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Abstract

This paper addresses the geometric inverse problem of simultaneously recovering two unknown deter-
ministic source supports in a stochastic parabolic equation, where one source appears in the drift term
and the other in the diffusion term. We establish that partial boundary flux measurements alone uniquely
determine both supports. Moreover, we prove the existence of minimizers for a perimeter-regularized
objective functional. For smooth interfaces, we derive a Hadamard-type boundary representation of the
shape derivative. To the best of our knowledge, this is the first such formula for the simultaneous recovery
of a drift-source support and a diffusion-source support in an SPDE setting. The derivative exhibits a
genuinely stochastic two-channel structure: the adjoint state governs the sensitivity of the drift-source in-
terface, while the martingale component controls the sensitivity of the diffusion-source interface. Based
on this formula, we develop a shape-gradient reconstruction method. Numerical experiments demon-
strate its effectiveness and its capacity to distinguish between the two source channels under both full
and partial boundary observations.

Keywords: Geometric inverse source problems, stochastic parabolic equations, shape calculus, unique-
ness

1 Introduction

Geometric inverse problems seek to recover an unknown interface, inclusion, or source support from indirect
measurements generated by a partial differential equation. When the unknown is a geometric set represented
by its characteristic function, shape calculus provides a natural variational framework (see [1, 9, 18, 36,
39] and references therein). This approach is well established for deterministic equations. In the present
paper, we extend it to stochastic partial differential equations and study the simultaneous recovery of two
deterministic source supports in a stochastic parabolic equation from partial boundary flux measurements.
One support enters the drift channel, and the other enters the diffusion channel.

Throughout, T > 0 is fixed, and G C R", n > 2, is a bounded C? domain. The observation set I is
a nonempty relatively open subset of G, and K CC G is a fixed compact set. We work on a complete
filtered probability space (2, F, F,P) carrying a one-dimensional standard Brownian motion {W(¢)};>0. The
filtration F = {F; }+>0 is the augmented natural filtration. We denote by F the progressive o-field with respect
to F and by v the unit outward normal on 0G.

Let H be a Banach space. We use the following standard spaces of H-valued stochastic processes:
o L2(0,T;H) denotes the space of all H-valued F-adapted processes X (-) with E(||X(')||2L2(0,T;H)) < 0.
o L°(0,T;H) denotes the space of all essentially bounded H-valued F-adapted processes.
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o L2(;C([0,T];H)) denotes the space of all H-valued F-adapted continuous processes X (-) satisfying
E(”X(')H%([O,T];H)) < 0.

All these spaces are equipped with their usual norms; see [33, Section 2.6].
We consider the stochastic parabolic equation with two geometric source terms:

du = (Au+ xp, + au) dt + (bu + xp,) dW(t) in (0,T) x G,
u =0, on (0,T) x 9G, (1.1)
u(0,x) = ug in G,

where a € Lg°(0,T; L>=(G)), b € LL(0,T; Wh(Q)), up € H}(G), and xp, is the characteristic function of
a measurable set D; C K, i = 0,1. The set Dy supports the drift source and D; the diffusion source; the
two sets may intersect, coincide, or one may be empty.

Problem 1 (Geometric inverse source problem). Determine the source supports (Do, D1) from the partial
boundary fluz Ou/Ov on (0,T) x T'.

Remark 1.1. A concrete motivation for Problem 1 is thermal source localization under uncertain operating
conditions. In electronic packages, inverse parabolic-conduction methods locate internal hot spots from
surface measurements [24], and stochastic models account for non-stationary random thermal loads [27].
In a linearized stochastic model, Dy represents the region of persistent mean parabolic release, while D,
localizes the amplitude of random parabolic-release fluctuations.

Geometric reconstruction of discontinuous sources and inclusions has been extensively studied for de-
terministic parabolic equations. Hettlich and Rundell investigated the recovery of source supports and
discontinuous sources in parabolic equations [20]. Their work treats a discontinuous source in the parabolic
equation and can be seen as a direct deterministic precursor to our model. Shape-optimization approaches
to parabolic interface identification were developed in [5, 16, 17, 19], boundary-data formulations in [7], and
sparse boundary-flux reconstruction in [28, 29]. Recent advances include reduced-order reconstruction of
geometric parabolic sources [22] and moving shape identification for parabolic sources and potentials [13].
These results confirm the effectiveness of geometry-aware formulations for unknowns with sharp interfaces,
but all concern deterministic evolution equations.

A distinct direction is shape optimization under uncertainty, where deterministic geometry is paired with
random loads or coefficients; see [6, 8]. The closest framework is the stochastic product-shape optimization of
[14, 15]: the unknown (Dy, D1) is a deterministic pair of shapes, the state is random, and the objective is an
expected shape functional. The mathematical structures, however, differ in three key respects. First, their
forward models rely on random-parameter PDEs that reduce to deterministic elliptic problems per realization,
whereas ours is a genuinely stochastic parabolic equation. Second, their shapes are nonintersecting, while our
Dy and D are additive source supports that may overlap. Third, their shape gradient uses a deterministic
adjoint per realization, whereas the sensitivity of our diffusion support D; is governed by the martingale
component g of a backward stochastic adjoint equation.

Inverse problems governed by genuinely stochastic PDEs are far less developed. As emphasized in the
survey [34], the literature remains limited and many fundamental questions are open. Lii [31] proved a
single-source uniqueness result for a stochastic parabolic equation via a global Carleman estimate. Simul-
taneous identification of function-valued sources in both the drift and diffusion channels has been obtained
for stochastic wave equations [44], stochastic parabolic equations [45], and stochastic Grushin equations [43].
More recently, Wang, Yang, and Zhang [41] showed that partial boundary-flux data determine the temporal
strength | f(t)| of a separable random source g(x)f(¢£)dW (t) in stochastic parabolic and wave equations. A
distinct line of research concerns frequency-domain inverse scattering with random-field sources; for instance,
[25] recovers the principal symbols of the covariance and relation operators of a generalized Gaussian random
source from far-field patterns, rather than identifying sources in the drift and diffusion terms.

Moreover, available inverse source results for SPDEs rely on structural assumptions. For instance, the
separated-source framework in [32, Chapters 3—4] requires a prescribed nonvanishing factor together with
geometric, regularity, separability, and sometimes terminal-measurement conditions. These hypotheses do
not accommodate a general characteristic function xp of an unknown support. In our setting, the unknowns
are the characteristic functions of two independently varying sets that may overlap, and we use only partial
boundary-flux data without terminal observation. Differentiating a characteristic source yields a distribution
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supported on its interface, not an admissible L? or H! source, so existing Carleman arguments may not apply
directly. Our uniqueness proof instead separates the two channels: expectation and a deterministic inverse-
source argument for the drift source, and a stochastic transposition identity, It6 isometry, and approximate
boundary reachability for the diffusion source.

We formulate the reconstruction as a perimeter-regularized shape optimization problem. Given noisy
partial boundary data g € LZ(0,T; L?(T")), we seek

i Dy, D 1.2
(00 B P01 2
where 1 ’ du ’
J(D07 Dl) = iE % — dU dt + ﬁ()PG(D()) + ﬁlPG(Dl),
o Jr
with regularization parameters fy, 1 > 0 and admissible class
Ag :={(Do, D1) : Do, Dy are measurable subsets of K}. (1.3)
The relative perimeter Pg(D) of a measurable set D C G is
Pa(D) = SUP{/ divgdzr : ¢ € Co(G;R™), ||l ~(a) < 1}~ (1.4)
D

The boundary flux du/dv|r is well defined because the sources are compactly supported in the interior of G;
see Lemma 2.3.

Beyond uniqueness, the present formulation provides a perimeter-regularized existence theory, a shape-
gradient reconstruction method, and a genuinely stochastic boundary shape derivative. The central novelty is
the interplay between the two source channels and the stochastic adjoint structure. In the shape-optimization
framework, the natural adjoint is a backward stochastic parabolic equation whose solution consists of two
adapted components: the adjoint state p and the martingale component q. The shape derivative, obtained in
boundary form in the spirit of deterministic boundary shape-gradient methods [21, 47], exhibits a genuinely
stochastic two-channel structure: p determines the sensitivity of the drift interface 0Dy, while ¢ determines
the sensitivity of the diffusion interface dD;. This structure also creates a computational difficulty. Unlike a
deterministic adjoint, the backward stochastic equation cannot be solved by direct time reversal; its backward
recursion involves conditional expectations. One of these conditional expectations determines the martingale
component, and its accurate approximation is a main computational challenge [10, 26, 35, 46].

The main contributions are as follows. ) ) )
(i) We formulate a two-support geometric inverse source problem for the stochastic parabolic equation

B {7%/1) with partial boundary-flux data and two independently varying source supports. ) )
(ii) We prove that partial boundary-flux data alone uniquely determine both source supports, including

that of the diffusion source; see Theorem 3.1. This result is of independent interest. Unlike the
simultaneous identification framework of [45], neither a terminal-time observation nor full boundary

... data is required: the flux is measured only on an arbitrary nonempty relatively open subset I' C 9G.
(iii) We prove existence of minimizers for the perimeter-regularized functional (1.2)"on the admissible class

(1.3). The proof combines compactness of finite-perimeter sets with a local hidden boundary regularity

_ estimate for interior H~! sources, o . o
(iv) We derive the boundary shape derivative formula (6.6). The derivation requires a localization argument

and interior regularity near the moving interfaces, exploiting the compact support of the sources to

compensate for the limited regularity of stochastic parabolic equatijons. =~
(v) We propose a shape-gradient descent method based on the boundary derivative formula (6.6). The

method addresses the backward stochastic adjoint bottleneck through finite element discretization and
least-squares Monte Carlo approximation of conditional expectations; numerical experiments demon-
strate effective reconstruction of both source supports under full and partial boundary observations.
The remainder of the paper is organized as follows. Section 2 establishes forward well-posedness and
boundary regularity. Section 3 proves uniqueness of the two source supports. Section 4 proves existence of
minimizers for the perimeter-regularized objective. Section 5 recalls shape-calculus preliminaries. Section 6
develops the adjoint equation, geometric-source linearization, interior regularity near moving interfaces, and
the shape derivative formula. Sections 7 and 8 describe the numerical method and present the experiments.

2 Well-posedness and boundary regularity for forward equations

This section records the well-posedness and boundary regularity results used in the uniqueness, existence,
and shape sensitivity arguments.



For every pair (Do, D1) with D; C K, the characteristic sources belong to L?(G). By the clas-
sical well-posedness result for stochastic evolution equations, (1.1) admits a unique weak solution
u € LE(Q;C([0,T); L*(G))) N LA(0,T; Hi(G)); see, e.g., [33, Theorem 3.24].

For later use, consider the linear equation

dy = (Ay+ay + @) dt + (by + V) dW (t) in (0,T) x G,
y=0 on (0,7) x 0G, (2.1)
y(0,2) = yo(x) in G.

Definition 2.1. A process y is called a strong solution to (2.1) if y € L2(€; L*(0,T; H*(G) N H{(G))) N
L2(Q;C([0,T]; HY(G))), and if, for all t € [0,T7,

y(t) — /0 (Ay(s) + a(s)y(s)) ds = yo +/0 ®(s)ds + /0 (b(s)y(s) + ¥ (s)) dW (s), P-a.s.

Theorem 2.1 ([10, Theorem 7.3]). Let yo € Hi(G), let ® € L2(0,T; L*(G)), and let ¥ € LZ(0,T; H}(G)).
Ifa € LE(0,T; L®(G)) and b € L¥(0,T; WH(G)), then equation (2.1) admits a unique strong solution y.
Furthermore, there exists a constant C > 0 such that

[WllL2(0, 112 (@)nHL (@)NL2(Q:C (0, 7):HL (G)) < C(”q)”LL%(O,T;L?(G)) + 19l 20,112 () + ”yOHH[}(G))-

Here and in the sequel, C denotes a generic positive constant depending only on G, T', and the coefficient
bounds Ha||Lf;°(o,T;L<>°(G)) and \\b||L§o(07T;W1,x(G)), and it may change from line to line. Constants denoted
by Cys or C'x may also depend on the indicated interior support, in particular on its distance from 0G.

For f € H™(G) and a closed set K C G, the notation supp f C K means that (f, Q0>H—1(G)7H3(G) =0
for all p € C°(G \ K). For a stochastic process, this condition is imposed for a.e. (¢,w).

For fo, f1 € L2(0,T; H*(G)) and 29 € H~(G), consider the forward equation

dz = (Az+az + fo)dt + (bz + f1)dW(t) in (0,T) x G,
z2=0 on (0,T) x 0G, (2.2)
z(0) = zg in G.

It follows from standard results for stochastic evolution equations (see, e.g., [33, Theorem 3.24]) that (2.2)
admits a unique mild solution z € L&(; C([0,T]; H~(G))) N L(0,T; L*(G)) and

2l 2scqo,sm - @) Izl L2 0,2y SO foll 20,1501 + 1 fill 201 (o) + 20l -1(6)) - (2:3)

Lemma 2.2. Let M CC G and U CC G\ M be open sets. Let fo,f1 € Li(0,T; HY(G)) satisfy
supp f;(t,w) € M, i = 0,1, for a.e. (t,w). Let 2o € HY(G), and let z be the mild solution of (2.2).
Then

2l 20,731 (0y) < Omu (120l mi ey + lfollLz o, -1(ay) + 1 fillLz o, -1(a)) (2.4)
where Cpp,y depends on G, T, the coefficient bounds, and the distance between U and M, but not on 2o, fo, f1.

Proof. Step 1. In this step, we prove the estimate first for smooth adapted sources, after choosing a cutoff
away from the source support.

Choose an open set My such that M CC My CC G and U CC G\ My. Choose n € C°(G \ Ma)
such that n = 1 on U. Assume that fo, f; take values in C°(Ms). Then fo € L2(0,7T;L*(G)) and
fi € LE(0,T; H(G)). Therefore Theorem 2.1, applied to (2.1) with ® = fo and ¥ = f;, gives a strong
solution satisfying z € L2(0,T; H*(G) N H}(G)) N LA(%; C([0,T); HY(G))).

Set w := nz. Since 7 is deterministic and independent of ¢, multiplying the strong equation by n gives
the following identity in L*(G):

dw = (nAz + aw) dt + bw dW (¢).

Here nfy = nf1 = 0, because suppn N Mo = () and supp f; C M. Equivalently, using A(nz) = nAz + 2Vn -
Vz + (An)z, the localized equation becomes

dw = (Aw —2Vn - Vz — (An)z + aw) dt + bw dW (t). (2.5)
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All terms in (2.5) are L?(G)-valued in the present smooth-source setting: w € H?(G) N H}(G), while the
commutator terms are in L?(G) because z € H}(G) and 7 is smooth.
Applying 1t6’s formula to the L?(G)-valued semimartingale w = 1z and using the first form of the cutoff
equation, we obtain
w26y = 2w(D), nA () + alt)w(t)) 2 e dt + (O dt + 2(0(E)0(t), w(t)) w2y W ()
(1), Az(t)) r2(q) dt + 2(a(t)w(t), w(t)) L2(c) dt + [b(w(E)]Z2 () dt

+ (b(t)w(t)vw( ))L2(G) AW (2).
The integration by parts below is justified since n?z € H}(G) and Az € L*(G):
(P2, A2)2(c) = —/ V(n?z) - Vzdr = —/ n?|Vz|? do — 2/ nzVn-Vzdz
G G G
= =IVm2)72) + 1Vnlzl22(6)-

Substituting this identity, and recalling that w = nz, gives
dnz(®)Z2(c) + 2V (02(t) 226 dt
= [2||IV77IZ(t)H%z<G) + 2(a(t)nz(t), nz(t)) r2(q) + Hb(t)nz(t)H%Q(G)} dt +2(b(t)nz(t),nz(t)) L2(c) AW ().

Taking expectations, using the boundedness of a and b, and dropping the nonnegative terminal term give,
for every ¢ € [0, 7],

t t
E / ||V(7IZ(5))||2L2(G)CZ3§0n<||20||2Lz(G)+]E / ||z<s>%2<c>ds)-

Since n = 1 on U, this implies

12022 0,712 )y < Cull20ll726) + 12072 00,7522(6))-
Combining this with (2.3), and using [|zo||z-1(c) + |20/l 2(c) < Cll20ll (), yields (2.4) for smooth adapted
sources.

Step 2. In this step, we pass from smooth sources to rough sources.

For general fo, fi € L2(0,T; H='(G)) supported in M, choose adapted smooth approximations f¥, fF €
L3(0,T; C2°(My)) such that fF — f; in L2(0,T; H-*(G)), i = 0,1. This can be obtained by predictable
simple-process approximation in time and spatial mollification inside M,. Let z* be the corresponding
solutions. By (2.3), 2% — 2 in L2(0,T; L?(G)) and in L2(Q; C([0,T]; H~1(G))). The smooth-source estimate
gives a uniform bound for {nz*}22, in L2(0,T; H'(G)). Passing to a subsequence if necessary, {nzF}22,
converges weakly in this space. Since nz¥ — 1z strongly in L2(0,7; L*(G)), the weak limit of {nzF}22 | is
nz. Lower semicontinuity gives the same estimate for z, and the proof is complete. O

Lemma 2.3 (Local hidden boundary regularity for interior sources). Let M CC G be open, and let fo, f1 €
L2(0,T; H-Y(@Q)) satisfy supp fi(t,w) C M, i = 0,1, for a.e. (t,w). Let zo € H}(G), and let z be the
solution of (2.2). Then 8z/0v € L:(0,T; L*(0G)) and

< Cu ([l follzo,mm—(e) + il Lzo.mm1@) + 120l B2 () (2.6)

H ov L2(0,T;L2(8G))

where Cyy is independent of fo, f1, and zg.

Proof. Choose an open set Ms such that MLC My CC G. Choose ¢ € C*(G) such that ( = 1 in a
collar neighborhood Up of dG and supp( N Mz = (). Set v := (z. Choose an open set M; such that
supp V¢ Usupp A¢ C My CC G\ Ms. By Lemma 2.2, applied with the present set M and U = M, we have

21l L2 0,731 (a11y) < Ot (120l 3@y + N foll 20,16y + 1 fillz2o,mim -1 (6))- (2.7)

Consequently, F; := —2V(-Vz — (A¢)z € LE(0,T; L*(G)), and

||F<||L§(0,T;L2(G)) < CM(HZO||H5(G) + ||f0||L§(O,T;H*1(G)) + ||f1||L§(0,T;H*1(G)))-
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Since ¢ = 0 in a neighborhood of M, we have (fy = (f; = 0in H~*(G). Using the local H! regularity above,

v = (2 satisfies dv = (Av + av + F¢) dt + bu dW (1), vlog =0, v(0) = (zp. (2.8)
Moreover, |[Czol| () < Cmllzol 1 (c)- By Theorem 2.1, equation (2.8) has a strong solution with

10l 20,7512 )y < Om (20l 3y + I foll Lz o,mim -1y + 1 fill L2 0,mim—1(e)- (2.9)
Since ¢ = 1 on Uy, we have v = z in a neighborhood of dG. Therefore the normal trace of z is defined by
0z/0v := 0v/dv on (0,T) x OG. The trace theorem for H?(G) N H} (G) gives

< ClvllLz(0,r:02(0))-
Hal’ L2(0,T;L2(9G)) Hal/ LE(0,T5L*(9G)) : o

Combining this estimate with (2.9) gives (2.6). O

In particular, for the state equation (1.1) with sources (xp,, xp,) supported in K, Lemma 2.3 gives
ou

5, € L2(0,T; L*(0@)), (2.10)

so that Ou/dv|r is well defined in L2(0,T; L?(T)).

3 Uniqueness of the source supports

This section establishes one of the main theoretical results of the paper: both source supports are uniquely
determined by the partial boundary flux alone.

Assumption 3.1. Assume a(t,z,w) = ao(t,w) + c(z), with ag € Lg(0,T) and ¢ € L™(G), and b €
L (0, T; Wh(@)).

Theorem 3.1. Assume Assumption 3.1. Let (D}, Di), (D3, D?) € Ak, and let u',u® be the corresponding
solutions, belonging to L2(Q; C([0,T]; L*(G))) NLE(0,T; HY(G)), with the initial datum ug € HE(G) and the
same coefficients a,b. If Ou' JOv = du?/Ov in LE(0,T; L*(T)), then Xpy = Xpz and Xp: = Xpz a.e. inG.

Remark 3.1. The same argument gives a function-source version, showing that the uniqueness conclusion is
not restricted to characteristic sources. If the drift sources in (1.1) are replaced by deterministic functions
f7 € L*(G) and the diffusion sources by W/ € L2(0,T; H}(G)), j = 1,2, then equality of the local boundary
fluxes implies f' = f2 in L?(G) and ¥' = W2 in LZ(0,T; H}(G)). Thus the local boundary flux alone
determines both a deterministic drift source and an adapted function-valued diffusion source, without any
observation of the terminal state. This observation regime differs from that of [45], where simultaneous
determination of two sources uses observations at the final time together with lateral-boundary data. We
state Theorem 3.1 in the characteristic-source form because the inverse problem considered in this paper is
geometric and this notation keeps the presentation focused.

We now prepare the proof of Theorem 3.1. The first ingredient is the boundary unique continuation
property used to propagate zero Cauchy data from the observed boundary patch.

Lemma 3.2. Let I = (to,t;1) C R, and let ¢ € L=(I x G). Suppose that v € H'(I; L*>(G)) N L?(I; H*(G))
solves vy —Av—cv =0in I x G. Ifv =0 and Ov/0v =0 on I x T, then v = 0 in I x G. The same
conclusion holds for the backward equation —v; — Av — cv = 0 after the time reversal s = t; + to — t.

This is the homogeneous Cauchy-data consequence of [42, Theorem 5.1]; the backward assertion follows
by time reversal.
The drift part of the uniqueness proof is reduced to a deterministic separated inverse source problem.
For this purpose, define A on L?(G) by D(A) = H*(G) N H}(G) and Au = Au + c(x)u.
Lemma 3.3. Let ¢ € L*(G) be real-valued and K CC G. Assume f € L*(G), suppf C K, and r €
W1e2(0,T) satisfying r(0) # 0. If the solution of
=Ay+c(x)y+rit)f in(0,T)xG,
y=0 on (0,T) x 0G, (3.1)
y(0)=0 in G,

0
satisfies a—i =0o0n (0,T) xT, then f =0.



Lemma 3.3 appears to be known, though a precise reference is not readily found in the literature. For
completeness, we provide its proof here.

Pmof Let S(t) be the Dirichlet semigroup generated by A. The solution admits the mild representation

fo (t — s)r(s)f ds. The support condition supp f C K CC G and standard parabolic smoothing

away from K imply gy () := aS t)f |F € L2(0,T; L*(T")), and the boundary trace of the Duhamel formula is

827(;)‘p = /Otr(s)gf(t —s)ds.

Thus 28 — 0 on (O,T) X I‘ gives in L2(0,T; L*(T fo r(t — s)gg(s)ds = 0. Since r € W1>(0,7),

l/

differentiating this gives r( )+ fo (t—s)gs(s )ds =0 for a.e. t € (0,T). Hence

||7" ||L 0,7
o ()l20e) < i >/ 973 22y ds.

Gronwall’s inequality yields a%(ii)f’r =0 for a.e. t € (0, 7).

Let v(t) = S(t)f. By parabolic regularization for analytic semigroups [37, Chapter 4, Section 4.1,
Corollary 1.5], for every € € (0,T), v € H(¢,T; L*(G)) N L?(¢, T; H*(G) N H (G)), solves Oy — Av —cv = 0
in (¢,T) x G, and satisfies Ov/0v = 0 on (¢,T) x I'. By Lemma 3.2, v = 0 in (¢,T) x G. Since € > 0 is
arbitrary and S(¢)f — f in L?*(G) as t | 0, we obtain f = 0. O

Let 7 € (0,T) and ¢(z) € L®(G). Let X := H'(0,T; L*(T")) N L?(0, T; H*/?(T')). Consider the backward
boli ti
parabolic equation = Agtele)y i (nT) x G

q=1 on (T7T)XF7 (3 2)
g=0 on (1,7) x (0G\T), '
q(T)=0 in G.
Denote by ¢(+; 1) the solution to (3.2) corresponding to the control .
Lemma 3.4. (1) R(7) := {q(t;¢) : ¢ € C=((1,T) x ')} is dense in L*(G).
(2) There exists a countable set {1;};>1 C C((0,T) xT') such that
span{q(t;1;) : j > 1} is dense in L*(G), vVt e (0,T). (3.3)

Remark 3.2. The approximate controllability of (3.2) with boundary controls in L>((0,T) x I") was shown
in [12], yielding the density of the reachable set in L?(G). Although the proof of part (1) of Lemma 3.4 is
standard, it is not a direct consequence of that result, since C°((0,7) x I') is not dense in L>°((0,T") x T').
Part (2), on the other hand, appears to be new and is of independent interest for control theory.

Proof. Step 1. We prove that R(7) is dense in L?(G) by contradiction. Assume the contrary. Then there
exists ¢ € L?(G) orthogonal to R(7). Let p solve
pr=Ap+e(x)p in (1,T) x G,
p=20 on (1,T) x 0G, (3.4)
p(1) =¢ in G.
By parabolic regularization for analytic semigroups, for every 6 € (0,7 —7), p € H(7+6,T; L?(G))NL*(T +
§,T; H*(G) N HYG)). For ¢ € C=((t+4,T) x '), multiplying the equation for ¢(-;1) by p and integrating

by parts yields
0=(¢,a(1:¢))r2(G) = / 6/w—d dt. (3.5)
T+

Since § > 0 is arbitrary and C°((7 + 6,T) x I') is dense in L?((7 + 6,T) x I'), we deduce from (3.5) that
gl’j =0on (1,T) x I'. Applying Lemma 3.2 on (7 + §,T) ylelds p=0in (1 +0,T) x G. Letting ¢ | 0 and
using p € C([r,T]; L?(G)), we obtain ¢ = p(7) = 0. Hence R(7) is dense in L2(G).

Step 2. We construct a single countable family that works uniformly for all fixed times.

Define X := {¢) € H'(0,T; L*(T")) N L*(0,T; H3/?(T)) : ¢ = 0 on 9T, 9(0) = (T) = 0}. Let J :=
{(t1,t2) : 0 <ty <ty < T, t1,t2 € Q}. Since X is separable, for each J € J we may select a countable
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subset {47 };>1 C C2((0,T) x T') that is dense in C°(J x I') with respect to the X-topology. As J is

countable, the set {;};>1 := U e, {1 };>1 is countable.
Now fix t € (0,T). For any ¢ € C°((¢t,T) x I'), its support lies in J x T for some J € J. Consequently,
there exists a subsequence {¢;, }x>1 C {¢;};>1 such that

klggo 195, = ¥l e 0,12 (0" 20,13 13/2(r)) = 0.
By parabolic boundary regularity theory ([30, Chapter 4, Theorems 2.1 and 4.2]), obtained via a boundary

lifting argument and the standard L2-regularity theory for the homogeneous Dirichlet problem, the map
W +— q(t; ) is continuous from X to L?(G) for each fixed t € (0,7T). Hence,

di {lg(t:45.) = a(t;9)|L2(a) = 0.
Combined with assertion (1), this establishes (3.3). O

We now combine the drift inverse-source lemma and the boundary reachability statement to prove the
uniqueness theorem.

Proof of Theorem 3.1. Set w = u! —u?, fo = Xp: — Xpz, and fi = xp1 — xpz. Then fo, fi € L?(G) and
supp f; C K. By (1.1) and Lemma 2.3, w satisfies
dw = (Aw + fo + aw)dt + (bw + f1)dW(t) in (0,T) x G,

w=0 on (0,7) x 0G, (3.6)
w(0,z) =0 in G,
and dw/dv =0on (0,T) x T.
Step 1. Identification of the drift source. Define u(t) = exp( fo ao(s ds) and z = pw. By Itd’s

formula, dz = pdw + wdp = (Az + pfo) dt + (bz + pf1) dW(t ) so that
dz = (Az+ pfo) dt + (bz + pfr) dW(t) in (0,7) x G,
z2=0 on (0,7T) x 9G, (3.7)
z(0,2) =0 in G.
Since p is independent of x, we have 0z/0v = pdw/0v =0 on (0,T) x I.
Let ((t) = E[2(¢)] and r(¢) = E[u(t)]. Taking expectations in the variational formulation of (3.7) yields
0:¢ = AC+r(t)fo in(0,T)xG,
(=0 on (0,T) x 0G, (3.8)
¢(0,z) =0 in G.
Moreover, 9¢/0v = E[0z/0v] = 0 on (0,T) x I'. Since p(0) = 1 and p/(t) = —ag(t)u(t), we have p €
(Q; Whe(0,T)), hence r € W1°°(0,T) with 7(0) = 1. Applying Lemma 3.3 gives fo = 0 in L?(G).
Step 2. Identification of the diffusion source. With fy = 0, set FF = bz + pufi. For any ¢ €
Ce((0,T) x I'), let q(+;4) solve
—q =Aq+c(x)g in(0,T) %G,

qg=1 on (0,7)xT
gq=0 on (0,7) x (0G\T),
q(T)=0 in G.

Integration by parts gives

[ fromeorsanir=- [ [ 2o

/ ‘/ dx‘ dt = 0. (3.9)
Let {1;}52, be the countable family constructed in Lemma 3.4. For each j, (3.9) implies [, F(t,w) q(t;v;) da =
0 for a.e. (t,w). Removing the countable union of exceptional sets, we obtain a set N' C Q x (0,T) with
(P ® dt)(N) = 0 such that, for all (w,t) ¢ N, [, F(t,w)q(t; ;) dz = 0 for every j > 1. For any such fixed ¢,
Lemma 3.4 asserts that span{q(t;v;) : j > 1} is dense in L*(G). Hence F(t,w) =0 in L*(G) for a.e. (t,w).
The equation for z now reduces to 9;z = Az, z|(o,r)xac¢ = 0, 2(0) = 0, hence z = 0. Since y is bounded
away from zero, F' = bz + pf1 = 0 yields f; = 0. With fy = 0, the proof is complete. O
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4 Existence of the minimizer

This section returns to the general coefficient framework of (1.1); in particular, Assumption 3.1 is not required
here. We prove the existence of a measurable minimizer (D, D1) € Ay for the shape optimization problem
(1.2). The proof is based on the decomposition J(Dg, D1) = J1(Dg, D1) + J2(Dg, D1), where

Ji1(Do, D) = / /

Consider the set of characteristic functions (see [39, p. 32]) Char(G) = {x € L*(G) | x(1 — x) =
0, a.e. in G}. We also use the closed subset Charg (G) = {xp € Char(G) : xp =0 a.e. in G\ K}.

The perimeter term fits naturally into this framework. We therefore begin with the standard lower
semicontinuity property of the perimeter functional.

2
do dt, jQ(DO, Dl) = 6opg(Do) + ﬁlpg(Dl).

Lemma 4.1 ([39, Lemma 2.6, p. 33]). The functional xp — Pg(D) is lower semicontinuous on Char(Q)
with respect to the L*(G)-topology.

We prove the continuity of the misfit term next.

Proposition 4.2. The following functional is continuous on Charg(G) x Charg(G) with respect to the
product L*(G) x L*(G) topology:

(XDo» XDy ) = J1(Do, D1) : *E/ / < —g) do dt,

where u solves (1.1) corresponding to (Xpys XD, )-

Proof of Proposition 4.2. Fix (XDévXD}) and (XDgaXDf) in Charg (G) x Charg(G), and let u',u? be the
corresponding solutions to (1.1). Set w := u! — u2. Then w solves

dw = (Aw + aw + XDi — XDS) dt + (bw + XDl — XDf) dW(t) in (0,7) x G,

w=0 on (0,T) x 0G,

w(0,z) =0 in G.
By Lemma 2.3, applied with an open set M satisfying K C M CC G, there exists a constant Cx > 0 such

that Ow
5 < Ok (Iheog — xog -1 + ooy = xo lr-1(6)- (a.1)
Vilrz,1;120G))

Since L?(G) — H~!(G) continuously, the right-hand side is bounded by the corresponding L?(G) norms.
With the same set M, applying Lemma 2.3 directly to u/, with initial datum uy and sources (x pisXpi), and
0 1

using ”XD'Z |z2() < |G|'/? (the Lebesgue measure), yields the uniform bound

ov
By the Cauchy—Schwarz inequality, we obtain

|71 (D§, DY) — j1(DO,D2)|;‘E/OT/ [(au:g>2 (%”:g)T dadt‘

1 Haul ou?

< Ok (IG1Y2 + lluollmyy). 5= 1.2 (4.2)
L%(O,T;L2(6G))

1ijou  ou”
sl o0 "o

L2(0,T5L2(T)) H v L2(0,T; L2(F))

Combining this estimate with (4.1) and (4.2), we obtain

[7(D3, DY) = J1(D3, D3)| < Cr(uo,9) (Iy — Xpgllzze) + ot = xpellzze ) -

Hence J; (-, ) is continuous on Char (G) x Charg (G) with respect to the product L?(G) x L?(G) topology.
This completes the proof of Proposition 4.2. O

Combining Lemma 4.1, Proposition 4.2, and (1.2) gives the following lower semicontinuity result.
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Proposition 4.3. The shape functional J(-,-) is lower semicontinuous on the set Char (G) x Charg (G) C
L*(G) x L*(Q).

To pass from lower semicontinuity to existence, it remains to recover compactness for minimizing se-
quences. This is provided by the classical compactness theorem for characteristic functions with uniformly
bounded perimeter.

Lemma 4.4 ([39, Lemma 2.8, p. 34]). Let G be a bounded domain in R™. For any R > 0, the set
Char(G, R) := {xp € Char(G) | Pg(D) < R} is compact in L*(G).

The existence result is the following.

Theorem 4.5. There exists a measurable pair (Do, D1) € A such that J(Dy, D1) < J(Do, D1) for all
(DO7 Dl) € Ag.

Proof of Theorem 4.5. Let jo = J(0,0). By (2.10), jo < +oo. Since J > 0 on Ak, the case jo = 0 trivially
yields (0,0) as a minimizer. We therefore assume jo > 0 in what follows.
Set Ro := jo/Po and Ry := jo/fP1, and introduce the truncated admissible class

Kr := (Charg (G) N Char(G, Ry)) x (Charg(G) N Char(G, Ry)).

As before, we identify each admissible set with its characteristic function. We claim that minimizing over
Ak is equivalent to minimizing over Kg, i.e.,

inf J(Dy, D) = inf J(Dy, Dy). 4.3
(Do,D1)EAK (Do, D) (XpgsxDy)EKR (Do, D) (4:3)

Since Kr C Charg (G) x Charg (G), the inequality

inf j(D(), Dl) S inf L7(.D()7 Dl)
(Do,D1)eAK (Xpg>xDq)EKR

is immediate. Suppose (Dg, D1) € Agi does not belong to Kr. Then either Pg(Dg) > Ry or Pg(D1) > R;.
Because Ji(-,-) > 0, the first case gives

J (Do, D1) > BoPc(Do) > jo = T (0,0),
and the second case is analogous. Since (g, xg) € Kr, no admissible pair outside K can lower the infimum
below that over Kg. This establishes (4.3).

It remains to minimize over Kz. By Lemma 4.4, Char(G, R;) is compact in L?(G) for i = 0,1. The
subset Charg (G) is closed in L?(G), because the condition xy = 0 a.e. on G \ K is preserved under L?(G)-
convergence. Consequently, each intersection Charx (G) N Char(G, R;) is compact in L?(G), and hence Kr
is compact in L?(Q) x L*(G).

Let (DE, D¥) be a minimizing sequence in Kr. By compactness, passing to a subsequence if necessary,
there exists (Xﬁo’xﬁ1) € Kr such that xpr — XB, and xpr — Xp, n L?(G). The lower semicontinuity
established in Proposition 4.3 then yields

J (Do, Dy) < liminf J(D§, D¥) = inf  7(Do, Dy).
k— o0 (XDg>xD1)EKR
Combined with (4.3), this shows that (Do, D1) € Ag is a minimizer over the original admissible class. This
completes the proof of Theorem 4.5. O

5 Preliminaries on shape calculus

This section recalls the notions from shape calculus used below. Details can be found in [39].

From this section on, let D CC G be an open set with Lipschitz boundary. Let v be the unit outward
normal vector on dD. When the first variation of the perimeter is used later, we further assume that 0D is
of class C?.

Fix V € W, *(G;R"). For || sufficiently small, define the perturbation of identity by F(z) = z+¢eV (x),
x € G. For the shape D, define the perturbed domain
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D. = F.(D) 2 {F.(z) e R" | z € D}. (5.1)

Since V' is Lipschitz and D CC G, there exists g9 > 0 such that, for all |e| < g, the map F is bi-Lipschitz
on G, the perturbed set D, remains an open Lipschitz subdomain of G, and F.(0D) = dD.. This is the
perturbation of identity method; see [9, 18].

Definition 5.1 (Material derivative and shape derivative). Let X (D) be a Banach space of functions on

D, and let f. : D. — R be a family of functions such that f = fo. The material derivative of f at D in

the direction V is defined by f = li%lJr( fe o F. — f)/e, whenever the limit exists in X (D). If, in addition,
e—

fe Wlicl (D) and f exists, then the shape derivative of f at D in the direction V is defined by f' = f—V f-V,
whenever the right-hand side is well defined in the corresponding function space.

In the present problem, when a quantity is already defined on the fixed domain G, its derivative is
understood directly in the corresponding function space over G.

Definition 5.2. The Eulerian derivative of a shape functional J(D) at D in the direction V is defined as
dJ(D;V) = lir(r)1+(J(D5) — J(D))/e, if the limit exists.
E—

Lemma 5.1 ([9, Theorem 4.1, p. 483]). Let T > 0. Assume that ® € C ([0, 7); Wl’l(G)) NC([0,7); L. (G)).

loc loc

Let D C G be measurable, and define J(e) = st ®(e,z)dx. Then J admits a right derivative at € =0, and
J(04) = / [0.9(0,2) + div (2(0, )V (2))] do.
D
If, in addition, D is open with Lipschitz boundary, then

J’(O—l—):/ 35@(0,x)dx+/ ®(0,z)V - vdo.
D oD

The following proposition is a direct consequence of Lemma 5.1.

Proposition 5.2. Assume that D is open with Lipschitz boundary. Then the shape derivative X', of xp
satisfies
(s @) -1 (6,111 (G) = /8 oV -vds, Ve HLG). (5.2)
D

6 Shape sensitivity analysis

In this section, we derive a local Eulerian derivative formula for smooth interior shapes. This local sensitivity
analysis is carried out on a smooth subclass of admissible shapes and is not claimed to be an Euler—-Lagrange
formula for arbitrary finite-perimeter minimizers obtained in Theorem 4.5. Throughout the section, unless
otherwise stated, we assume that Dy, D; CC G are open with C? boundaries and that Vg, Vi € CH(G;R").
Let v; be the unit outward normal vector on 0D;, and let p; = divgp, v; be the scalar mean curvature,
i = 0,1. When this local formula is used for the constrained class Ay, the perturbations are restricted so
that Df C K for all sufficiently small € > 0.

For i = 0,1 and |¢| small, define F!(z) = z+¢eV;(z) and D = F!(D;). Since D; CC G, we have D CC G
for all sufficiently small € > 0.

Let u = u”>P1 be the solution to (1.1) associated with (Dg, D). From (2.10), we set

re= 90 g e L30T 1)) (6.1)
Vir

and ¥ =r(t,z) on ' and ¥ =0 on OG \ T.

Consider the following adjoint equation:

dp=—(Ap+ap+bg)dt+qdW(t) in (0,T) x G,
p=T7 on (0,7T) x 9G, (6.2)
p(T)=0 in G.

In the following definition, the forward test state is the strong solution provided by Theorem 2.1.
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Definition 6.1. A pair of processes (p,q) € L2(0,T; L*(G)) x L(0,T; H='(@G)) is called a transposition
solution to (6.2) if, for every ® € L(0,T; L*(G)) and every ¥ € L2 2(0,T; H} G)) one has

//p(bdxdt+E/ (@ 9) b1 (6t = —]E//

where y®¥ is the strong solution of (2.1) with zero initial datum and sources (<I>, \IJ)

(6.3)

The following well-posedness result is an immediate corollary of the transposition solution theory for
backward stochastic parabolic equations with nonhomogeneous boundary data [33, Theorem 7.14] and the
regularity theory for stochastic parabolic equations [33, Theorem 4.11].

Proposition 6.1. For every r € L(0,T; L*(T")), there exists a unique transposition solution (p,q) to (6.2).
Moreover, there exists a constant C > 0 such that

IpllLz0,7:22(0)) + lallLzo,7:m-1(0)) < ClirllLz0.1;L2(r))- (6.4)
Proof. Set X := L2(0,T; L*(G)) x L2(0,T; H}(G)) equipped with the natural inner product

T T
(®1, 1), (Ba, Ua))x :E/ /¢1q>2dxdt+ﬂz/ (W1, W2) 11 () dt.
0o Ja 0
For (@, V) € X, let y®¥ be the strong solution of (2.1) with yo = 0. By Theorem 2.1 and the trace theorem,
8y<1>,\11
H < C(1®2ll 20,7522y + 1% 200,02 (6)))-

o iz.miz206)
Define a linear functional A, on X by

T o0
A (®, ) = —E/O /Fraya

The preceding estimate implies that A,. is bounded on X, with

Az < CllrllLz0,7;02(r)-
The Riesz type representation theorem ([33, Theorem 2.55]) yields unique elements p € L2(0,T; L*(G)) and
q € L(0,T; H~1(G)) such that

T T
0 G 0

The estimate (6.4) follows directly from the operator norm bound of A, and the isometric identification
above. Uniqueness is immediate: if (p,q) is another solution, subtracting the corresponding transposition
equations shows that p = 0 and g = 0 by testing against arbitrary (®, V) € X. O

Recall the definition of the Eulerian derivative of a shape functional in Definition 5.2. The main result
of this section is the following explicit formula for the shape derivative of the cost functional 7, where

. J(D§, D) — J (Do, D
dJ(Do,DnVo,Vl):Elg(lgl+ (D5 1)5 (Do 1).

Theorem 6.2 (Shape derivative of the functional). For every Vo, Vi € CL(G;R"™), the Eulerian derivative
of J exists and is given by

T
dj(DOaD1§VO7Vl):_E/ / p(t)VO'VodUdt-i-Bo/ po Vo - vodo
aDo 8DO

T
—IE/ / o dadt+ﬂ1/ p Vi do, (6.6)
0 0D 0D

where (p, q) is the transposition solution of the adjoint equation (6.2).

The proof is organized according to the following strategy.
1. We identify the geometric source derivatives in H~!(G) and use Lemma 2.3 to control the corresponding
boundary normal traces.
2. We prove the local H' regularity needed to give meaning to the traces of p and ¢ on the moving interfaces.
3. We combine these two ingredients to prove Theorem 6.2.
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6.1 Geometric source convergence

The following lemma is a consequence of the weak H ~!-differentiability of transported L? functions; see [39,
Chapter 2, Proposition 2.39, pp. 72-74]. We include the proof for completeness.

Lemma 6.3 (Local convergence of a geometric source). Let D CC G be open with Lipschitz boundary, let
V € CHG;R"), and let D C M CC G, where M is an open bounded Lipschitz set. If D. = (Id+eV)(D)
and & = (Xp. — XDp)/€, then there exists g > 0 such that supp& CC M for every 0 < e < 9. Moreover,
when & is regarded as an element of H=(G) by

<€E7¢>H*1(G),H3(G) = /;gegodx7 Y e H&(G)a

one has
I€cllzz-1a) < C, (6.7)

where C' is independent of €, and
& —Xp weakly in H(G) ase—0+. (6.8)

Proof of Lemma 6.3. Step 1. Support confinement. Let § := dist(D, M) > 0. Since F. — Id uniformly
on D, there exists g > 0 such that

0
sup |F.(x) —z| < =, 0 < e <eo.
meﬁ 2
Hence D. CC M for all 0 < € < g¢, and therefore

suppé. C D.UD cC M.

Step 2. Uniform H~! bound. For each fixed € € (0,5¢), & € L?(G) and consequently defines an
element of H~1(Q) via
(&, Q) u-1(0),H1(G) = /C:§E<Pdf7 ¢ € Hy(G).

Fix an arbitrary ¢ € Hg(G) and set J,(¢) := [}, @dz. Since G is bounded, we have Hj(G) — WH'(G).
Applying Lemma 5.1 with the integrand ®(e,z) = ¢(z) (which is independent of ¢) yields

al—i>%1+<€s7 @) = J,(0+) = /D div(eV) dz. (6.9)

Thus, for each ¢ € H}(G), the numerical sequence {(£., ) }o<e<e, is convergent and hence bounded. This
establishes pointwise boundedness of the family {&. }o<c<e, € H*(G) on the Banach space H}(G). By the
uniform boundedness principle,

sup ||l -1() < o0, (6.10)
0<e<eop

which is precisely (6.7).
Step 3. Identification of the weak limit. It remains to prove (6.8). From (6.9) and Green’s formula
on the Lipschitz domain D, we obtain, for every ¢ € H(G),

lim (&, ) r-1(0),m1(0) =/ div(eV) dx =/ eV -vdo = (Xp, ) H-1(c),HL(G)-
e—0+ D 5D

The uniform bound (6.10) guarantees that every subsequence of {{;}o<c<e, contains a further subsequence
converging weakly in H~!(G). By the uniqueness of the pointwise limit, every such weak limit must coincide
with x/,. Consequently, the entire family converges weakly:

& —xp weaklyin HY(G) ase—0+.
This completes the proof of Lemma 6.3. O

6.2 Interior regularity of the adjoint

Proposition 6.4. Let M CC G be an open set with Lipschitz boundary, and let (p,q) be the transposition
solution of (6.2). Then pla,q|a € L2(0,T; HY(M)) and

||p||L;(o,T;H1(M)) + HQHLg(o,T;Hl(M)) < CM||7"||L§(0,T;L2(F))- (6.11)
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Proof of Proposition 6.4. The L?(G) bound for p is already contained in (6.4). We divide the remaining
proof into four steps.

Step 1. L?(M)-regularity of q. Let Dj; denote the set of all finite linear combinations ¢(t,w,z) =
N
> aj(t,w)y(z) (N € N), where each «; is a bounded progressively measurable simple process and each

Jj=1

¥; € C°(M). The set Dy is dense in L2(0,T; L?(M)). Taking ® = 0 and ¥ = ¢ € Dy, in (6.3) yields

T
E/ <Q7@>H*1(G),H1 g)dt = / / 3 dadt (6.12)
0 v

The strong solution ¢ is also a mild solution. Applying Lemma, 2.3 to this forward equation, we obtain

< Cumllrllzzo.m2 @y 1l L2 0,2 (1)) -
L2(0,T;L2(T))

ay(),ap
‘ ov

’ / q,9 G),HY(G) dt‘ < rllzzo,7:z2(ry)

(6.13)

T
By density of Dy in LZ(0,T; L?(M)), the linear map ¢ E/ (¢:9) 1-1(6), 11 () dt extends uniquely
0
to a bounded linear functional on L2(0,7; L?(M)). The Riesz representation theorem furnishes an element
g € L(0,T; L*(M)) such that

T T
0 0 M

By density, (6.14) holds for all ¢ € L(0,T; L?*(M)). Since the embedding L?(M) < H (M) is continuous
and injective, the restriction g|ps coincides with ¢ as an element of L2(0,T; L?(M)). In the sequel we denote
this L2(M) representative again by ¢, and the estimate

lallzz0.m:2 a0y < CmlirllLzeo,riz2(ry) (6.15)
follows directly from (6.13) and the Riesz representation.
Step 2. Weak derivatives of p. Let k € {1,...,n} and let ¢ € Djs be as above. Taking ® = 9,, ¢ and

U =0 in (6.3) gives T T
E/ / p@xkgodxdt:—E/ /r
0 JM o Jr

Since supp ® C M, applying Lemma 2.3 yields

T ayé,O
E/o /Mpamk%’dmdt‘SHTLg(o,T;m(r))‘ ED

(6.16)

<Cumllrllezo.r:z2ry el 201 L2(aryy- - (6.17)
L2(0,T;L2(T))

T
Consequently, the linear functional ¢ — —E / / D Oz, ¢ dx dt extends to a bounded linear functional on
0o JM
L2(0,T; L*(M)). By the Riesz representation theorem, there exists py € LZ(0,T; L?(M)) such that

T T
—]E/ / p@xkgpdxdtzE/ / peodrdt Y€ L3(0,T; L*(M)). (6.18)
o Ju 0o Jm

We now verify that pj is indeed the distributional derivative d,,p on M. Fix ¢ € C2°(M) and define the
progressively measurable process

Ay(t,w) == /Mp(t,w,x) 0q, () dx —|—/ pr(t,w, ) Y(z) de, (t,w) € (0,T) x Q.

M
Since p, py € L(0,T; L*(M)), we have A, € L*(Q x (0,T)). Taking ¢(t,w, ) = a(t,w)y(z) in (6.18), where
« is an arbitrary bounded progressively measurable simple process, yields

T
]E/ alt,w) Ay(t,w) dt = 0.
0

Bounded progressively measurable simple processes are dense in LZ(0,T;R). Hence A, = 0 for (P ® dt)-a.e
(w,1).
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Now choose a countable subset {1, }5°_; C C°(M) that is dense in Hg(M). For each m, there exists
a null set V,;, € Q x (0,T) such that Ay, (w,t) = 0 for all (w,t) ¢ N,,. Set N := (J-_; N;. Then
(P® dt)(N) =0, and for every (w,t) ¢ N we have

/ p(t,w, ) O, om () dz = —/ pr(t,w, ) P (x) dz VYm > 1.
M M

For each such (w,t), both sides are continuous linear functionals of ¢ with respect to the H (M )-norm. By
density of {1, }5°_, in H}(M), the identity extends to all ¢ € H}(M). In particular, p, = d,,p in the
distributional sense on M, and

IPrllLz0,7;L2(an)) < Cnmellrll 20,712 (r))- (6.19)

Step 3. Weak derivatives of q. We repeat the argument of Step 2 for g. Take ® = 0 and ¥ = 9,, ¢ with
¢ € Dyr in (6.3). Using the L?(M) representative of ¢ obtained in Step 1, we have

T T 6y0 v
]E/ / q Oy, pdxdt = —E/ /r
0o JMm o Jr v

Applying Lemma 2.3 once more yields

T
‘E//q@mkgpdfcdt
o Jum

By the same Riesz representation and density argument as in Step 2, there exists g, € L2(0,7; L*(M)) such
that gy = 0, ¢ in the distributional sense on M, with

dodt. (6.20)

ayO,\Il
‘ ov

§CM||’“||L§(0,T;L2(F))||S0||L§(0,T;L2(M))- (6.21)

< lrllzzo.rizay) L2(0,T512 (1))
2001,

gkl z20,m:2(ar)) < CmllrllLzeo.r;z2(ry)-
Step 4. Conclusion. Summing the estimates from Steps 1-3 over k£ = 1,...,n and combining with the
L?(G) bound for p from (6.4), we obtain
P20, 7.2 (aryy + lall 2o,z (ary) < CmllrllLzo, .2y
which completes the proof of Proposition 6.4. O

6.3 Extension of the transposition identity to interior sources

Lemma 6.5 (Extension of the transposition identity to interior sourcies). Let M CC G be open with Lipschitz
boundary, and let fo, f1 € L2(0,T; H=Y(G)) satisfy supp fi(t,w) C M, i = 0,1, for a.e. (t,w). Let z be the
mild solution of (2.2) with zo = 0. If n € CX(G) satisfies n =1 in a neighborhood of M, then

T
/ /T*dadt —E/ <f0777P>H—1(G),H3(G)dt—E/O (fr.19) m-1(6),12 () At (6.22)

Proof. Choose an open set M; such that M CcC M; CC G and n = 1 on M;. Choose adapted smooth
approximations f", fi* € LZ(0,T;C°(My)) such that f™ — f; in L2(0,7; H *(G)), i = 0,1. This can be
obtained by predictable simple-process approximation in time and spatial mollification inside M;. Let 2™ be
the solution of (2.2) with sources (f{7, f") and zero initial datum. For each m, the sources are admissible
in Definition 6.1. Hence

T m T
]E/ /T%dgdt:_ﬂg/ /pfgnda;dt—E/ (@ 1) 10,136 dt
o Jr Ov o Ja 0
T T
=B [ U@ — B [ U7 0@,

Here the last equality uses supp f;* C M; and n =1 on M, together with Proposition 6.4.

By (2.3), 2™ — z in L2(0,T; L?(@)) and in LZ(Q;C([0,T]; H~*(G))). Applying Lemma 2.3 to 2™ — 2
gives 92™/0v — 9z/0v in LZ(0,T; L?(0G)). Since np,ng € L(0,T; Hi(G)) by Proposition 6.4, the two
duality pairings on the right also converge. Passing to the limit proves (6.22). O
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6.4 Proof of the shape derivative formula

Theorem 6.6 (Shape derivative of the misfit). For every Vo, Vi € CH(G;R™),

djl(Do, Dl, VO, ‘/1 = *E/ / % 1% do dt — / / 1 do dt. (623)
aDO 8D1
Here (p,q) denotes the transposition solution of (6.2).

Proof of Theorem 6.6. Let 0 < ¢ < 1 and define
0 XDg — XDo 1. XDs — XD

form ———, &=

Let u. be the solution to (1.1) with (Dg, D1) 8replauced by (D§, DJ), agnd set we := (ue —u)/e. Then w, solves
dwe = (Awe + aw, + &) dt + (bwe + &) dW () in (0,T) x G,
we =0 on (0,7T) x 9G, (6.24)
we(0) =0 in G.

Step 1. Uniform estimate for the linearized state. Choose open bounded Lipschitz sets M and M
such that Do U Dy C My CC M CC G. By Lemma 6.3 applied to Dy and D; with the enclosing set M,
there exists €1 > 0 such that for all 0 < e < &1,

Suppﬁé CC Moy, ||€a||H (e < CJV[O? i =0,1.
I icul ;
n particular, 1 2 0.1 (ay) < V20, i=0,1. (6.25)
Applying Lemma 2.3 to the equation for w,. yields
ow,
15 < O, (1€ 207 + 1L 2009 ) < (6.26)
Vllrz(o,1;22(00))

Step 2. Expansion of the cost functional. Using the definition of J; and the fact that u. = u + cw,,
we expand

€ £ 2 2
J(DO,D) Ji(Do, D1) / / 8we_ ‘ _|9u )dgdt
25 ov
—E/ / g awsd dt + £ E/ /‘8“}6 do dt.
By (6.26), the second term is O(e). Denoting r := 9% — g € LZ(0,T; L*(T")), we obtain
Ji(D§, D5) — - Ji(Do, Dy) / / 81/ 1) (e — 04). (6.27)

Step 3. Duality with the adjoint state. Choose n € C*(M) with n = 1 on a neighborhood of
M. By Proposition 6.4, the transposition solution (p,q) of (6.2) satisfies p,q € L2(0,T; H*(M)). Since
suppn C M CC G, extending np and nq by zero outside M yields elements of L2(0,T; H}(G)).

We now invoke Lemma 6.5. This lemma states that for any fo, fi € L?(G) supported in My, the following
identity holds with the truncated adjoint states:

Hyfo: T
/ / y dodt = _]E/ <f0777p( )> —1(G),Hé(G) dt — E/O <f1777Q(t)>H_1(G),Hé(G) dt. (628)

Applying (6.28) with fo = &2, f1 = &} and noting that y55’5 = w,, we obtain

T
Owe
/ / do dt = —]E/ (&) *%G),Hé(G)dt—IE/ (€ na) -1y, () dt- (6.29)
0

Step 4. Passage to the limit. We pass to the limit € — 0+ in the two duality terms. The arguments for
the two terms are completely symmetric; we present the details for the term involving p, the term involving
q being obtained by replacing (Do, &2, p, Vo, vo) with (D1,&L, q, Vi, 11).
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Pointwise convergence. By (6.8), £ — X', weakly in H™'(G) as e — 0+4. For each fixed (t,w), np(t,w) €
H}(G), and therefore

. 0 _
51_1>%1+<557np(tw»Hfl(G),Hg(G) = (Xpy» M0(t, W) -1(c), 13 (G) - (6.30)
Domination. By (6.7) and the properties of 1, we have the pointwise estimate

(&2, np(t, w)) 1) ) | SNENE- (@) [Pt @) 12 () < Oy 0, 0) || 113 () < Cnrllp(ts )| 1 (ar)- (6-31)

To verify the integrability of the dominating function, we compute

T T
1/2
E/o lp(t, )| m1 ) dt < T2 (E/o ”p(tvw)”%P(M) dt) R [Pl L2072 (ar)) < 00, (6.32)

where the finiteness follows from Proposition 6.4.
Identification of the limit. By (6.30), (6.31), (6.32) and Lebesgue’s dominated convergence theorem,

T T
gli%lJrE/O (€np() g-1(c).mx (@) dt = E/o (XDos (1)) r-1(), 12 () dt- (6.33)
Since 7 = 1 on a neighborhood of My D 0Dy, (5.2) and the trace theorem on the Lipschitz boundary 9Dy
give
<X/Doa np(t7w)>H*1(G),Hé(G) = /BD p(ta W) Vo - vo do. (634)
Applying exactly the same reasoning to the term involving ¢, ‘We obtain
T T
lim ]E/ <§;, nq(t»H_l(G),Hl(G) dt = E/ / q(t) V1 41 do dt. (635)
=0+ Jo ’ o Jop,

Step 5. Conclusion. Combining (6.27), (6.29), (6.33)—(6.35), we obtain
J1(Dg, DT) — J1(Do, D)

djl(Do, Dl; ‘/0, ‘/1) = hrn

e—0+ £
T T
:—E/ / p(t)Vo-ngadt—E/ / q(t) V1 - vy do dt.
0 E)Do 0 aDl
This completes the proof of Theorem 6.6. O

Lemma 6.7 ([9, Theorem 4.3, p. 486]). Let D CC G be open with C? boundary, and let V € CH(G;R™).
Then the Eulerian derivative of Pg at D in the direction V is given by

dPa(D;V) = / pV -vdo,
oD

where v is the outward unit normal to D and p = divyp v.

Proof of Theorem 6.2. Combining the decomposition J = J1 + BoPc (Do) + f1Pc(D1) with Theorem 6.6
and applying Lemma 6.7 to (D;, V;), i = 0,1, gives (6.6). O

7 Numerical method

This section constructs a finite-dimensional approximation of the shape-gradient flow induced by the Eulerian
derivative in (6.6). Let h > 0, let At = T'/N;, and let M = Nyi¢ be the number of Monte Carlo samples.
For polygonal shape pairs (D{, D}), define the sample-average functional

M Ny—1

Tnm (DY, DY) = ﬁ Z Z At Z Wy

m=1 n=0 z;ely

2
Ofumh(a;) — gb | + BLPL(DE) + BEPL(DY),  (T.1)

where w; are the boundary quadrature weights, 0"u is the recovered discrete normal flux, and Py (DP) is
the polygonal perimeter. The parameters 3 are the effective discrete perimeter weights.

The discretization below specifies the state equation, the transposition adjoint equation, and the Riesz
representation of the corresponding discrete shape derivative. It gives a finite-dimensional approximation
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of the shape-gradient descent associated with (6.6). For a shape pair (Dy, D7), the residual r and its zero
extension 7 are defined by (6.1). The adjoint variable used in the descent method is the transposition solution
(p,q) of (6.2) with boundary datum 7. The local regularity result in Proposition 6.4 ensures that p and ¢
admit H!'-representatives in a neighborhood of Dy U &D;. Hence the traces of p and g and the boundary
integrals in (6.6) are well defined.

The finite element and least-squares Monte Carlo discretizations approximate the continuous state-adjoint
optimality system on a common finite ensemble of Brownian paths. The same ensemble generates the
synthetic boundary observations.

At the continuous level, a smooth critical shape pair is characterized by d7(Dg, D1;Vph, V1) = 0 for all
admissible (Vp, V7). For a descent method, the boundary form in (6.6) is represented through a Riesz map
on a Hilbert space of vector fields on G. Set H := H}(G;R™). Following the linear-elasticity metrics used in
shape optimization [11, 38], the elasticity gradient flow is induced by the following bilinear form: for fixed
Lamé parameters g > 0 and A > 0,

aa(V,W) := /

(2u S eii(V)e (W) + A divV div W) dz,
G f
i,j=1

where e(V) := (VV + VVT)/2.
The two independent velocity directions in the Eulerian derivative lead to the product metric on H x H.
The elasticity-smoothed descent direction (J¢, 1) € H x H is determined by the variational identity

ael<190, Wo) + CLel(’l91,W1) = —dJ(DQ,Dl;Wo, Wl), V(Wo,Wl) e HxH. (72)

The component ¥y corresponds to variations of Dy with D; fixed, and 9y corresponds to variations of Dq
with Dy fixed. The product metric separates only the two components of the Riesz representation. However,
the Eulerian derivative dJ still couples the two supports through the state and adjoint variables.

By Korn’s inequality, a. is coercive on ‘H. Consequently, the product bilinear form on the left-hand side
is coercive on H x H, so the variational problem uniquely determines the pair (9,4;) associated with this
elasticity metric. Substitution of (W, W1) = (Jg, 1) into the variational identity yields

dJ (Do, D1;%0,91) = —ae (Yo, Y0) — ae1(V1,91) < 0.

For a nonzero solution (¥, %), coercivity makes this quantity strictly negative, so (g, %1) is a first-order
descent direction for the objective.

The shape-gradient descent framework is summarized in Algorithm 1, where A is the prescribed iteration
count. Monte Carlo quadrature approximates the expectations in the misfit and the shape gradient by sample
averages over Ny Brownian paths. The LSMC approximation of the adjoint equation is based on the same
paths.

Algorithm 1 Shape-gradient descent algorithm for reconstructing (Dg, D1)

Require: Initial polygonal pair (Dg’O,Df’O), observation boundary T', data ¢°, perimeter weights fo, 31,
curvature scaling ¢, step parameters 7, 7y, and iteration count '
1: for k=0,1,...,N —1do
Solve the state equation (1.1).
Solve the adjoint equation (6.2).
Compute the shape derivative (6.6).
Determine the elasticity descent direction (7.2).
Update the polygonal interfaces by the deformation map Id +v,9" and regenerate the interface-fitted
mesh for (Dg’k"'l,Df’kH).
7: end for

AN

7.1 Discretization of the state equation

The state equation (1.1) is discretized in space by conforming P; Lagrange finite elements. The finite element
meshes form a family of interface-fitted triangular meshes {7, }5>0. On these meshes, the polygonal interfaces
ODg and OD; are represented by mesh edges. Let V;, C H}(G) be the conforming finite element space used for
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variational solves with homogeneous Dirichlet condition. Let ‘~/h be the corresponding continuous piecewise
linear space without the homogeneous boundary condition. This space provides Dirichlet lifts.

At each shape iteration the mesh is regenerated from the current polygonal interfaces. The discrete
supports of the two characteristic sources are defined by the corresponding element classification. Elements
in D(’} N D} are included in both supports. The characteristic sources are discretized as elementwise constant
functions associated with the polygonal sets Df. Equivalently, their action on test functions vy € Vj is
represented through the L?(G)-duality pairing (XD?, vn)r2(@), © = 0,1. For the prescribed target sources

used to generate synthetic data, the characteristic functions are represented by nodal P; interpolants in ‘~/h.
The time interval is discretized by a uniform partition 0 = tg < -+ < ty, = T, with At = T//N;. The
Brownian increments are defined by AW,, := W (t,41) — W (t,), where AW,, ~ N (0, At). The semi-implicit

Euler-Maruyama discretization [23] reads
{u"'H — At Au"T = u" + At (xp, + a™u™) + (b"u" + xp,) AW, in G,

7.3
Wt =0 on 0G. (7.3)

Here u™ = u(-,t,). On each Monte Carlo path, the coefficient fields are a™ := a(t,,w, ) and b" := b(t,,w, ).
The lower-order drift coefficient a™u™, the multiplicative-noise coefficient "™, and the stochastic source
term x p, are treated explicitly at the previous time level. The Laplacian is treated implicitly. The standard
Galerkin projection of (7.3) onto V}, defines the fully discrete state equation. For the Monte Carlo approxi-
mation, the discrete state equation is solved for Nj;c Brownian paths. The resulting state trajectories enter
both the boundary residual and the terminal-to-initial adjoint discretization used below.

7.2 Discretization of the adjoint equation

The adjoint discretization uses the boundary residual associated with the discrete state. The boundary
flux in the discrete cost is recovered from the variational time step. This residual-flux recovery avoids
differentiating the piecewise linear state on boundary facets. Let I', be the subset of boundary nodes lying
on the observation boundary I' C dG. For the m-th Brownian path, define the nodal boundary residual at

time tn by n h n.h Sn
Tm,j = anu'rri (33]) ~ Im.j> zj € Lp,

and denote its nodal zero extension to OG by 77,.

The adjoint discretization is based on the time grid of subsection 7.1 and the terminal condition p™* = 0.
The time stepping follows standard BSDE and BSPDE schemes [26, 35, 46]. At each time level, adaptedness
requires p" and ¢" to be F; -measurable. The martingale integrand is determined through conditional
expectations together with p™. The Euler—-Maruyama relation from t,.1 to ¢, uses an implicit Laplacian
and treats the lower-order terms explicitly:

pitt—pt = —(Ap" +a"p" T +b"q") AL+ ¢ AW, + AM, 11 in G, (7.4)
where p"T! :=E,[p"*!] and
AM, 1 = p" T —E,[p" ] — ¢"AW,,, En[AM, 1] = E,[AM, AW,] = 0.

The remainder retains the martingale increment orthogonal to AW,,; a general grid increment is not equal
to ¢" AW, alone. The replacement p” — p™t! in the lower-order drift term is first-order consistent because
p" = E,[p""!] + O(At). This discretization preserves the structure of the continuous adjoint equation
dp = —(Ap + ap + bg) dt + qdW(t). The implicit Laplacian guarantees unconditional stability for the
terminal-to-initial time sweep.

The conditional-expectation framework for discrete-time BSDEs [3, 4] is then applied to (7.4). Mul-
tiplication by AW,, followed by conditioning on F;, extracts the martingale component. The resulting
conditional-expectation system is

1
qn _ EEn[pn-i-l AWn} in G7
P — AtAP" = (1 + Ata™)E,[p"] + Atb"q" in G, (7.5)
pt=r" on 0G.

The Galerkin formulation of the second equation in (7.5) on V}, defines the fully discrete adjoint equation.
The nonhomogeneous boundary datum is incorporated by a lift in V},. The elliptic part has the same bilinear
form as the state time step.
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7.3 Least-squares Monte Carlo regression

The conditional expectations E,[p"*1"] and E,[p"T""*AW,] in (7.5) are approximated by least-squares
projections onto a finite-dimensional regression space. For a pathwise quantity X ™), define

M
~ 1 2
E,[X] := argmin — ‘X(m)f T(m) ‘ ,
n[X] Jrgmin Mm§:1 P(&™)

where f,(Lm) is the vector of regression variables along the m-th Brownian path. The regression basis is
o, = (1, W(ty), W(tn)?, i, upp) €R?, (7.6)
where g is the finite element nodal average of the state over G. The interface average is
g o+ fypg o
o [0DG | + 10D} |1
Only nonempty interfaces are included in this average. The basis ®,, depends on the current polygonal pair.

This regression basis is deliberately low-dimensional. The first three functions capture the leading de-
pendence on the scalar Brownian history, while the two state averages summarize the forward trajectory in
the bulk and near the moving interfaces. This choice is a variance-control compromise for the ensemble size
used below (M = Nyc = 200), not an optimal one: increasing the basis dimension improves approximation
capacity, but also makes the least-squares problems more ill-conditioned and increases sampling error. The
numerical examples therefore use this fixed five-dimensional basis throughout.

The scaled variable p"t1PAW,, /At is the target of the second projection, so the approximation corre-
sponds to the discrete martingale coefficient ¢”. The LSMC approximation introduces a projection error
from the chosen regression space and a sampling error from the finite ensemble. Under standard assumptions
on the regression basis, the statistical error is of order K/M with K = dim span ®,,; the projection error is
not estimated separately.

The adjoint time-stepping uses the same Nj;c Brownian paths as the discrete state equation, with ter-

minal condition pNt"(™) =0 for m = 1,..., Nasc. These trajectories also generate the synthetic boundary
observations; this common-random-numbers coupling reduces the Monte Carlo variance of the boundary
residual. At each time level n = N; — 1,...,0, least-squares Monte Carlo regression with the basis ®,,

approximates the conditional expectations in (7.5). The resulting approximation of ¢™ enters the second
equation of (7.5), and the finite element solution then determines p™" on the sample ensemble.

7.4 Discrete shape gradient and mesh update

At each shape iteration the two interfaces are represented by closed polygonal curves dD! with outward
normals I/lh, 1 = 0,1. The boundary densities in (6.6) are discretized by finite element traces of the adjoint
variables and by the first variation of the polygonal perimeter, with effective discrete perimeter weights
B = ¢,.B;. The scaling ¢, belongs to the discrete perimeter regularization and is not an additional term in
the continuous shape derivative.

The time integral and expectation in the p- and g-terms are approximated by time quadrature and Monte
Carlo averaging. The resulting boundary densities are of the form

| M N1
g(})L:_M Z Atp?r{h’aDg—i_ﬂ(})LHga

m=1 n=0

and 1 M N1
h h h .h
G = S 3 Ay +

m=1 n=0
where k! is the discrete curvature of 9D?. The density G is associated with the adjoint state component p.
The density G! is associated with the martingale component g. These densities define an approximation to
the continuous shape derivative, denoted by

(VR VY = / Ghvlh . vldey, + Ghvh . vhdey,. (7.7)
aDh aDh

The quantities G are scalar boundary densities of £;,; they are not themselves interface velocities. This

optimize-then-discretize approximation is not identified with the exact derivative of the discrete objective
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(7.1). The algorithm obtains an interface update field from the boundary functional using the finite element
counterpart of the product-space elasticity metric in (7.2). The finite-dimensional deformation space is
Hy = [Vh]d C H. It is the vector-valued counterpart of the scalar finite element space used for the state and
adjoint equations. The positive constants s; are interpreted as weights in the product-space Riesz metric:

aels (Vo, Vi), Wo, W1)) = sq ' aa1(Vo, Wo) + s7 ' ae (Vi, W1).

The choice s; = 1 gives the unweighted product metric. Other positive values modify the metric representing
the same functional ¢,. With full-boundary observation, the boundary density is not modified: G = GI.
The discrete update pair (9%, 97) € Hy, x Hy, is defined by the following identity: for all (W, Wh) € Hy, x Hp,

salael(ﬁg, Wé’) + sl_lael(ﬁ}f, W) = - ég Wél . Vg doyp, — éf Wi vt doy,. (7.8)

aD! aD"
With partial-boundary observation, a positive spatial boundary weight is applied to the right-hand side:
g;z = wi(’“)glh. The factor wfk) changes the discrete update field through the Riesz map. It is not part of

the continuous Eulerian derivative in (6.6). The distance quantities are dr(x) := dist(z,I") and cfgk) =
Max, ,phk dr(y). The boundary preconditioner is defined by

Pi
@“wwzmw{me<ﬁ§?> }, z € aD}". (7.9)

(k)

This spatially weighted update is heuristic: positivity of w;"’ does not imply £; (9%, 9%) < 0, since multipli-

i
cation by wgk) need not commute with the inverse elasticity operator. With wgk) = 1, the Riesz identity
gives 05, (95, 9%) = — 3" 57 Laa (9%, 97) < 0. Neither identity alone guarantees decrease of (7.1), whose exact
derivative differs from ¢;. Let v > 0 be the accepted shape-update step length. The polygonal interfaces

are updated by the deformation map
DG = (1d+y95) (0Dg"),  aDPFT! = (Id +y9%) (9D} F). (7.10)

The sign convention is that of (7.2): the velocity ¥/ already contains the negative sign from the Riesz
representation and is used as the update field, subject to the qualifications above. Equivalently, one may
solve the positive Riesz problem for z! = —9" and update the interface nodes by x < x — .2 (x); this is
only a change of notation. Only geometrically admissible candidate interfaces are retained.

The finite element mesh is then regenerated so that both polygonal interfaces are represented by mesh
edges. This avoids relying on a global elastic mesh deformation for two independently moving internal
interfaces, whose close approach or intersection may degrade element quality. The resulting remeshing cost
is a limitation of the present discretization, especially for three-dimensional extensions. The accepted shape-
update step length has the form v = v n’,j 27 where 1, € (0, 1] is the decay factor and my, > 0 is selected
by the geometric admissibility condition.

8 Numerical experiments

This section presents numerical reconstructions using the discrete shape-gradient method of section 7. The
examples illustrate how the drift and diffusion source roles in (6.6) separate under representative boundary
observations.

Let Thottom := OG N {xg = 0} be the bottom side of G. The observation boundaries are rfull.— 9G and
rrart .= G \ Thottom- The set TP consists of the top, left, and right sides of the unit-square boundary. In
the partial-data cases, the descent equation includes the boundary preconditioner defined in (7.9).

All reconstructions use G = (0,1)2, initial datum ug = 0, mesh parameter h ~ 1/50, final time T = 1
discretized into N; = 100 uniform time steps, M = Nyc = 200 Monte Carlo samples, and iteration count
N = 50. The finite element discretization follows section 7 and is implemented in FEniCSx/DOLFINx
[2]. The coefficients in (1.1) are prescribed by a(t,w,z) = 0.1 tanh(W (¢,w)) sin(7z1) and b = 0.5. For the
synthetic-data experiments, the exact source supports used to generate the data are denoted by (Dg, DD
For each configuration, g, denotes the noise-free discrete Neumann trace of the state associated with this
target pair on the observation grid. The noisy data used in (7.1) are generated by adding a centered Gaussian

erturbation
P ! 9™ = g + Snom a1y, Zn,
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where the entries of Z, are independent standard normal random variables and || - ||y; denotes the discrete
version of the L2(0,7T;L?(T")) observation norm. The entries ggfj in (7.1) are the components of g™,
Unless otherwise stated, the reconstructions below use o = 0.01. The reconstruction configurations are
summarized in Table 1, where B,(c) is the open disk with center ¢ and radius p.

observation configuration target supports initial geometries

pfull single drift support D{ = Bo.1(0.5,0.5), DI =0 D}° =[0.25,0.75]

rfull single diffusion support D} =0, DI = By.1(0.5,0.5) D}° =[0.25,0.75]2

ppart single drift support D} = Bo.1(0.5,0.5), DI =0 D° = [0.25,0.75]2

ppart single diffusion support D} =0, DI = By.1(0.5,0.5) D° = [0.25,0.75]?

pfull two overlapping supports D] = Bg.1(0.45,0.5), DJ° = [0.220,0.700] x [0.260, 0.740],
=

DI = By.1(0.55,0.5) D0 =[0.330, 0.810] x [0.260, 0.740]

Table 1: Reconstruction configurations and initial geometries.

The optimization parameters were selected empirically from preliminary computations and then fixed for
the reconstructions reported below. These choices belong to the discrete descent scheme and are not part of
the continuous shape derivative or the analytical results. The elasticity Riesz map and shape update use the
parameters in Table 2. The values syp and s; are metric weights in the product-space Riesz representation.
The parameter ¢, defines the effective discrete perimeter weights ﬁlh = ¢, ;. The boundary preconditioner

(k)

w;  appears only for partial boundary observations.

configuration w, A Po, B1 Yo o My Cr additional parameters
single support, ['T°0 1,5 0.005,0.005 2.7 0.95 9.995 so = 2.0 for drift,

s1 = 0.84 for diffusion
single support, ['P?r® 1,5 0.005,0.005 2.4 0.953 10 so = 2.0 for drift,

s1 = 1.45 for diffusion,

wmin = 0.4, po =0, p1 = 1.5
overlapping supports, "' 1,5  0.005,0.005 2.7 0.95 10 so =1.2, s1 =0.85

Table 2: Optimization and Riesz-metric parameters.

The reconstructions indicate that the two components of the discrete boundary derivative separate the
two source channels. Figure 1 combines the geometric evolution and an archived cost diagnostic for the
reconstruction of the diffusion support DI with T' = T In Figure la, 8DI is the target interface used
to generate g,‘i“‘”“, and OD?’k is the reconstructed polygonal interface after k iterations. The polygonal
interface moves toward the prescribed support. The curve in Figure 1b cannot be identified with (7.1) using
the reported parameters. Indeed, 8" = 9.995 x 0.005 = 0.049975; at k = 12 the displayed support has
horizontal width greater than 0.2, hence polygonal perimeter greater than 0.4. The nonnegative misfit then
gives Jp,m > 0.01999, whereas the plotted value is below 0.01. The normalization and penalty content of
this archived curve are not documented in the available record, so its symbol J is retained only as a historical
label. Its decrease is not evidence of decrease of the defined discrete objective.

Figure 2 compares the final polygonal reconstructions by observation regime. With T' = I'"!l_ the single
drift-support case and the joint reconstruction recover the prescribed geometric scale up to the discretization
scale; in the joint case, the two reconstructed interfaces remain distinguishable. This is consistent with the
separate boundary terms involving p and ¢ in (6.6). With T' = T'P2'* removing the bottom side mainly affects
localization in the direction associated with the unobserved boundary. The final supports nevertheless retain
the correct qualitative scale for both the drift and diffusion source roles.

Together, the interface evolution and final reconstruction comparisons show that the discrete method can
separate the two source channels under both full and partial boundary observations.
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