
6 wxixk

w +
n∑

i=1

Θij
7 wxiw +Θj

8w
2,

M = 8sλ2ξ|∇∆w · ∇η|2 + 32s3λ4ξ3|∇2w∇η∇η|2 + 48s3λ3ξ3∇2η(∇2w∇η)(∇2w∇η)

+ 16s3λ3ξ3(∇2w∇η∇η)
n∑

i,j=1

ηxixjwxixj − 16s3λ4ξ3|∇η|2|∇2w∇η|2

+ 6s3λ4ξ3|∇η|4|∇2w|2 + 4s3λ3ξ3(∇2η∇η∇η)|∇2w|2 + 2s3λ3ξ3|∇η|2∆η|∇2w|2

+ 2s3λ4ξ3|∇η|4|∆w|2 − 4s3λ3ξ3(∇2η∇η∇η)|∆w|2 − 2s3λ3ξ3|∇η|2∆η|∆w|2

+ 40s5λ6ξ5|∇η|4|∇w · ∇η|2 + 64s5λ5ξ5(∇2η∇η∇η)|∇w · ∇η|2

− 16s5λ6ξ5|∇η|6|∇w|2 + 8s7λ8ξ7|∇η|8w2 −
n∑

i,k,j=1

(Ψi
5Φ

k
1)xjwxiwxkxj ,

Λijkp
1 =

n∑
r=1

(1
2
Φ2xrxrδijδkp − Φkp

3xrxr
δij +

n∑
q=1

1

2
Φrq
3xrxq

δijδkp − 2Φkr
3xjxr

δip +Φjk
3xrxr

δip

)
+ 2Φkp

3xixj
,

Λij
2 =

n∑
k=1

[
− Φj

4xixkxk
+
1

2
Φk
4xixjxk

+ (Ψ2Φ
jk
3 )xixk

− 1

2
(Ψ2Φ

ij
3 )xkxk

−
n∑

p=1

1

2
(Ψ2Φ

kp
3 δij)xkxp

+ (Ψik
3 Φ2)xkxj −

n∑
p=1

1

2
(Ψkp

3 Φ2δij)xkxp −
1

2
(Ψij

3 Φ2)xkxk
+

n∑
p=1

(Ψik
3 Φjp

3 )xkxp

−
n∑

p=1

1

2
(Ψij

3 Φ
kp
3 )xkxp −

n∑
p=1

1

2
(Ψkp

3 Φij
3 )xkxp +

1

2
(Ψi

4Φ
j
1)xkxk

+
1

2
(Ψk

4Φ2δij)xk

− (Ψi
4Φ

jk
3 )xk

+
1

2
(Ψk

4Φ
ij
3 )xk

+
1

2
(Ψk

5Φ2δij)xk
− (Ψi

5Φ
jk
3 )xk

+
1

2
(Ψk

5Φ
ij
3 )xk]

− 2Φ5xixj − (Ψi
4Φ2)xj − (Ψi

5Φ2)xj −
1

2
Ψ2tδij − 4s2λ2ξ(ξηxj )tηxi ,

Λ3 =
1

2
∆2Φ5 +

1

2
∆(Ψ2Φ5) +

1

2

n∑
i,j=1

(Ψij
3 Φ5)xixj −

1

2

n∑
i=1

[(Ψi
4Φ5)xi + (Ψi

5Φ5)xi ]

− 1

2

n∑
i,j=1

(Ψ6Φ
i
1)xixjxj +

1

2
∆(Ψ6Φ2) +

1

2

n∑
i,j=1

(Ψ6Φ
ij
3 )xixj +

1

2
Ψ6t.

and

Θijkprq
1 = Φ2δikδpjδrq +Φrq

3 δikδpj − Φik
3 δrqδpj +Φij

3 δkpδrq,

Θijkpr
2 = −1

2
Φ2xjδikδpr +Φpr

3xj
δik −

1

2

n∑
q=1

Φjq
3xq
δikδpr − 2Φpr

3xi
δkj + 2Φrj

3xk
δip − Φkr

3xj
δip,
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Θijkp
3 =−Φp

4xi
δkj− Φ5δikδpj+Ψ2Φ

ik
3 δpj−Ψ2Φ

ij
3 δkp+Ψpj

3 Φ2δik−Ψkp
3 Φ2δij+Ψik

3 Φpj
3 −Ψij

3 Φ
kp
3

+Ψp
4Φ

k
1δij +Ψp

5Φ
k
1δij ,

Θijk
4 = Φk

4xixj
− 1

2
Φj
4xixk

+ 2Φ5xiδkj − Φ5xjδik− (Ψ2Φ
jk
3 )xi+

1

2
(Ψ2Φ

ik
3 )xj+

n∑
p=1

1

2
(Ψ2Φ

jp
3 )xpδik

−
n∑

p=1

(Ψip
3 Φ2)xpδkj+

1

2

n∑
p=1

(Ψpj
3 Φ2)xpδik+

1

2
(Ψik

3 Φ2)xj−
n∑

p=1

(Ψij
3 Φ

kp
3 )xp+

1

2

n∑
p=1

(Ψik
3 Φjp

3 )xp

+
1

2

n∑
p=1

(Ψpj
3 Φik

3 )xp−
1

2
(Ψi

4Φ
k
1)xj+Ψi

4Φ2δkj−
1

2
Ψj

4Φ2δik+Ψi
4Φ

kj
3 − 1

2
Ψj

4Φ
ik
3 +Ψi

5Φ2δkj

− 1

2
Ψj

5Φ2δik +Ψi
5Φ

kj
3 − 1

2
Ψj

5Φ
ik
3 ,

Θ5 = Φ5,

Θijk
6 = −Φ5xjδik +Ψ6Φ

k
1δij ,

Θij
7 =

n∑
k=1

Φ5xkxk
δij +Ψ2Φ5δij +Ψij

3 Φ5 − (Ψ6Φ
i
1)xj +Ψ6Φ2δij +Ψ6Φ

ij
3 ,

Θj
8 = −1

2

n∑
i=1

Φ5xixixj−
1

2
(Ψ2Φ5)xj−

1

2

n∑
i=1

(Ψij
3 Φ5)xi+

1

2
Ψj

4Φ5+
1

2
Ψj

5Φ5+
1

2

n∑
i=1

(Ψ6Φ
j
1)xixi

− 1

2
(Ψ6Φ2)xj −

1

2

n∑
i=1

(Ψ6Φ
ij
3 )xi +

1

2
Ψ6Φ

j
4.

Remark 2.2. The weighted identity (2.8) can be used to derive Carleman estimates for different
boundary conditions, such as (1.6) and (1.7). Although the form of the identity is complex, many
terms can merge or vanish under different boundary conditions.

Remark 2.3. In spite of its complicate form, the identity (2.8) enjoys the same features of (2.2).
Namely, it represents θI(−dh+∆2hdt) as divergence terms, positive energy terms and lower order
term.

Proof of Theorem 2.1 is put in Appendix A.
In what follows, for a nonnegative integer m, we denote by O(λm) a function of order λm for

large λ (which is independent of s). Likewise, we use the notation O
(
eλ|η|C(Ḡ)

)
and so on. It is easy

to check that, for t ∈ (0, T ) and x ∈ G,

|ξt| ≤
T

2
ξ3, |αt| ≤

T

2
ξ3, ξ−1 ≤ T

2
. (2.9)

In fact, thanks to (1.3) and (1.4), we obtain

|ξt| =
∣∣∣∣(T − 2t)e

λ(|2η|C(G)+η(x))

2t3/2(T − t)3/2

∣∣∣∣ ≤ ∣∣∣∣T2 eλ(|2η|C(G)+η(x))

t3/2(T − t)3/2

∣∣∣∣ ≤ T

2
ξ3,

|αt| ≤
T

2

∣∣∣∣ e
4λ|η|C(G)

t3/2(T − t)3/2

∣∣∣∣ ≤ T

2
ξ3e

4λ|η|C(G)−3λ(|2η|C(G)+η(x)) ≤ T

2
ξ3,

and
|ξ−1| ≤ t1/2(T − t)1/2 ≤ T

2
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for any t ∈ (0, T ) and x ∈ G.

Proposition 2.2. When s and λ are large enough, it holds that

n∑
i,j,k,p=1

Λijkp
1 ζijζkp ≥ sξO(λ4)|ζ|2, ∀ζ = (ζij) ∈ Rn×n,

n∑
i,j=1

Λij
2 ζiζj ≥

[
s3ξ3O(λ6) + Ts2ξ4O(λ2)

]
|ζ|2, ∀ζ = (ζ1, . . . , ζn) ∈ Rn,

Λ3 ≥ s5ξ5O(λ8) + Ts4ξ6O(λ4).

(2.10)

for any t ∈ (0, T ) and x ∈ G.

Proof. Noting that ∇ξ = λξ∇η, due to (1.4) and (2.6), for i, j, p, q = 1, · · · , n, we obtain

|Φ2xixj | ≤ sξO(λ4), |Φpq
3xixj

| ≤ sξO(λ4).

This gives the first inequality of (2.10).
Thanks to (2.4) and (2.9), we have

|Ψ2t| = 4s2λ2ξ|ξt||∇η|2 ≤ Ts2ξ4O(λ2).

The rest of the proof runs as before.

The following is the Carleman inequality for the Laplace operator with homogeneous Dirichlet
boundary conditions.

Lemma 2.3. [10, Lemma 2.4] Let q ∈ H2(G) ∩H1
0 (G) and η be given by (1.4). Then there exists

a constant C > 0 independent of s and λ, and parameters λ̂ > 1 and ŝ > 1 such that for all λ ≥ λ̂
and for all s̃ ≥ ŝ,

s̃6λ8
∫
G
e6λη(x)e2s̃e

λη(x) |q|2dx+ s̃4λ6
∫
G
e4λη(x)e2s̃e

λη(x) |∇q|2dx

≤ C
(
s̃6λ8

∫
G1

e6λη(x)e2s̃e
λη(x) |q|2dx+ s̃3λ4

∫
G
e3λη(x)e2s̃e

λη(x) |△q|2dx
)
. (2.11)

Remark 2.4. By taking s̃ = s
exp(λ|2η|C(G))

t1/2(T−t)1/2
in (2.11), multiplying (2.11) by exp

(
2s

− exp(4λ|η|C(G))

t1/2(T−t)1/2

)
,

and integrating it in (0, T ), we obtain that for λ ≥ λ̂ and s ≥ ŝT ,∫
Q
s6λ8ξ6θ2|q|2dxdt+

∫
Q
s4λ6ξ4θ2|∇q|2dxdt ≤ C

(∫
(0,T )×G1

s6λ8ξ6θ2|q|2dxdt+
∫
Q
s3λ4ξ3θ2|∆q|2dxdt

)
.

Denote

α⋆(t) =
e
λ|2η|C(G) − e

4λ|η|C(G)

t1/2(T − t)1/2
, ξ⋆(t) =

e
λ|2η|C(G)

t1/2(T − t)1/2
. (2.12)

Lemma 2.4. There exists a constant C > 0, such that for all h ∈ L2
F(0, T ;H

4(G)), f, g ∈
L2
F(0, T ;L

2(G)), satisfying {
− dh+∆2hdt = fdt+ gdW (t) in Q,

h = ∆h = 0 on Σ,

we have

8



E
∫
Σ

[
s

9
4λ3ξ

9
4 θ2|∇2h|2 + s

3
4λξ

3
4 θ2|∇3h|2

]
dσdt+ E

∫ T

0
e2sα⋆ |h|2H4(G)dt

≤ CE
∫
Q
s6λ8ξ6θ2|h|2dxdt+ CE

∫
Q
θ2|f |2dxdt, ∀s ≥ CT 1/2.

Lemma 2.4 is a generalization of Lemma 2.3 in [10] to stochastic equations. Its proof is put in
Appendix B.

3 Proof of the Carleman estimate for the backward equation

Proof of Theorem 1.3. Let h ∈ L2
F(0, T ;H

4(G)), f ∈ L2
F(0, T ;L

2(G)), g ∈ L2
F(0, T ;H

2(G)) satisfy-
ing {

− dh+∆2hdt = fdt+ gdW (t) in Q,

h = ∆h = 0 on Σ.
(3.1)

In order to simplify the formulae used in the sequel, we define

A1 = s5E
∫
Q
ξ5[O(λ8) + sξO(λ7)]|w|2dxdt, A2 = s3E

∫
Q
ξ3[O(λ6) + sξO(λ5)]|∇w|2dxdt,

A3 = sE
∫
Q
ξ[O(λ4) + sξO(λ3)]|∇2w|2dxdt, B1 = s4E

∫
Σ
ξ4[O(λ5) + sξO(λ4)]

(∂w
∂ν

)2
dσdt, (3.2)

B2 = s2E
∫
Σ
ξ2O(λ3)θ2|∇2h|2dσdt, B3 = s1/2E

∫
Σ
ξ1/2O(λ)θ2|∇3h|2dσdt,

and
A = A1 +A2 +A3, B = B1 + B2 + B3.

Integrating the equality (2.8) on Q, taking mathematical expectation in both sides, and noting
(2.9), (2.10), we conclude that, for s ≥ CT 1/2,

2E
∫
Q
θI(−dh+∆2hdt)dx+ 2E

∫
Q

n∑
i,j=1

[wxixixjdw − wxixjdwxi +Ψ2wxiδijdw +Ψij
3 wxidw]xjdx

− 2E
∫
Q
div V1dxdt− 2E

∫
Q
div V2dxdt (3.3)

≥ 2E
∫
Q
I2dxdt+2E

∫
Q
II3dx+2E

∫
Q
Mdxdt

+ E
∫
Q
θ2

n∑
i,j=1

[
dhxixj+ℓxidhxj + ℓxjdhxi+(ℓxixj + ℓxiℓxj )dh

]2
dx

−E
∫
Q
θ2Ψ2|d∇h+∇ℓdh|2dx−4E

∫
Q
s2λ2ξ2θ2|∇ηd∇h+∇η∇ℓdh|2dx+E

∫
Q
Ψ6θ

2(dh)2dx+A.

We will estimate the divergence terms, the interior terms, the stochastic terms, and the bound-
ary terms in the following Steps 1–4.

Step 1. In this step, we deal with the divergence term.
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Using the boundary conditions satisfied by h, on the boundary Σ, we get that

w = 0, ∇w =
∂w

∂ν
ν, ∆w = 2sλξ

∂η

∂ν

∂w

∂ν
,

∂2w

∂ν2
= 2sλξ

∂η

∂ν

∂w

∂ν
− div(ν)

∂w

∂ν
(3.4)

and

|∇2w|2 = s2ξ2O(λ2)
(∂w
∂ν

)2
+O(1)θ2|∇2h|2,

|∇3w|2 = s4ξ4O(λ4)
(∂w
∂ν

)2
+ s2ξ2O(λ2)θ2|∇2h|2 +O(1)θ2|∇3h|2,

for s ≥ CT. (3.5)

Combining (2.9) and (3.4), for s ≥ CT , we obtain that

− 2E
∫
Q
div V1dxdt

≤−2E
∫
Σ

[
−4sλξ

∂η

∂ν

(∂∆w
∂ν

)2
+2sλξ

∂η

∂ν
|∇∆w|2−90s5λ5ξ5

(∂η
∂ν

)5(∂w
∂ν

)2
+12s3λ3ξ3

(∂η
∂ν

)3
|∇2w·ν|2

− 4s3λ3ξ3
(∂η
∂ν

)3∂w

∂ν

∂∆w

∂ν
− 2s3λ3ξ3

(∂η
∂ν

)3
|∇2w|2

]
dσdt+ B1. (3.6)

Combining (2.4), (2.6), (2.9), (3.4) and (3.5), for s ≥ CT , we have

−2E
∫
Q
div V2dxdt ≤ B1 + B2 + B3. (3.7)

Step 2. In this step, we simplify 2E
∫
QMdxdt via integration by parts.

Thanks to (2.4), (2.6) and (3.2), we obtain

2E
∫
Q
−
∑
i,k,j

(Ψi
5Φ

k
1)xjwxiwxkxjdxdt ≥ −(A2 +A3). (3.8)

Combining (2.9), (3.2) and (3.4), using integration by parts, for s ≥ CT , we have

− E
∫
Q
32s3λ4ξ3|∇η|2|∇2w∇η|2dxdt

≥ −8E
∫
Q
sλ2ξ|∇∆w∇η|2dxdt− 32E

∫
Q
s5λ6ξ5|∇η|4|∇w∇η|2dxdt− (A2 + B1). (3.9)

Thanks to (1.4), we deduce that for λ ≥ C,

2E
∫
Q
64s5λ5ξ5(∇2η∇η∇η)|∇w · ∇η|2dxdt

≥ −CE
∫
(0,T )×G1

s5λ5ξ5|∇w|2dxdt− E
∫
Q
s5λ6ξ5|∇η|4|∇w · ∇η|2dxdt. (3.10)

From (2.9) and (3.2), we see that for s ≥ CT ,

2E
∫
Q
(4s3λ3ξ3(∇2η∇η∇η) + 2s3λ3ξ3|∇η|2∆η)(|∇2w|2 − |∆w|2) ≥ −(A2 + B1). (3.11)

10



Using the argument similar to (3.9), we get that for λ ≥ C and s ≥ CT ,

E
∫
Q
32s3λ3ξ3(∇2w∇η∇η)

n∑
i,j=1

ηxixjwxixjdxdt

≥ E
∫
Q
32s3λ3ξ3∇2η(∇2w∇η)(∇2w∇η)dxdt− (A2 +A3 + B1 + B2) (3.12)

and, writing F = s3λ3ξ3, integration by parts gives

2E
∫
Q
64F∇2η(∇2w∇η)(∇2w∇η) dxdt

≥ −CE
∫
Q
F
∑
i,j,k

ηxiηxjwxixk
wxjxk

dxdt

≥ CE
∫
Q
F (∇∆w · ∇η)(∇w · ∇η) dxdt− (A2 + B1)

≥ −E
∫
Q
sλ2ξ|∇∆w · ∇η|2 dxdt− E

∫
Q
s5λ6ξ5|∇η|4|∇w · ∇η|2 dxdt

− CE
∫
(0,T )×G1

s5λ5ξ5|∇w|2 dxdt− (A2 + B1). (3.13)

The coefficient-derivative remainder in the integration by parts contains only D2(Fηxiηxj )wxiwxj

and boundary terms, which are bounded by A2 + B1. Young’s inequality first leaves Cs5λ4ξ5|∇w ·
∇η|2. On G \ G1 this is absorbed by the displayed λ6|∇η|4 term for large λ; on G1 it is bounded
by the added local gradient term. This local term is retained together with the one in (3.10).

Step 3. In this step, we estimate the stochastic terms.
Using Divergence Theorem and noting that w = 0 on Σ, we have

2E
∫
Q

n∑
i,j=1

(
wxixixjdw +Ψ2wxiδijdw +Ψij

3 wxidw
)
xj
dx = 0. (3.14)

Thanks to (3.4), noting that lim
t→0+

θ(t, ·) = lim
t→T−

θ(t, ·) ≡ 0, we deduce that for s ≥ CT , Put

K = 2sλξ∂νη − div ν and q = ∂νw. Then K < 0 for the chosen sufficiently large parameters, and
the time endpoint terms vanish. The product rule gives

−2E
∫
Q

∑
i,j

(wxixjdwxi)xj dx = −2E
∫
Σ
Kq dq dσ

= −E
∫
Σ
d(Kq2) dσ + E

∫
Σ
Ktq

2 dσdt+ E
∫
Σ
K(dq)2 dσ

≤ B1. (3.15)

From (3.1), and noting that 1
3a

2 ≤ (a+ b+ c)2 + b2 + c2 for any a, b, c ∈ R, it follows that

E
∫
Q
θ2

n∑
i,j=1

[dhxixj + ℓxidhxj + ℓxjdhxi + (ℓxixj + ℓxiℓxj )dh]
2dx

≥ 1

3
E
∫
Q
θ2|∇2g|2dxdt− CE

∫
Q
s2λ2ξ2θ2|∇g|2dxdt− CE

∫
Q
s4λ4ξ4θ2|g|2dxdt. (3.16)

11



From (3.1) again, we get that

− E
∫
Q
θ2Ψ2|d∇h+∇ℓdh|2dx− 4E

∫
Q
s2λ2ξ2θ2|∇ηd∇h+∇η∇ℓdh|2dx

≥ −CE
∫
Q
s2λ2ξ2θ2|∇g|2dxdt− CE

∫
Q
s4λ4ξ4θ2|g|2dxdt. (3.17)

For any t ∈ (0, T ) and ε > 0, we use the interpolation inequality (e.g., [15, Theorem 9.1]) and
Young’s inequality to obtain∫

G
|∇(θg)|2dx ≤ ε

∫
G
|∇2(θg)|2dx+

C

ε

∫
G
θ2|g|2dx.

Take

ε = ε2

( sλ

t1/2(T − t)1/2

)−2
,

where ε2 will be fixed later. Using

[t1/2(T − t)1/2]−1 ≤ ξ ≤ e
3λ|η|C(G) [t1/2(T − t)1/2]−1,

we obtain∫
G
θ2|∇g|2dx ≤ ε

∫
G
|∇2(θg)|2dx+

C

ε

∫
G
θ2|g|2dx+ 2

∫
G
|∇θ|2g2dx

≤ ε2s
−2λ−2

∫
G
t(T−t)|∇2(θg)|2dx+ Cε−1

2 s2λ2e
Cλ|η|C(G)

∫
G
t−1(T−t)−1θ2g2dx,

from which it follows that for s ≥ CT ,∫
G
θ2|∇g|2dx ≤ ε2s

−2λ−2

∫
G
t(T − t)θ2|∇2g|2dx+ Cε−1

2 s2λ2e
Cλ|η|C(G)

∫
G
t−1(T − t)−1θ2g2dx.

Hence,∫
G
s2λ2ξ2θ2|∇g|2dx ≤ ε2e

Cλ|η|C(G)

∫
G
θ2|∇2g|2dx+ Cε−1

2 s4λ4e
Cλ|η|C(G)

∫
G
ξ4θ2g2dx. (3.18)

From (3.16), (3.17), and (3.18), letting ε2 > 0 sufficiently small, it follows that for s ≥ CT ,

E
∫
Q
θ2

n∑
i,j=1

[dhxixj + ℓxidhxj + ℓxjdhxi + (ℓxixj + ℓxiℓxj )dh]
2dx− E

∫
Q
θ2Ψ2|d∇h+∇ℓdh|2dx

− 4E
∫
Q
s2λ2ξ2θ2|∇ηd∇h+∇η∇ℓdh|2dx+ E

∫
Q
Ψ6θ

2(dh)2dx (3.19)

≥ −CeCλ|η|C(G)E
∫
Q
s4λ4ξ4θ2|g|2dxdt.

Combining (3.3), (3.6)–(3.15), and (3.19), for s ≥ CT , we obtain that

2E
∫
Q
θI(−dh+∆2hdt)dx
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≥ 2E
∫
Q
I2dxdt+2E

∫
Q
II3dx−CE

∫
(0,T )×G1

s5λ5ξ5|∇w|2dxdt−CeCλ|η|C(G)E
∫
Q
s4λ4ξ4θ2|g|2dxdt

+ 2E
∫
Q
[3sλ2ξ|∇∆w · ∇η|2 + 32s3λ4ξ3|∇2w∇η∇η|2 + 8s3λ4ξ3|∇η|4|∆w|2 (3.20)

+ 22s5λ6ξ5|∇η|4|∇w · ∇η|2 − 16s5λ6ξ5|∇η|6|∇w|2 + 8s7λ8ξ7|∇η|8w2]dxdt

+2E
∫
Σ

[
− 4sλξ

∂η

∂ν

(∂∆w
∂ν

)2
+2sλξ

∂η

∂ν
|∇∆w|2−90s5λ5ξ5

(∂η
∂ν

)5(∂w
∂ν

)2
+12s3λ3ξ3

(∂η
∂ν

)3
|∇2w·ν|2

− 4s3λ3ξ3
(∂η
∂ν

)3∂w

∂ν

∂∆w

∂ν
− 2s3λ3ξ3

(∂η
∂ν

)3
|∇2w|2

]
dσdt− (A+ B).

Step 4. In this step, we deal with the boundary terms.
Denote

B =E
∫
Σ

[
−4sλξ

∂η

∂ν

(∂∆w
∂ν

)2
+2sλξ

∂η

∂ν
|∇∆w|2−90s5λ5ξ5

(∂η
∂ν

)5(∂w
∂ν

)2
+12s3λ3ξ3

(∂η
∂ν

)3
|∇2wν|2

−4s3λ3ξ3
(∂η
∂ν

)3∂w

∂ν

∂∆w

∂ν
−2s3λ3ξ3

(∂η
∂ν

)3
|∇2w|2

]
dσdt. (3.21)

On Σ, put k = sλξ, r = ∂νη < 0, q = ∂νw, and H = div ν. Let II be the second fundamental form
and ∇Γ the full tangential gradient. Since η = 0 on Γ, k is constant along each boundary time
slice. The boundary conditions imply

|∇2wν|2 = (2kr −H)2q2 + |∇Γq|2, |∇2w|2 = (2kr −H)2q2 + 2|∇Γq|2 + |II|2q2.

Consequently,

E
∫
Σ
12k3r3|∇2wν|2 dσdt ≥ E

∫
Σ
(48k5r5q2 + 12k3r3|∇Γq|2) dσdt− B1, (3.22)

E
∫
Σ
−2k3r3|∇2w|2 dσdt ≥ E

∫
Σ
(−8k5r5q2 − 4k3r3|∇Γq|2) dσdt− B1. (3.23)

Also |∇∆w|2 = |∂ν∆w|2 + 4k2|r∇Γq + q∇Γr|2. Use |a + b|2 ≤ (1 + 1/8)|a|2 + 9|b|2, remembering
that 2kr < 0, to obtain

E
∫
Σ
2kr|∇∆w|2 dσdt ≥ E

∫
Σ
(2kr|∂ν∆w|2 + 9k3r3|∇Γq|2) dσdt− B1. (3.24)

Noting that ∂η
∂ν < 0 on Σ, we have

E
∫
Σ
−4s3λ3ξ3

(∂η
∂ν

)3∂w

∂ν

∂∆w

∂ν
dσdt ≥ E

∫
Σ

[
16s5λ5ξ5

(∂η
∂ν

)5(∂w
∂ν

)2
+ sλξ

∂η

∂ν

(∂∆w
∂ν

)2]
dσdt.

(3.25)

Combining (3.21)–(3.25), for s ≥ CT , we have

B ≥E
∫
Σ

[
−sλξ ∂η

∂ν

(∂∆w
∂ν

)2
−34s5λ5ξ5

(∂η
∂ν

)5(∂w
∂ν

)2
+17s3λ3ξ3

(∂η
∂ν

)3
|∇Γq|2

]
dσdt− B1. (3.26)

We now estimate the last term. Thanks to the interpolation inequality(e.g., [15, Theorem 9.1]),
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(1.4), (2.12), Young’s inequality, and noting that ∂η
∂ν < 0 on Σ, we find

E
∫
Σ
17s3λ3ξ3

(∂η
∂ν

)3
|∇Γq|2dσdt

≥ −CE
∫ T

0
s3λ3ξ3

∣∣∣∂w
∂ν

∣∣∣2
H1(∂G)

dt

≥ −CE
∫ T

0
s3λ3ξ3

∣∣∣∂w
∂ν

∣∣∣6/5
L2(∂G)

∣∣∣∂w
∂ν

∣∣∣4/5
H5/2(∂G)

dt

≥ E
∫
Σ
s5λ5ξ5

(∂η
∂ν

)5(∂w
∂ν

)2
dσdt− CE

∫ T

0
e2sα⋆ |h|2H4(G)dt.

This, together with (3.26), implies that for s ≥ CT ,

B ≥E
∫
Σ

[
− sλξ

∂η

∂ν

(∂∆w
∂ν

)2
− 33s5λ5ξ5

(∂η
∂ν

)5(∂w
∂ν

)2]
dσdt− CE

∫ T

0
e2sα⋆ |h|2H4(G)dt− B1.

(3.27)

By (1.4) and (2.9), for λ ≥ C and s ≥ CT , we have

−B1 ≥ E
∫
Σ
s5λ5ξ5

(∂η
∂ν

)5(∂w
∂ν

)2
dσdt. (3.28)

Combining (3.20), (3.21), (3.27), and (3.28), for λ ≥ C and s ≥ CT , we get

2E
∫
Q
θI(−dh+∆2hdt)dx

≥ 2E
∫
Q
I2dxdt+ 2E

∫
Q
II3dx− Ce

Cλ|η|C(G)E
∫
Q
s4λ4ξ4θ2|g|2dxdt− CE

∫ T

0
e2sα⋆ |h|2H4(G)dt

+ 2E
∫
Q

[
3sλ2ξ|∇∆w · ∇η|2 + 32s3λ4ξ3|∇2w∇η∇η|2 + 8s3λ4ξ3|∇η|4|∆w|2 (3.29)

+ 22s5λ6ξ5|∇η|4|∇w · ∇η|2 − 16s5λ6ξ5|∇η|6|∇w|2 + 8s7λ8ξ7|∇η|8w2
]
dxdt

− E
∫
Σ
s5λ5ξ5

(∂η
∂ν

)5(∂w
∂ν

)2
dσdt− (A+ B2 + B3)− CE

∫
(0,T )×G1

s5λ5ξ5|∇w|2dxdt.

Step 5. In this step, we sort out the results of the previous steps and get the estimate of h.
First, we have

2E
∫
Q

[
8s3λ4ξ3|∇η|4|∆w|2 − 16s5λ6ξ5|∇η|6|∇w|2 + 8s7λ8ξ7|∇η|8w2

]
dxdt

= 2E
∫
Q

[
8s−1ξ−1(s4λ4ξ4|∇η|4w + s2λ2ξ2|∇η|2∆w)2 − 16s5λ6ξ5|∇η|6w∆w (3.30)

− 16s5λ6ξ5|∇η|6|∇w|2
]
dxdt

≥ 2E
∫
Q

[
8s−1ξ−1(s4λ4ξ4|∇η|4w + s2λ2ξ2|∇η|2∆w)2

]
dxdt−A1.
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Noting that (a+ b+ c)2 ≤ 8a2 + 2b2 + 3c2 for a, b, c ∈ R, we find

2E
∫
Q
s3λ4ξ3θ2|∇η|4|∆h|2dxdt

= 2E
∫
Q
s−1ξ−1

(
s2λ2ξ2|∇η|2∆w − 2s3λ3ξ3|∇η|2∇η∇w + s4λ4ξ4|∇η|4w − s3λ4ξ3|∇η|4w

− s3λ3ξ3|∇η|2∆ηw
)2
dxdt (3.31)

≤ 2E
∫
Q
[8s−1ξ−1(s4λ4ξ4|∇η|4w + s2λ2ξ2|∇η|2∆w)2 + 8s5λ6ξ5|∇η|4|∇w · ∇η|2]dxdt+A1.

Using (2.7) and (2.9), we obtain that for s ≥ C(T 1/2 + T ),

2E
∫
Q
II3dx ≥ −E

∫
Q
I2dxdt−A. (3.32)

Thanks to (1.4), we get

E
∫
(0,T )×G1

s5λ5ξ5|∇w|2dxdt ≤ CE
∫
(0,T )×G1

(s7λ7ξ7θ2|h|2 + s5λ5ξ5θ2|∇h|2)dxdt. (3.33)

For the left hand side of (3.29), we have

2E
∫
Q
θI(−dh+∆2hdt)dx ≤ E

∫
Q
I2dxdt+ E

∫
Q
θ2f2dxdt. (3.34)

From (3.29)–(3.34), for λ ≥ C and s ≥ C(T 1/2 + T ), we obtain that

E
∫
Q
θ2f2dxdt+ Ce

Cλ|η|C(G)E
∫
Q
s4λ4ξ4θ2|g|2dxdt+ C

(
A+ B2 + B3 + |esα⋆h|2L2

F(0,T ;H4(G))

)
+ C

[
E
∫
(0,T )×G1

(
s7λ7ξ7θ2|h|2 + s5λ5ξ5θ2|∇h|2 + s3λ4ξ3θ2|∆h|2

)
dxdt

]
(3.35)

≥ s3λ4E
∫
Q
ξ3θ2|∆h|2dxdt.

Thanks to Remark 2.4, for λ ≥ C and s ≥ C(T 1/2 + T ), we have

s4λ6E
∫
Q
ξ4θ2(s2λ2ξ2|h|2 + |∇h|2)dxdt

≤ C
(
E
∫
(0,T )×G1

s6λ8ξ6θ2|h|2dxdt+ E
∫
Q
s3λ4ξ3θ2|∆h|2dxdt

)
. (3.36)

Hence, combining (2.9), (3.2), (3.35) and (3.36), for λ ≥ C and s ≥ C(T 1/2 + T ), we obtain

E
∫
Q
θ2f2dxdt+ Ce

Cλ|η|C(G)E
∫
Q
s4λ4ξ4θ2|g|2dxdt+ C

(
A3 + B2 + B3 + |esα⋆h|2L2

F(0,T ;H4(G))

)
+ C

[
E
∫
(0,T )×G1

(s7λ8ξ7θ2|h|2 + s5λ5ξ5θ2|∇h|2 + s3λ4ξ3θ2|∆h|2)dxdt
]

(3.37)
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≥ E
∫
Q
(s6λ8ξ6θ2|h|2 + s4λ6ξ4θ2|∇h|2 + s3λ4ξ3θ2|∆h|2)dxdt.

With the help of Lemma 2.4 and (2.9), we can absorb B2,B3, and |esα⋆h|2
L2
F(0,T ;H4(G))

.

Thanks to (3.37), for λ ≥ C and s ≥ C(T 1/2 + T ), we have

CE
∫
Q
θ2f2dxdt+ Ce

Cλ|η|C(G)E
∫
Q
s4λ4ξ4θ2|g|2dxdt+ CA3

+ C
[
E
∫
(0,T )×G1

(
s7λ8ξ7θ2|h|2 + s5λ5ξ5θ2|∇h|2 + s3λ4ξ3θ2|∆h|2

)
dxdt

]
(3.38)

≥ E
∫
Q

(
s6λ8ξ6θ2|h|2 + s4λ6ξ4θ2|∇h|2 + s3λ4ξ3θ2|∆h|2

)
dxdt.

Next, we estimate A3. Letting h̃ = sλ2ξesαh, we have

E
∫
Q
|∆h̃|2dxdt ≤ CE

∫
Q

(
s6λ8ξ6θ2|h|2 + s4λ6ξ4θ2|∇h|2 + s2λ4ξ2θ2|∆h|2

)
dxdt. (3.39)

Since h̃ = 0 on Σ, it follows that

|h̃|2L2
F(0,T ;H2(G)) ≤ C|∆h̃|2L2

F(0,T ;L2(G)). (3.40)

Noting that

E
∫
Q
s2λ4ξ2θ2|∇2h|2dxdt ≤ C|h̃|2L2

F(0,T ;H2(G)) + CE
∫
Q

(
s6λ8ξ6θ2|h|2 + s4λ6ξ4θ2|∇h|2

)
dxdt,

by (2.9), (3.2), (3.38)–(3.40), for λ ≥ C and s ≥ C(T 1/2 + T ), we obtain

CE
∫
Q
θ2f2dxdt+ Ce

Cλ|η|C(G)E
∫
Q
s4λ4ξ4θ2|g|2dxdt

+ C
[
E
∫
(0,T )×G1

(
s7λ8ξ7θ2|h|2 + s5λ5ξ5θ2|∇h|2 + s3λ4ξ3θ2|∆h|2

)
dxdt

]
(3.41)

≥ E
∫
Q

(
s6λ8ξ6θ2|h|2 + s4λ6ξ4θ2|∇h|2 + s3λ4ξ3θ2|∆h|2 + s2λ4ξ2θ2|∇2h|2

)
dxdt.

We are now ready to estimate the local terms on ∇h and ∆h. Let us introduce a cut-off function
ψ such that

ψ ∈ C∞
0 (G0), ψ = 1 in G1, 0 ≤ ψ ≤ 1. (3.42)

Using Itô’s formula and (3.1), we get

d(ψ4ξ3θ2h2) =
(
2sψ4ξ3αt + 3ψ4ξ2ξt

)
θ2h2dt+ ψ4ξ3θ2g2dt+ 2ψ4ξ3θ2hdh.

Hence,

0 =E
∫
Q0

(
2sψ4ξ3αt + 3ψ4ξ2ξt

)
θ2h2dxdt+ E

∫
Q0

ψ4ξ3θ2g2dxdt+ E
∫
Q0

2ψ4ξ3θ2h∆2hdxdt

− E
∫
Q0

2ψ4ξ3θ2hfdxdt. (3.43)
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From (3.42) and integration by parts, it follows that

E
∫
Q0

s3λ4ξ3ψ4θ2|∆h|2dxdt

≤ E
∫
Q0

s3λ4ξ3ψ4θ2h∆2hdxdt+ CE
∫
Q0

s5λ6ξ5ψ4θ2|∇h|2dxdt (3.44)

+ CE
∫
Q0

s7λ8ξ7θ2h2dxdt+ CE
∫
Q
s3λ4ξ3θ2(|h|2 + |∇h|2)dxdt.

For s ≥ CT , we also have∣∣∣E∫
Q0

2s3λ4ξ3ψ4θ2hfdxdt
∣∣∣ ≤ CE

∫
Q0

s6λ8ξ6θ2h2dxdt+ CE
∫
Q
θ2f2dxdt (3.45)

and ∣∣∣E∫
Q0

s3λ4(2sψ4ξ3αt + 3ψ4ξ2ξt)θ
2h2dxdt

∣∣∣ ≤ CE
∫
Q0

s7λ8ξ7θ2h2dxdt. (3.46)

Using integration by parts, we obtain

E
∫
Q0

s5λ6ξ5ψ4θ2|∇h|2dxdt ≤ εE
∫
Q0

s3λ4ξ3ψ4θ2|∆h|2dxdt+ Cε−1E
∫
Q0

s7λ8ξ7θ2h2dxdt. (3.47)

From (3.42)–(3.47), letting ε > 0 small enough, for λ ≥ C and s ≥ CT , it follows that

E
∫
(0,T )×G1

(s5λ5ξ5θ2|∇h|2 + s3λ4ξ3θ2|∆h|2)dxdt

≤ C
[
E
∫
Q
θ2f2dxdt+ E

∫
Q0

s7λ8ξ7θ2h2dxdt+ E
∫
Q
s3λ4ξ3θ2(|h|2 + |∇h|2)dxdt (3.48)

+ e
Cλ|η|C(G)E

∫
Q
s4λ4ξ4θ2|g|2dxdt

]
.

Combining (3.41) and (3.48), for λ ≥ C and s ≥ C(T 1/2 + T ), we deduce

C
[
E
∫
Q
θ2f2dxdt+ e

Cλ|η|C(G)E
∫
Q
s4λ4ξ4θ2|g|2dxdt+ E

∫
Q0

s7λ8ξ7θ2|h|2dxdt
]

≥ E
∫
Q

(
s6λ8ξ6θ2|h|2 + s4λ6ξ4θ2|∇h|2 + s3λ4ξ3θ2|∆h|2 + s2λ4ξ2θ2|∇2h|2

)
dxdt.

By a density argument, we obtain (1.5).

4 Proof of Theorem 1.2

In this section, we use the Carleman estimate (1.5) to prove Theorem 1.2.

Proof of Theorem 1.2. We first consider the case T ∈ (0, 1]. Thanks to (1.5), and choosing λ = C
and s = C(1 + r21), we deduce that

E
∫
Q
ξ6θ2|z|2dxdt ≤ C(1 + r21)

(
E
∫
Q0

ξ7θ2|z|2dxdt+ E
∫
Q
ξ4θ2|a3z + Z|2dxdt

)
. (4.1)
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Recalling (1.3), it follows from (4.1) that

inf
x∈G

(e2sα(T/4,x)ξ6(T/2, x))E
∫ 3T/4

T/4

∫
G
z2dxdt ≤ E

∫
Q
e2sαξ6z2dxdt

≤ C(1 + r21)
[
E
∫
Q0

e2sαξ7z2dxdt+ E
∫
Q
e2sαξ4(a3z + Z)2dxdt

]
≤ sup

(t,x)∈Q

[
e2sα(t,x)(ξ7(t, x) + ξ4(t, x))

]
· C(1 + r21)

[
E
∫
Q0

z2dxdt+ E
∫
Q
(a3z + Z)2dxdt

]
.

Therefore,

E
∫ 3T/4

T/4

∫
G
z2dxdt ≤ CeC(1+r21)T

−1
[
E
∫
Q0

z2dxdt+ E
∫
Q
(a3z + Z)2dxdt

]
. (4.2)

Thanks to Itô’s formula, we find that for 0 ≤ t1 ≤ t2 ≤ T ,

E
∫
G
z2(t2)dx− E

∫
G
z2(t1)dx = E

∫ t2

t1

∫
G
d(z2)dx ≥ −C(1 + r21)E

∫ t2

t1

∫
G
z2dxdt

Thus, in terms of the Gronwall inequality, for 0 ≤ t1 ≤ t2 ≤ T ,

E
∫
G
z2(t1)dx ≤ CeCT (1+r21)E

∫
G
z2(t2)dx. (4.3)

From (4.2) and (4.3), we deduce

E
∫
G
z2(0)dx ≤ CeC(1+r21)T

−1
[
E
∫
Q0

z2dxdt+ E
∫
Q
(a3z + Z)2dxdt

]
.

Next, we deal with the case T > 1. By the result for T = 1 shown above, we have

E
∫
G
z2(0)dx ≤ CeC(1+r21)

(
|z|2L2

F(0,1;L
2(G0))

+ |a3z + Z|2L2
F(0,1;L

2(G))

)
≤ CeC(1+r21)(T

−1+1)
(
|z|2L2

F(0,T ;L2(G0))
+ |a3z + Z|2L2

F(0,T ;L2(G))

)
.

This completes the proof of Theorem 1.2.

A Proof of the weighted identity

Proof of Theorem 2.1. It is clear that

θdh = dw − sαtwdt, (A.1)

and

θ∆2h = ∆2w − 4sλξ∇η · ∇∆w − 4sλ2ξ(∇2w∇η∇η)− 4sλξ

n∑
i,j=1

ηxixjwxixj + 2s2λ2ξ2|∇η|2∆w

− 2sλ2ξ|∇η|2∆w − 2sλξ∆η∆w + 4s2λ2ξ2(∇2w∇η∇η)− 4∇∆ℓ · ∇w
+ 12s2λ3ξ2|∇η|2∇η∇w + 8s2λ2ξ2(∇2η∇η∇w)− 4s3λ3ξ3|∇η|2∇η∇w (A.2)

+ 4s2λ2ξ2∆η∇η∇w + 4(∇ℓ · ∇∆ℓ)w + 2|∇2ℓ|2w −∆2ℓw − 6s3λ4ξ3|∇η|4w
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− 4s3λ3ξ3(∇2η∇η∇η)w + s4λ4ξ4|∇η|4w − 2s3λ3ξ3|∇η|2∆ηw + |∆ℓ|2w.

From (2.3)–(2.7), (A.1), and (A.2), it follows that

2θI(−dh+∆2hdt) = 2I(I1 + I2 + I3).

We will compute II2 under the form
6∑

i=1

6∑
j=1

Iij , where Iij is the product of the i-th term of I

with the j-th term of I2.
By direct computations, we get the following equalities:

I11 =

n∑
i,j,k,p=1

(
Φp
1wxkxkxpwxixixj −

1

2
Φj
1wxkxkxpwxixixp

)
xj

dt−
n∑

i,j,k,p=1

Φp
1xj
wxkxkxpwxixixjdt

+
1

2

n∑
i,j,k,p=1

Φp
1xp
wxkxkxjwxixixjdt,

I12 =
n∑

i,j,p=1

(
Φ2wxixixjwxpxp −

1

2
Φ2xjwxpxpwxixi

)
xj

dt− Φ2|∇∆w|2dt+ 1

2
∆Φ2|∆w|2dt,

I13 =

n∑
i,j,k,p=1

(
Φkp
3 wxkxpwxixixj − Φkp

3 wxkxpxjwxixi +Φkp
3xj
wxkxpwxixi +Φkj

3 wxkxpxpwxixi

− 1

2
Φjp
3xp
wxkxk

wxixi − 2Φkp
3xi
wxkxpwxixj + 2Φkj

3xp
wxixk

wxixp − Φkp
3xj
wxixk

wxixp

)
xj

dt

−
n∑

i,j,k,p=1

Φkp
3 wxjxjxk

wxixixpdt−
n∑

i,j,k,p=1

Φkp
3xjxj

wxkxpwxixidt+
1

2

n∑
k,p=1

Φkp
3xkxp

|∆w|2dt

+ 2
n∑

i,j,k,p=1

Φkp
3xixj

wxkxpwxixjdt− 2
n∑

i,j,k,p=1

Φkp
3xjxp

wxixjwxixk
dt+

n∑
i,j,k,p=1

Φkp
3xjxj

wxixpwxixk
dt.

I14 =

n∑
i,j,k=1

(
Φk
4wxixixjwxk

− Φk
4xi
wxixjwxk

− Φk
4wxixjwxixk

+Φk
4xixj

wxiwxk
− 1

2
Φj
4xixk

wxiwxk

+
1

2
Φj
4w

2
xixk

)
xj

dt−
n∑

i,j,k=1

Φk
4xixjxj

wxiwxk
dt+

n∑
i,j,k=1

1

2
Φk
4xixjxk

wxiwxjdt

+ 2
n∑

i,j,k=1

Φk
4xj
wxixjwxixk

dt− 1

2

n∑
i,j,k=1

Φk
4xk
w2
xixj

dt,

I15 =

n∑
i,j=1

(
Φ5wxixixjw − Φ5xjwxixiw +Φ5xixiwxjw − 1

2
Φ5xixixjw

2 − Φ5wxixiwxj + 2Φ5xiwxiwxj

− Φ5xjw
2
xi

)
xj

dt+
1

2

n∑
i,j=1

Φ5xixixjxjw
2dt− 2

n∑
i,j=1

Φ5xixjwxiwxjdt+Φ5|∆w|2dt;

I21 =
1

2

n∑
i,j,k=1

(Ψ2Φ
j
1wxixiwxkxk

)xjdt−
1

2

n∑
k=1

(Ψ2Φ
k
1)xk

|∆w|2dt, I22 = Φ2Ψ2|∆w|2dt,
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I23 =

n∑
j,k,p=1

[
Ψ2Φ

kp
3 wxjwxkxp − (Ψ2Φ

jp
3 )xk

wxk
wxp +

1

2
(Ψ2Φ

kp
3 )xjwxk

wxp −Ψ2Φ
kj
3 wxpwxkxp

+
1

2
(Ψ2Φ

jp
3 )xpw

2
xk

]
xj

dt+

n∑
j,k,p=1

(Ψ2Φ
kp
3 )xjxk

wxjwxpdt−
1

2

n∑
j,k,p=1

(Ψ2Φ
kp
3 )xjxjwxk

wxpdt

− 1

2

n∑
j,k,p=1

(Ψ2Φ
kp
3 )xkxpw

2
xj
dt+

n∑
j,k,p=1

Ψ2Φ
kp
3 wxjxk

wxjxpdt,

I24 =

n∑
j,k=1

(
Ψ2Φ

k
4wxjwxk

− 1

2
Ψ2Φ

j
4w

2
xk

)
xj

dt−
n∑

j,k=1

(Ψ2Φ
k
4)xjwxjwxk

dt+
1

2

n∑
j,k=1

(Ψ2Φ
k
4)xk

w2
xj
dt,

I25 =

n∑
j=1

[
Ψ2Φ5wxjw − 1

2
(Ψ2Φ5)xjw

2
]
xj

dt+
1

2

n∑
j=1

(Ψ2Φ5)xjxjw
2dt−Ψ2Φ5|∇w|2dt;

I31 =

n∑
i,j,k,p=1

(
Ψik

3 Φp
1wxixk

wxpxj −
1

2
Ψij

3 Φ
p
1wxixk

wxkxp

)
xj

dt−
n∑

i,j,k,p=1

(Ψij
3 Φ

p
1)xk

wxixjwxkxpdt

+
1

2

n∑
i,j,k,p=1

(Ψij
3 Φ

p
1)xiwxjxk

wxkxpdt,

I32 =

n∑
i,j,p=1

[
Ψij

3 Φ2wxiwxpxp − (Ψip
3 Φ2)xpwxiwxj +

1

2
(Ψij

3 Φ2)xiw
2
xp

−Ψip
3 Φ2wxiwxjxp

+
1

2
(Ψip

3 Φ2)xjwxiwxp

]
xj

dt+
n∑

i,j,p=1

(Ψij
3 Φ2)xjxpwxiwxpdt−

1

2

n∑
i,j,p=1

(Ψij
3 Φ2)xixjw

2
xp
dt

− 1

2

n∑
i,j,p=1

(Ψij
3 Φ2)xpxpwxiwxjdt+

n∑
i,j,p=1

Ψij
3 Φ2wxixpwxjxpdt,

I33 =

n∑
i,j,k,p=1

[
Ψip

3 Φ
kj
3 wxixpwxk

− (Ψij
3 Φ

kp
3 )xpwxiwxk

+
1

2
(Ψik

3 Φjp
3 )xpwxiwxk

−Ψij
3 Φ

kp
3 wxixpwxk

+
1

2
(Ψij

3 Φ
kp
3 )xiwxpwxk

]
xj

dt+

n∑
i,j,k,p=1

(Ψij
3 Φ

kp
3 )xjxpwxiwxk

dt− 1

2

n∑
i,j,k,p=1

(Ψij
3 Φ

kp
3 )xkxpwxiwxjdt

− 1

2

n∑
i,j,k,p=1

(Ψij
3 Φ

kp
3 )xixjwxpwxk

dt+
n∑

i,j,k,p=1

Ψij
3 Φ

kp
3 wxixpwxkxjdt,

I34 =
1

2

n∑
i,j,p=1

(Ψij
3 Φ

p
4wxiwxp)xjdt−

1

2

n∑
i,j,p=1

(Ψij
3 Φ

p
4)xjwxiwxpdt,

I35 =

n∑
i,j=1

[
Ψij

3 Φ5wxiw − 1

2
(Ψij

3 Φ5)xiw
2
]
xj

dt+
1

2

n∑
i,j=1

(Ψij
3 Φ5)xixjw

2dt−
n∑

i,j=1

Ψij
3 Φ5wxiwxjdt;

I41 =

n∑
i,k,j=1

[
Ψi

4Φ
k
1wxiwxkxj −

1

2
(Ψi

4Φ
k
1)xjwxiwxk

]
xj

dt+
1

2

n∑
i,k,j=1

(Ψi
4Φ

k
1)xjxjwxiwxk

dt

−
n∑

i,k,j=1

Ψi
4Φ

k
1wxixjwxkxjdt,
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I42 =

n∑
i,j=1

(
Ψi

4Φ2wxiwxj −
1

2
Ψj

4Φ2w
2
xi

)
xj

dt−
n∑

i,j=1

(Ψi
4Φ2)xjwxiwxjdt+

1

2

n∑
i,j=1

(Ψj
4Φ2)xjw

2
xi
dt,

I43 =

n∑
i,j,k=1

(
Ψi

4Φ
jk
3 wxiwxk

− 1

2
Ψj

4Φ
ik
3 wxiwxk

)
xj

dt−
n∑

i,j,k=1

(Ψi
4Φ

jk
3 )xk

wxiwxjdt

+
1

2

n∑
i,j,k=1

(Ψi
4Φ

jk
3 )xiwxjwxk

dt,

I44 =
n∑

i,j=1

Ψi
4Φ

j
4wxiwxjdt, I45 =

1

2

n∑
j=1

(Ψj
4Φ5w

2)xjdt−
1

2

n∑
j=1

(Ψj
4Φ5)xjw

2dt;

I51 =

n∑
i,k,j=1

(Ψi
5Φ

k
1wxiwxkxj )xjdt−

n∑
i,k,j=1

(Ψi
5Φ

k
1)xjwxiwxkxjdt−

n∑
i,k,j=1

Ψi
5Φ

k
1wxixjwxkxjdt,

I52 =

n∑
i,j=1

(
Ψi

5Φ2wxiwxj −
1

2
Ψj

5Φ2w
2
xi

)
xj

dt−
n∑

i,j=1

(Ψi
5Φ2)xjwxiwxjdt+

1

2

n∑
i,j=1

(Ψj
5Φ2)xjw

2
xi
dt,

I53 =
n∑

i,j,k=1

(
Ψi

5Φ
jk
3 wxiwxk

− 1

2
Ψj

5Φ
ik
3 wxiwxk

)
xj

dt−
n∑

i,j,k=1

(Ψi
5Φ

jk
3 )xk

wxiwxjdt

+
1

2

n∑
i,j,k=1

(Ψi
5Φ

jk
3 )xiwxjwxk

dt,

I54 =

n∑
i,j=1

Ψi
5Φ

j
4wxiwxjdt, I55 =

1

2

n∑
j=1

(Ψj
5Φ5w

2)xjdt−
1

2

n∑
j=1

(Ψj
5Φ5)xjw

2dt;

and

I61 =
n∑

i,j=1

[
Ψ6Φ

i
1wxixjw − (Ψ6Φ

i
1)xjwxiw +

1

2
(Ψ6Φ

j
1)xixiw

2 − 1

2
Ψ6Φ

j
1w

2
xi

]
xj

dt

− 1

2

n∑
i,j=1

(Ψ6Φ
i
1)xixjxjw

2dt+

n∑
i,j=1

(Ψ6Φ
i
1)xjwxiwxjdt+

1

2

n∑
i,j=1

(Ψ6Φ
i
1)xiw

2
xj
dt

I62 =

n∑
j=1

[
Ψ6Φ2wwxj −

1

2
(Ψ6Φ2)xjw

2
]
xj

dt+
1

2

n∑
j=1

(Ψ6Φ2)xjxjw
2dt−

n∑
j=1

Ψ6Φ2w
2
xj
dt,

I63 =
n∑

i,j=1

[
Ψ6Φ

ij
3 wwxi −

1

2
(Ψ6Φ

ij
3 )xiw

2
]
xj

dt+
1

2

n∑
i,j=1

(Ψ6Φ
ij
3 )xixjw

2dt−
n∑

i,j=1

Ψ6Φ
ij
3 wxiwxjdt,

I64 =
1

2

n∑
j=1

(Ψ6Φ
j
4w

2)xjdt−
1

2

n∑
j=1

(Ψ6Φ
j
4)xjw

2dt, I65 = Ψ6Φ5w
2dt.

Using Itô’s formula, we conclude

I16 = −
n∑

i,j=1

(wxixixjdw − wxixjdwxi)xj −
1

2
d(|∇2w|2) + 1

2
|d∇2w|2,
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I26 = −
n∑

j=1

(Ψ2wxjdw)xj +

n∑
i=1

Ψ2xi
wxidw +

1

2
d(Ψ2|∇w|2)−

1

2
Ψ2t|∇w|2dt−

1

2
Ψ2|d∇w|2,

I36 = −
n∑

i,j=1

(Ψij
3 wxidw)xj +

n∑
i,j=1

Ψij
3xj
wxidw + 2d(|sλξ∇η∇w|2)− 4

n∑
i,j=1

s2λ2ξ(ξηxj )tηxiwxiwxjdt

− 2s2λ2ξ2|∇ηd∇w|2,

I46 = −
n∑

i=1

Ψi
4wxidw, I56 = −

n∑
i=1

Ψi
5wxidw, I66 = −1

2
d(Ψ6w

2) +
1

2
Ψ6tw

2dt+
1

2
Ψ6(dw)

2.

By summing all the Iij , we get (2.8).

B Proof of Lemma 2.4

To prove Lemma 2.4, we need the following regularity estimate for the stochastic fourth order
parabolic equation.

Lemma B.1. There exists a constant C > 0, such that for all (h, g) ∈ L2
F(0, T ;H

4(G))× L2
F(0, T ;

L2(G)), and f ∈ L2
F(0, T ;L

2(G)) satisfying
dh = ∆2hdt+ fdt+ gdW (t) in Q,

h = ∆h = 0 on Σ,

h(T, ·) = 0 in G,

we have
|h|2L2

F(0,T ;H4(G)) ≤ C|f |2L2
F(0,T ;L2(G)).

Proof. The proof is standard. For the sake of completeness, we provide a sketch below. Define an
unbounded operator A on L2(G) as follows:{

D(A) =
{
φ ∈ H4(G) | φ,∆φ ∈ H1

0 (G)
}
,

Aφ = ∆2φ, ∀φ ∈ D(A).

Denote by 0 < µ1 < µ2 ≤ · · · the eigenvalues of A and by {ϕi}∞i=1 ⊂ D(A) the corresponding
eigenfunctions such that |ϕi|L2(G) = 1 (i = 1, 2, 3, · · · ), which serves as an orthonormal basis of
L2(G). Thanks to the regularity for solutions to the elliptic equations (see [15, Chapter 2, Theorem
5.1]), we have ϕi ∈ H8(G), and ∆3ϕi = 0 on ∂G for i = 1, 2, 3, · · ·

For i = 1, . . . ,m, consider the following backward stochastic differential equations{
dcmi = µic

m
i dt+ (f, ϕi)L2(G)dt+ gmi dW (t),

cmi (T ) = 0
(B.1)

We have (f, ϕi)L2(G) ∈ L2
F(0, T ;R). According to the classical theory of backward stochastic differ-

ential equations (see [20, Theorem 4.2]), we know that there is a unique solution (cmi (·), gmi (·)) ∈
L2
F(Ω;C([0, T ];R))× L2

F(0, T ;R) for i = 1, . . . ,m.
Denote

hm =
m∑
i=1

cmi (t)ϕi. (B.2)
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From (B.1) and (B.2), we get

dhm = ∆2hmdt+ fmdt+ gmdW (t),

where fm =
m∑
i=1

(f, ϕi)L2(G)ϕi, g
m =

m∑
i=1

gmi ϕi and h
m(T ) ≡ 0.

Using Itô’s formula, we get that

d(hm∆2hm) = (∆2hm)2dt+ fm∆2hmdt+ hm∆4hmdt+ hm∆2fmdt+ gm∆2gmdt

+ gm∆2hmdW (t) + hm∆2gmdW (t).
(B.3)

Integrating the equality (B.3) on Q, taking expectation in both sides, we obtain

−
∫
G
hm(0)∆2hm(0)dx = E

∫
Q

[
(∆2hm)2 + fm∆2hm + hm∆4hm + hm∆2fm + gm∆2gm

]
dxdt.

(B.4)

Thanks to (B.2), we get

−
∫
G
hm(0)∆2hm(0)dx = −

m∑
i=1

µi(c
m
i (0))2 ≤ 0. (B.5)

Utilizing integration by parts, noting hm = ∆hm = ∆2hm = ∆3hm = fm = ∆fm = gm =
∆gm = 0 on Σ, we have

E
∫
Q
[hm∆4hm + hm∆2fm + gm∆2gm]dxdt = E

∫
Q
[(∆2hm)2 + fm∆2hm + (∆gm)2]dxdt. (B.6)

Combining (B.4)–(B.6), using Cauchy’s inequality, we find

E
∫
Q
|∆2hm|2dxdt ≤ CE

∫
Q
|fm|2dxdt. (B.7)

Thanks to elliptic regularity theory (see [16, Chapter 4, Theorem 4.1]), we get

|hm|2L2
F(0,T ;H4(G)) ≤ C|∆2hm|2L2

F(0,T ;L2(G)). (B.8)

Combining (B.7) and (B.8), we have

|hm|2L2
F(0,T ;H4(G)) ≤ C|fm|2L2

F(0,T ;L2(G)).

Therefore {hm}∞m=1 is bounded in L2
F(0, T ;H

4(G)), and there exists a subsequence, which is still
denoted by {hm}∞m=1, such that hm weakly convergence to h̃ ∈ L2

F(0, T ;H
4(G)) as m tends to

∞. On the other hand, thanks to the well-posedness of backward stochastic evolution equations
(see [20, Theorem 4.11]), we know that lim

m→∞
|hm − h|L2

F(0,T ;L2(G)) = 0. Hence, h̃ = h for a.e.

(t, x, ω) ∈ [0, T ]×G× Ω and

|h|L2
F(0,T ;H4(G)) ≤ lim inf

m→∞
|hm|L2

F(0,T ;H4(G)) ≤ C|f |L2
F(0,T ;L2(G)).

Proof of Lemma 2.4 . Using the trace inequality (e.g., [15, Theorem 9.4]) and interpolation in-
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equality between Sobolev spaces (e.g., [15, Theorem 9.1]), we have

∥∇2h∥2L2(∂G) ≤ C∥h∥H2(G)∥h∥H3(G),

∥∇3h∥2L2(∂G) ≤ C∥h∥H3(G)∥h∥H4(G).
(B.9)

By (B.9), (2.12), and interpolation results between the Hilbert spaces L2
F(0, T ;H

r(G))(r ∈ [0, 4])
(see [15, Chapter 1, Remark 14.4]), we have

E
∫
Σ
s

9
4λ3ξ

9
4 θ2|∇2h|2dσdt = E

∫ T

0
s

9
4λ3ξ

9
4
⋆ e

2sα⋆ |∇2h|2L2(∂G)dt

≤ CE
∫ T

0
s

9
4λ3ξ

9
4
⋆ e

2sα⋆ |h|H2(G)|h|H3(G)dt

≤ CE
∫ T

0
s

9
4λ3ξ

9
4
⋆ e

2sα⋆ |h|
3
4

L2(G)
|h|

5
4

H4(G)
dt

≤ C
(
E
∫
Q
s6λ8ξ6θ2h2dxdt+ E

∫ T

0
e2sα⋆ |h|2H4(G)dt

)
,

(B.10)

where we use α ≥ α⋆ and ξ ≥ ξ⋆ in Q.
Similarly, we can obtain that

E
∫
Σ
s

3
4λξ

3
4 θ2|∇3h|2dσdt ≤ CE

∫ T

0
s

3
4λξ

3
4
⋆ e

2sα⋆ |h|
1
4

L2(G)
|h|

7
4

H4(G)
dt

≤ C
(
E
∫
Q
s6λ8ξ6θ2h2dxdt+ E

∫ T

0
e2sα⋆ |h|2H4(G)dt

)
. (B.11)

To estimate E
∫ T
0 e2sα⋆ |h|2H4(G)dt, we set h⋆ = esα⋆h. This function satisfies
− dh⋆ +∆2h⋆dt =

[
esα⋆f − (esα⋆)th

]
dt+ esα⋆gdW (t) in Q,

h⋆ = ∆h⋆ = 0 on Σ,

h⋆(T, ·) = 0 in G,

where we use lim
t→T−

esα⋆ = 0.

Thanks to Lemma B.1 and (2.9), for s ≥ CT 1/2, we have

E
∫ T

0
e2sα⋆ |h|2H4(G)dt = |h⋆|2L2

F(0,T ;H4(G)) ≤ C
∣∣esα⋆f − (esα⋆)th

∣∣2
L2
F(0,T ;L2(G))

≤ C
(
E
∫
Q
θ2|f |2dxdt+ E

∫
Q
s6ξ6θ2h2dxdt

)
. (B.12)

Combining (B.10)–(B.12), the proof is complete.
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