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Abstract. We develop an AI-assisted search-and-certification workflow for constructing Carleman

weights for wave equations on semi-infinite domains. Starting from a weighted cross-term identity
used to derive the Carleman estimate, we derive explicit analytical screening conditions and use an

AI system to propose symbolic candidate weights subject to those conditions. The search identifies

a logarithmic weight structure with concrete parameter values; the subsequent human verification
by the authors then retains this structure, derives the admissible parameter range, and rigorously

certifies the selected weight by verifying the required quantitative conditions. Based on the identified

and certified Carleman weight, the subsequent proofs, analysis, and applications are carried out
entirely by the authors: we establish a global Carleman estimate for the wave operator on the half-

line and derive a weighted conditional lateral Cauchy stability result. The proposed weight is further

used in a finite-depth one-sided reconstruction problem for semilinear wave equations on the half-line,
where the initial-time flux induces an endpoint graph stabilizer and a contractive frozen nonlinear

reconstruction map. Numerical experiments show decreasing weighted increment diagnostics and

improved robustness to noisy data from the Carleman weighting, with the induced endpoint graph
term providing further stabilization at higher noise levels.

1. Introduction1

Since Carleman’s original work on unique continuation for systems of partial differential equations2

in two independent variables [12], weighted Carleman inequalities have become one of the main tools in3

the analysis of partial differential equations. There is now a large literature on Carleman estimates for4

second-order operators and their applications to unique continuation, control, and inverse problems.5

Classical unique-continuation theory was further developed for operators with partially analytic coef-6

ficients by Tataru and Robbiano–Zuily [29, 30]; see also Hörmander’s foundational framework for the7

microlocal analysis of linear partial differential operators [18]. For a unified treatment of second-order8

elliptic, parabolic, and hyperbolic operators, see [15]; inverse-problem-oriented accounts include [24].9

In inverse problems, the Bukhgeim–Klibanov method established Carleman estimates as a systematic10

tool for proving global uniqueness and stability for broad classes of coefficient inverse problems [11,23].11

In the hyperbolic setting, Carleman estimates have been used to study uniqueness, stability, con-12

trollability, and reconstruction for wave equations and related systems. Quantitative unique contin-13

uation and approximate controllability were developed in [26], while global wave-equation estimates14

and reconstruction algorithms appear in [2,3,4,10]. In bounded-domain hyperbolic inverse problems,15

Carleman weights have been used to prove uniqueness and stability for coefficients, potentials, and16

sources from boundary or interior data; representative works include [6, 7, 8, 9, 19, 20, 25, 28, 33]. Re-17

lated one-measurement and discontinuous-coefficient settings appear in [5, 21, 22]. Carleman-based18

coefficient recovery has also been studied in unbounded waveguides [13], illustrating the additional19

difficulties caused by noncompact hyperbolic geometries.20

Motivation and closely related work. These results show the strength of Carleman methods,21

but they also make visible a persistent bottleneck: the weight function is usually tailored by hand to a22

specific geometry, operator, and observation configuration. For general operators, the admissibility of23

a weight is constrained by the principal symbol and by pseudoconvexity-type conditions, as discussed24
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for instance in [27]. Accordingly, constructing effective weight functions is therefore a difficult and25

time-consuming part of establishing Carleman estimates.26

Recent work has also begun to systematize parts of the derivation and verification of Carleman27

estimates. In particular, a back-propagation method provides a systematic way to verify Carleman28

estimates once a weight function has been prescribed, by proving positivity of the leading energy29

terms in a one-dimensional spatial setting [14]. Such verification procedures can be viewed as down-30

stream certification tools once candidate weights are available. The present work instead addresses31

the preceding step of weight discovery: we use AI-assisted symbolic search to find candidate weight32

functions satisfying the screening criteria arising from a weighted cross-term identity used to derive the33

Carleman estimate, followed by direct human verification of the required inequalities. This search-and-34

certification viewpoint suggests a broader paradigm for exploring Carleman weights in more complex35

one-dimensional and higher-dimensional geometries, beyond the half-line wave problem considered in36

this work, provided that suitable identities and verification criteria are available.37

It is important to distinguish the role of AI in the present work from that in neural-network-based38

inversion methods such as [16, 17, 31, 32]. No learned model is used to conduct Carleman estimates,39

certify any proofs, or solve the inverse problem. The AI system [1] is used solely to propose symbolic40

candidate Carleman weights under pre-specified criteria. The admissible parameter ranges, coercive41

bounds, boundary-flux estimates, and all subsequent proofs of the Carleman estimate, stability result,42

and inverse-problem application are derived and verified analytically by the authors after the search.43

Turning from this general methodological perspective to its specific realization in the model prob-44

lem considered here, the half-line wave equation provides a concrete setting in which the discovery45

framework is carried from candidate generation to rigorous certification and downstream application.46

For the searched weight, the required coercivity, spatial escape, and boundary-flux properties are veri-47

fied and then used to establish the global half-line Carleman estimate; the resulting estimate is utilized48

to develop downstream stability analysis and inverse reconstruction theory. The main contributions49

and novelty of this work are as follows:50

• Introduction of an AI-assisted discovery approach that turns the traditionally manual search51

for Carleman weights into a structured and reproducible AI-assisted workflow governed by52

author-derived analytical screening conditions, with a documented search record showing how53

failed screening tests informed subsequent candidate refinements.54

• Comprehensive symbolic and analytical certification of the AI-discovered weight through direct55

human verification by the authors, followed by rigorous development of the subsequent proofs56

establishing a global Carleman estimate for the wave operator on the half-line and the resulting57

weighted conditional lateral Cauchy stability theorem.58

• Application of the proposed Carleman weight to a finite-depth one-sided wave reconstruction59

problem, where the retained nonvanishing initial-time flux induces an endpoint graph stabilizer60

and thereby yields a graph-stabilized Carleman contraction framework.61

• Numerical tests of the finite-depth penalty reconstruction, recording decreasing iteration di-62

agnostics and providing numerical evidence for noise robustness, high-frequency suppression,63

and the stabilizing effects of both the Carleman weight and endpoint regularizer through64

comparative numerical studies.65

Model problem. To realize the discovery-and-certification framework in a concrete setting, con-66

sider the wave equation on the semi-infinite domain:67

□u = utt − c2uxx = f(x, t), in Q, (1.1a)

ux = g(t), x = 0, (1.1b)

u(x, 0) = φ0(x), ut(x, 0) = φ1(x), x > 0. (1.1c)

where c > 0 is a constant wave speed and Q = (0,∞)×(0, T ). This is the forward problem considered;68

its related inverse application will be discussed in Section 5. We use the half-line Carleman estimate69

first to derive weighted conditional stability from lateral Cauchy data, and then to study finite-depth70

recovery of the initial displacement from one-sided data in a semilinear setting.71
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Remark 1.1. The Carleman estimate and the stability argument below also apply to wave equa-72

tions with bounded lower-order perturbations. These terms are handled by the usual large-parameter73

absorption and are therefore omitted from the notation.74

Paper organization. Section 2 introduces the weights, conjugated variables, and operators.75

Section 3 proves the global Carleman estimate for the wave operator on the half-line. Section 476

applies the estimate to weighted conditional lateral Cauchy stability. Section 5 investigates a finite-77

depth one-sided reconstruction problem for semilinear wave equations on the half-line and develops78

a graph-stabilized quasi-reversibility framework. Section 6 provides a numerical verification of that79

reconstruction framework. The appendices document the AI-assisted discovery workflow and the80

admissible ranges of parameters.81

2. Preliminaries82

2.1. Weight functions.83

We assume that all functions in the analytical estimates are real-valued. For R0 > 0, set84

QR0 := (0, R0)× (0, T ), Q = (0,∞)× (0, T ). (2.1)

We use the logarithmic weight identified through the AI-assisted search,85

ψ(x, t) = − log(1 + ct)− log(1 + x+ ct), (2.2)

and the Carleman weight86

φ = eλψ. (2.3)

The parameter regime used in the main estimate is87

α = 1, s < 0, −1

3
< λ < 0, 0 < β < 1− 4λ+ 2√

(2λ+ 3)(8λ+ 3)
. (2.4)

The admissible range (2.4) is verified in Appendix B. The choice α = 1 is made to keep the main88

estimate transparent; the parameter analysis in Appendix B records a broader admissible region for89

(λ, α). For later computations we denote90

A = 1 + ct, B = 1 + x+ ct, R =
B

A
≥ 1. (2.5)

Since λ < 0, the weight satisfies91

φ = A−λB−λ ≥ 1, φ(x, t)→ +∞ as x→ +∞.

Thus esφ → 0 at spatial infinity when s < 0.92

For a function v on QR0
or on Q, define the conjugated unknown93

w = esφv. (2.6)

Equivalently,94

v = e−sφw.

The global Carleman estimate is first proved on QR0
for smooth v satisfying the time-endpoint van-95

ishing condition96

v = 0 in a neighborhood of t = 0 and t = T. (2.7)

Consequently w,wt, wx also vanish near t = 0, T .97
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2.2. Principal operator and conjugated decomposition.98

We introduce the following wave operator and the associated form:99

□u = utt − c2uxx, □̃u = |∂tu|2 − c2 |∂xu|2 .
We also introduce the following operators L,L1 and L2 on ψ:100

Lψ = λ2φ(□̃ψ)− (α− 1)λφ(□ψ).
101

L1ψ = c2∂2xφ+ ∂2t φ

= λ2φ
(
(∂tψ)

2 + c2(∂xψ)
2
)
+ λφ

(
∂2t ψ + c2∂2xψ

)
.

L2ψ =
1

2

(
(α− 1)sλ□(φ(□ψ))− sλ2□(φ(□̃ψ))

)
+
(
s3λ3(α− 1)φ3(□̃ψ)(□ψ)− s3λ4φ3(□̃ψ)2

+ s3λ3
(
∂t[φ

3(□̃ψ)(∂tψ)]− c2∂x[φ3(□̃ψ)(∂xψ)]
))

.

(2.8)

We then introduce the operators P , P+, P−, and R in preparation for the Carleman estimates:102

Pw = P+w + P−w +Rw,

where103

Pw = esφ□(e−sφw) = esφ□v, (2.9)

P+w = ∂2tw − c2∂2xw + s2λ2φ2□̃ψw,

P−w = (α− 1)sλφw□ψ − sλ2φ□̃ψw − 2sλφ(∂tψ∂tw − c2∂xψ∂xw),
Rw = −αsλφw□ψ. (2.10)

2.3. On the cross terms in the Carleman estimate.104

2.3.1. Main expressions related to the cross terms.105

We first work on the finite cylinder QR0
, because the global half-line estimate is obtained by passing106

to the limit R0 →∞. Following the framework of proving Theorem 2.1 in [2], consider the cross terms107

induced by the inner product of P+w and P−w:108

⟨P+w, P−w⟩L2(QR0
) =

3∑
i,j=1

Ji,j . (2.11)

The detailed integration by parts is recorded in Section 2.3.2. It gives109

3∑
i,j=1

Ji,j =

∫
QR0

(∂tw)
2 (
sλ2φ□̃ψ − (α− 1)sλφ□ψ + s∂2t φ+ sc2∂2xφ

)
− c2

∫
QR0

(∂xw)
2 (
sλ2φ□̃ψ − (α− 1)sλφ□ψ − sc2∂2xφ− s∂2t φ

)
− 4sc2

∫
QR0

(∂tw) ∂
2
x,tφ∂xw

+
1

2

∫
QR0

w2
(
(α− 1)sλ□(φ□ψ)− sλ2□(φ□̃ψ)

)
+

∫
QR0

w2
(
s3λ3(α− 1)φ3□̃ψ□ψ − s3λ4φ3(□̃ψ)2

+ s3λ3
(
∂t(φ

3□̃ψ∂tψ)−c2∂x(φ3□̃ψ∂xψ
))

+ F (R0)− F (0) +G(T )−G(0). (2.12)
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Here F (x) and G(t) are defined in (2.15) and (2.16). Throughout this section, dx dt is omitted in110

integrals over QR0
. Because of the time-endpoint vanishing condition (2.7), we have G(T ) = G(0) = 0.111

Using the operators L,L1, L2 defined in Section 2.2, the same identity can be written as112

3∑
i,j=1

Ji,j =

∫
QR0

s(Lψ + L1ψ)|∂tw|2 +
∫
QR0

−sc2(Lψ − L1ψ)|∂xw|2

−
∫
QR0

4sc2∂2x,tφ∂tw∂xw +

∫
QR0

(L2ψ)w
2 + F (R0)− F (0). (2.13)

Introducing 0 < β < 1, we rewrite (2.13) as113

3∑
i,j=1

Ji,j =

∫
QR0

sβ(Lψ + L1ψ) |∂tw|2 +
∫
QR0

−sβc2(Lψ − L1ψ) |∂xw|2

+

∫
QR0

s(1− β)(Lψ + L1ψ) |∂tw|2 +
∫
QR0

−s(1− β)c2(Lψ − L1ψ) |∂xw|2

−
∫
QR0

4sc2∂2x,tφ∂tw ∂xw +

∫
QR0

(L2ψ)w
2 + F (R0)− F (0). (2.14)

2.3.2. Technical details related to the cross terms.114

In this subsection only, we write ℓ = R0 and Q = (0, ℓ)× (0, T ) to keep the original integration-by-115

parts formulas compact. This should not be confused with Q in (2.1), which corresponds to the case116

ℓ→∞. We will explicitly emphasize whenever this limiting case is used.117

1

sλ
J1,1 = (α− 1)

∫
Q

∂2twwφ□ψ

= (α− 1)

∫ ℓ

0

[(∂tw)wφ□ψ]

∣∣∣∣∣
T

t=0

dx− 1

2

∫ ℓ

0

w2∂t(φ□ψ) |Tt=0 dx−
∫
Q

(∂tw)
2
φ□ψ +

1

2

∫
Q

w2∂2t (φ□ψ).


− 1

sλ2
J1,2 =

∫
Q

∂2twwφ□̃ψ

=

∫ ℓ

0

[
(∂tw)wφ□̃ψ

]∣∣∣∣∣
T

t=0

dx− 1

2

∫ ℓ

0

w2∂t(φ□̃ψ) |Tt=0 dx−
∫
Q

(∂tw)
2
φ□̃ψ +

1

2

∫
Q

w2∂2t (φ□̃ψ).

1

−2sλJ1,3 =

∫
Q

∂2twφ(∂tψ∂tw − c2∂xψ∂xw),

=
1

2

∫ ℓ

0

(∂tw)
2φ∂tψ |Tt=0 dx−

1

2

∫
Q

(∂tw)
2∂t

(
φ∂tψ

)
− c2

∫
Q

∂2twφ∂xψ∂xw

1

−2sJ1,3 =
λ

2

∫ ℓ

0

(∂tw)
2φ∂tψ |Tt=0 dx−

1

2

∫
Q

(∂tw)
2(∂2t φ+ c2∂2xφ) + c2

∫
Q

(∂tw) ∂
2
x,tφ∂xw

−c2
∫ ℓ

0

∂tw∂xφ∂xw |Tt=0 dx+
c2

2

∫ T

0

[
(∂xφ) |∂tw|2

]∣∣∣∣∣
ℓ

x=0

dt.

1

2sc2λ
J2,3 =

∫
Q

∂2xwφ(∂tψ∂tw − c2∂xψ∂xw)

= −c
2

2

∫ T

0

(∂xw)
2φ∂xψ |ℓx=0 dt+

c2

2

∫
Q

(∂xw)
2∂x

(
φ∂xψ

)
+

∫
Q

∂2xwφ∂tψ∂tw

1

2sc2
J2,3 = −λc

2

2

∫ T

0

(∂xw)
2φ∂xψ |ℓx=0 dt+

1

2

∫
Q

(∂xw)
2(c2∂2xφ+ ∂2t φ)−

∫
Q

(∂tw) ∂
2
x,tφ∂xw
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+

∫ T

0

∂xw∂tφ∂tw |ℓx=0 dt−
1

2

∫ ℓ

0

[
(∂tφ) |∂xw|2

]∣∣∣∣∣
T

t=0

dx

−1
2s3λ3

J3,3 =

∫
Q

φ3□̃ψw(∂tψ∂tw − c2∂xψ∂xw)

=
1

2

∫ ℓ

0

w2φ3□̃ψ∂tψ |Tt=0 dx−
c2

2

∫ T

0

w2φ3□̃ψ∂xψ |ℓx=0 dt

−1

2

∫
Q

w2
(
∂t(φ

3□̃ψ∂tψ)−c2∂x(φ3□̃ψ∂xψ)
)
.

F (x) = −c2(α− 1)sλ

∫ T

0

[(∂xw)wφ□ψ] dt

+
c2(α− 1)sλ

2

∫ T

0

w2∂x(φ□ψ) dt

+ c2sλ2
∫ T

0

[
(∂xw)wφ□̃ψ

]
dt

− c2sλ2

2

∫ T

0

w2∂x(φ□̃ψ) dt

− sλc4
∫ T

0

[
(∂xψφ) |∂xw|2

]
dt

+ 2sc2
∫ T

0

∂xw∂tφ∂tw dt− sc2
∫ T

0

[
(∂xφ) |∂tw|2

]
dt

+ s3λ3c2
∫ T

0

w2φ3□̃ψ∂xψ dt. (2.15)

G(t) = (α− 1)sλ

∫ ℓ

0

[(∂tw)wφ□ψ] dx

− (α− 1)sλ

2

∫ ℓ

0

w2∂t(φ□ψ) dx

− sλ2
∫ ℓ

0

[
(∂tw)wφ□̃ψ

]
dx

+
sλ2

2

∫ ℓ

0

w2∂t(φ□̃ψ) dx

− sλ
∫ ℓ

0

(∂tw)
2φ∂tψ dx+ 2sc2

∫ ℓ

0

∂tw∂xφ∂xw dx− sc2
∫ ℓ

0

[
(∂tφ) |∂xw|2

]
dx

− s3λ3
∫ ℓ

0

w2φ3□̃ψ∂tψ dx. (2.16)

3. Global Carleman estimate118

3.1. Global Carleman constraints.119

The cross-term identity in Section 2.3 (specifically, (2.14)) suggests the following four screening120

criteria for the function ψ.121

First, the spatial escape criterion is122

s < 0, lim
x→+∞

λψ(x, t) = +∞. (3.1)
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For (2.2), this is exactly the escaping condition123

φ(x, t) = A−λB−λ → +∞, esφ(x,t) → 0 (x→ +∞).

Second, the mixed-term screening inequality is124

0 < β < 1, (1− β)2
(
(L1ψ)

2 − (Lψ)2
)
≥ 4c2(∂2x,tφ)

2. (3.2)

Third, the first-order sign screening criterion is125

L1ψ < Lψ < −L1ψ. (3.3)

Fourth, the qualitative zero-order screening test is126

L2ψ > 0. (3.4)

Remark 3.1. The four conditions above are search-stage screening criteria tied to the particular127

second-order conjugation and integration-by-parts template used in this paper. They are neither nec-128

essary nor sufficient for a Carleman estimate.129

The quantitative zero-order verification used in the proof is a stronger estimate130

Zs := L2ψ − s2λ2(φ□ψ)2 ≥ C0(−s)3φ3 for − s sufficiently large, (3.5)

compared to (3.4). This is proved in Lemma 3.2.131

3.2. AI-assisted weight search.132

The analytical work above reduces weight discovery to the screening criteria (3.1), (3.2), (3.3), and133

(3.4). We supplied a cleaned version of these criteria to the AI system [1] and asked it to propose134

explicit symbolic ansatzes. Each proposal was evaluated by a deterministic symbolic and numerical135

screen, and the failed condition was returned as feedback for the next search round. This loop136

eventually identified the characteristic-aligned logarithmic structure in (2.2) with one set of sample137

parameters.138

The AI-assisted stage ended at this structural proposal. The author-led stage then generalized139

the sample parameters, restored the full mixed condition, and derived the admissible range (2.4).140

Appendix A documents the search path, while Appendix B gives the independent analytical certifica-141

tion. Accordingly, the proof below depends on explicit computations and inequalities, not on the AI142

output.143

Remark 3.2. When the AI system implemented the search, the mixed condition (3.2) was first simpli-144

fied by setting β = 0, while the remaining conditions (3.1), (3.3), and (3.4) were kept. This relaxation145

decoupled β from the search process. After the candidate (2.2) was found, the original β-dependent146

inequality was restored and the admissible range (2.4) was recovered analytically.147

3.3. A uniform bound for the spatial flux.148

For α = 1, after substituting x = r, the spatial flux (2.15) becomes149

F (r) = c2sλ2
∫ T

0

wxwφ□̃ψ dt− c2sλ2

2

∫ T

0

w2∂x(φ□̃ψ) dt

− sλc4
∫ T

0

φψx|wx|2 dt+ 2sc2
∫ T

0

wxφtwt dt− sc2
∫ T

0

φx|wt|2 dt

+ s3λ3c2
∫ T

0

w2φ3□̃ψ ψx dt,

(3.6)

where all functions in the integrand are evaluated at (r, t).150

Lemma 3.1 (Uniform spatial flux bound). There exists a constant C > 0, depending only on c, T, λ,151

such that for every r ≥ 0, every s ≤ −1, and every smooth v,152

|F (r)| ≤ C
∫ T

0

e2sφ(r,t)
(
(−s)3φ(r, t)3|v(r, t)|2

+ (−s)φ(r, t)
(
|vt(r, t)|2 + |vx(r, t)|2

))
dt. (3.7)
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Proof. For (2.2),153

ψt = −c
(
1

A
+

1

B

)
, ψx = − 1

B
.

As shown in (B.1), □̃ψ = c2A−2 + 2c2A−1B−1. Since A ≥ 1 and B ≥ 1, there is a positive constant154

C, depending only on c, such that155

|ψt|+ |ψx|+ |□̃ψ| ≤ C. (3.8)

Moreover,156

φt = λφψt, φx = λφψx.

Differentiating φ□̃ψ with respect to x and using (B.1) gives157

|φt|+ |φx|+ |∂x(φ□̃ψ)| ≤ Cφ. (3.9)

Substituting (3.8) and (3.9) into (3.6), and using Cauchy’s inequality for the product wxw and the158

product wxwt, yields159

|F (r)| ≤ C
∫ T

0

(
(−s)3φ3|w|2 + (−s)φ(|wt|2 + |wx|2)

)
(r, t) dt. (3.10)

Here we used −s ≥ 1 and φ ≥ 1 to dominate lower powers such as (−s)φ|w|2 by (−s)3φ3|w|2.160

It remains to rewrite the right-hand side in terms of v. Since w = esφv,161

|w|2 = e2sφ|v|2.
For z = t, x,162

wz = esφ(vz + sφzv) = esφ(vz + sλφψzv).

By (3.8),163

|wz|2 ≤ Ce2sφ
(
|vz|2 + s2φ2|v|2

)
.

Multiplying by (−s)φ gives164

(−s)φ|wz|2 ≤ Ce2sφ
(
(−s)φ|vz|2 + (−s)3φ3|v|2

)
.

Combining these estimates with (3.10) gives (3.7). □165

3.4. Bulk coercivity.166

Lemma 3.2 (Uniform bulk coercivity). Let ψ be given by (2.2), let φ = eλψ, and assume (2.4).167

Then there exist constants M1,M2, C0 > 0 and S0 ≥ 1, depending only on c, T, λ, β, such that for all168

s ≤ −S0,169

−β(Lψ + L1ψ) ≥M1, (3.11)

βc2(Lψ − L1ψ) ≥M2, (3.12)

and170

Zs := L2ψ − s2λ2(φ□ψ)2 ≥ C0(−s)3φ3 in Q. (3.13)

Consequently, for w = esφv, there is c0 > 0, independent of R0 and s, such that171

(−s)M1

∫
QR0

|wt|2 + (−s)M2

∫
QR0

|wx|2 +
∫
QR0

Zsw
2

≥ c0
∫
QR0

e2sφ
(
(−s)3φ3|v|2 + (−s)(|vt|2 + |vx|2)

)
dx dt,

(3.14)

Proof. We first prove (3.11) and (3.12). For α = 1, the computations in Appendix B.1 regarding Lψ172

and L1ψ, as well as the relation B = RA give173

−β(Lψ + L1ψ) = β(−c2λ)A−2φHλ(R),

where174

Hλ(R) = (2λ+ 1) +
4λ

R
+

2(λ+ 1)

R2
.

https://orcid.org/0000-0003-0448-9870
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For −1/3 < λ < 0,175

inf
R≥1

Hλ(R) =
1 + 3λ

1 + λ
> 0.

Since A ≤ 1 + cT and φ ≥ 1, we may take176

M1 =
1

2
β(−c2λ)(1 + cT )−2 1 + 3λ

1 + λ
> 0.

The factor 1/2 is included only to leave room for harmless inequalities below. Similarly,177

βc2(Lψ − L1ψ) = β(−c4λ)A−2φ

(
1 +

2λ+ 2

R2

)
.

Because 2λ+ 2 > 0 and R ≥ 1, the factor in parentheses is bounded below by 1. Thus we may take178

M2 =
1

2
β(−c4λ)(1 + cT )−2 > 0.

We next prove the zero-order estimate. For α = 1, (2.8) becomes179

L2ψ = −1

2
sλ2□

(
φ(□̃ψ)

)
− s3λ4φ3(□̃ψ)2 + s3λ3

(
∂t
[
φ3(□̃ψ)ψt

]
− c2∂x

[
φ3(□̃ψ)ψx

])
. (3.15)

The derivative term can be written as180

∂t
[
φ3(□̃ψ)ψt

]
− c2∂x

[
φ3(□̃ψ)ψx

]
= φ3L0ψ,

where181

L0ψ = ∂t
(
□̃ψ ψt

)
+ 3λ□̃ψ ψ2

t − c2∂x
(
□̃ψ ψx

)
− 3λc2□̃ψ ψ2

x.

Therefore182

L2ψ = −1

2
sλ2□

(
φ(□̃ψ)

)
+ s3λ3φ3M0, M0 := L0ψ − λ(□̃ψ)2. (3.16)

For the explicit weight (2.2), a direct computation gives183

M0 = c4A−4

[
(2λ+ 3) +

2(4λ+ 3)

R
+

4(2λ+ 1)

R2

]
. (3.17)

Since −1/3 < λ < 0, all coefficients in the bracket in (3.17) are positive. Hence184

M0 ≥ c4(1 + cT )−4(2λ+ 3) =: m0 > 0. (3.18)

Furthermore, because s < 0 and λ < 0,185

s3λ3 = (−s)3(−λ)3 > 0.

A direct computation for (2.2) gives186

□(φ□̃ψ) = c4A−2λ−7R−λ−3
(
A3(9λ2 + 23λ+ 14) +A2x(15λ2 + 43λ+ 30)

+Ax2(7λ2 + 25λ+ 22) + x3(λ2 + 5λ+ 6)
)
> 0

(3.19)

for −1/3 < λ < 0. Thus the first term on the right-hand side of (3.16) is nonnegative. Also,187

(□ψ)2 = c4A−4 ≤ c4. (3.20)

Combining (3.16), (3.18), and (3.20), we obtain188

Zs = L2ψ − s2λ2(φ□ψ)2

≥ (−s)3(−λ)3m0φ
3 − c4

9
(−s)2φ2.

Since φ ≥ 1, there exist constants S0 ≥ 1 and C0 > 0, depending only on c, T, λ, such that (3.13)189

holds for all s ≤ −S0. This is also the coercive lower bound as desired in (3.5).190

It remains to prove (3.14). For z = t, x,191

wz = esφ(vz + sλφψzv).
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For every 0 < θ < 1, the elementary inequality192

|a+ b|2 ≥ θ|a|2 − θ

1− θ |b|
2

gives193

(−s)Mj |wz|2 ≥ θ(−s)Mje
2sφ|vz|2 −

θ

1− θMj(−s)3λ2φ2ψ2
ze

2sφ|v|2, (3.21)

where j = 1 for z = t and j = 2 for z = x. Because φ ≥ 1 and using (3.8), the negative term on the194

right-hand side of the above inequality is bounded by195

Cθ(−s)3φ3e2sφ|v|2,
with Cθ = Cθ(1− θ)−1 max{M1,M2}.196

Choosing θ > 0 sufficiently small, the two negative contributions from z = t and z = x in (3.21)197

are absorbed by C0e
2sφ(−s)3φ3|v|2/2, respectively. Then utilizing (3.21) and (3.13) gives198

(−s)M1|wt|2 + (−s)M2|wx|2 + Zsw
2 ≥ θ(−s)M1e

2sφ|vt|2 + θ(−s)M2e
2sφ|vx|2

+
C0

2
e2sφ(−s)3φ3|v|2.

Integrating over QR0 gives (3.14). □199

3.5. Global estimate and half-line passage.200

Theorem 3.1 (Global Carleman estimate). Let ψ be given by (2.2), let φ = eλψ, and assume the201

parameter range (2.4). There exist constants C > 0 and S0 ≥ 1, depending on c, T, λ, β but not on202

R0, such that for every R0 > 0, every smooth v on QR0 satisfying (2.7), and every s ≤ −S0,203 ∫
QR0

e2sφ
(
(−s)3φ3|v|2 + (−s)(|vt|2 + |vx|2)

)
dx dt

≤ C
∫
QR0

e2sφ|□v|2 dx dt (3.22)

+ C

∫ T

0

e2sφ(0,t)
(
(−s)3φ(0, t)3|v(0, t)|2 + (−s)φ(0, t)

(
|vt(0, t)|2 + |vx(0, t)|2

))
dt

+ C

∫ T

0

e2sφ(R0,t)
(
(−s)3φ(R0, t)

3|v(R0, t)|2 + (−s)φ(R0, t)
(
|vt(R0, t)|2 + |vx(R0, t)|2

))
dt.

Proof. By the decomposition Pw = P+w + P−w +Rw,204

Pw −Rw = P+w + P−w.

Therefore205 ∫
QR0

(Pw −Rw)2 =

∫
QR0

(P+w)
2 +

∫
QR0

(P−w)
2 + 2

3∑
i,j=1

Ji,j . (3.23)

Young’s inequality gives206 ∫
QR0

(Pw −Rw)2 ≤ 2

∫
QR0

(Pw)2 + 2

∫
QR0

(Rw)2.

Since the two square terms on the right-hand side of (3.23) are nonnegative, it follows that207

3∑
i,j=1

Ji,j ≤
∫
QR0

e2sφ|□v|2 +
∫
QR0

s2λ2(φ□ψ)2w2, (3.24)

where we used Pw = esφ□v and α = 1 in Rw.208

On the other hand, the parameter verification in Appendix B gives (3.2); hence the mixed first-order209

block in (2.14)210 ∫
QR0

s(1− β)(Lψ + L1ψ) |∂tw|2 +
∫
QR0

−s(1− β)c2(Lψ − L1ψ) |∂xw|2 −
∫
QR0

4sc2∂2x,tφ∂tw ∂xw

https://orcid.org/0000-0003-0448-9870
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is nonnegative. Together with (3.11) and (3.12), equation (2.14) yields211

3∑
i,j=1

Ji,j ≥ (−s)M1

∫
QR0

|wt|2 + (−s)M2

∫
QR0

|wx|2 +
∫
QR0

L2ψw
2

+ F (R0)− F (0).
(3.25)

Combining (3.24) and (3.25), and moving the term involving (φ□ψ)2w2 to the left, gives212

(−s)M1

∫
QR0

|wt|2 + (−s)M2

∫
QR0

|wx|2 +
∫
QR0

Zsw
2

≤
∫
QR0

e2sφ|□v|2 − F (R0) + F (0)

≤
∫
QR0

e2sφ|□v|2 + |F (R0)|+ |F (0)|,

where we recall Zs defined in (3.5). Lemma 3.2 controls the left-hand side from below by213

c0

∫
QR0

e2sφ
(
(−s)3φ3|v|2 + (−s)(|vt|2 + |vx|2)

)
dx dt,

and Lemma 3.1 controls the two spatial fluxes |F (R0)| and |F (0)| by the two boundary integrals214

appearing on the right-hand side of (3.22). The constants in these estimates are independent of R0.215

This proves (3.22) after changing the constant. □216

Corollary 3.2 (Global Carleman estimate on the half-line). Let v satisfy (2.7) and217

v ∈ C
(
[0, T ];H2(0,∞)

)
∩ C1

(
[0, T ];H1(0,∞)

)
∩ C2

(
[0, T ];L2(0,∞)

)
.

Then there exist constants C > 0 and S0 ≥ 1, depending on c, T, λ, β, such that for every s ≤ −S0,218 ∫
Q

e2sφ
(
(−s)3φ3|v|2 + (−s)(|vt|2 + |vx|2)

)
dx dt

≤ C
∫
Q

e2sφ|□v|2 dx dt (3.26)

+ C

∫ T

0

e2sφ(0,t)
(
(−s)3φ(0, t)3|v(0, t)|2 + (−s)φ(0, t)

(
|vt(0, t)|2 + |vx(0, t)|2

))
dt.

Proof. We first prove the estimate for smooth v satisfying the stated finite-energy bounds. The219

asserted regularity class then follows by a standard density argument preserving the time-endpoint220

vanishing condition. Apply Theorem 3.1 on QR0
. The constants are independent of R0.221

The regularity v ∈ C([0, T ];H2(0,∞)) gives uniform-in-time H1-control of v and vx, while vt ∈222

C([0, T ];H1(0,∞)) gives uniform-in-timeH1-control of vt. By the one-dimensional Sobolev inequality,223

|v(R0, t)|+ |vt(R0, t)|+ |vx(R0, t)| ≤ Cv for all R0 > 0, t ∈ [0, T ].

Moreover, uniformly for t ∈ [0, T ],224

m0(1 +R0)
−λ ≤ φ(R0, t) ≤M(1 +R0)

−λ

with constants m0,M > 0 depending only on c, T, λ. Since λ < 0 and s < 0, for k = 1, 3,225

sup
t∈[0,T ]

e2sφ(R0,t)φ(R0, t)
k ≤Mk(1 +R0)

−kλe2sm0(1+R0)
−λ → 0 as R0 →∞.

Thus the full right-endpoint boundary integral in (3.22) tends to zero. The left-hand side and the226

residual term converge to the corresponding integrals over Q by monotone convergence applied to227

nonnegative integrands. This gives (3.26). □228
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4. Weighted conditional lateral Cauchy stability229

Let230

I ⋐ I∗ ⋐ (0, T )

be open time intervals. Choose η ∈ C∞
c (I∗) such that231

0 ≤ η(t) ≤ 1, η = 1 on I. (4.1)

Let232

T := supp η′ ∪ supp η′′ ⊂ I∗ \ I. (4.2)

Theorem 4.1 (Weighted conditional lateral Cauchy stability). Let z have the same global finite-energy233

regularity as in Corollary 3.2. Then there exist constants C > 0, Cη > 0, and S ≥ 1, depending on234

c, T, λ, β and on finitely many bounds for η, such that for every s ≤ −S,235 ∫
(0,∞)×I

e2sφ
(
(−s)3φ3|z|2 + (−s)(|zt|2 + |zx|2)

)
dx dt

≤ C
∫
(0,∞)×I∗

e2sφ|□z|2 dx dt (4.3)

+ C

∫
I∗
e2sφ(0,t)

(
(−s)3φ(0, t)3|z(0, t)|2 + (−s)φ(0, t)

(
|zt(0, t)|2 + |zx(0, t)|2

))
dt

+ Cη

∫
(0,∞)×T

e2sφ
(
|zt|2 + |z|2

)
dx dt.

Proof. Set236

v = ηz.

Since η ∈ C∞
c (I∗), the function v vanishes in a neighborhood of t = 0 and t = T . It also has the237

finite-energy regularity required in Corollary 3.2. Applying that corollary to v = ηz gives238 ∫
Q

e2sφ
(
(−s)3φ3|ηz|2 + (−s)(|(ηz)t|2 + |(ηz)x|2)

)
dx dt

≤ C
∫
Q

e2sφ|□(ηz)|2 dx dt (4.4)

+ C

∫ T

0

e2sφ(0,t)
(
(−s)3φ(0, t)3|ηz(0, t)|2 + (−s)φ(0, t)

(
|(ηz)t(0, t)|2 + |(ηz)x(0, t)|2

))
dt.

Because η = 1 on I, the nonnegative left-hand side of (4.4) controls the left-hand side of (4.3). We239

now estimate the residual term. Since η depends only on t,240

□(ηz) = (ηz)tt − c2(ηz)xx
= η(ztt − c2zxx) + 2η′zt + η′′z = η□z + 2η′zt + η′′z.

Thus241 ∫
Q

e2sφ|□(ηz)|2 dx dt ≤ C
∫
(0,∞)×I∗

e2sφ|□z|2 dx dt

+ Cη

∫
(0,∞)×T

e2sφ
(
|zt|2 + |z|2

)
dx dt. (4.5)

It remains to estimate the boundary term in (4.4). At x = 0,242

(ηz)t = ηzt + η′z, (ηz)x = ηzx.

Using −s ≥ 1, φ(0, t) ≥ 1, and the boundedness of η and η′, we get243 ∫ T

0

e2sφ(0,t)
(
(−s)3φ(0, t)3|ηz(0, t)|2 + (−s)φ(0, t)

(
|(ηz)t(0, t)|2 + |(ηz)x(0, t)|2

))
dt

≤ Cη
∫
I∗
e2sφ(0,t)

(
(−s)3φ(0, t)3|z(0, t)|2 + (−s)φ(0, t)

(
|zt(0, t)|2 + |zx(0, t)|2

))
dt. (4.6)
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Combining (4.4), (4.5), and (4.6) proves (4.3). □244

5. Finite-depth one-sided reconstruction on the half-line245

We now use the half-line Carleman estimate in a finite-depth inverse problem for a semilinear wave246

equation. We fix247

0 < X < cT. (5.1)

The unknown recovered by the estimate is248

p(x) = u(x, 0), 0 < x < X, (5.2)

where249 
□u+N (x, t, u, ut, ux) = f, (x, t) ∈ Q = (0,∞)× (0, T ),

u(0, t) = h(t), ux(0, t) = g(t), 0 < t < T,

ut(x, 0) = φ1(x), x > 0.

(5.3)

Remark 5.1. No value at an artificial endpoint x = X is prescribed, and the initial tail on (X,∞)250

is treated as part of the unknown half-line state. In the finite-depth estimate below, the negative tail251

contribution from the endpoint flux is discarded, while the positive endpoint contribution is kept through252

the graph regularization.253

Throughout this section we assume that, for every fixed (a, b, d), the map (x, t) 7→ N (x, t, a, b, d)254

is Lebesgue measurable, and that N is globally Lipschitz in (u, ut, ux). Thus there are constants255

K0,K1,K2 ≥ 0 such that256

|N (x, t, a, b, d)−N (x, t, ã, b̃, d̃)| ≤ K0|a− ã|+K1|b− b̃|+K2|d− d̃|. (5.4)

We keep the Carleman phase from the previous sections and fix −1/3 < λ < 0. Thus257

φ(x, t) = eλψ(x,t) = (1 + ct)−λ(1 + x+ ct)−λ. (5.5)

For s < 0 define the normalized weight258

ωs(x, t) = exp[s(φ(x, t)− 1)], ωs,0(x) = ωs(x, 0). (5.6)

The normalized weight is obtained by multiplying esφ by the constant factor e−s, so that ωs(0, 0) = 1.259

Define the weighted bulk energy260

Es[v] =

∫
Q

ω2
s

{
(−s)3φ3|v|2 + (−s)(|vt|2 + |vx|2)

}
dx dt, (5.7)

and set261

ρs(x) = ωs,0(x)
2φ(x, 0)3.

For m ≥ 1, let Xms be the weighted Sobolev space262

Xms = {v ∈ D′(Q) : ∂jx∂
k
t v ∈ L2(Q, ρs(x) dx dt), j + k ≤ m},

endowed with the norm263

∥v∥2Xm
s

=
∑

j+k≤m

∫
Q

ρs(x)|∂jx∂kt v|2 dx dt. (5.8)

For fixed s < 0, this is a Hilbert space. Since ρs is smooth and strictly positive, with bounded loga-264

rithmic derivatives, the standard trace theorem applies; all boundary and initial conditions hereafter265

in this section are understood in this trace sense.266

Set267

a0(x) = λ2φ(x, 0)φt(x, 0)(□̃ψ)(x, 0), r0(x) = −
λ2

2
∂t(φ□̃ψ)(x, 0). (5.9)

At t = 0,268

φt(x, 0) = −cλ(1 + x)−λ−1(x+ 2) > 0,

(□̃ψ)(x, 0) = c2
x+ 3

x+ 1
> 0,

−∂t(φ□̃ψ)(x, 0) = c3(1 + x)−λ−2
[
(λ+ 2)x2 + (5λ+ 6)x+ 6(λ+ 1)

]
> 0.
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Hence a0 and r0 are positive on the half-line. For a trace p, define269

Is,X [p] =

∫ X

0

ω2
s,0a0(x)|p(x)|2 dx,

Gs[p] = (−s)
∫ ∞

0

ω2
s,0

[
c2φt(x, 0)|px(x)|2 +

(
r0(x) + 2s2φ(x, 0)a0(x)

)
|p(x)|2

]
dx. (5.10)

The same notation Is,∞ means that the first integral is taken over (0,∞). The additional term270

2s2φ(x, 0)a0(x) arises because the corrected last term in the temporal flux (2.16) adds to the other271

cubic contribution.272

5.1. Finite-depth Carleman control without a right boundary.273

Choose X/c < T− < T+ < T , and let χ = χX ∈ C∞([0, T ]) satisfy274

0 ≤ χ ≤ 1, χ = 1 on [0, T−], χ = 0 on [T+, T ]. (5.11)

Since φt > 0, the transition region is separated from the initial slice by the weight. Namely,275

γ = inf
x≥0, t∈suppχ′

(
φ(x, t)− φ(x, 0)

)
> 0. (5.12)

For the variational functionals below, assume also that276

ωsχf ∈ L2(Q), ωsχN (·, ·, 0, 0, 0) ∈ L2(Q). (5.13)

Then (5.4) implies ωsχN (U) ∈ L2(Q) for every U ∈ Xms , m ≥ 1.277

We shall apply the estimate to the difference z = u − ũ of two solutions of (5.3) having the same278

boundary and initial data. Then z satisfies the homogeneous conditions279

z(0, t) = zx(0, t) = 0, zt(x, 0) = 0. (5.14)

Proposition 5.1 (Finite-depth endpoint Carleman estimate). For −s sufficiently large and every280

m ≥ 4, every z ∈ Xms satisfying the homogeneous trace conditions (5.14) obeys281

Es[χz] + s2Is,X [z(·, 0)] ≤ CX
(
∥ωsχ□z∥2L2(Q) + Gs[z(·, 0)] + e2sγ∥z∥2X 1

s

)
. (5.15)

Proof. Apply the finite-cylinder Carleman identity (2.12) to v = χz, keeping the time flux at t = 0.282

Since v vanishes near T , the terminal flux is zero. The lateral flux at x = 0 is zero by (5.14), and283

the flux at x = R0 vanishes as R0 →∞ by Lemma 3.1 and the same argument used in Corollary 3.2.284

The bulk coercivity and lower-order absorption are those in the proof of Theorem 3.1. Hence, after285

passing to the half-line and changing constants,286

Es[χz] ≤ C∥ωs□(χz)∥2L2(Q) + Ce−2sG(0),

where G(0) is the time flux (2.16) for the conjugated function w = esφχz.287

Because χ = 1 near t = 0, this flux is the initial flux of z. Put p = z(·, 0). From zt(·, 0) = 0,288

w = esφ(x,0)p, wt = sφt(x, 0)e
sφ(x,0)p, wx = esφ(x,0)(px + sφx(x, 0)p)

at t = 0. Substitution into (2.16) cancels the mixed ppx terms, while the two cubic (−s)3p2 contribu-289

tions arising from the (∂tw)
2 term and the final w2 term in (2.16) add to the term 2s2φ(x, 0)a0(x) in290

Gs defined in (5.10), with a0(x) defined in (5.9). Thus291

e−2sG(0) = Gs[p]− s2Is,∞[p]

= Gs[p]− s2Is,X [p]− s2
∫ ∞

X

ω2
s,0a0(x)|p(x)|2 dx,

where Is,X is defined in (5.10). The last term of the above equation is nonpositive; hence, it can be292

omitted when deriving the upper bound for the left-hand side of (5.15).293

It remains to estimate the cutoff terms. Since294

□(χz) = χ□z + 2χ′zt + χ′′z,

we have295

∥ωs□(χz)∥2L2(Q) ≤ C∥ωsχ□z∥2L2(Q) + C

∫
suppχ′

ω2
s(|zt|2 + |z|2) dx dt.
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On suppχ′, (5.12) gives ωs(x, t)2 ≤ e2sγωs,0(x)2. Therefore296 ∫
suppχ′

ω2
s(|z|2 + |zt|2) dx dt ≤ CXe2sγ∥z∥2X 1

s
.

Moving s2Is,X [p] to the left yields (5.15). The extension from smooth homogeneous differences to297

z ∈ Xms follows by the same standard density argument as in Corollary 3.2, using the trace continuity298

mentioned right after (5.8). □299

5.2. Graph-stabilized frozen nonlinear reconstruction.300

Fix m ≥ 4. We assume that an exact solution u† ∈ Xms of (5.3) exists with the prescribed exact301

traces. This includes the usual Sobolev regularity and compatibility conditions. Define302

A = {v ∈ Xms : v(0, t) = h(t), vx(0, t) = g(t), vt(x, 0) = φ1(x)}. (5.16)

The corresponding homogeneous space is303

A0 = {z ∈ Xms : z(0, t) = zx(0, t) = 0, zt(x, 0) = 0}. (5.17)

Then u† ∈ A, A = u†+A0, and the trace continuity above makes A0 closed in Xms ; hence A is a closed304

affine space. Every element of A0 satisfies (5.14).305

Let ε > 0 and κ > 0 be fixed. The graph norm is306

∥z∥2Gs
= Es[χz] + s2Is,X [z(·, 0)] + ε∥z∥2Xm

s
+ κGs[z(·, 0)]. (5.18)

On A0, this norm is equivalent to ∥ · ∥Xm
s
, by fixed-s weight comparability, the trace continuity above,307

and the ε-term. We choose ε large enough so that the cutoff transition term CXe
2sγ∥z∥2X 1

s
in (5.15)308

is absorbed by the ε∥z∥2Xm
s

term:309

ε ≥ CXe2sγ . (5.19)

For a frozen state U ∈ A, define310

JUs (v) = ∥ωsχ(□v +N (x, t, U, Ut, Ux)− f)∥2L2(Q) + ε∥v∥2Xm
s

+ κGs[v(·, 0)], v ∈ A, (5.20)

and set311

Φs(U) = argmin
v∈A

JUs (v). (5.21)

In this subsection, N (U) abbreviates N (x, t, U, Ut, Ux).312

We prove that (5.21) is well defined. Choose v0 ∈ A, write v = v0 + z with z ∈ A0, and define313

as(z, η) = (ωsχ□z, ωsχ□η)L2(Q) + ε(z, η)Xm
s

+ κGs[z(·, 0), η(·, 0)],
ℓU (η) = −(ωsχ(□v0 +N (U)− f), ωsχ□η)L2(Q)

− ε(v0, η)Xm
s
− κGs[v0(·, 0), η(·, 0)].

The trace theorem and (5.13) make as and ℓU continuous on A0, while314

as(z, z) ≥ ε∥z∥2Xm
s
.

The Lax–Milgram theorem therefore gives a unique zU ∈ A0 satisfying as(zU , η) = ℓU (η) for all315

η ∈ A0. Expanding JUs (v0 + z) shows that v0 + zU is its unique minimizer. Thus Φs is well defined.316

Theorem 5.2 (Finite-depth graph contraction). Fix κ > 0 and θ ∈ (0, 1). There exists sθ < 0 such317

that, for every s ≤ sθ, one can choose ε = ε(s, θ) > 0 for which (5.19) holds and318

∥Φs(U)− Φs(V )∥Gs
≤ θ∥U − V ∥Gs

, U, V ∈ A. (5.22)

Thus Φs is a contraction on A with respect to the metric induced by ∥ · ∥Gs .319

Proof. The minimizers are well defined, Φs(U)−Φs(V ) ∈ A0, and the Euler equation below is obtained320

by differentiating JUs with respect to v along directions η ∈ A0:321 (
ωsχ

(
□Φs(U) +N (U)− f

)
, ωsχ□η

)
L2(Q)

+ ε
(
Φs(U), η

)
Xm

s
+ κGs

(
Φs(U)(·, 0), η(·, 0)

)
= 0, ∀ η ∈ A0.
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We first record the graph control estimate. If z ∈ A0, then (5.15) and the definition of ∥ · ∥Gs
give322

∥z∥2Gs
≤ CX

(
∥ωsχ□z∥2L2(Q) + Gs[z(·, 0)] + e2sγ∥z∥2X 1

s

)
+ ε∥z∥2Xm

s
+ κGs[z(·, 0)].

Since m ≥ 4, (5.19) absorbs the transition term into the ε-term. The full endpoint form is controlled323

by κGs[z(·, 0)], with a constant depending on the fixed number κ. Hence324

∥z∥2Gs
≤ CX,κ

(
∥ωsχ□z∥2L2(Q) + ε∥z∥2Xm

s
+ κGs[z(·, 0)]

)
, z ∈ A0. (5.23)

Let z = Φs(U) − Φs(V ) and e = U − V . Subtract the Euler equations for the two quadratic325

minimization problems and test by z. This gives326

∥ωsχ□z∥2L2(Q) + ε∥z∥2Xm
s

+ κGs[z(·, 0)] ≤ ∥ωsχ(N (U)−N (V ))∥2L2(Q). (5.24)

By (5.4), the right-hand side is bounded by327

C

∫
Q

ω2
sχ

2
(
K2

0 |e|2 +K2
1 |et|2 +K2

2 |ex|2
)
dx dt.

On Q\suppχ′, we have (χe)t = χet and (χe)x = χex. Hence, the bulk term Es[χe], with Es defined in328

(5.7), controls the χ2-weighted zero-order and first-order terms in the above integral over this region,329

with factors (−s)−3 and (−s)−1, respectively. On suppχ′, the weight separation (5.12) gives330 ∫
suppχ′

ω2
s

(
|e|2 + |et|2 + |ex|2

)
dx dt ≤ CXe2sγ∥e∥2X 1

s
≤ CX

e2sγ

ε
∥e∥2Gs

.

Consequently,331

∥ωsχ(N (U)−N (V ))∥2L2(Q) ≤ C
[
K2

1 +K2
2

−s +
K2

0

(−s)3 + (K2
0 +K2

1 +K2
2 )
e2sγ

ε

]
∥e∥2Gs

.

Combining this with (5.23), we obtain332

∥Φs(U)− Φs(V )∥2Gs
≤ Θs,ε∥U − V ∥2Gs

,

Θs,ε ≤ CX,κ
[
K2

1 +K2
2

−s +
K2

0

(−s)3 + (K2
0 +K2

1 +K2
2 )
e2sγ

ε

]
. (5.25)

Choose sθ < 0 so negative that the contribution of the first two terms on the right-hand side is at333

most θ2/2 for every s ≤ sθ. For such an s, choose ε = ε(s, θ) > 0 large enough so that (5.19) holds334

and the last term also contributes at most θ2/2. Then Θs,ε ≤ θ2, which proves (5.22). □335

5.3. Noisy data and the final stability estimate.336

Let the noisy data be fδ, hδ, gδ, φδ1, and let Aδ be the affine class obtained from A defined in (5.16)337

by replacing (h, g, φ1) with (hδ, gδ, φδ1), i.e.,338

Aδ =
{
v ∈ Xm

s : v(0, t) = hδ(t), vx(0, t) = gδ(t), vt(x, 0) = φδ1(x)
}
.

We only consider noisy data for which Aδ ̸= ∅ and ωsχfδ ∈ L2(Q). In Theorem 5.3, the nonemptiness339

of Aδ is already guaranteed by the lifted noise assumption (5.27). For U ∈ Aδ, define340

Φδs(U) = argmin
v∈Aδ

{
∥ωsχ(□v +N (U)− fδ)∥2L2(Q) + ε∥v∥2Xm

s
+ κGs[v(·, 0)]

}
. (5.26)

For each U ∈ Aδ, the minimizer in (5.26) exists and is unique by the same direct-method argument341

mentioned in Section 5.2 for establishing the well-posedness of Φs. If vδ ∈ Aδ, then Aδ = vδ + A0;342

hence the preceding contraction proof of Theorem 5.2 applies to Φδs, since differences of two elements343

of Aδ satisfy (5.14).344

The noise assumption is expressed directly with the noise level δ. Let u† ∈ A be the exact solution345

and p† = u†(·, 0). We say that the noisy data have compatible lifted noise level δ if there exists ũδ ∈ Aδ346

such that347

∥ωsχ(□ũδ +N (ũδ)− fδ)∥L2(Q) + ∥ũδ − u†∥Gs
≤ δ. (5.27)

This is a conditional lifted noise model. It does not assert that arbitrary raw boundary errors of size348

δ automatically satisfy (5.27); such a statement would require a separate stable trace-lifting theorem.349
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Theorem 5.3 (Regularized finite-depth stability estimate). Fix κ > 0 and θ ∈ (0, 1). Choose s ≤ sθ350

and ε = ε(s, θ) > 0 as in Theorem 5.2, so that the frozen map Φδs is a θ-contraction. Assume351

∥u†∥Xm
s
≤ M . Then there are constants Cs > 0 and δs > 0, independent of n and δ, such that the352

following holds.353

If 0 < δ ≤ δs, Uδ0 ∈ Aδ(5.27) holds, and U δ0 ∈ Aδ, then the iterates354

Uδn+1 = Φδs(U
δ
n)

satisfy, for every n ≥ 0,355

∥Uδn+1 − u†∥2Gs
≤ 2θ2(n+1)∥Uδ0 − u†∥2Gs

+ Cs
(
δ2 + εM2 + κGs[p†]

)
. (5.28)

Consequently, with pδn+1 = Uδn+1(·, 0),356

Is,X [pδn+1 − p†] ≤ Csθ2(n+1)∥Uδ0 − u†∥2Gs
+ Cs

(
δ2 + εM2 + κGs[p†]

)
. (5.29)

Here Uδn+1 is exactly the minimizer in (5.26) with frozen state U δn.357

Proof. By the contraction property and the Banach fixed point theorem, Φδs has a unique fixed point;358

denote it by uδs. Let w = ũδ be the lifting in (5.27). Applying the graph control estimate to Φδs(w)−w,359

and using the minimality of Φδs(w), gives360

∥Φδs(w)− w∥Gs
≤ Cs

(
δ +
√
εM +

√
κGs[p†]1/2

)
.

Combining the above inequality, the contraction estimate in (5.22), and the triangle inequality gives361

∥uδs − w∥Gs
≤ θ∥uδs − w∥Gs

+ Cs

(
δ +
√
εM +

√
κGs[p†]1/2

)
,

and hence the same bound for ∥uδs − u†∥Gs , after adding ∥w − u†∥Gs ≤ δ. Finally,362

∥Uδn+1 − uδs∥Gs
≤ θn+1∥Uδ0 − uδs∥Gs

,

and the triangle inequality yields (5.28). The trace estimate follows from s2Is,X [z(·, 0)] ≤ ∥z∥2Gs
, with363

s fixed. □364

Remark 5.2 (Equivalence on the recovery interval). For fixed s < 0 and X < ∞, the weight ω2
s,0a0365

is continuous and strictly positive on [0, X]. Hence Is,X is equivalent to the L2(0, X)-norm squared,366

and (5.29) gives an L2(0, X) finite-depth error estimate with constants depending on s and X.367

Remark 5.3 (Role of the Carleman estimate). For the one-dimensional linear wave equation, finite-368

depth uniqueness itself is elementary from characteristics. The Carleman estimate is used here for a369

different purpose: it gives the weighted graph control that makes the frozen semilinear quasi-reversibility370

map contractive. The result is therefore a regularized semilinear reconstruction statement, rather than371

a new uniqueness theorem for the linear one-dimensional wave equation.372

6. Numerical verification of the finite-depth reconstruction373

This section reports finite-difference penalty experiments motivated by the finite-depth one-sided374

reconstruction in Section 5. The computation is carried out on a finite box only because the numerical375

grid must be finite. The inverse data remain one-sided throughout: no value at the artificial endpoint376

x = L is imposed or used as data. The tests examine manufactured-data consistency, mesh refinement,377

the weighted iteration diagnostic, robustness to white noise, and comparison with two natural quasi-378

reversibility baselines.379

6.1. Algorithm and setups.380

We compute the finite-depth one-sided inverse problem with finite difference methods on the trun-381

cated rectangle [0, L] × [0, T ]. The spatial and temporal domains are discretized uniformly by intro-382

ducing grid points383

xi = i∆x, i = 0, . . . , Nx, and tj = j∆t, j = 0, . . . , Nt,
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with mesh sizes ∆x = L/Nx and ∆t = T/Nt. For quantities restricted to the recovery interval (0, X),384

we denote by NX the last spatial index such that xNX
≤ X. The notation fi,j denotes f(xi, tj) for a385

function f .386

For a frozen iterate U , the discrete unknown V is obtained from the sparse least-squares problem387

JUh (V ) =
∑
i,j

∆x∆t ωs(xi, tj)
2χX(tj)

2
∣∣LhVi,j +Nh[U ]i,j − fδi,j

∣∣2
+ ε∥V ∥2X 2

h
+ κ(−s)

∑
i

∆xωs,0(xi)
2c2φt(xi, 0)|DxVi,0|2

+ κ(−s)
∑
i

∆xωs,0(xi)
2
(
r0(xi) + 2s2φ(xi, 0)a0(xi)

)
|Vi,0|2

+ Pδh(V ) + 10−12
∑
i,j

|Vi,j |2,

(6.1)

The data penalty is388

Pδh(V ) = 104
[
∆t

Nt∑
j=0

|V0,j − hδj |2 +∆t

Nt∑
j=0

|(DxV )0,j − gδj |2

+∆x

Nx∑
i=0

|(DtV )i,0 − φδ1,i|2
]
.

Here the boundary derivatives use the three-point, second-order one-sided formulas. The last term389

in (6.1) records the diagonal ridge used in the normal equations. The unweighted X 2
h term sums390

the squares of values, centered first differences and unmixed second differences on their valid grid391

indices; it is an H2-type discrete regularizer. The PDE residual is summed over interior nodes, the392

endpoint derivative term over i = 1, . . . , Nx − 1, and the endpoint mass term over i = 0, . . . , Nx. In393

this formula, Lh is the centered second-order discretization of ∂2t − c2∂2x. The cutoff χX is the discrete394

analogue of (5.11). The traces V0,j , DxV0,j , and DtVi,0 are the discrete counterparts of the lateral395

data V (0, t) = hδ(t), Vx(0, t) = gδ(t), and the initial velocity Vt(x, 0) = φδ1(x), respectively; they are396

enforced through the corresponding quadratic penalties in the discrete scheme (6.1). No condition is397

imposed at x = L.398

Accordingly, we define the discrete frozen nonlinear map by399

Φs,h(U) := argmin
V ∈Vh

JUh (V ),

where Vh is the space of all grid arrays. The data are imposed by finite penalties, so this implementa-400

tion is a finite-difference penalty version of the continuous reconstruction; the exact-trace contraction401

theorem does not directly certify this discrete map. At each step, the current iterate Un is frozen in402

the nonlinear term, and the next iterate Un+1 is obtained by one frozen nonlinear Picard correction,403

namely by minimizing the corresponding discrete functional JU
n

h :404

Un+1 = Φs,h(U
n) = argmin

V
JU

n

h (V ).

The reported stopping diagnostic uses the square seminorm405

Mh(Z) = (−s)∆x∆t
[ Nx∑
i=0

Nt−1∑
j=1

ω2
ijχ

2
j |DtZij |2 +

Nx−1∑
i=1

Nt∑
j=0

ω2
ijχ

2
j |DxZij |2

]

+ (−s)3∆x∆t
Nx∑
i=0

Nt∑
j=0

ω2
ijχ

2
jφ

3
ij |Zij |2 + s2∆x

NX∑
i=0

ω2
i0a0(xi)|Zi0|2 + κGs,h[Z·,0],

where ωij = ωs(xi, tj), χj = χX(tj), the differences are centered, and Gs,h denotes the two endpoint406

sums in (6.1) without their factor κ. The experiments below use c = 1. Unlike the full continuous407
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graph norm, Mh omits the ε regularization term and uses χjDtZ in place of Dt(χZ); it can vanish408

for nonzero arrays supported near the final time. We use it only as a stopping diagnostic:409

RGIn =

√
Mh(Un+1 − Un)√
Mh(Un+1) + 10−15

.

The iteration stops when this value is below the tolerance after at least two corrections, or when the410

prescribed iteration limit is reached. This process is summarized in Algorithm 1.411

Algorithm 1: Graph-stabilized frozen nonlinear fixed-point iteration

Data: Uniform grid (xi, tj) on [0, L]× [0, T ]; noisy data fδ, hδ, gδ, φδ1; parameters s < 0,
ε > 0, κ > 0; stopping tolerance τ0; iteration limit Nmax.

Result: The reconstructed discrete solution Un.
Initialize U0 by solving the linear quasi-reversibility problem with the nonlinear term N set to
zero ;

Set n← 0;

repeat
Compute

Un+1 = argmin
V

JU
n

h (V ),

where JU
n

h is the frozen Carleman-weighted least-squares functional in (6.1);

Compute the weighted increment diagnostic RGIn;

Set n← n+ 1 ;

until (n ≥ 2 and RGIn−1 < τ0) or n = Nmax;
return The final iterate Un as the reconstructed discrete solution; the initial trace Un(·, 0)
reconstructs p(x) = u(x, 0).

The proposed method will be compared with two baselines. The first removes the endpoint graph412

term by setting κ = 0 in (6.1), while keeping the Carleman weight. The second replaces the weight413

ωs defined in (5.6) by one and also removes the endpoint graph term, giving an unweighted quasi-414

reversibility (unweighted QR) scheme. To gauge the reconstruction error, we define the following415

relative initial-trace errors416

errL2 =
∥Un(·, 0)− p†∥L2(0,X)

∥p†∥L2(0,X)
, errw =

Is,X [Un(·, 0)− p†]1/2
Is,X [p†]1/2

.

6.2. Numerical example and results.417

We set the following parameter values regarding the semilinear wave model (5.3), the truncated418

computational domain, the finite reconstruction depth, and the Carleman weights:419

c = 1, T = 1.5, L = 1.45, X = 1, λ = −1

4
.

The nonlinearity is chosen to match the global Lipschitz hypothesis in Section 5:420

N (u) = µ sinu, µ = 1.

The manufactured solution is421

u†(x, t) = p†(x) cos(νt) +
q(x)

ν
sin(νt), ν = 0.85, (6.2)

where422

p†(x) = 0.80e−0.35x + 0.12e−0.45x sin(4πx+ 0.10) + 0.08e−0.45x cos(6πx)

+ 0.05e−35(x−0.72)2 sin(7πx),

q(x) = 0.20e−0.30x cos(2.2πx+ 0.20) + 0.04e−30(x−0.65)2 sin(6πx+ 0.30).
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Table 1. Noise-free mesh refinement for the manufactured multiscale solution. The
mesh size is h = max{∆x,∆t}. This is a consistency check; no asymptotic order is
claimed because the regularization parameters are fixed.

Nx Nt h errL2 errw
30 36 4.833 · 10−2 8.10 · 10−2 3.20 · 10−2

40 48 3.625 · 10−2 1.41 · 10−2 5.28 · 10−3

50 60 2.900 · 10−2 5.44 · 10−3 3.29 · 10−3

Table 2. Relative weighted increment diagnostics for the frozen nonlinear Picard
correction with 0.2% white noise.

s iter. 1 iter. 2 iter. 3 iter. 4 iter. 5

−6 2.04 · 10−1 2.25 · 10−2 1.51 · 10−3 7.16 · 10−5 2.40 · 10−6

−10 1.22 · 10−1 1.08 · 10−2 4.92 · 10−4 1.50 · 10−5 —
−14 6.80 · 10−2 4.33 · 10−3 1.37 · 10−4 2.69 · 10−6 —
−20 3.00 · 10−2 8.77 · 10−4 1.23 · 10−5 — —

Table 3. Noise response for the reconstructed initial displacement measured by the
relative L2(0, X) error with s = −10. The three columns use the same noise realiza-
tion and the same finite-difference grid.

δ graph-stabilized no graph unweighted QR

0 5.44 · 10−3 4.38 · 10−3 4.38 · 10−3

0.1% 6.55 · 10−3 5.75 · 10−3 6.89 · 10−2

0.2% 9.14 · 10−3 8.73 · 10−3 1.38 · 10−1

0.5% 1.92 · 10−2 1.96 · 10−2 3.44 · 10−1

1.0% 3.73 · 10−2 3.85 · 10−2 6.88 · 10−1

2.0% 7.41 · 10−2 7.67 · 10−2 1.37 · 100
3.0% 1.11 · 10−1 1.15 · 10−1 2.06 · 100
4.0% 1.48 · 10−1 1.53 · 10−1 2.75 · 100

The source is sampled from the analytic identity423

f = u†tt − c2u†xx + µ sin(u†),

and the measured traces are424

h(t) = u†(0, t), g(t) = u†x(0, t), φ1(x) = u†t(x, 0) = q(x).

We choose Nx = 50 and Nt = 60, so ∆x = 2.90 · 10−2 and ∆t = 2.50 · 10−2. Relative white noise425

of size δ is added to h, g, and φ1, and relative white noise of size 0.5δ is added to f . All noise tests426

use the fixed seed 20260708. Values on (X,L] enter only as grid unknowns in the finite-dimensional427

least-squares problem; they are not right-endpoint measurements. Unless a parameter is varied, we428

use429

ε = 3 · 10−10, κ = 3 · 10−5, s = −10.
The smaller value of κ accounts for the cubic-order mass term (−s) · 2s2φ(x, 0)a0, which appears in430

the definition (5.10) of Gs and its discrete counterpart (6.1). The stopping tolerance in Algorithm 1431

is chosen as τ0 = 5 · 10−5.432

The graph-stabilized entries at 3% and 4% noise were recomputed using the protocol and seed433

specified above; the other entries are retained from the archived table.434

Table 1 shows that the noise-free reconstruction improves under mesh refinement, so the manufac-435

tured data are being solved consistently rather than fitted by an isolated grid. Table 2 and the left436

panel of Figure 2 show the nonlinear correction increments: increasing −s decreases the correction437

size. This is an empirical stabilization observation for the penalty algorithm; it does not measure438

the exact graph-norm contraction factor in Theorem 5.2. Table 3 compares the Carleman-weighted439
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Figure 1. Left: reconstructed initial displacement for 0.5% noisy data. Right: rela-
tive L2(0, X) error versus data noise. The point at zero noise is plotted at 10−5 only
to display it on the logarithmic axis.
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Figure 2. Left: relative weighted increment diagnostics for the frozen nonlinear
Picard correction versus iteration. Right: normalized corrected endpoint form for
pk(x) = ζ(x) sin(kπx/X). The log-log fitted slope is 1.86, reflecting the derivative
contribution at high frequencies.

schemes with and without graph stabilization, as well as the unweighted QR scheme. The table shows440

the expected bias–stability tradeoff of the corrected endpoint regularizer (i.e., the graph-stabilized441

scheme with Carleman weights): it introduces a small error increase at the three lowest noise levels,442

but improves on the Carleman-weighted no-graph run from 0.5% noise onward. Removing both the443

graph term and the Carleman weight (i.e., the unweighted QR scheme) gives much stronger noise444

amplification.445

To complement the quantitative comparison in Table 3, Figure 1 gives a visual comparison of446

the reconstructed initial displacement. With 0.5% noisy data, the left panel shows that the graph-447

stabilized reconstruction closely tracks the true initial displacement on the reconstructed interval,448

which is consistent with Table 3: at the same noise level, the relative L2(0, X) errors are 1.92 · 10−2,449

1.96 · 10−2, and 3.44 · 10−1 for the graph-stabilized, no-graph, and unweighted methods, respectively.450

The right panel shows that the graph-stabilized method is slightly biased at very low noise levels, but451

becomes more accurate as the noise increases, with the crossover occurring near 0.5% noise.452

To better understand the role of the endpoint stabilizer Gs in the reconstruction scheme, we examine453

how the endpoint functional responds to initial traces with different levels of spatial oscillation. The454

right panel of Figure 2 examines how the endpoint stabilizer responds to increasingly oscillatory initial455

traces. To vary the spatial frequency while keeping the support fixed, we consider456

pk(x) = ζ(x) sin(kπx/X),
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where ζ(x) = sin2(πx/X) for 0 < x < X and is zero elsewhere. Its zero extension is C1 and belongs457

to H1, which suffices for this endpoint diagnostic. Based on (5.10) and pk, we define the discrete458

corrected endpoint graph-flux value Gk as follows:459

Gk = (−s)
∑
i

ωs(xi, 0)
2
(
c2φt(xi, 0) |Dxpk(xi)|2 +

(
r0(xi) + 2s2φ(xi, 0)a0(xi)

)
|pk(xi)|2

)
∆x.

For this plot Nx = 240 on [0, L]. Here Dx uses centered differences at interior grid nodes and one-460

sided first differences at the two endpoints. The computed endpoint form Gk, evaluated using the461

normalized weight (5.6), increases from 1.14 · 101 at k = 1 to 9.72 · 102 at k = 30, showing that Gs462

assigns a substantially higher cost to rapidly oscillating traces. A power-law fit over k = 5, . . . , 30,463

Gk ∼ Ckγ , gives the growth exponent γ = 1.86, which is consistent with the quadratic k2-scaling of464

the derivative contribution in Gs[pk], while the cubic-order component of the mass term in Gs[pk] is465

relatively more significant at low frequencies. The right panel of Figure 2 illustrates the frequency-466

selective action of the endpoint stabilizer: it suppresses high-frequency components, which is beneficial467

when such components are generated by noise.468

Together, these experiments use only one-sided data and show smaller weighted increment diag-469

nostics as −s increases for the tested penalty implementation. They provide numerical evidence of470

stabilization, without directly verifying the continuous graph-norm contraction theorem. Furthermore,471

the corrected endpoint regularizer exhibits the tradeoff between low-noise bias and improved robust-472

ness at the larger tested noise levels. It also highlights the stabilizing role of the endpoint regularizer473

in controlling high-frequency components through its derivative contribution. It is evident that both474

Carleman-weighted methods (with or without graph stabilization) remain substantially more robust475

than the unweighted scheme for nonzero noise.476

7. Conclusion and discussion477

We began with analytical screening conditions extracted from the weighted cross-term identity and478

used AI-assisted symbolic search to identify the structural ansatz479

ψ(x, t) = − log(1 + ct)− log(1 + x+ ct)

for the one-dimensional half-line wave geometry. The search criteria serve as screening tests for the AI480

system; the proof rests entirely on human analysis and verification by the authors, including uniform481

first-order lower bounds, mixed-term control, spatial flux estimates, and the corrected zero-order lower482

bound483

Zs ≥ C(−s)3φ3.

These estimates yield a global Carleman estimate for the wave operator on the half-line. As an484

application, we derived a weighted conditional lateral Cauchy stability theorem with the residual485

and time-cutoff transition terms dictated by the finite observation interval. The stability application486

complements existing Carleman approaches for hyperbolic stability and inverse problems [2,10,13,24].487

We also developed a finite-depth one-sided reconstruction scheme for semilinear wave equations on488

the half-line. By retaining the initial-time flux in the weighted identity, we obtain an endpoint graph489

stabilizer that leads to a contractive frozen nonlinear quasi-reversibility map and a conditional finite-490

depth stability estimate. This application respects the finite propagation depth imposed by the491

observation time, uses no right-endpoint data at the artificial depthX, and handles the initial endpoint492

flux through a graph-stabilized quasi-reversibility functional.493

The numerical results are consistent with the analysis: the nonlinear increments decrease as the494

magnitude of the Carleman parameter increases, the Carleman-weighted schemes are markedly more495

robust than the unweighted baseline, and the endpoint regularizer suppresses highly oscillatory com-496

ponents.497

Beyond the present problem, the search-and-certification strategy may provide a useful framework498

for exploring Carleman weights in more complicated geometries and settings, although its extension499

will require problem-specific identities and screening criteria.500
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Appendix514

Appendix A. AI-assisted discovery workflow515

This appendix documents how AI was used in the discovery step described in Section 3.2. The516

workflow separates three logically distinct components: author-derived screening criteria, AI-assisted517

ansatz generation, and independent human analytical certification by the authors. The AI component518

was used to explore explicit forms of ψ; it neither derived the screening criteria nor verified the final519

weight. The record below documents the scientific search path and its failure feedback rather than520

claiming exact reproduction of the model interaction.521

A.1. Mathematical input given to the AI. Before the AI-assisted search, a small list of screening522

criteria has been derived analytically from a weighted identity. The prompt supplied these criteria523

as a cleaned search target and asked for an explicit candidate, not a proof of the Carleman estimate:524

find a smooth explicit function ψ(x, t) and parameters s, λ, α, and possibly β such that525

s < 0, lim
x→+∞

λψ(x, t) = +∞,
526

L1ψ < Lψ < −L1ψ, L2ψ > 0,

and527 (
(L1ψ)

2 − (Lψ)2
)
≥ 4c2(∂2x,tφ)

2.

These are the simplified screening tests corresponding to the criteria in Section 3.1. They encode528

the decay at spatial infinity, positivity of the first-order coefficients, a qualitative zero-order positivity529

target, and control of the mixed derivative cross term. The main proof uses the stronger coercive530

condition (3.5); after the AI produced the candidate weight, that stronger Zs lower bound was verified531

analytically in Lemma 3.2.532

For the initial automated search, the mixed condition was simplified by setting β = 0. This533

simplification made the search problem smaller while preserving the main sign tests for ψ. After a534

viable candidate was found, the original β-dependent inequality was restored and treated analytically.535

A.2. Search loop and verification boundary. The AI workflow used a separated search-and-536

check structure. In each round, the AI received the cleaned mathematical requirements, previous537

failed candidates, and the latest verification feedback. It then proposed a new symbolic ansatz for538

ψ. The candidate was passed to a deterministic symbolic and numerical verifier, which computed539

Lψ, L1ψ, L2ψ, the asymptotic condition, and the mixed-term condition. If the verifier rejected the540

candidate, the failure mode was recorded and supplied to the next round. If a candidate passed the541

screening tests in the simplified search setting, it was isolated for author-led analysis.542

Concretely, the candidate was found during seven search rounds in an early development stage543

of QED [1]. Here a candidate means both a proposed ansatz for ψ(x, t) and the parameter values544

used by the verifier. Several rounds therefore test the same ansatz family with different parameters545

rather than a genuinely new functional form. In particular, R2–R4 and R6 are repeated tests of546
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the separated double-log ansatz, R5 is a transitional one-characteristic ansatz, and R7 is the first547

fully characteristic-aligned candidate. The four ansatz forms and the round-by-round candidates are548

summarized below.549

Ansatz forms

ψ1 = −
√
1 + x− log(1 + t),

ψsep = − log(1 + t)− log(1 + x),

ψone = − log(1 + x+ ct)− log(1 + x),

ψchar = − log(1 + x+ ct)− log(1 + ct).

Round-by-round candidates

round ansatz (α, s, λ)
R1 ψ1 (1,−1,−1/10)
R2 ψsep (1,−1,−1/20)
R3 ψsep (1,−1,−1/50)
R4 ψsep (1,−1/100,−1/20)
R5 ψone (1,−1/100,−1/20)
R6 ψsep (1,−1/100,−1/200)
R7 ψchar (1,−1/100,−1/20)

550

The labels used in the early verification logs were shorthand: N1a and N1b denoted the two first-551

order sign tests L1ψ < Lψ and Lψ < −L1ψ in (3.3); N2 denoted the spatial escape condition552

limx→+∞ λψ(x, t) = +∞ in (3.1); N3 denoted the qualitative zero-order positivity test L2ψ > 0 in553

(3.4); and S1 denoted the mixed-term test in (3.2). Figure 3 summarizes the search path and the554

information carried from one round to the next.

R1 candidate
−√

1 + x− log(1 + t)
N1a ✗ N1b ✓ N2 ✓

N3 ✗ S1 ✗

R2 candidate
separated double log
s = −1, λ = −1/20
N1a ✓ N1b ✓ N2 ✓

N3 ✗ S1 ✓

R3 candidate
same ansatz as R2
λ = −1/50
N1a ✓ N1b ✓ N2 ✓

N3 ✗ S1 ✓

R4 candidate
same ansatz as R2
s = −1/100
N1a ✓ N1b ✓ N2 ✓

N3 ✗ S1 ✓

R5 candidate
one characteristic log
second log still spatial
N1a ✓ N1b ✓ N2 ✓

N3 ✗ S1 ✓

R6 candidate
same ansatz as R2
λ = −1/200
N1a ✓ N1b ✓ N2 ✓

N3 ✗ S1 ✓

R7 candidate
log(1 + x+ ct)
and log(1 + ct)
N1a ✓ N1b ✓ N2 ✓

N3 ✓ S1 ✓

Main diagnostic: after R1, all tests except N3 were already stable. The persistent N3 failure is the L2 obstruction.

✓ : screening pass

✗ : screening fail

Winning ansatz: ψ(x, t) = − log(1 + x+ ct) − log(1 + ct).

Figure 3. Seven search rounds from the early QED development stage. Each box
shows the candidate family and the screening outcome for that round. Repeated L2

failures for separated logarithms led to the characteristic-aligned logarithmic weight.

555

The seven rounds constitute a discovery trace rather than a proof trace: they show how failed sign556

tests redirected the search from separated logarithms toward a characteristic-aligned ansatz. Accep-557

tance of the selected ansatz in the mathematical argument required a separate chain of independent558

human analysis and certification, proceeding from quantitative verification to the Carleman theorem.559

This chain is carried out entirely by the authors and includes formula reductions, parameter-range560

analysis, spatial flux control, the corrected lower-bound arguments used in Section 3, and the justified561

passage to the half-line.562

A.3. Candidate found by AI and author-led generalization. The useful AI-generated examples563

indicated that separated logarithmic weights had persistent sign obstructions, while a characteristic-564

aligned logarithmic structure behaved better. This led to the candidate565

ψ(x, t) = − log(1 + x+ ct)− log(1 + ct).

The AI search returned this structure with concrete sample parameters. The author-led verification566

stage then kept the structural form of ψ and replaced the sample parameter values with a parameter567
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analysis. This produced the admissible range recorded in (2.4), including568

α = 1, s < 0, −1

3
< λ < 0,

and the corresponding upper bound on β. The derivation of these ranges and the verification of the569

required quantitative inequalities are given in Appendix B.570

A.4. How the AI output enters the proof. The AI output enters the paper only through the571

choice of ansatz. Once (2.2) was identified, all proof steps were carried out from explicit formulas. In572

particular, the quantitative verification uses:573

(1) direct computations of derivatives of ψ and φ,574

(2) explicit reductions of Lψ, L1ψ, and L2ψ,575

(3) analytic inequalities establishing the parameter ranges,576

(4) uniform first-order lower bounds and mixed-term control,577

(5) the corrected zero-order lower bound for Zs,578

(6) derivative bounds for φ, spatial flux control, and the justified half-line passage.579

Thus, the logical sequence is: the weighted cross-term identity for the conjugated wave operator, the580

screening criteria derived from it, the AI-assisted ansatz/candidate search, and independent analytical581

certification. Only the final certification provides the mathematical basis for the Carleman estimate582

and its applications.583

Appendix B. Parameter admissible ranges584

B.1. Coefficient reductions. This appendix proves the parameter restrictions used in the main585

text. The goal is to turn the conditions in Section 3.1 into explicit inequalities in the parameters. The586

reduction has three layers. First, the logarithmic weight is reduced to two positive variables A and587

B. Second, all required Carleman coefficients are written as explicit rational expressions in A and B.588

Third, the sign conditions are reduced to one-dimensional inequalities in the ratio R = B/A ≥ 1.589

Let590

A = 1 + ct, B = 1 + x+ ct, R = B/A ≥ 1.

The weight identified through the AI-assisted search has the form591

ψ(x, t) = − log(A)− log(B), φ = A−λB−λ.

The first and second derivatives of ψ are592 {
∂tψ = −cA−1 − cB−1,

∂xψ = −B−1,

and593 
∂2t ψ = c2A−2 + c2B−2,

∂2x,tψ = cB−2,

∂2xψ = B−2.

Consequently,594 {
□ψ = c2A−2 > 0,

□̃ψ = c2A−2 + 2c2A−1B−1 > 0.
(B.1)

The corresponding derivatives of φ are595 {
∂tφ = −cλ(A−1 +B−1)φ,

∂xφ = −λB−1φ,

and596 
∂2t φ = c2λ(A−2 +B−2)φ+ c2λ2(A−1 +B−1)2φ,

∂2x,tφ = cλ2A−1B−1φ+ cλ(λ+ 1)B−2φ,

∂2xφ = λ(λ+ 1)B−2φ.
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These identities give the first-order coefficients597

L1ψ = c2λ
[
(λ+ 1)A−2 + 2λA−1B−1 + 2(λ+ 1)B−2

]
φ

and598

Lψ = c2λ
[
(λ− α+ 1)A−2 + 2λA−1B−1

]
φ.

Hence the two inequalities in (3.3) are controlled by599

Lψ − L1ψ = −c2λ
[
αA−2 + 2(λ+ 1)B−2

]
φ

and600

−L1ψ − Lψ = −c2λ
[
(2λ+ 2− α)A−2 + 4λA−1B−1 + 2(λ+ 1)B−2

]
φ.

The zero-order coefficient needed for (3.4) is601

L2ψ = −1

2
sc4λA−2

[
(λ+ 1− α)(λ+ 2)(λ+ 3)A−2 + 2λ(2λ+ 2− α)(λ+ 2)A−1B−1

+ 4λ(λ+ 1)2B−2
]
φ

+ s3c4λ3A−2
[
(2λ+ 2 + α)A−2 + 2(4λ+ 2 + α)A−1B−1 + 4(2λ+ 1)B−2

]
φ3.

For the restored β-dependent mixed-term condition, the same substitution gives602

(1− β)2
(
(L1ψ)

2 − (Lψ)2
)
− 4c2(∂2x,tφ)

2

= c4λ2
[
(1− β)2α(2λ+ 2− α)A−4 + 4(1− β)2αλA−3B−1

+
(
4(1− β)2(λ+ 1)2 − 4λ2

)
A−2B−2

+ 8
(
(1− β)2 − 1

)
λ(λ+ 1)A−1B−3

+ 4
(
(1− β)2 − 1

)
(λ+ 1)2B−4

]
φ2.

(B.2)

Finally, the coercive subtraction appearing in (3.5) contains603

s2λ2φ2(□ψ)2 = c4s2λ2A−4φ2.

B.2. Admissible ranges for λ and α. Recall604

A = 1 + ct, B = 1 + x+ ct, R = B/A ≥ 1.

Initial parameter restrictions: We confine the parameters λ, α in the following range:605

λ < 0, 0 < α < 2. (B.3)

Under (B.3), Condition (3.1) is satisfied. It remains to identify the part of this region where Conditions606

(3.3) and (3.4) also hold.607

First-order sign condition. By Section B.1, Condition (3.3) is equivalent to the positivity of Lψ−608

L1ψ and −L1ψ − Lψ. After factoring out the positive terms c2B−2φ and using λ < 0, the two609

requirements become610

Lψ − L1ψ = −c2λB−2
[
αR2 + 2λ+ 2

]
φ > 0

⇐⇒ −λ(αR2 + 2λ+ 2) > 0
(B.4)

611

−L1ψ − Lψ = −c2λB−2
[
(2λ+ 2− α)R2 + 4λR+ 2λ+ 2

]
φ > 0

⇐⇒ −λ
[
(2λ+ 2− α)R2 + 4λR+ 2λ+ 2

]
> 0.

(B.5)

For (B.4), since α > 0 and R ≥ 1, the function612

αR2 + 2λ+ 2

is increasing with respect to R, so its minimum over R ≥ 1 is attained at R = 1. Hence Lψ − L1ψ in613

(B.4) is positive provided that614

2λ+ 2 + α > 0. (B.6)
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This condition is weaker than the final admissible range obtained below and will not further restrict615

the parameters.616

For (B.5), define617

g(R) := (2λ+ 2− α)R2 + 4λR+ 2λ+ 2.

We require g(R) > 0 for all R ≥ 1. First, we impose the leading-coefficient condition618

2λ+ 2− α > 0. (B.7)

The requirement (B.7) implies that g is an upward-opening quadratic, with the horizontal coordinate619

of the vertex620

R∗ = − 2λ

2λ+ 2− α.
There are two cases.621

Case (i). If R∗ ≤ 1, equivalently622

λ ≥ α− 2

4
,

then g is increasing on [1,∞), and it suffices to check623

g(1) = 8λ+ 4− α > 0.

This is automatically satisfied under λ ≥ (α− 2)/4.624

Case (ii). If R∗ > 1, equivalently625

λ <
α− 2

4
,

then the minimum of g on [1,∞) is attained at the vertex, so we require the discriminant to be626

negative to guarantee that g is positive, i.e.627

∆ = (4λ)2 − 4(2λ+ 2− α)(2λ+ 2) < 0.

A direct computation gives628

∆ = 8
(
(α− 4)λ+ α− 2

)
,

hence629

λ >
α− 2

4− α.
Combining Cases (i) and (ii), and using (B.3), the feasible region (λ, α) induced by (3.3) is630

α− 2

4− α < λ < 0, 0 < α < 2. (B.8)

This first-order feasible region is shown in Figure 4, panel (a).631

In particular, when α = 1, the range of λ becomes632

−1

3
< λ < 0.

Zero-order positivity condition based on (3.4). Using the coefficient reduction in Section B.1,633

we rewrite L2ψ as634

L2ψ = c4A−2B−2φ
[
− 1

2
sλP (R) + s3λ3φ2Q(R)

]
, (B.9)

where635

P (R) := (λ+ 1− α)(λ+ 2)(λ+ 3)R2 + 2λ(2λ+ 2− α)(λ+ 2)R+ 4λ(λ+ 1)2, (B.10)
636

Q(R) := (2λ+ 2 + α)R2 + 2(4λ+ 2 + α)R+ 4(2λ+ 1).

Since s < 0, λ < 0, and φ > 0, it is sufficient for L2ψ > 0 to require637

P (R) ≤ 0, Q(R) > 0, ∀R ≥ 1.

The condition Q(R) > 0 is automatically satisfied under638

λ >
α− 2

4− α,

because the coefficients of the R2, R, and constant terms in Q(R) are then positive. This is the same639

lower bound already required by (B.8).640
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It remains to control P from above. The answer depends on whether α is below or above 1.641

Case (i). If 0 < α < 1, then P (R) ≤ 0 for all R ≥ 1 holds if and only if642

λ ≤ α− 1.

Combining with the above lower bound, this gives643

α− 2

4− α < λ ≤ α− 1, 2−
√
2 < α < 1. (B.11)

Case (ii). If 1 ≤ α < 2, then P (R) ≤ 0 for all R ≥ 1 is automatic for every λ < 0, and therefore644

the admissible region is simply645

α− 2

4− α < λ < 0.

Hence646

L2ψ > 0 for all s < 0 and all R ≥ 1,

provided that (λ, α) are in the following feasible region647 
2−
√
2 < α < 1,

α− 2

4− α < λ ≤ α− 1,

1 ≤ α < 2,
α− 2

4− α < λ < 0.

(B.12)

This refined feasible region is shown in Figure 4, panel (b).648

B.3. Admissible range for β. We now restore the β-dependent mixed-term condition. We impose649

the strict sufficient form650

(1− β)2
(
(L1ψ)

2 − (Lψ)2
)
− 4c2(∂2x,tφ)

2 > 0. (B.13)

Any parameter range satisfying (B.13) automatically implies Condition (3.2). Let651

q := (1− β)2,
and recall652

R :=
B

A
, R ≥ 1, A = R−1B.

Using (B.2), the left-hand side of (B.13) can be rewritten as653

c4λ2B−4φ2
[
qD(R)− 4M(R)

]
,

where654

D(R) =
(
αR2 + 2λ+ 2

)(
(2λ+ 2− α)R2 + 4λR+ 2λ+ 2

)
,

and655

M(R) =
(
λR+ λ+ 1

)2
.

Since656

c4λ2B−4φ2 > 0,

the positivity condition is equivalent to657

qD(R) > 4M(R) for all R ≥ 1.

Therefore,658

(1− β)2
4

> sup
R≥1

(
λR+ λ+ 1

)2(
αR2 + 2λ+ 2

)(
(2λ+ 2− α)R2 + 4λR+ 2λ+ 2

) .
Define659

ρ := sup
R≥1

(
λR+ λ+ 1

)2(
αR2 + 2λ+ 2

)(
(2λ+ 2− α)R2 + 4λR+ 2λ+ 2

) .
Then the admissible region for β is660

|1− β|
2

>
√
ρ,
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that is,661

β ∈ (0, 1− 2
√
ρ) ∪ (1 + 2

√
ρ,∞) . (B.14)

Under the constraint 0 < β < 1, the adopted branch is662

β ∈ (0, 1− 2
√
ρ) . (B.15)

Define663

f(R) :=
(λR+ λ+ 1)2

(αR2 + 2λ+ 2)
(
(2λ+ 2− α)R2 + 4λR+ 2λ+ 2

) .
Attainment of the supremum. We prove that f(R) attains its global maximum at R = 1, namely664

f(1) = sup
R≥1

f(R). (B.16)

To prove this, we start by letting µ := −λ. Then the feasible region (B.12) can be rewritten as665

2−
√
2 < α < 2, 0 < µ <

2− α
4− α, α+ µ ≥ 1.

We first record the sign consequences used below. Since 4− α > 2 and µ < (2− α)/(4− α),666

µ <
2− α
4− α <

1

2
, µ <

2− α
2

.

Hence667

1− 2µ > 0, 2− α− 2µ > 0, α− 2µ+ 2 > 0. (B.17)

Moreover,668

8µ <
8(2− α)
4− α < 4− α, (B.18)

where the last inequality is equivalent to 8(2−α) < (4−α)2, i.e. 0 < α2, which naturally holds. Thus669

4− α− 8µ > 0. (B.19)

Let670

Eα,µ(R) := αR2 − 2µ+ 2, Gα,µ(R) := (2− 2µ− α)R2 − 4µR+ 2− 2µ.

By (B.4)–(B.5),671

Eα,µ(R) > 0, Gα,µ(R) > 0, R ≥ 1. (B.20)

A direct subtraction gives672

f(1)− f(R) = (R− 1)Hα,µ(R)

(α− 2µ+ 2)(4− α− 8µ)Eα,µ(R)Gα,µ(R)
, (B.21)

where673

Hα,µ(R) = α(1− 2µ)2(2− α− 2µ)R3 − α(1− 2µ)2(α+ 6µ− 2)R2

− (µ− 1)(3µ− 1)Cα,µR− (µ− 1)2Cα,µ,
(B.22)

with674

Cα,µ := α2 + 6αµ− 2α+ 8µ− 4.

Positivity of H. It remains to prove that the numerator factor is positive:675

Hα,µ(R) > 0, R ≥ 1. (B.23)

To begin, we define676

z := 2− α, p := 1− 2µ, Y := R− 1. (B.24)

Then677

0 < z <
√
2, Y ≥ 0, h(z) :=

2− z
2 + z

< p. (B.25)

The last inequality is exactly the strict bound µ < (2− α)/(4− α).678
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Through the change of variables (α, µ,R) 7→ (z, p, Y ) via (B.24), the function Hα,µ(R) defined in679

(B.22) can be expressed as680

H(z, p, Y ) = −p
(
7p2z − 18p2 + 3pz2 − 10pz + 4p+ z2 − 5z + 6

)
− Y

4

(
45p3z − 102p3 + 23p2z2 − 85p2z + 70p2 + 2pz2 − 13pz + 22p− z2 + 5z − 6

)
− 2p2(z − 2)(3p+ 2z − 3)Y 2 − p2(z − 2)(p+ z − 1)Y 3.

Although the admissible parameters satisfy h(z) < p by (B.25), we first evaluate at the boundary681

value p = h(z). This gives682

H(z, h(z), Y ) =
(Y + 2)(2− z)3((Y + 1)z − 2)2

(z + 2)3
≥ 0. (B.26)

The inequality holds because Y +2 > 0, 2± z > 0 by (B.25), and ((Y +1)z− 2)2 ≥ 0. Next, compute683

∂pH at p = h(z):684

(z + 2)2∂pH(z, h(z), Y ) = Q3Y
3 +Q2Y

2 +Q1Y +Q0, (B.27)

where685

Q3 = (2− z)2(2z2 − z + 2), Q2 = 2(2− z)2(4z2 − 7z + 6),
686

Q1 = 11z4 − 75z3 + 206z2 − 280z + 144, Q0 = (2− z)(80− 72z + 30z2 − 5z3).

Here Q3 > 0 because 2z2 − z + 2 > 0; Q2 > 0 because 4z2 − 7z + 6 > 0; and Q0 > 0 because687

80− 72z+30z2− 5z3 is decreasing on (0,
√
2) and its value at

√
2 is 140− 82

√
2 > 0. For the possible688

mixed-sign term Q1Y , we investigate the discriminant689

∆(z) := Q2
1 − 4Q2Q0.

Introducing690

y :=
√
2− z.

Then y > 0 according to (B.25). A direct expansion gives691

−∆(z) = 39y8 + (550− 312
√
2)y7 + (5611− 3850

√
2)y6

+ (35576− 24930
√
2)y5 + (142862− 100880

√
2)y4

+ (371192− 262344
√
2)y3 + (608740− 429736

√
2)y2

+ (577280− 407400
√
2)y + 244152− 172576

√
2.

All coefficients on the right-hand side of the above equation are positive, and y > 0. Thus ∆(z) < 0.692

Since Q2 > 0, this implies693

Q2Y
2 +Q1Y +Q0 > 0, Y ≥ 0.

Together with Q3Y
3 ≥ 0 and (B.27), we obtain694

∂pH(z, h(z), Y ) > 0. (B.28)

Finally, ∂2pH is increasing in p on the feasible region. Indeed,695

∂p
(
2∂2pH

)
= 3

[
4Y 3(2− z) + 24Y 2(2− z) + Y (102− 45z) + 72− 28z

]
> 0. (B.29)

At p = h(z), we can compute696

2(z + 2)∂2pH(z, h(z), Y ) = S3Y
3 + S2Y

2 + S1Y + S0,

where697

S3 = 4(2− z)(z2 − 2z + 4), S2 = 16(2− z)(z2 − 4z + 6),
698

S1 = −23z3 + 174z2 − 476z + 472, S0 = 4(10− 3z)(z2 − 5z + 10).

Here S3, S2, and S0 are positive for 0 < z <
√
2 < 2. Also S1 > 0 because S′

1(z) < 0 on (0,
√
2) and699

S1(
√
2) = 820− 522

√
2 > 0. Therefore700

∂2pH(z, h(z), Y ) > 0.
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Since ∂2pH is increasing in p according to (B.29), we have ∂2pH(z, p, Y ) > 0 for p > h(z). Hence701

∂pH(z, p, Y ) > ∂pH(z, h(z), Y ) > 0, where the last inequality follows from (B.28). Then for p > h(z),702

also utilizing (B.26), we have703

H(z, p, Y ) > H(z, h(z), Y ) ≥ 0.

This proves Hα,µ(R) > 0 as desired in (B.23).704

Now all factors in the denominator of f(1) − f(R) in (B.21) are positive, which can be seen from705

(B.17), (B.19), and (B.20). We also note that R− 1 ≥ 0 and Hα,µ(R) > 0. Therefore706

f(R) ≤ f(1) for all R ≥ 1.

Consequently,707

ρ = sup
R≥1

f(R) = f(1) =
(1− 2µ)2

(α− 2µ+ 2)(4− α− 8µ)
,

which proves (B.16) as desired. Substituting back λ = −µ, this yields708

ρ =
(2λ+ 1)2

(α+ 2λ+ 2)(8λ+ 4− α) .

Then by (B.15), it follows that709

0 < β < 1− 2(2λ+ 1)√
(α+ 2λ+ 2)(8λ+ 4− α)

,

provided (λ, α) belongs to the feasible region (B.12). Figure 4, panel (c), illustrates the admissible710

range of β in the (λ, α)-plane within the feasible region, as characterized by the corresponding value711

of inf(1− β)2.712
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(a) Feasible region for (λ, α)

λ =
α− 2

4− α
λ = 0

−0.5 −0.4 −0.3 −0.2 −0.1 0.0
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(b) Sufficient feasible region for (λ, α)

α < 1 branch
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λ =
α− 2

4− α
λ = 0
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Figure 4. Panel (a) shows the first-order sign region from (B.8). Panel (b) shows
the refined feasible region from (B.12). Panel (c) shows inf(1 − β)2 on the refined
feasible region.
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