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Chapter 1

Introduction

Abstract This chapter introduces the motivation and main challenges of in-
verse problems for stochastic partial differential equations. The central questions
addressed in this book are formulated and discussed.

1.1 Why should we study inverse problems for SPDEs?

Physical theories enable us to make predictions: given a complete description of
a physical system, we can predict the outcomes of certain measurements. This
process of predicting measurement results is commonly referred to as the “direct
problem”. In contrast, the concept of an “inverse problem” involves deducing the
values of the system’s parameters from actual measurements.

A general formulation of an inverse problem can be described as follows: Let
U and V be two topological spaces, and F' : U — V a given mapping. For a given
input v € U, computing F'(u) is called the direct problem. Conversely, for a given
v € V, finding an unknown input v € U such that F'(u) = v is called the inverse
problem.

Before going to more details, let us recall the definition of the well-posedness
by Hadamard:

Definition 1.1.1. Consider the equation
F(u) = v, uel, veV. (1.1.1)

The equation (1.1.1) is called well-posed in the sense of Hadamard if the following
three conditions are satisfied:

(i) For any v € V, there exists a solution v € U such that F(u) = v.
(ii) This solution is unique.
(iii) The solution v = F~!(v) depends continuously on v in V.

If at least one of these conditions is failed, the problem is called ill-posed.

4



5 1. Introduction

Remark 1.1.1. If (i) and (ii) are satisfied, we know there is a unique solution to
the equation (1.1.1). However, for practical purposes, the necessity of condition
(iii) becomes apparent. Indeed, in real-world scenarios, the exact value of v is
often unattainable, and we must rely on an approximate value v instead. Failure
to meet condition (iii) can lead to a significant deviation between the solution @
of the equation F'(u) = © and the desired solution u. Therefore, the continuity of
the inverse mapping F~! plays a critical role in practical applications.

Inverse problems typically arise in situations where the parameters of a physi-
cal device or system cannot be measured directly. Instead, these parameters must
be inferred from measurements of the effects they cause. A classic example is de-
termining the electrical resistance of a material. This is done by measuring the
voltage applied to the material and the current flowing through it (or the flux on
its surface), and then applying Ohm’s Law to deduce the resistance.

Over recent decades, the theory of inverse problems, particularly those involv-
ing partial differential equations (PDEs), has developed substantially, evolving
into a major branch of applied mathematics (see, e.g., [19, 30, 3537, 41, 43, 49,
65, 66, 71]). This growth has, in turn, stimulated significant advances in related
areas such as partial differential equations, functional analysis, and numerical
analysis.

However, many such inverse problems fail to satisfy Conditions (i)-(iii) in
Definition 1.1.1. As a result, most inverse problems are inherently ill-posed in
nature.

A variety of methods and techniques have been developed to address inverse
problems for partial differential equations. Among these, the Carleman estimate
stands out as one of the most powerful and widely used tools. Due to the extensive
body of literature on this subject, we refrain from providing an exhaustive list here.
For a comprehensive overview of the application of Carleman estimates to various
inverse problems for PDEs, we refer the reader to [6, 7, 12, 26, 38, 71] and the
numerous references therein.

Due to the complexity of real-world systems, many phenomena in fields such as
chemistry, biology, microelectronics, pharmaceuticals, communications, and signal
transmission require characterization through SPDEs for more accurate modeling
(see, e.g., [11, 15, 33, 40, 62]). Consequently, the study of inverse problems for
SPDEs arises naturally from practical needs. Moreover, such inverse problems
are closely connected to other significant areas, including data assimilation and
Kalman filtering for SPDEs (e.g., [39, 42]).

Next, we present an example of inverse problems for SPDEs.

Example 1.1.1. In interest rate modeling, the instantaneous forward rate f(¢,T")
represents the rate agreed upon at time ¢ for an infinitesimal loan at future time
T. A widely used approach to describe the evolution of the forward rate curve
is the Musiela parametrization, r(t,z) = f(t,t + =), where x = T — t denotes
the time-to-maturity. This formulation allows us to treat the forward rate curve
x +— r(t,x) as a single state variable that evolves over time.
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To better capture the dynamics, the evolution of this curve can be further
decomposed into deterministic the shape function and the random deviation. A
specific model (e.g., [14]) for this is given by

r(t,x) =7r(t,0) + s(t)[u(z) + y(t, x)],

where t € [0,7] and = € [0,L]. Here, L is the longest maturity available on
the market. The curve’s evolution is described relative to a short rate r(t,0)
and scaled by a spread s(t) = r(¢t,L) — r(¢,0). The shape of the curve is split
into a deterministic average profile, u(z), and a stochastic component, y(t,z).
This process y(t,z) captures the random deviations of the term structure from
its long-term average shape. We normalize u(0) = 0 and u(L) = 1 and impose
y(t,0) = y(t, L) = 0, consistently with the endpoint values of 7.

The stochastic component y is modeled by the following stochastic parabolic
equation (see [14]):

dy = (Kyze + y2)dt + o(t,2)dW(t) in (0,T) x (0, L),
y(t,0) =y(t,L) =0 for t € (0,7),
y(0) = o in (0, L),

where k is a positive constant and o(¢,z) is the volatility function.

Model calibration seeks to use observed forward rates (measurement data)
from the market to infer the volatility function o (¢, x). This constitutes an inverse
problem, and solving it is essential for effective risk management and hedging
strategies. Studying of this inverse problem can be found in Section 3.11.

In addition to their wide range of applications, inverse problems for SPDEs
possess unique features that distinguish them from their deterministic counter-
parts. Some problems are inherently stochastic and different from the determin-
istic case.

To illustrate this, let us consider the following example.

Example 1.1.2. Let 7 > 0 and G C R” be a given bounded domain with a C?
boundary I". Put Q = (0,7) x G and ¥ = (0,7) x I'. Consider the following
inverse problem for the deterministic wave equation: Suppose y satisfies

yu — Ay = f in Q,
y=0 on X, (1.1.2)
y(0) =4%(0)=0 inG.

Is it possible to uniquely determine f from the measurements @‘ and y(7T)?
Here, v denotes the outward normal vector on the boundary I'. In fact, the answer
is clearly negative.

If the answer were affirmative, then

)
%Z:o, y(T)=0 = f=0 inQ. (1.1.3)
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However, for any y* € C§°(Q), let f = y;; — Ay*. Then y* solves (1.1.2), and

oy*
=0, y*(T)=0.
7 | y*(T)
Thus, by (1.1.3), f = 0 in Q. But we can choose y* so that f does not vanish in
Q, leading to a contradiction.
Next, let us consider the analogous inverse problem for the stochastic case:
Suppose z satisfies

dzy — Azdt = gdW (t) in Q,
z2=0 on X, (1.1.4)
z2(0) = z(0) =0 in G.

0z
Is it possible to uniquely determine g from the measurements W ’E and z(T)? In
v

z
fact, the answer is affirmative: one can show that % ‘E =0 and 2(7") = 0 implies
v

g = 0in @, P-a.s. Details can be found in Section 4.6.

The above example illustrates us that the formulation of inverse problems for
SPDEs can differ significantly from their deterministic counterparts. The key
insight is that the stochastic noise, rather than being merely a complication, ac-
tually provides additional structural information through the quadratic variation
terms, which makes certain inverse problems solvable in the stochastic setting
that are impossible to solve deterministically.

Mathematically, inverse problems for SPDEs are relatively new and quite chal-
lenging. Compared to the extensive literature on deterministic inverse problems
for PDEs, there is relatively less research on inverse problems for SPDEs. In our
view, the main reasons are as follows:

e Compared to deterministic PDEs, much less is known about SPDEs, al-
though many progresses have been made there in recent years.

e The formulation of inverse problems for SPDEs may differ fundamentally
from that of PDEs, with some problems being genuinely stochastic and
cannot be reduced to any deterministic ones. Some inverse problems may
even be meaningful only within a stochastic setting (e.g. Example 1.1.2).

e Many powerful methods and tools applicable to solving inverse problems for
deterministic PDEs cannot be directly applied to the study of inverse prob-
lems for SPDEs. For instance, due to the almost surely non-differentiability
of sample paths of Brownian motion with respect to the time variable, solu-
tions to SPDEs may not be continuously differentiable with respect to the
time variable. Furthermore, many regularity estimates and extension the-
orems valid for deterministic PDEs no longer apply to SPDEs. Therefore,
even for very simple SPDEs, it is required to present new mathematical
techniques or even fundamentally new approaches.
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1.2 Formulation of inverse problems for SPDESs

Similar to the formulation of inverse problems for deterministic PDEs, for inverse
problems of SPDEs, we aim to determine unknown components within the system
through some measurements derived from the solution of the equations. These
inverse problems of SPDEs can be broadly categorized into the following four
types based on the specific unknown components to be determined:

(i) Inverse coefficient problems, i.e., to determine an unknown coefficient (usu-
ally a function) in an SPDE in such a way that the solution of the equation
satisfies specific conditions or data. In other words, the aim is to infer the
parameters or coefficients that lead to the observed phenomena. These prob-
lems have wide applications in science and engineering, such as in molecular
biology for determining reaction constants [63], in astrophysics for recon-
structing the internal structure of stars or planets [16], in finance for cali-
bration of financial models [5], and in medical imaging for recovering tissue
properties [15].

(ii) Inverse initial value/state problems, which refer to the mathematical prob-
lems where the goal is to determine unknown initial value of the SPDEs
based on observed data at a later time or in a time interval. Such problems
are significant in many industrial and scientific applications where the initial
state or the whole solution of an SPDE cannot be directly observed. Typi-
cal examples include ocean wave prediction [72] and state reconstruction in
financial mathematics [5].

(iii) Inverse source problems, which refer to the task of determining an unknown
source or input function within an SPDE based on observed effects or re-
sponses. These types of problems are common in various scientific and en-
gineering fields where understanding the hidden sources or parameters is
crucial. These problems have wide-ranging applications, including optics
and acoustics [18], environmental monitoring (such as groundwater pollu-
tion [13]), and the study of atmospheric systems and pollution [63], among
many others.

(iv) Inverse geometric shape of the domain problems, which refer to the task of
determining the shape or geometry of a domain where the SPDE is involved
from measured data or observations. Such problems arise in many practical
scenarios, for example, determining the temperature distribution in a noisy
medium, the dynamics of a chemical reaction in a noisy environment, or the
evolution of the density of a bacteria population [15, 10, 48].

Due to space limitations, in this book we mainly focus on inverse state prob-
lems and inverse source problems.

Below, we further explain the aforementioned four inverse problems through a
simple stochastic parabolic equation. In order to succinctly clarify the key points
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of the issue, we will only consider a very basic equation. The formulation of these
problems is similar for more complex equations.

Let T > 0, G C R™ (n € N) be a given bounded domain with a C? boundary
I'. Denote Q@ = (0,7) x G and ¥ = (0,7) x I,

Consider the following stochastic parabolic equation:

dy — Aydt = (ay + f)dt + (by + g)dW(t) in Q,

0
’Ylafy Ty = on X, (1.2.1)
v

y(0) = yo in G,

where a, b, f, g, 71 and 72 are suitable functions/stochastic processes.

The direct problem is to determine the solution y of system (1.2.1) by spec-
ifying (a,b, f,9,71,72, ¥, yo0) along with . This can be achieved using classical
well-posedness results of stochastic evolution equations (Theorem 2.5.3). How-
ever, in many practical situation it is not possible to measure experimentally all
these data. Instead, it is possible to measure certain information of the solution
and use this information together with other data to recover the missing, un-
measurable data. More precisely, the inverse problem for (1.2.1) involves certain
unknown components in (a,b, f,g,71,72, ¢, y0) and @, which need to be deter-
mined through measuring some information about the solution y:

M)t z) = h(t,z),  (t,x) €O [0,T] x C.

Here, M(-) is a known operator, representing the method of obtaining measure-
ment data, and O denotes the position of the measurement.
In general, there are three distinct types of measurements:

¢ Distributed measurement involves measuring the solution value on a subset
of the domain.

e Terminal measurement entails measuring the solution value at the terminal
state.

e Boundary measurement refers to observing Dirichlet or Neumann data on a
portion of the boundary.

Determining unknown functions a and/or b are known as inverse coefficient
problems. Reconstructing unknown components in f and/or g is termed as inverse
source problems. When the goal is to reconstruct the initial condition yg, it is
known as an inverse initial value problem. Furthermore, in cases where a section
of the boundary I' is both unknown or changing with time, deducing the shape
or geometry of the domain from this boundary information can be seen as a type
of inverse geometric shape of the domain problem.

For a given inverse problem, generally speaking, three main concerns are the
following:
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(i) To what extent can measurement data uniquely determine the unknown
parameters, and what information can be ascertained from it?

(ii) Is it feasible to reconstruct unknown components from measurement data?
(iii) Do there exist efficient algorithms for constructing approximate solutions?

The first issue pertains to the uniqueness of the inverse problem—that is,
whether the mapping from the unknown parameters to the measurements is injec-
tive. This ensures that no two distinct parameter sets yield identical measurement
data.

The second issue involves the stability of the inverse problem: specifically,
whether the recovery of the unknowns from the measurements remains stable
under perturbations or noise in the data. This typically requires the inverse
mapping to be continuous, so that small errors in the measurements result only
in small deviations in the reconstructed parameters.

The third issue concerns the reconstruction of the unknowns: namely, whether
efficient algorithms exist to recover the unknown parameters from the observed
measurement data.

With the growing importance of SPDEs, inverse problems governed by such
equations arise naturally. Various types of inverse problems for SPDEs have at-
tracted the interest of more and more researchers in many fields. In the past
decade, some interesting progress has been made (e.g., [20, 24, 25, 28, 29, 31, 32,
14, 46, A7, 53-55, 57, 59, 61, 64, 73, 74] and the references therein). This book
aims to provide a brief overview of recent advancements in the theory of inverse
problems for stochastic partial differential equations. In order to keep the content
concise, we will only discuss the inverse problems of two typical classes of stochas-
tic partial differential equations: second-order stochastic parabolic equations and
second-order stochastic hyperbolic equations.

The main tool for studying these inverse problem is Carleman estimate. We do
not intend to pursue any general treatment of the Carleman estimates themselves
and choose direct arguments based on basic stochastic calculus, rather than more
general sophisticated methods.

As this field is still developing and many challenging issues remain, the purpose
of this book is not to provide a comprehensive summary, but rather to inspire
interest and encourage further exploration in this area. We prefer to present
results that, from our perspective, include fresh and promising ideas. In cases
where a complete mathematical theory is lacking, we only provide the available
results. We do not intend for the current book to be encyclopedic in any sense,
and the references are limited.

We aim to organize the material in such a way that no prerequisites except
a moderate knowledge of partial differential equations and functional analysis
are expected. During the preparation of this book we found that this goal was
too ambitious. For example, it will cost lots of space for introducing the basic
knowledge for SPDEs. Therefore, in Chapter 2 we collect some definitions and
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theorems concerning SPDEs needed in this book and provide references for further
study.

From an expert’s perspective, certain content in various chapters or sections
may have slight overlaps, which are intentionally retained to aid the convenience
of readers, especially beginners.

The rest of this book is organized as follows: In Chapter 2, we recall the
mathematical background material for SPDEs needed in this book. Chapters
3 and 4 are devoted to inverse problems for stochastic parabolic equations and
stochastic hyperbolic equations, respectively.

To present the ideas and methods clearly, we do not aim for full generality
in the equations, nor do we seek to establish the most general results. Readers
interested in these broader aspects may refer to the discussions and references
provided in Sections 3.12 and 4.8.

A number of our colleagues, who are listed below in the alphabetical order,
have helped us in our work on this book. Prof. Fangfang Dou and Dr. Peimin
Lii have collaborated with the second author on the topic of reconstruction prob-
lem for stochastic parabolic equations ([22]). Prof. Zhongqi Yin has collaborated
with the first author on the subject of inverse state problem for stochastic hyper-
bolic equations ([58]). He also read the draft of this book carefully and provided
numerous useful suggestions. Prof. Xu Zhang has collaborated with the first au-
thor on the development of the idea of using Carleman estimate to study inverse
source problem for stochastic hyperbolic equations ([59]). We sincerely appreciate
the significant contributions of each of these individuals. This work is partially
supported by the NSF of China under grants 12025105 and 12401589, by the
New Cornerstone Science Foundation and the XPLORER PRIZE, and by the
Fundamental Research Funds for the Central Universities 2682024CX013.



Chapter 2

Preliminaries in Stochastic
Calculus

Abstract This chapter provides a concise introduction to stochastic calculus,
supplying the essential background for the subsequent analysis. Key preliminaries
relevant to inverse problems for SPDEs are collected, and a unified notational
framework is established for use throughout the book.

Due to space limitations, we are unable to present the proofs of all results
stated in this chapter. We provide standard and easily accessible references where
readers can find the complete proofs. Readers already familiar with these topics
may skip this chapter or use it as a quick reference.

2.1 Measure and integration

In this section, we present the definitions of measurability and integrability for
Banach space-valued functions.

Definition 2.1.1. Let Q2 be a nonempty set. A collection F of subsets of € is
called a o-field if

(i) Qe F,
(ii) F € F implies Q\ E € F

o0
(iii) |J E; € F whenever each E; € F.
1

1=

We call (€2, F) a measurable space if F is a o-field on Q. Any element F € F
is called a measurable set on (£, F).
In what follows, we fix a measurable space (€2, F).

Definition 2.1.2. A measure on (€2, F) is a function p : F — [0, 4+00] such that
(i) (@) =0,

12
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(ii) if {E;}32, is a sequence of dlSJOlnt sets in F, ie., E;NE; =0 foralli,j € N
with i # j, then (U E;) = ZM( i)-

i=1
If 41 is a measure on (€, F), the triple (Q, F, ) is called a measure space.
Next, we fix a measure space (2, F, p). A set E € F with u(E) = 0 is called a
p-null set. If a proposition about points = € (2 is true except for x in some p-null
set, it is usual to say that the proposition is true p-a.e. (or simply a.e., if there is
no ambiguity).

Definition 2.1.3. The measure space (€2, F, i) is called complete (and p is said
to be complete on F), if F includes all subsets of null sets, i.e.,

N ={GcCQ|GCE for some p-null set E} C F. (2.1.1)

Completeness can always be achieved by enlarging the domain of .

Definition 2.1.4. Let X be a topology space. The smallest o-field containing
all open sets of X is called the Borel o-field of X and denoted by B(X'). Any set
E € B(X) is called a Borel set.

Definition 2.1.5. Let (2, F) and (Q, F) be two measurable spaces. A mapping
f: Q- Q is called F /F-measurable or - simply F-measurable or even measurable

if f~Y(F) c F. In particular, if (Q,F) = (X,B(X)), then f is said to be an
(X-valued) F-measurable (or measurable) function.

For a measurable map f : (Q,F) — (Q,F), denote by f~1(F ) the o-field
generated by the set {f~1(F)|F € F}. One can easily find that f~(F), is a sub
o-field of F which is called the o-field generated by f, and denoted by o(f). In
addition, for a family of measurable maps {f)}ea, we denote by o(fa; A € A) the
o-field generated by (Jycp o(f2)-

At last, we shall present the definition of measurable and integrable for Banach
space-valued functions. We will fix a Banach space X.

Definition 2.1.6. Let f: Q) — X be an X-valued function.

(i) The function f(-) is called an F-simple function (or simple function when F
is clear) if

k

£ =3 xm, (s, (2.1.2)

=1

for some k € N, u; € X', and {Ej}§:1 C F. Here, xg(-) is the characteristic
function of E.

(ii) The function f(-) is said to be strongly F-measurable with respect to p
(or simply strongly measurable) if it is measurable and there exist simple
functions {f}32, converging to f in X, p-a.e.
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The following theorem comes from [76, Chapter V, 4].

Theorem 2.1.1. If the Banach space X is separable and the measure space
(Q, F, ) is o-finite, then a function f: Q — X is strongly measurable if and only
if f is measurable.

In what follows, we fix a o-finite measure space (2, F, i1).

Definition 2.1.7. Write the simple function f in the form (2.1.2), where the
E; are disjoint and the wu; are its distinct nonzero values; the zero function is
represented by the empty sum. We call f(-) Bochner integrable if (E;) < oo for
any j =1,--- k. For any F € F, we define the Bochner integral of f( ) over E
as

k

/ f(s)dp =" u(ENE;)u
E =

For general strongly measurable functions, we have the following definition.

Definition 2.1.8. We say the strongly measurable function f(-) : Q@ — X is
Bochner integrable with respect to u if there exists a sequence of Bochner inte-
grable simple functions { f;(-)}:2; converging to f(-) in X, p-a.e., such that

lim |fz( ) = fi(8)| dp = 0.

,]%OO

For F € F, the Bochner mtegral of f(-) over E is defined by

/f u—hm/xE Vi(s)du(s)  in X,

The following theorem (see [76, Chapter V, 5]) describes the relationship be-
tween the Bochner integral and the Lebesgue integral.

Theorem 2.1.2. A strongly measurable function f(-) : Q@ — X is Bochner inte-
grable if and only if the scalar function |f(-)|x : Q — R is integrable. In this case,

for any F € F,
< [ 1£©)edn
X E

2.2 Probability, random variables and expectation

f(s)dp
E

In this section, we present the definitions of sample space, Banach space-valued
random variables, and expectation, as preparation for the subsequent introduction
of stochastic processes.

A probability space is a measure space (2, F,P) with P(Q2) = 1, where P is
called a probability measure. Set 2 is called a sample space; w € €2 is called a
sample point; any A € F is called an event.

In the following, we fix a probability space (€2, F,P) and a Banach space X.
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Definition 2.2.1. The function f : (Q,F) — (X, B(X)) is called an (X —valued)
random variable if f is measurable and strongly measurable.

Definition 2.2.2. Let f be a random variable. If f is Bochner integrable with
respect to the probability measure P, then we denote Ef = fQ fdP and call it the
mean or mathematical expectation of f.

Next, we recall the notion of independence, which is a fundamental feature of
probability theory.

Definition 2.2.3. Let (2, F,P) be a probability space.

(i) Let A,B € F. We say that A, B are independent w.r.t P if P(AN B) =
P(A)P(B).

(ii) Let J1 and J2 be two subfamilies of F. We say that J; and J2 are inde-
pendent if for all (A4, B) € J1 X Ja, it holds that P(A N B) = P(A)P(B).

(iii) Let f,g: (2, F) — (X,B(X)) be two random variables. We say that f and
g are independent if o(f) and o(g) are independent.

(iv) Let f:(Q,F) — (X,B(X)) be a random variable and J C F. We say that
f and J are independent if o(f) and J are independent.

Definition 2.2.4. Let X = (X;,---,X,,) be a R"-valued random variable. The
function

F(IIJ‘) EF(xla"' 7xn)éP{X1 gxla"' ,Xn an}

is called the distribution function of X. Furthermore, if there exists a nonnegative
function f(-) such that

F(m)EF(:Ela"'axn):/l /nf(fl,vgn)dgldfm

then the function f(-) is called the density of X.

If random variable X has the following density:

f(x) = (2m)" 2| det Q% exp {—;(l‘ - N'Q Yz - /\)} ,

where A € R" and @ is a symmetric positive definite n-dimensional matrix, then
X is called a normally distributed random variable (or X has a normal distribu-
tion) and denoted by X ~ N(), Q). Especially, we call X a standard normally
distributed random variable if A = 0 and @ is the n-dimensional identity matrix.
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2.3 Stochastic process

In this section, we present the definitions of Banach space-valued stochastic pro-
cesses and Brownian motion. The coefficients and solutions of SPDEs are typically
Banach space-valued stochastic processes. We also introduce the main function
spaces used throughout this book.

Let T > 0. A stochastic process is a family of X-valued random variables
{X(#)} e, on (Q,F,P). If there is no ambiguity, we shall use {X(t)}e(o,7),
X(-) or X to denote a stochastic process.

For every w € § the function ¢ — X (¢,w) is called a sample path (or path) of
X. The stochastic process X (-) is said to be continuous is there exists a P-null
set N € F such that for any w € Q\ N, the path X (-,w) is continuous in X.

Definition 2.3.1. A family of sub-o-field {F;}cjo,7) is called a filtration if Fs C
Fi for any s,t € [0,7] and s < ¢t. We simply denote it by F.

We put .FQ_ = .7:0, fTJr = fT, and
Ful ) A (0<t<T), ft_éa< U ]—"5) 0<t<T).
se(t,T) s€[0,¢)
If Fiy = F; (resp. Fi— = Fi), then we call F is right (resp. left) continuous.

Definition 2.3.2. We call (Q, F, F,P) a filtered probability space, and it satisfies
the usual condition if (2, F,P) is complete, Fy contains all P-null sets in F, and
F is right continuous.

In the sequel, we always assume that the filtered probability (Q, F,F,P) sat-
isfies the usual condition.

Definition 2.3.3. Let X(:) be an X'-valued stochastic process.

(i) We say that X(-) is measurable if the map (t,w) — X(t,w) is strongly
(B([0,T]) x F)/B(X)-measurable;

(ii) We say that X (-) is F-adapted if it its measurable and for each ¢ € [0, 7],
the map w — X (¢,w) is strongly F;/B(X)-measurable;

(iii) We say that X (-) is F-progressively measurable if for each ¢ € [0, 7], the map
(s,w) — X(s,w) from [0, t] x 2 is strongly (B([0,t]) x F;)/B(X) -measurable.

Definition 2.3.4. We call a set A C [0,T] x Q is progressively measurable with
respect to F' if the stochastic process y4(-) is progressively measurable, where x 4
is the indicator function of A.

We denote the class of all progressively measurable sets by F, which is a o-
field. It is clear that a process ¢ : [0,T] x Q@ — X is F-progressively measurable
if and only if it is strongly F-measurable.
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Clearly, if X (-) is F-progressively measurable, it must be F-adapted. Con-
versely, one can prove that, for any F-adapted process X (-), there exists an F-
progressively measurable process X (-), such that

PU{X(t)=X(t)}) =1, Vtelo,T).

Hence, by saying that a process X (+) is F-adapted, we mean that it is F-progressively
measurable.

Definition 2.3.5. The standard Brownian motion is a continuous, R-valued, F-
adapted stochastic process {W(¢)}+>0 such that

(i) W(0) =0, P-a.s.; and

(ii) For any s,t € [0,00) with s < ¢, the random variable W (t) — W (s) is
independent of Fs and W (t) — W(s) ~ N(0,t — s).

We fix a standard Brownian motion W(-). For each ¢t € [0,T], put FV =
o(W(s);s € [0,t]) € F. Let {FV}iepor) be the augmentation of {F}V }ieo
by adding all P-null sets. Then, {]:"tW}te[()’T] is continuous and W (-) is still a
Brownian motion on the filtered probability space (Q,F,{F} eepo,r), P). - We

call F the natural filtration generated by W (), if F is {F}V }Heelo,r) generated as
described above.

The notations to be given below will be used in the rest of the book.

For any p,q € [1,00), denote

LE(Q;L9(0,T; X)) = {<p :(0,T) x Q@ — X | ¢(-) is F-adapted and

E(/Oth)%(dt)? < oo},

and

LL(0,T; LP(Q; X)) 2 {cp :(0,T) x Q@ — X |p(-) is F-adapted and

T q
/(Eﬂﬂ@?ﬁ<m}
0
Similarly, we may also define (for 1 < p,q < 00 )
LE O, T I/ X)),  LLOT LX), L (0,T; L% X).

All these spaces are Banach spaces with the canonical norms. In the sequel, we
will simply denote L§ (0, T; LP(Q; X)) by LL(0,T; X); and denote LE(0,T;R) by
Ly(0,T).

For any p € [1,00), write

LE(;C([0,T); X)) 2 {go 0, T) x Q — X | (+) is continuous,
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F-adapted and E(!go(-)%([oj];x)) < OO}

It is clear that LE(; C([0,T7; X)) is Banach spaces equipped with norms

1
Ol z@coray = [EleOIE @ m.0)] ",

2.4 Ito’s integral

In this section, we introduce the Itd stochastic integral for Hilbert space-valued
stochastic processes, summarize its fundamental properties, and present 1t6’s for-
mula, a key result that will be frequently used throughout this book.

Let H be a Hilbert space. Let W (-) be a standard Brownian motion on the fil-
tered probability space (€2, F, F,P). We shall define the It6 integral fOT X (t)dW (t)
of an H-valued, F-adapted stochastic process X (-) with respect to W(t).

Let us start with the step process f € L%F(O, T, H), which has the form

Fltw) = f@)Xi e ®),  (Bw) €[0,T] x Q, (2.4.1)
j=0

wheren € N, 0 =ty <t1 <--- <tpy1 =T, fj is ftj—measurable with

sup{]fj(w)\H | 7€{0,---,n}, wEQ} < 00.

The set of step processes will be denoted by £y and is dense in LZ(0,7, H).
The stochastic integral of a step process f € Ly of the form (2.4.1) is defined
by

I(f)(tw) =D fi(@) W (EAtig,w) = W (EAL,w)].
j=0

Clearly, I(f) € LQE (€; H) and the following It6 isometry holds:

L(P)lez, umy = [flezoum)-

Since Ly is dense in LI%(O, T;H), for f € L?F(O, T; H), there exists a sequence
of {fr}32, C Lo such that

k11_>IIC}O | fre — f|LI2F(0,T;H) =0.

From It6 isometry, one can find that {I(f)}32, is a Cauchy sequence in L% (€; H).
Hence, it converges to a unique element in LQ_Ft (Q; H), which is independent of the
choice of {f;}72,. We call this element the Ito integral of f on [0,¢] and denote
it by [) fdW.
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For 0 < s <t <T, we define the It6 integral of f on [s,t] by

/de /f )AW (7 /de /de

For a progressively measurable f with fo |f(1)|%dt < oo a.s., the Itd inte-
gral is defined by localization. Stochastic integrals in the It6 formula below are
understood in this sense when necessary.

One can prove the following properties of Itd integral (see [60, Theorem 2.124]).

Theorem 2.4.1. Let f,g € L2(0,T;H) and a,b € L%_-S(Q), 0<s<t<T. Then

(@) (r [ W) € L@ C (s H);
(ii) /:(af + bg)dW = a/st faw + b/stngV, a.s.;
(i) IE(/: de> —0;

t t t
(i) B({ [ raw. [ gaw) ) =2( [ 000 pmr).
The integral on the left-hand side of (ii) is defined by localization.

For (ii), apply the bounded-multiplier identity on the events {|a|+ [b] < N} €
Fsand let N — oo.

Definition 2.4.1. We call an H-valued, F-adapted, continuous stochastic process
X(+) an Itd process, if there exist two H-valued process ¢(-) € LL(0,T; H) and
®(-) € LA(0,T; H) such that

t t
+ / o(s)ds + / O(s)dW(s), as., Vtel0,T]. (2.4.2)
0 0
We write stochastic differential
dX(t) = ¢(t)dt + @(t)dW (1),

or dX = ¢dt + ®dW (t) to mean that X (¢) satisfies (2.4.2).
The following is a fundamental result called It6 formula (see [60, Theorem
2.139]).

Theorem 2.4.2. Let X (-) be an Ito process given by (2.4.2) and F : [0,T]xH — R
be a function such that its partial derivatives Fy, Fy., Fy, are uniformly continuous
on any bounded subset of [0,T] x H. It holds that

F(t, X()) - F(0,X(0))

:/ Fx(s,X(s))fﬁ(s)dW(s)—f—/ [Ft(s,X(s))—l—Fx(s,X(s))qS(s)
0 0

b5 (Faals, X(5)B(s), B(s)) g | ds,  as, Vi€ [0,7) (2.4.3)
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Usually, we write (2.4.3) in the following differential form:
AF(t, X (£)) =F, (t, X (£) (AW (£) + Fy(t, X (8))dt + Folt, X (£))o(t)dt

5 a1, X () (2), B(0)) .

Remark 2.4.1. If H = R", n € N*, and we write X (¢) = (X1(t),..., Xn(t)) "
and similarly for ¢(t) and ®(t) (see (2.4.2)), then the It6 formula can be written
as

dF(t, X (t)) = Fy(t, X (1)) dt + Zn: Fy. (t, X (1) dX,(t)
i=1

1 n
+3 ;l Fpa, (t, X (1)) dXi(t) dX; (1).

Here, fg dX;(s)dX;(s) represents the quadratic covariation of the processes X;
and X;, which is defined by the following limit in probability:

[omiomsior=m 3 5 (2) - (5 [ (2) - ()]

One can prove that (see [2, Section 10.2])

¢ t
/ dX;(s)dX;(s) :/ Qi(s)®j(s)ds, as., Vtel0,T).
0 0

2.5 Stochastic evolution equations

In this section, we present in a unified manner the well-posedness results for two
classes of SPDEs considered in this book, namely stochastic parabolic equations
and stochastic hyperbolic equations.

Let H be a separable Hilbert space, and A be an unbounded linear operator
(with domain D(A)) on H. Assume that A is the infinitesimal generator of a
Co-semigroup {S(t)}+>o0-

We consider the following stochastic evolution equation:

{dX(t) = (AX(t) + F(t, X (t)))dt + F(t, X(£))dW (t) in (0,T], 251)

X(0) = Xo,

where X € L%O(Q,H) and F(-,-), F(-,-) are two functions from [0,7] x Q x H
to H.

Definition 2.5.1. We call an H-valued, F-adapted, continuous stochastic process
X(-) a strong solution to (2.5.1) if
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(i) X(t) € D(A) for a.e. (t,w) €[0,T] x Q and AX(-) € L(0,T; H) a.s.;
(ii) F(-, X(-)) € L}0,T; H) as., F(-,X(-)) € L&(0,T; H);
(iii) For all ¢ € [0,T7,

X(t)—XoJr/O (AX(S)+F(S,X<S)))ds+/O Fs, X(s))dW(s), as.

In general, the conditions ensuring the existence of strong solutions to (2.5.1)
are highly restrictive. Hence, we introduce the following definitions of the weak
and the mild solution to (2.5.1), respectively.

Definition 2.5.2. We call an H-valued, F-adapted, continuous stochastic pro-
cess X () a weak solution to (2.5.1) if F(-, X(-)) € L'(0,T; H) a.s., F(-,X(-)) €
L4(0,T; H), and for any t € [0,7] and £ € D (A*),

(X(2), ) = (X0, &)y +/0 ((X(s), A" g + (F (s, X (s)), &) mr) ds

4 [(F X)W (), as
0

Definition 2.5.3. We call an H-valued, F-adapted, continuous stochastic pro-
cess X(+) a mild solution to (2.5.1) if F(-, X(-)) € L*(0,T; H) a.s., F(-, X(-)) €
L4(0,T; H), and for any t € [0,77,

X(t)=5(t)Xo+ /0 S(t—s)F(s,X(s))ds + /0 S(t —s)F(s, X(s))dW(s), a.s.

The following proposition states the equivalence between weak and mild solu-
tions (see [60, Theorem 3.10]).

Proposition 2.5.1. Any weak solution to (2.5.1) is also a mild solution to the
same equation, and conversely.

From Theorem 2.5.1, we do not distinguish the mild and the weak solution to
(2.5.1).

It is obvious that a strong solution is also a weak and mild solution to the
same equation. Conversely, the following is a sufficient condition (see [60, Lemma
3.11]) for a mild solution to be a strong solution to (2.5.1).

Proposition 2.5.2. A mild solution X (-) is a strong solution to (2.5.1) if the
following three conditions hold for allx € H and 0 < s <t < T, a.s.,

(i) Xo € D(A),S(t — s)F(s,z) € D(A) and S(t — s)F(s,z) € D(A);

(ii) |AS(t — s)F(s,z)|g < a(t — s)|z|g for some real-valued stochastic process
a(-) € LL(0,T) a.s.;
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(iii) |AS(t — 8)F(s,2)|x < B(t — s)|x|m for some real-valued stochastic process
B(-) € LZ(0,T) a.s.

In what follows, we assume that both F(-,z) and F(-,z) are F adapted for
each x € H, and there exist two nonnegative (real-valued) functions Ly (-), La(-) €
L?(0,T) such that for a.e. t € [0,7] and all y,z € H,

|E(t,y) — F(t,2)|lg < Li(t)|ly — z|g, as.,
|F(t Y) — F(t 2)|g < La(t)|y — 2|, as.,
F(-,0) € L3(0,T; H), F(-,0) € L2(0,T;H).

The following is the well-posedness of mild solutions for a class of stochastic
evolution equations (see [60, Theorem 3.24]).

Theorem 2.5.3. Assume that A is a self-adjoint, negative definite linear oper-
ator on H. Then, the equation (2.5.1) admits a unique mild solution X(-) €

L2(Q;C([0,T); H)) N L2(0, T; D((—A)2)). Moreover,
= C( ‘XO‘L%_.O(Q;H) + ‘F('vo)‘L]%(O,T;H) + \F(, O)‘Lg(o,T;H))-

Generally speaking, the stochastic convolution fg S(t — s)F(s, X (s))dW (s) is
no longer a martingale. Hence, one cannot apply It6’s formula directly to mild
solutions to (2.5.1). For example, when establishing the pointwise identities (for
Carleman estimates) for stochastic partial differential equations of second order,
we need the function to be second differentiable in the sense of weak derivative
w.r.t the space variables. Nevertheless, this sort of problems can be solved by the
following strategy:

1. Introduce suitable approximating equations with strong solutions such that
the limit of these strong solutions is the mild/weak solution to the original
equation;

2. Obtain the desired properties for the above strong solutions;

3. Utilize the density argument to establish the desired properties for the
mild/weak solutions.

There are many methods to implement the above three steps in the setting of de-
terministic partial differential equations. Roughly speaking, any of these methods,
which do not destroy the adaptedness of solutions, can be applied to stochastic
partial differential equations. Here we present one. To this end, we introduce the
following approximating equations of (2.5.1):

dXx(t) = (AXA(t) + RO F(t, Xx(t)))dt
+ ROVE(L, X (£))dW (2) in (0,77, (2.5.2)
X,(0) = ROV Xo.
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Here, X belongs to p(A), the resolvent set of A, and R(\) =

We have the following result (see [60, Theorem 3.22]).

AT — A)~ L

Theorem 2.5.4. Assume that A generates a contraction semigroup, F(-,0) €
LA(Su LY0,T5 H)). Then, for each Xo € L%O(Q;H) and A € p(A), the equation
(2.5.2) admits a unique strong solution X, (-) € L4(Q; C([0,T]; D(A))). Moreover,
as A — 00, the solution X(+) converges to X () in LZ(; C([0,T); H)), where X (-)
solves (2.5.1) in the sense of the mild solution.



Chapter 3

Inverse problems for stochastic
parabolic equations

Abstract This chapter focuses on inverse problems for stochastic parabolic
equations. We study the determination of unknown initial data and source terms
from partial observations, including internal, terminal, and boundary measure-
ments. We analyze uniqueness, stability, and reconstruction results. The main
results are derived via Carleman estimates based on a fundamental weighted iden-
tity, and several related open problems are briefly discussed.

Throughout this chapter, let 7' > 0 and (2, F,F,P) with F = {F;};>0 be a
complete filtered probability space on which a one-dimensional standard Brownian
motion {W(¢)}+>0 is defined and F is the natural filtration generated by W (-).
Write F for the progressive o-field with respect to F. Readers who are not familiar
with the notions aforementioned are referred to Chapter 2.

Let G C R” (n € N) be a given bounded domain with a C? boundary I' and
Go C G be a nonempty open subset. Denote by L(G) all Lebesgue measurable
subsets of G. Put

Q:(O7T)XG7 Z:(OvT)XF> QOZ(OvT)XGO-

Also, unless other stated, we denote by v(z) = (v(z),v?(x),--- ,v"(x)) the unit
outward normal vector of I at x € I'. Let (b/%)1<;r<n, € CH(G; R™™) satisfying
that &% = % (j k =1,2,--- ,n), and for some constant so > 0,

D VGG > soléP Y (x,€) 2 (2,61, &) € G X R". (3.0.1)

Jk=1

In what follows, we use C to denote a generic positive constant, which may vary
from line to line.

24
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3.1 Formulation of the problems

Let F: [0, T]xQ2xGxR"xR — Rand K : [0,T]xQ2xG xR — R be two functions
such that, for each (o, () € R" xR, the functions F(-,-,-,0,() : [0,T] xQxG — R
and K(+,-,-,() : [0,T] x Q2 x G — R are F x L(G)-measurable, where L(G) denotes
all Lebesgue measurable sets; and for a.e. (t,w,z) € [0,T] x Q x G and any
(0i,G) eR" xR (i =1,2),

|F(t,$,Q1,C1) - F(tax792ac2>’ < L(‘Ql - Q2|R” + ‘Cl - C2|)7
|K(t,z,G) — K(t, 2, ¢2)| < LIG — Gl (3.1.1)
|F(a ) 7070)’ € LI2F(O’T’ L2(G))7 |K(7a 50)| € L%(O’Ta H&(G))

for some constant L > 0.
Let us consider the following semilinear stochastic parabolic equation:

dy — > (VM y))adt = F(Vy,y)dt + K(y)dW(t)  in Q,

dk=1 (3.1.2)
y=20 on 3,
y(0) = yo in G,

where yg € L%-'o (€; L3(@)) is the initial data.

By the standard variational well-posedness result, using uniform ellipticity
and (3.1.1), (3.1.2) admits a unique weak solution y € L(Q; C([0,T]; L*(G))) N
L(0,T; H(@)).

In order to simplify notation, we will suppress the time variable ¢t (€ [0,T]),
the sample point w (€ Q), and/or the space variable z (€ G) in the functions if
there is no risk of confusion.

The inverse problems studied in this chapter, roughly speaking, concern de-
termining unknown components of system (3.1.2) based on measurements of part
of its solution. Depending on which unknowns to be recovered, we consider two
main classes of inverse problems: inverse state problems and inverse source prob-
lems. The difficulty, results, and proof techniques of these problems can vary
greatly according to the region where the solution is observed. Due to space limi-
tations and the fact that many aspects in this area remain open, we only present
a selection of inverse problems.

3.1.1 Inverse state problems

The most classical problem is the inverse state problem, which concerns deter-
mining the unknown initial value of the SPDE from measurements. We begin
by considering the case of internal measurements. The first question is: can the
initial value be uniquely recovered from internal measurements?

Define a map M; : L2FO(Q5 L*(@)) — L4(0,T; L*(Gp)) by

Ml(yO) = y‘(O,T)XG()
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where y solves the equation (3.1.2). More precisely, we consider the following
question:

Problem 3.1. Can we determine yo from the measurement M (yp)?

The problem described in Problem 3.1 involves determining the unknown ini-
tial value of the equation (3.1.2). As discussed in Chapter 1, in practical appli-
cations, our goal is not only to find yg from Mj(yg), but also to ensure that yo
varies continuously with M (yo). Specifically, in the presence of measurement er-
rors in Mj(yo), we anticipate that the discrepancy between the function derived
from this noisy measurement and the true initial value g9 remains bounded by
the measurement error in a suitable manner.

However, due to the regularization effect of equation (3.1.2), the inverse of
the mapping M is not, in general, continuous. Therefore, it becomes necessary
to either relax the constraints to achieve the desired error estimation. We will
address the this approach and study the following problem.

Problem 3.2 (Inverse state problem with an internal measurement. I). For each
€ (0,T], does there exist a constant C(t) > 0 such that for any initial data
Yo, QO € L_27-'0 (Qa LQ(G))7

ly(t) — g(t )\L2 (©L2(G)) = C(t)[Ma(yo) — Ml(yo)’L2(OTL2(G0)) (3.1.3)

Here y(-) and §(-) are solutions to (3.1.2) with the initial data yo and G, respec-
tively.

We will provide a positive answer to this problem in Section 3.3.

Remark 3.1.1. Problem 3.2 asks whether the solution y(-) of system (3.1.2) at
t € (0,7T] depends on the observation y| r)xg, continuously within the space
L%% (€ L*(G)). As a consequence of the inequality (3.1.3), we can deduce that for
any t € (0,T], y(t;yo) can be uniquely determined by the measurement M (yo).
This, combined with the continuity of y(;y9) with respect to the time variable,
implies that M1 (yo) can uniquely determine yo. Therefore, if the answer to Prob-
lem 3.2 is affirmative, we immediately obtain a positive result to Problem 3.1. On
the other hand, in the inequality (3.1.3), the constant C(¢) depends on time and
in general becomes unbounded as ¢t — 0. Consistently with this, the continuous
dependence of yg on M (yp) in the space L% (8 L?(@)) fails.

However, even after relaxing the constraints, it may still be challenging to ob-
tain stability results. To overcome this difficulty, one can incorporate additional a
priori information about the initial value to achieve the desired stability estimate.

For example, consider the problem with terminal measurements, also known
as the backward problem, which concerns determining the solution y to equation
(3.1.2) given the data y(T") at time ¢ = T'. Let us present it below.

Problem 3.3 (Inverse state problem with a terminal measurement). Can we
determine y(to) in G, P-a.s. forto € [0,T) from y(T)?
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Stochastic parabolic equations are ill-posed backward in time. Minor errors
in measuring the terminal data may cause huge deviations in the final results,
i.e., there is no stability for Problem 3.3. Nevertheless, if we assume an a priori
bound for y(0) (an assumption aligned with practicality), then stability can be
reestablished in some sense. Conditional stability is the term used to describe
such a kind of stability.

In a general framework, the conditional stability problem (for two solutions y
and g to the equation (3.1.2)) can be formulated as follows:

For given tg € (0,T], a1 > 0, e > 0 and M > 0, find (if possible) a
nonnegative function € C|[0,+00) such that %1_1{(1) B(n) =0 and that

ly(to) — @(to)’LgftO @re1(cy < B(ly(T) - @(T)|L;T(Q;Ha2(a))), Y 90,90 € Untas 5
(3.1.4)

where
A o
Uboy = {f € L5, (% H(G)) | ‘f|L§__O(Q;H°‘1(G)) < M}. (3.1.5)

Remark 3.1.2. Here we expect the existence of 8 with the assumption that yg
belongs to a special set Ups,q,, which means that yy enjoys an a priori bound in
some sense. In general, 8 depends on tg, M, a1, and ag. Hence, the stability
result inferred from [ depends on the choice of the initial data, leading to its
designation as “conditional stability.”

Remark 3.1.3. The requirement that lin% B(n) = 0 is used to ensure the contin-
n—

uous dependence of y(ty) with respect to y(7'). Once f exists, it is not unique.
To illustrate this, consider 3(z) = 8(z) + x, which is an alternative function that
satisfies the desired properties.

After establishing uniqueness and (conditional) stability, a further important
question is how to actually reconstruct the unknown component, i.e., the so-called
reconstruction problem. Taking the backward problem as an example, if the
answer to Problem 3.3 is affirmative, i.e., the state y can be uniquely determined
by the terminal measurement y(7"), how can one reconstruct the state y?

Let us consider the following stochastic parabolic equation:

n
dy — > (V" ya;)wpdt = (br - Vy + bay + f)dt + (bsy + 9)dW (1) in Q,
Gk=1
y=0 on X,
y(0) = wo in G,
(3.1.6)

where
b€ L (0,T; Wh™ (G;R™)), by € L (0,T5 L™ (G)),
by € L (0, T; Wh™ (@),
f e L§(0,T; LX(@)), g € LE(0,T; Hy(G)).
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In Section 3.5, we answer the following problem.

Problem 3.4 (Reconstruct the state with a terminal measurement). Find a
function y € L&(Q; C([0,T]; L*(Q))) N L2(0,T; HY (G)) that satisfies (3.1.6) with
y(T) = yr which is previously known.

Sometimes, even though we can observe part of the solution, the information
about the system is incomplete. For example, if the boundary conditions satis-
fied by the stochastic parabolic equation are completely unknown, but internal
measurements are still obtained, it is difficult to recover the initial value. Nev-
ertheless, we can still obtain partial information about the solution in a larger
domain.

Consider the following stochastic parabolic equation:

dj — > (V) ey dt = Gy - Vijdt + agfdt + aggdW(t) in Q. (3.1.7)
j.k=1

Here, a1 € L(0,T; LS. (G;R™)), a2 € L°(0,T; L.(G)) and az € Lg(0,T;
Wi(G)).

We first recall the definition of the solution to the equation (3.1.7).

Definition 3.1.1. We call a stochastic process § € L2(€;C([0,T); L2 .(G))) N
L4(0,T; Hﬁ)C(G)) a solution to the equation (3.1.7) if for any ¢ € [0,T], G CC G

and p € H} (G), it holds that

Litt.opwys— [ 5023

/ / Z V¥, (5, 2)pa, (2) + 1 - Vil(s, 2)p() + i, 2)p(x) | dds

/ /agy s,x)p(x)dzdW (s), P-a.s. (3.1.8)

We consider the following problem

Problem 3.5 (Inverse state problem with an internal measurement. II). Can we
determine g in (0,T) x G uniquely from g\(o T)%Go ?

Remark 3.1.4. Please note that the problem described in Problem 3.5 remains
an inverse state problem. It arises when the physical process is governed by a
stochastic parabolic equation, but boundary value of the solution is unknown.
We can determine g(-) in @ uniquely. However, unlike the inverse state problem
for the equation (3.1.2), we will lose the continuous dependence of () (¢t € (0,7T)
with respect to g‘(()’T)XG in L% (925 L?*(G)). In such case, instead of the whole

domain G, we will determine solutlons over a subset of whole domain G (see
Theorem 3.6.1).
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Finally, if it is difficult to access the interior of the system, we may consider
inverse state problems with boundary measurements. For example, this situation
arises when the state inside a nuclear reactor or a cell cannot be measured directly.
In such cases, measurements can only be taken on part of the boundary of the
domain.

Let T'g be a given nonempty open subset of dG. Consider the following stochas-
tic parabolic equation:

dy — > (0 y))adt = (a1 - Vy + agy) dt + azydW(t) in Q,
k=1
Y=g on (O,T) X Fo,
gi = g9 on (0,T) x Iy,
(3.1.9)
where

a1 € L (0, T; WhHe(G; R™)),
as € L (0,T; L®(@G)), (3.1.10)
az € L0, T; WhH=(@)).
Let Gr, 2{G' € G | G’ N dG C Ty} and
2 A 2 2 (v /
1,62 {n € HE(G) 1l € 1P (6). ¥ < G, .

We consider the following problem
Problem 3.6 (Inverse state problem with a boundary measurement). Can we de-

termine y in Q) uniquely by the boundary measurements y‘ (0.7)xT and 9

The answer to this problem is provided in Section 3.7.

Remark 3.1.5. In Problem 3.6, we only do the measurement on (0,7") x I'y.
Hence, similar to Problem 3.5, we can determine y(-) in (0,7") x G uniquely but
we will lose the continuous dependence of y(t) (t € (0,7]) with respect to y’(

and @‘
ov (07T)><F0.
solutions over a subset of whole domain ) (see Theorem 3.7.1).

0,T)xTo
In such case, instead of the whole domain @), we will determine

Remark 3.1.6. If we have the full information of y on (0,7) x I', then we can
get a better stability result for Problem 3.6, which is similar to the one stated in
Problem 3.2. The proof is also very similar. We leave the proof of that result to
interested readers.

Similarly, once conditional stability is established, one can also consider the
reconstruction problem under boundary observations.
This lead to the following problem:
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Problem 3.7 (Reconstruct the state with boundary measurements). Find the
unknown, solution y € L§(Q; C([0,T; L}, (G))) NLE(0,T; HE (G)) to the equation
Jy

(3.1.9) via y and == .
‘(O,T)XFO 31/ (0,1)xT

3.1.2 Inverse source problems

By measuring partial information of the solution, we can not only determine the
state but also the source terms of the equation. However, compared to inverse
state problems, research in this area is much less developed and more challenging.
First, for the linear case, we consider whether it is possible to determine the
source term in the diffusion term.
Consider the following stochastic parabolic equation:

dy — > (7 ya))adt = (a1 - Vy + agy) dt + (asy + g)dW () in Q,
drk=1 (3.1.11)
y=20 on 3,

y(0) = yo in G,
where a1, az and ag satisfy (3.1.10).

Problem 3.8 (Inverse source problem with a terminal measurement). For any
to € (0,T), does y(T) uniquely determine (y(to),g)?

We will provide the answer to this problem in Section 3.9.

To determine the source term in the drift term is even more challenging. Under
the assumption that the source term has a special form, we may consider the
following inverse source problem with boundary observation.

Denote x = (z1,2') € R”, where 2’ = (22, ,2,) € R" 1. Let G = (0,1)x G’
where [ > 0 and G/ € R"! be a bounded domain with a C? boundary. Consider
the following stochastic parabolic equation:

n

dy — Y (Vs )adt = (a1 - Vy + agy + h(t,2')R(t, x))dt

dik=1 (3.1.12)
+ g(t, z)dW (t) in Q,
y=20 on X,

where a1 € L (0,T;Wh>(G;R")), as € LF(0,T;Wh(G)), hR € L%(0,T;
L?(G)). Note that R is a deterministic function and h does not depend on z1.

Let us first assume that g = azy, where a3 € L (0,T; W*°(G)), and y(0) =
yo in G for a prescribed initial datum yy. Consider the following problem, whose
answer will be provided in Section 3.10:
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Problem 3.9 (Inverse source problem with a boundary measurement). For a
given R and initial datum yg, determine the source function h(-) by means of the

Jy
measurement —| .
ovls

If more measurements are available, it is also possible to simultaneously de-
termine the source terms in both the drift and diffusion terms.

Assume g € LZ(0,T; H}(G)) and the value of y(0) is initially unknown.

Consider the following problem:

Problem 3.10. For a given R, determine the source function h(-) and g(-,-) by

means of the measurement %Y1 and y(T).
ovls

We will provide the answer to this problem in Section 3.11.

The rest of this chapter is organized as follows. In Section 3.2, we present
a fundamental pointwise weighted identity for second order stochastic parabolic-
like operators, which is used to derive Carleman estimates for stochastic parabolic
equations. Sections 3.3-3.11 are devoted to studying Problems 3.1-3.10. At last,
in Section 3.12, we give some comments for the content in this chapter and some
related open problems.

3.2 A fundamental weighted identity

This section presents a fundamental pointwise weighted identity for second order
stochastic parabolic-like operators, which is used to derive Carleman estimates
for stochastic parabolic equations.

Before we state our weighted identity, let’s start with an intuitive example to
understand its key idea.

Proposition 3.2.1. Let 7 > 0. It holds that

1 , 1
27'/ lu|?e™ dt < /
-1 -1

Proof. Set v(t) = u(t)e™ /2. Then we have

2

du edt, VueCP(—1,1) (3.2.1)

dt

/()2 = |0/ (t) — Ttu(t)|2 = v/ ()% — 2rto(t) (t) + 220 (t)?

= [V/(t) + Ttv(t)|? — drtv(t)v'(t)
= |V (t) 4+ Tto(t)|* + 27|v(t) |2 — 27(tv(t)?)’ (3.2.2)
Integrate this over [—1, 1], noting that v € C§°(—1,1), we get (3.2.1). O

The proof of (3.2.1) is very simple, yet it reveals the two fundamental features
in deriving Carleman estimates.

First, the introduction of the weight function e . The effectiveness of Car-
leman estimates depends crucially on a clever choice of weight functions, which

Tt2/2
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differs for different types of equations. The weight function serves to amplify or
suppress certain parts of the solution based on the geometry and the nature of
the differential operator.

Second, the pointwise weighted identity (3.2.2). This identity demonstrates
the core mechanism of Carleman estimates: by multiplying with the weighted

d
multiplier eTtQ, the principal operator 7 can be decomposed into:

o A “divergence” term: —27(tv(t)?)’, which typically contributes boundary
terms after applying the divergence theorem and vanishes here due to the
compact support of v in (—1,1).

e An “energy” term: [v/(t) + Ttv(t)|? + 27|v(t)|?, which provides the the left-
hand side of (3.2.1).

This decomposition is the essence of weighted identities: they transform the
original differential expression into a form where energy methods can extract
quantitative information about the solution. The specific structure of the energy
term allows us to control both the function v and its derivative simultaneously,
which is crucial for applications to inverse problems.

With the example in place, we are now ready to present the general weighted
identity for second order stochastic parabolic-like operators. This identity forms
the basis for deriving Carleman estimates, which are cornerstones in the study of
inverse problems for stochastic parabolic equations.

Note that the identity is stated in a general form. By choosing different
functions £ and W, it can be adapted to various cases, such as different observation
regions or boundary conditions. Nevertheless, the essential idea remains analogous

o (3.2.1).

Theorem 3.2.2. Let
bk = b4 e L (0" ([0, T WA*(G))), 4,k=1,2,---,n, (3.2.3)

€€ C*((0,T) x G) and ¥ € CY2((0,T) x G). Let u be an H?*(G)-valued con-
tinuous Ité process. Set § = e’ and w = @u. Then, for any t € (0,T) and a.e.
(z,w) € G xQ,

n n

20[— Z (bjkwxj)gﬁk +Aw] [du— Z (bjkuxj dt} +2 Z wx]dw

Gk=1 Gk=1 Gk=1

n n
+2 Z { Z (2b7kbj k Ezj,wxjwzk, — bRk ijwwj,ka,)
Gk=1j/ k=1

O, 0 - b (AL, \I’;j)wz} dt (3.2.4)
Tk

=92 Z cjkwxijkdt + Bw?dt + d( Z bjkwmjwzk + AwQ) — QQ.A(du)Q,
Ji.k=1 j.k=1
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v = 30 (u,),, + Aw] dt— 073 0 g, 4, du) (dag, + L, d)

Ji.k=1 gk=1
where
AL =N (Pl by, — VIl — V0, ) — O — 1,
j,k=1
BE2 AU N (AL, |- A= > (), (3.2.5)
G k=1 jk=1
. n 7.0 -/ ; N bjk
e ), - V), | Tt
k=

Remark 3.2.1. Here, du is a formal notation for the stochastic differential, in-
dicating that u is an H?(G)-valued continuous It& process (see Definition 2.4.1).
Suppose that u satisfies

0 +/0 ¢(3)d8+/0 O(s)dW(s), as., Vtel0,T],

where ¢(-) € LL(0,T; H*(G)) and ®(-) € L2(0,T; H*(G)). Then, for j =1,--- ,n,
the stochastic differential du,, is given by

Ug; (t) = g, (0 / bz, (s ds—l—/ D, (s)dW(s), as., Vtelo,T].

Therefore, (3.2.4) should be interpreted in the sense of integral identities.
Also, (du)? is a formal notation. The term fg’ (du)? denotes the quadratic
variation process of the It6 process u. Specifically, (see [2, Section 9.3]),

¢ t
/(du)2 :/ (®(s))%ds, a.s., Vte[0,T].
0 0

Remark 3.2.2. Compared with the deterministic case, the main difference in the
stochastic setting is the appearance of the quadratic variation terms

—0? A(du)® — 62 Z V* (dug, + Ly, du) (dug, + Cyy du)
7,k=1

which vanish in the deterministic case.

If the quadratic variation terms have a “good” sign, this can lead to stronger
results in the stochastic setting. For example, one can obtain determination results
for the source in diffusion term, see Problem 3.10 and Problem 4.4. On the other
hand, if these terms have a “bad” sign, additional difficulties arise and extra effort
is required to eliminate them. For instance, compared to the deterministic case,
it is necessary to modify the choice of the function ¥ in (3.2.4) in order to obtain
the corresponding Carleman estimates.
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Proof. The proof is divided into four steps.
Step 1. Since § = e and w = Qu, we have that

Odu = dw — Lywdt,

and that
0 Z Mg, ) (3.2.6)
7,k=1
= Vw2 Z VR0, wy, + Z Oy by — I 0y, — M0y 0 w0,
7,k=1 7,k=1 7,k=1
Put

n n
I=— Z (bjszj)xk +Aw, Iy =dw+2 Z bjkﬁwkwmjdt, Iz = Dwdt.
Jk=1 Gok=1
(3.2.7)

Combining (3.2.6) and (3.2.7), we obtain

n
201 <du -y (bjkumj)mkdt> — 2124t + 211, + 2115, (3.2.8)
jk=1
Step 2. In this step, we handle the term Ils. Applying Ité’s formula (Re-
mark 2.4.1), we obtain

n

2 [ — 3 VFw, )y + Aw} dw

k=1
n ) n .
= -2 Z w%dw oy T d( Z b]kwmng;k +Aw2) — bgkwggjwmkdt
7,k=1 7,k=1 7,k=1
n .
— Agw?dt — Z dewxjdwzk — A(dw)?. (3.2.9)
Jh=1
Thanks to (3.2.3), we obtain
n . .
4 bjkbj k gxk/wxjwzkx]-/

Jok,g k=1
n

=2 Z [(bjkbj/klﬁkaxj,ka,)wj - (bjkbjlklfzk,)xj,wxijk].
Jik.g' k=1

Hence, it holds that

4 z”: [— z”: (bjkwxj)xk + .Aw} bj/klﬁmk,wxj,

Jk=1 k=1
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= _9 Z { Z (Qkaj/k,Exj,wzjwmk, — bjkbj/klfzijj,wwk,) — .,élbjk&;].w2
jk=1 j k=1
+2 > [ 2KV, — OV N ), [ w, (3.2.10)

Jok.g" k=1

—2 ) (A )

J.k=1

Tk

Step 3. In this step, we deal with I73. Thanks to (3.2.7), we obtain

2113 = 2[— 2”: (bjkwmj)mk + Aw] wdt
k=1

n n
. 1 . .
= -9 E (b]k\Ifwzjw — ibjk‘lijwQ)mkdt +2 E \Ifbmwxijkdt
Ji.k=1 jk=1

n (2A\If - Zn: (bfk\pxj)xk)det. (3.2.11)
k=1

Step 4. Combining (3.2.8)—(3.2.11), and noting that

Z bjkdwmjdka + A(dw)?
k=1

= > 0PV (dug, + Lo, du)(dug, + o, du) + 0> A(du)?,
j,k=1

we immediately have the desired equality (3.2.4). O

3.3 Solution to inverse state problem with an internal
measurement I

In this section, assume additionally that I' is of class C4, as required by the weight
construction and the Carleman estimate used below.
This section focuses on the following problems:

e Problem 3.1: Can the initial value yg be uniquely determined from the

internal measurement M (yo) = y| (0% !

o Problem 3.2: Does the solution y(¢) depend continuously on the measure-

ment, as expressed by the estimate (3.1.3)7

The following theorem, which is a kind of observability estimate, provides a
straightforward extension of [68, Theorem 2.4], presenting a positive answer to
these problems.
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Theorem 3.3.1. For each t € (0,T], there exists a constant C(t) > 0 such that
the inequality (3.1.3) holds for any yo, Yo € L%:O(Q; L*(@)).

Remark 3.3.1. Theorem 3.3.1 asserts that the state y(t) of system (3.1.2) (at
t € (0,77) is uniquely determined from the observation y| r)xg,, P-a.s., and
continuously depends on it. As a result of the arbitrariness of ¢t € (0,7] in (3.1.3),
we deduce that the answer to Problem 3.1 is certainly positive.

In order to prove Theorem 3.3.1, we present a global Carleman estimate for
the following stochastic parabolic equation:

dz— > (VFz))mdt = fdt + gdW(t)  inQ,

dk=1 (3.3.1)
z=0 on X,

z(0) = 2o in G,

where 2 € L% (2 L*(G)), f € Lz(0,T; L*(G)) and g € L§(0, T; HY(G)).
Let us first recall the following well-known result.

Lemma 3.3.2. [68, Lemma 5.1] For any nonempty open subset Gy of G, there
is a ¢ € CYG) such that ¢ > 0 in G, ¥ = 0 on T, and |V¢(z)| > 0 for all
red@ \ Gq.

Fix a nonempty open set G; CC Go. With the function ¢ given in Theo-
rem 3.3.2, we choose the weighted functions in Theorem 3.2.2 as follows:

0=ct, (=)Mo, at,x) = e — 62N|¢|C(E), o(t,x) = ﬂ, (3.3.2)
(T —t) t(T —1t)
where A > 1, > 1. Further, let
U=2) ¥, (3.3.3)
k=1
For j,k=1,2,---  n, it is straightforward to verify that
b=y, Ly, = Migls,, Lo, = MZOUs, Yy, + ANpUsa, (3.3.4)
and that
o — sz(ezmwc@)’ or = @20(6u|wlc@)' (3.3.5)

Here and in what follows, for a positive constant r, we denote O(u") as a function

of order u" for large pu. We use O(e“ MC@) in a similar way.
We state the Carleman estimate for the equation (3.3.1) as follows:
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Theorem 3.3.3. There is a constant pig = pio(G, Go, (b'%)xn) > 0 such that for
all ;o > po, one can find two constants C = C(p) > 0 and Ao = Ao(p) > 0 such
that for any A > Ao, the solution z € Li(;C([0,T); L*(G))) N L&(0,T; HY(G)),
to (3.3.1) satisfies

MR / 020222 dxdt + M\’ E / ©0%|V 22 dxdt
Q Q

SCE[/QGZ(fQ—Ir\Vg|2+)\2u290292)dmdt+)\3p4/ ¢39222dxdt] (3.3.6)

0

Proof. The proof is divided into four steps.

Step 1. In this step, we estimate the order of the terms in the equality (3.2.4)
with respect to A and pu.

Combining (3.0.1), (3.2.5), (3.3.3) and (3.3.4), we have

and

n
ik
Z Wy Wy,

k=1
L 2 L L
= 2)‘M2§0( Z bjkwxijk> + )\Mzﬁp< Z b]kwm]l/}mk)( Z b]kwxjwmk>
k=1 Jik=1 k=1
+ 20 () [Vw|?
> (sl e VO + ApO(w)) [Vl (3.3.7)

Thanks to (3.2.5) and (3.3.3)—(3.3.5), we obtain that
A== (VF ey, — Vil + VP 0,) —
k=1

= X220 Y VR b, + AP?0 (V@) (3.3.8)
Gk=1

Next, we estimate B term by term (referring to the definition of B in (3.2.5)).
Thanks to (3.3.3) and (3.3.4), we see that

U =2N0 Y VR, + ApO(). (3.3.9)
g.k=1

This, together with (3.3.8), implies that
LI 2
AT — —2)\?’#4903( Z b]k¢mj¢xk> +330(8) + A2(p30(u2€2u\¢\0(6))_

4, k=1
(3.3.10)
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From (3.3.3), we obtain that

n

(ARG, = S AL+ Y AN, + %A\IJ. (3.3.11)

J,k=1 7,k=1 7,k=1

Combining (3.2.5), (3.3.2) and (3.3.8), we get that

Ay = =220 3" 0y e, + A2020(1) + Ap?0 (ue™1VIe@).
JR=1

This, together with (3.3.4), yields that

f: VE A Ly, = —2A3u4¢3( fj bjszijk)z +A%%0(1?)

Jk=1 Jk=1

+ 2220 (2 e@). (3.3.12)

From (3.3.4) and (3.3.8), we get that

n

ST Ak, = NP0 (u®) + NP0 (ueVie@). (3.3.13)
k=1

By (3.3.5) and (3.3.8), we find that
Ay = NP0 (2 Wle@) 4 AP0 (M 1Ve@)., (3.3.14)

From (3.3.2) and (3.3.9), we obtain

n

) L 2
> (e, = 2)\,u4¢( 3 b]%m]%k) PO (). (3.3.15)
Ji:k=1 j,k=1

Combining (3.3.10)—(3.3.15), we have that

B> 25%)\3M4¢3]V¢\4 F 330 (ud) + A2¢3O(u262“|w|0@) + /\go?’O(ez“W'C@).
(3.3.16)

Step 2. In this step, we apply Theorem 3.2.2 to the equation (3.3.1) and handle
the boundary terms.

For the direct proof below, first take 5% € C?(G) and smooth data compatible
with the homogeneous boundary condition, so that the weighted identity applies.
Approximation gives the estimate for g € L2(0,T; H}(G)). For the full stated
class /% € CY(G) and g € L(0,T; HY(G)), (3.3.6) also follows from the stronger
estimate in [51, Theorem 1.1], recalled after this proof.
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Let us choose u = z in Theorem 3.2.2. Integrating the equality (3.2.4) over
@, taking mathematical expectation in both sides, and noting (3.3.7), (3.3.8) and
(3.3.16), we conclude that there is a constant ¢y > 0 such that

oF /Q o[- Zn: (b0, )1+ Aw) |dz Zn: b2, oyt de

j k=1 G k=1

+2E/ Z Z (2b7kb7 Ex/wx JWx,, — pikpi'k 0, wx,ka,)+\11b7 Wy, W

]k 1 5 k=1
pk Loy 2 dxdt + 2E dw),, dz

_ < ;i 2)w xdt + Z wxijk
]kl

> 2¢0E / [@(mw +20() [Vwl* 4+ ¢° (A%ﬂvwr‘ +X°0(p%)  (3.3.17)
Q
4 )\2O(M262#‘¢‘C<6>) 4 )\O(e2ﬂ‘¢|c(é))>w2:| dadt

+2E/ = > (), +Aw‘ dudt
jk 1

—E/Qe2 Z V¥ (dza, + la,dz) (dzgy, + Lo, dz)de — E / 0° A(dz)*dz,

j,k=1
where we use the fact that, for all z € G, lim a= lim a = —oc.
t—0+ t—T—
By (3.3.1), we obtain

n n

QE/ 9{— Z (bﬂ“wzj) —I—Aw] [dz— Z (bjkzwj)zkdt}d:r

_]kzl j,k=1
<E/ ‘ wxj)z —|—.Aw’ dtda:—i—E/ 62 f2dtdz. (3.3.18)

Next, we deal with divergence terms. Since z = 0 on X, we get

0z ,
wly = 0 and w$j|g:9zxj|g:0$1/] o forj=1,---,n
Similarly, by Theorem 3.3.2, we get
oY , oy
by = AMupthy; = )\,Lup%uj forj=1,---,n, and M <0 on X.

Therefore, via integration by parts and noting w = 0 on 3, we obtain that

QE/ Z wz dw) g, dx = Z]E/ Z bﬂ“wz vpdwdx = 0, (3.3.19)

]kl 7,k=1
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and that

n n
28 [ 5[ (2l — 5 0, )
Qjk=1j/ k=1

+ \Ilbjkwxjw — bjk<,4€xj + 2‘7 >w2] xkdtdaj (3.3.20)

= QAME/E 9092?5 (gi)z(jgzl bjkujuk>2dfdt <0.

Since z is a H?(G)-valued It6 process, for j k =1,--- ,n, we obtain that 2y, 18 a
H'-valued Itd process. Hence, for j,k =1,--- ,n, we have

t t
/0 dzy;dzg, :/0 9z, 9z, ds, for (t,z) € [0,T] x G, P-a.s.

Thanks to it and Remark 2.4.1, we have

E / 0> > V¥ (dze, + Loy d2) (d2ay, + Le,dz)da + / 0°A(dz)?dx
Q T Q

:IE/ 02> " 0" (ge; + e;9) (92, +€xkg)dxdt—l—E/ 0?Ag*dxdt.  (3.3.21)
Q4T Q

Combining (3.3.17)—(3.3.21), we arrive at
200E /Q [ W21V + 20(0) [Vul? + 6 (At [V + N0 (?)
+ 220 (2 Mle@) 4 )\O(ezulwc(é)))wﬂ dxdt (3.3.22)

< IE/ 62 [fz + Z V¥ (ga; + Lo, 9) (Gop + Lapg) + Agﬂda;dt.
Q k=1

Step 3. By Theorem 3.3.2, we have mingec\ g, V| > 0. Hence, there exists
a p1 > 0 such that for all g > pi, one can find a constant A\; = Ay(u) such that
for any A > A1, it holds that

28 [ (o0 Vol + 20 [Vul + ¢ (Nul[ 70l +X°0(u)
Q

+ )\2O(M2€2M|w|c(§)) + AO(62H|¢|C(E)))M2:| dadt
T
> 01Au2E/ / ¢(|Vw\2 + )\2u2<p2w2>dxdt (3.3.23)
0 G\G1

T
- CA,uZIE/ / cp(|Vw|2 + )\2u2902w2)d:1;dt,
0 G1
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where clémin( ml\% |V|2, mln ]Vl/)\)
z€G

Note that
0%(|Vz]* + N2 p??2%) < |Vwl? + N pPe?w? < CO*(|Vz]* + N p?e?2?).
Combining this with (3.3.22) and (3.3.23), implies that
MAE / 0 (|V2|* + N2 pPp?2?) dadt
Q
< C[E/ 0%(f* + |Vg|* + Npp?g®)dadt
Q
T
+ MPE / / ¢92(|Vz|2~|—)\2u250222)dxdt]. (3.3.24)
0 G1

Step 4. In this step, we get rid of the term containing Vz in the right hand
side of (3.3.24) and complete the proof of (3.3.6).

Choosing a cut-off function ¢ € C§°(Gy) satisfied 0 < ( <1 and ( =1 in G;.
Noting that

d(0*p2%) = 2% (0°p), dt + 26°pzdz + 0% (dz)?,
and lim (6%¢)(t, ) = lim (0%p)(t,-) = 0, utilizing (3.3.1) and Divergence Theo-
t—0t t—T-
rem, we obtain that

= IE/ ¢2 [z2 (9290)t dt + 20%pzdz + 92<p(dz)2]dx
Qo

= E/ 0> [szz (o1 + 2 pay) — 2% Z l)jk,zrggj:c:gclC
Qo j.k=1

—2uC?p(1 + 2X\p)z Z bjkzxijk

k=1

—4Cpz Z bjkzxjg“xk +2C%0fz + C2<pg2} dxdt.
k=1

This, along with (3.3.5), yields that there exists a 2 > 0 such that for all u > uo,
one can find a constant Ao = Aa(p) so that for any A > A2 and € > 0, it holds

QE/Q 92C2cp Z bjkzszxkdﬂsdt
0

jk=1

C
<eE [ 6°CP0|Vz|?dxdt IE/92 2 1 N2020322 ) dadt
_»E/Q[)Ctplzlfﬂ+6 <A22f+ pr)z
+E 02 pg2dxdt.
Qo
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By this and (3.0.1), choosing ¢ sufficiently small, we conclude that
T
E/ 62|V z|?dxdt
0 G1

1 .
< 2 2 2 2 2 2 3.2 . 3
_C[E/QG <)\2,u2f + g )dmdt—i—)\,uE QOchzdmdt (3.3.25)

Finally, combining (3.3.24) and (3.3.25), choosing o = max{u1, 2} and \g =
max{A1, A2}, we obtain (3.3.6). O

Remark 3.3.2. By [51, Theorem 1.1}, for g € L2(0,T; L*(@)), the term |Vg|? can
be omitted from the right hand side of (3.3.6). Here p is fixed sufficiently large;
the weights o and [t(T — t)]~! in that theorem are comparable, with constants
depending on p. The method used by the author is different from the pointwise
weighted identity approach adopted in this book. The author first transforms the
proof of the Carleman estimate for forward stochastic parabolic equations into
a controllability problem for a backward stochastic parabolic equation. Subse-
quently, this controllability problem is reduced to the Carleman estimate for a
random parabolic equation. Through this double duality argument, the Carleman
estimate for the forward stochastic parabolic equation is reduced to the known
Carleman estimate for deterministic parabolic equations. This result allows for
a relaxation of the regularity assumptions on the coeflicients in certain inverse
problems.

Proof of Theorem 3.3.1. Let z =y — ¢. From (3.1.2), we obtain that z satisfies

dz— > (VFzy)ndt = [F(Vy,y) — F(Vi,5)]dt

g.k=1

+ [K(y) — K(9)]dW (t) in Q,
z=0 on X,
z(0) = yo — 9o in G.

By the Lipschitz continuity of F' and K (see (3.1.1)), we have F'(Vy,y)—F(Vy,7) €
L(0,T; L*(GR)) and K (y) — K(§) € L2(0,T; L*(G)). Hence, z fulfills the equation
(3.3.1) with

f=F(Vy,y) = F(Vi,9), g=K(y)—K(®). (3.3.26)

Fix p sufficiently large. By the preceding remark, there exists A\g = A\o(p) > 0
such that for all A > g, it holds that

)\3,u4IE/ @392z2dxdt+)\,u2ﬂﬂ/ ©0%|V z|?dxdt
Q Q

gCE[ /Q 0%(f* + NuPpg?) dadt + Nt / 030222 dxdt |

0
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From (3.1.1) and (3.3.26), we have
IE/ 02| f|?dadt < 2L2E/ 0%(|Vz|? + |2|?) dadt,
Q Q
and
E/ 022212 % g|?dxdt < L2IE/ 0222 112 0% 2| * ddt.
Q Q
Hence,
E/ 0> (N33 |2? + M| V2|?) dudt
Q

§C{L2E/ 02[|V2|? + (1+)\2u2g02)\z|2]d:cdt+)\3u4E/ @39222dxdt}.
Q

0

Keeping p fixed and choosing A\ > A\g(p) sufficiently large, depending also on L,
we absorb the lower-order terms and obtain

E/ 62 ()\g,u4g03|z\2 + AP o|Vz|?)dzdt < C)\3M4E/ ©30% 22 dudt. (3.3.27)
Q

0

From (3.3.2), we find that

IE/ 0% (¢%|2* + | V2|*)dzdt
Q

S

2mig(min{gpg(T/Q,x),gp(T/Q,x)}92(T/4,m)>IE/;/G(|z\2+|Vz|2)dﬂcdt
(3.3.28)

and that

IE/ 030 2%drdt < max (cpg(t,x)GQ(t,w))E/ 22dxdt. (3.3.29)
0 (z,t)€Q 0

Using a standard energy estimate, from (3.1.1), (3.3.1) and (3.3.26), we can
obtain that for any 0 < s <t < T,

2
E|z(t)|72(q) < € El2(5)[72(q)- (3.3.30)

For any fixed ¢ € (0,T], apply the preceding estimates with T replaced by ¢, and
integrate (3.3.30) over s € [t/4,3t/4]. Combining this with (3.3.27)—-(3.3.29) and
(0,t) x Gy C Qo, we obtain (3.1.3). O
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3.4 Solution to inverse state problem with a terminal
measurement

This section focuses on the following problem:

o Problem 3.3: Can we determine y(tg) in G, P-a.s. for tg € [0,7T) from
y(T'), where y solves (3.1.2)?

In this section, we consider solutions to (3.1.2) satisfying

y € L(2C([0,T); Hy(G))) N Lg(0, T3 H*(G) N Hy(G)).
For the linear equation (3.1.6), its stated coefficient and forcing assumptions to-
gether with yo € LQIO(Q;H(%(G)) ensure this regularity. Indeed, applying It6’s

formula to the Dirichlet energy |, ao ik bjkyzj Yz, dr and using elliptic regularity
gives

T
E sup [y(t)nc) +E [ Iyt
0<t<T 0
2 2 2
= C(|y0‘L§O(Q;H1(G)) + ’f|L§(o,T;L2(G)) + |9|LI2F(0,T;H1(G)))'
A Galerkin approximation justifies this calculation for the stated data.

For the results in this section, we additionally assume that K(¢,-,-) maps
H(G) into itself and that, for some L > 0 and almost every (t,w),

|K(t, -, u) — K(t,+,0)|m(e) < Lrlu—v|ga), u,v € HY (G). (3.4.1)

This condition holds, for example, for K (t,z,() = as(t,z)( + K(t,x,0) with ag €
L (0, T; W1°°(@G)) and the standing assumption K(-,-,0) € LZ(0,T; H}(G)). In
this case, V(K (y) — K(9)) = a3V(y — 9) + (y — 9)Vasz. The constants below
may also depend on Lg. We prove two results for the conditional stability of
Problem 3.3. Recall that for any M > 0 and a3 > 0, we define

A (6%
Ubar = {f € L5, (G H(Q)) | Iz, @ ay < M}.
Then, the first one is

Theorem 3.4.1. For any ty € (0,7, there exists a positive constant C = C(to)
such that for some constant v = ~(to) € (0,1) and for any M > 0, for all
Yo, Yo € Unro satisfying the standing regularity assumption, it holds that

|y(t0) - Q(t0)|L2]_- (%L2(G)) < CM1_7|y(T) - Q(T) 22 (QHY(G))’ (3'4'2)
to Fp 5

where y(-) (resp. y(-)) is the solution to (3.1.2) with respect to the initial datum
Yo (resp. Yo).
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Remark 3.4.1. For the stochastic heat equation dv — Avdt = av dt 4+ bv dW (t)
with zero Dirichlet boundary data, a related estimate with a local terminal ob-
servation is available when G is bounded and convex, a € Lg°(0,7; L*°(G)) and
b e LP(0,T; Whe°(@G)). For any nonempty open Gy € G, [57, Theorem 1.6] gives
constants C > 0 and ¢ € (0, 1) such that
1-6 é
|U(T)‘L§_.T(Q;L2(G)) < C|U(0) L2FO(Q;L2(G))|U(T)‘L§ET(Q;L2(G0))'

The convexity ensures (x — zg) - v(x) > 0 for 29 € Gy and = € OG, which is used
to control the boundary terms in that proof.
Remark 3.4.2. From Theorem 3.4.1, we know the answer to Problem 3.3 is pos-
itive. Moreover, the inequality (3.4.2) shows that the function 5(-) in (3.1.4) can
be chosen as 3(n) = CM*~7n for n € [0, 0).

By a standard energy estimate, Theorem 3.4.1 follows from the following re-
sult, which is a generalization of [53, Theorem 1.2].

Theorem 3.4.2. For each ty € (0,T], there exist constants v = ~y(to) € (0,1) and
C =C(to) > 0 such that

~ ~ 1— ~
’y(tO) - y(tO)’Lg_-tO (Q;L2(Q)) < C’y() - y(')’Lﬁa),T;L2(G))|y(T) - y(TMZ.%_-T(Q,Hl(G))’
(3.4.3)

where y(+) (resp. Y(-)) solves the equation (3.1.2) with the initial datum yo (resp.
Jo)-
In Theorem 3.4.1, the left hand side of the condition stability estimate (3.4.2) is
A~ . . . A ’Y .
ly(to)—y(to) |L3TtO (@:12(c)) and the right hand side is [y(T')— (7)) ‘L%_-T(Q;Hl(G))' This
means that the unknown state is continuously dependent on the measurement in
L% (Q; L*(G)) norm when the measurement is in L% _(€; H'(G)). In other words,
to T
the norm for the measured data is stronger than the unknown state. Generally
speaking, the stronger of the norm for the measured data, the more accurate
measurement should we do. Hence, it is natural to expect to relax the norm in
the right hand side of (3.4.2) while enforcing a stronger norm in the left hand side
of (3.4.2). This is done by the following result.

Theorem 3.4.3. For any ty € (0,T), there exists a positive constant C = C(tg)
such that for some generic constant v = y(to,T) € (0,1) and for any M > 0, for
all yo, Yo € Unm,1 satisfying the standing regularity assumption, letting

B(n) =Cn+CM?exp[-3""In"(n" )], 0<n<l1, (3.4.4)
with B(0) = 0 and B(n) = C(n+ M?) for n > 1, it holds that
’y(tO) - Q(tO)‘ZL-ZFtO (QHL(G)) < B(|y(T) — Q(T”L?FT(Q?LQ(G)))’ (345)

where y(-) (resp. §(-)) is the solution to (3.1.2) with respect to the initial datum
Yo (resp. Yo).
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3.4.1 Proof of the conditional stability I

In this subsection, we will prove the first result of conditional stability, i.e., The-
orem 3.4.2.

Let s,\ € (0,+00), t € (0,+0), and ¢ € C*°(R) with ¢y > 1. Put
o =eY, 0 = e’%. (3.4.6)
As a consequence of Theorem 3.2.2, we have the following result.

Proposition 3.4.4. Assume that u is an H?(R™)-valued continuous Ito process.
Put v = 0u (with 0 given by (3.4.6)). Then,

- 9[ Z (bjkvm]-)zk + S)“Pwtv} {du - Z (bjkumj)mkdt]
Gk=1 k=1
1 =\ ik
+ Z)\H’U [du - v uwj)xkdt]
Gk=1
n bk oy do + ADFu, vdt Ly nbjk Aot + a0
_Z( vmjv+1 VgV )xk+§ (Z Vg Vgy, — SAPYPv +Z v)
7,k=1 J,k=1
1 1 ¢ ik L o 99
+ (1)\ vmjvxkdt 3 Z v dvxjdvxk> + 55)\ pruTdt
J.k=1 k=1
1 1
53/\901bttv2dt — fs)\2¢t<pv2dt + fs)\cp@bt(dv) — g)\(dv)2
2
+ { b] Vi, )y, + S)\gmptv] ) (3.4.7)
7,k=1
Proof. Noting that v is independent of the z-variable, choosing ¥ = —%)\ in
Theorem 3.2.2, the proof is straightforward. O

We have the following Carleman estimate for (3.3.1), which is a generalization
of Theorem 2.1 in [78]:

Theorem 3.4.5. Let § € [0,T), and let ¢ and 6 be given in (3.4.6). There exist
constants C > 0 and Ay > 0 such that for all X\ > A1, there exists an so(A) > 0 so
that for all s > so(N), for any solution z € L&(2;C([0,T); HY(G))) to the equation
(3.3.1) with g € L(0,T; H}(Q)), it holds that

AE / / 02|V z|2dzdt 4+ sA*E / / ©0*22dxdt + sAE / / 002 g*dxdt
< CE[0(T)|V(T) iz + 0O V2(0) o) + sAp(TOX(D)|(T) 22

+ 5Xp(6)6%(8)]2(6) 72 () / / 0%(f* + |Vg|? )da;dt} (3.4.8)
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Remark 3.4.3. If we replace the assumption of ¢, with |¢;] > 1, then one can
follow the proof of (3.4.8) step by step to get

T T
AE / / 02|V z|?dxdt 4+ sA\’E / / 0% 22 dadt
é G é G

< CE{92(T)’VZ(T)’%2(G) +0%(6)[V2(8)[72(g) + Ao (T)O*(T)|2(T) |72
T
+5A¢(5)92(5)|z(5)|§2(0)+/5 /92(f2+|Vg|2+5)\<pg2)dxdt]. (3.4.9)
G

Proof of Theorem 3.4.5. The calculation below is first made for smooth solutions
and then extended by Dirichlet spectral approximation, using g € L2(0,T; H} (G)).
Applying Theorem 3.4.4 to the equation (3.3.1) with u = z, integrating the equal-
ity (3.4.7) on [0,T] x G, and taking mathematical expectation on both sides, we
obtain that

_E/ / z”: bk Vg, ) Ik—{—s)\gpwtv} {dz— Z (b] Zu; ), dt]dm

7,k=1 7,k=1

+1>\E/ /ev[dz— (bjkzz.)xkdt]daz
4 )5 Ja Py !

:—E/ /Z bjkvxjdv+ )\b]kvxjvdt) dx
G k=1

T

+ 1E/ / d( Z bjkvm].vxk — shov? + *)\UQ)dCU
275 Ja"\ 4, 1
T 1. & J
+E (A D2 Vv v dt =5 D7 Vv duy, )da
0 JG k=1 jk=1

Trnmn 1 1
+ ]E/ / [fs)\ngd)thth + ZsAphyv?dt — = sA\2pw?dt
s Jol2 2 4

1
+ %s)«pwt(dv)Q - gA(dv)ﬂdx

n

+IE/T/G [ > (g, e, + 3)\<p1/1tv]2da:dt. (3.4.10)
5 ;

k=

Now we estimate the terms in the right hand side of (3.4.10) one by one.
Noting that v|y, = z|yx, = 0, thanks to Divergence Theorem, we have

B ik ik
E/ /GZ b]vmjdv+ )\b7 Vg, vdt)xkdx

k=1

T
; 1
= —IEJ/(S /F Z b7k<vxjdv + ZAvxjvdt)ude =0. (3.4.11)
jik=1
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The second one reads as follows:

1IE/T/ d( an VR0, vy, — sAopv? + 1)\1)2>d:1: (3.4.12)
2 Js Ja Pyt A ! 4 o

> _CE(|VU(T)|%2(G) + V()| Z2(q) + sAe(Do(T) |72 + 5)‘30(6””(5)‘%2(@)'
For the third one, thanks to (3.0.1) and (3.3.1), it holds that

/ / A Z A Vg Vg, At — Z devm]dvmk)dw

7,k=1

/\E/ /80|V1}| dxdt—CIE/ /92|Vg| dadt. (3.4.13)

Noting that vy > 1, there exists a A\g > 0 such that, for A > )Xy and
sminj 71 ¢ > 1, it holds that

T 1 1
E/ / [fs)\Qgp@Z)fUth + =sAppv?dt — —sA\2oyvdt
s Jo L2 2 4

+ 1smpqpt(dvf - 1A(dv)ﬂazx

1
85)\2E/ /gondxdt+s)\E/ / 02 g*dxdt. (3.4.14)

Now, we estimate the terms in the left hand side of (3.4.10). Thanks to (3.3.1),
we obtain

B E/T/ Zn: bjkvxz Jay, + SASDth} [dZ - Zn: (bjkzmj)mkdt} dx
8 G =

k=1

T n
<E / / > v, +sA<p¢tv} dadt + E / / 0% f2dzdt,  (3.4.15)
1 G

7,k=1

and

n

)\E/ /01} dz— (v z%)xkdt}d

J.k=1

T
< )\QE/ /U2dxdt+E/ /92f2d:vdt. (3.4.16)
64 s Ja s Ja

From (3.4.10)~(3.4.16), we find

50 ’ 2 1 g 2 2
)JE/ / |Vou|“dzdt + S)\E/ / ph* g dxdt
4 s Ja 4 s Ja
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T
—CE 0*(IVg|* + | f|?)dxdt
1) G

—HE/T/ (15)\%0 - i)\2>v2d:1:dt (3.4.17)
s Jo \8 64
< CE(!VU(T)\%2(G) + ’VU@)’%%G) + 3/\<P(T)‘U<T)’%2(G) + 3/\90(5)‘0(5)’%2(G)>~

Hence, there exists a A\; > Ag such that for all A > A1, one can find an sg(\) > 0
so that for all s > so(A), it holds

AE / / |Vo2dzdt + sA\E / / ©0?g>dxdt + sN\’E / / ovdadt

< CE[[Vo(T) 26y + IV0(6) o) + sAe(DIo(D) e

+ 5Xp(0) 0(8) 3 | +CE/6 /G€2(|Vg|2+!f|2)d:rdt,

which implies inequality (3.4.8) immediately. O
Now, we are in a position to prove Theorem 3.4.2.

Proof of Theorem 3.4.2. Choose t; and to such that 0 < t; < t9 < tg. Set p €
C*(R) such that 0 < p <1 and

1, t>ty
e 4.1
P {0, t<t. (3.4.18)

Let z = p(y — ¢). Then, z solves

dz = Y (V" 2))updt = [p(F(Vy,y) — F(V§,9)) + pe(y — )] dt
jk=1
+p(K(y) — K(§))dW (t) in Q,
z=0 on X,
2(0) =0 in G.
(3.4.19)

Applying Theorem 3.4.5 with ¢ = t and § = 0 to the equation (3.4.19), for A > Ay
and s > so(A), we have

/\IE/ 92]Vz]2dxdt+s/\2E/ 02| z|?dxdt
Q
2
< CE[0(T)|V2(T) ) + s (T)| ()}
+ [ Ploty = Dt + [ Plp(F(Ty.) — F(V5,9) P

+/ 92ypv(K(y)—K(g))yzdxdt] (3.4.20)
Q
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From the choice of p and the fact that 6(¢) < 6(s) for t < s, we get that

/9% §)2ddt < CO(t2) 1y — 9220 72126 (3.4.21)

From (3.1.1) and (3.4.1), since p and 6 depend only on time, we have

/9%( (Vy,y) — (Vg),g)))\de:dt+E/ 62| pV (K (y) — K(9))|*dadt

Q Q

gCE/ 0°(2* + |V2[*)dwdt. (3.4.22)
Q

This, together with the inequality (3.4.20) and the fact that () < 6(s) for t < s,
implies that there exists a Ay > Ay such that for all A > Ao, we have

T T
Aeﬂ(to)E/ / |Vy—Vg)|2dxdt+s)\292(to)]E/ /4p|y—g)|2d:vdt
to G to G
< )\E/ 02]Vz\2da:dt+s)\2E/ 02| z|*dxdt
Q Q

< 692(t2)|y - g&%(O,T;L?(G)) (3.4.23)
+ CE(63(T)|Vy(T) = Vi) 126 + AT D) y(T) = 5T 2(cr))-

Thanks to It6’s formula, (3.1.1) and (3.1.2), we obtain that

E [ lulto) —itto) s (3.4.24)
~B [ (1)~ §(1)dz — B / JEe —§)+ [dly — )P}
<IE/ ly(T T)| d:n—l—CIE/O /G|Vy—Vy)|2da3dt+CIE/t0T/G|y—g|2dazdt.

Recalling that ¢ > 1, combining the inequalities (3.4.23) and (3.4.24), for any
A > A2 and s > sp(A), we have

/ ly(to) — G(to)|*da

< COX(t2)02(to) |y — 3

#(0,T5L2(G))

+CE (02(T)|Vy(T) = Vi(T)| 2y + sM(T)O*(T)|y(T) — §(T) \iz(m) :

Now we fix A = A\a. It follows from the inequality (3.4.25) that

/|yto J(to)[*dx
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< C(OP ()07 (to)|y = 120 12 + (1 9P DE](T) = 5(T) 1)
(3.4.26)

Using 1+ s < 2e® in (3.4.26), for all s > sg(A2), we obtain

. _9g(eM2to _eat 12
E/G [y(to) = g(to) Pder < e 2)}9 “ Yo

+ Ce“E|y(T) - (3.4.27)

J T)‘Hl(G)'

Optimizing (3.4.27) over s > so(A\2), and using the forward energy estimate

[y(to) - zj(to)|L3’-'t @2y < Clto)ly — Z/‘L2(0 7.12(cy) When the unconstrained min-
0

imizer is smaller than sy(A2), we obtain

A l—7y ~
F(O’T;Lz(g))w(T) - y(T) 2, (Q HY(Q))
(3.4.28)
This completes the proof of Theorem 3.4.2. O

ly(to) — 39(750)|L2ft0(

2(@2750 7&212)
CH2(er2to—er2t2)”

with v =

3.4.2 Proof of the conditional stability II

In this subsection, we will prove the second conditional stability result, i.e., The-
orem 3.4.3. To this end, we need to establish the following Carleman weight
function, which is different from (3.4.6).

Let A € (0,+00) and ¢ € [0,T]. Put

Yv=(t+1)7,  0=¢" (3.4.29)
We have the following Carleman estimate for (3.3.1):

Theorem 3.4.6. Let § € [0,T), and ¢ and 6 be given in (3.4.29). There exist
constants C > 0 and Ag > 0 such that for all X > Ao and for any solution z to
(3.3.1) with 2(8) € L% (8 HY@G)) and g € L3(5,T; HH(Q)), it holds that

/ /)\2t+1 \=2)p2, 2da:dt+E/ / (t 4 1)710?| V2|2 dadt

< CENT + 1 0(D)|2(T) 2y + 020 V2(0) e
T
2/ ¢2 2 2 T ) 4.
+/6 /Ge(f + g% +|Vg[2)d dt} (3.4.30)

Proof. Let £ = ¢, w = 0z and ¥ = 7A(t + 1)~1. As above, Dirichlet spectral
approximation justifies the following calculation. Apply Theorem 3.2.2 to the
equation (3.3.1) with u = z.

For j = 1,---n, it is easy to verify that ¢,, = 0 and ¢, = A(t + )AL, Inte-
grating the equality (3.2.4) on [d,T] X G and taking mathematical expectation in



3. Inverse problems for stochastic parabolic equations 52

both sides, we obtain that

—2]E/ /{ VEw, e + A+ 1) [i+(t+1)/\]w}

n

[dz - Z (bjkzxj)xkdt} dz (3.4.31)
=1
:—QE/ / vFw,, dw + )\(t+1) lbjkwxjwdt} dx
G k= 1 Tk
N Y
+ QIE/ / At+1)" Lyik _ L}wmkadmdt
G 2 !
7.k= 1

1 1
- IE/ / )\2 t+1)72 5A%t + 1M - A+ 1)~2

FAA— 1)+ 1)”} w2dzdt

+E/§T/Gd{ Zn_: oy we, — At +1)7 E +(t+ 1)A} w2}dar
+ QE/ / { DEwg, )y + A+ 1) Lll +(t+ I)A]w}Qda:dt

+IE/ /92[ Z VFdzy, dzg, + Mt + 1)~ [ + (t+1) }(dz)ﬂda;.

7,k=1

Now we handle the terms in (3.4.31). Since z = w = 0 on X, by Divergence
Theorem, we have

—2E/ / wxjdw—l— )\(t+1) 1bjkwm].wdt} dz = 0. (3.4.32)
G k= 1 T

Noting (3.0.1), we get that

I VI
ZIE/ / At+1)" lb]k—t—]wx.wzkd:ndt
G j k= 1 2 ’

T
> JE / / At + 1) 7Y Vw[*dzdt — CE / / Vwl'dedt. — (3.4.33)
0 G

Since (t +1)72 < (t+1)*72 on [0, T7], for A > 10 we have

//[ A%t 1) f%)\Q(tJrl)A_zii)\(Hl)%

+ AN = 1)(t+ 1)”] w?dxdt
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T
1
>E / / “A2(t 4 1) 2w dadt. (3.4.34)
s Jo4

Thanks to (3.0.1) and A > 0, we obtain that

/ / { Z VEw, we, — A(t+1)71 E +(t+ 1))‘}w2}d:c

7,k=1
> SoE/ |V (T)|*dx — ZE/ MT 4+ DM w(T) Pdz — CIE/ |Vw(0)|*d.
G G G
(3.4.35)

Noting (3.3.1), we have that

T
IE/ /92< Z V¥dz,, dzmk>da:> CE/ /92|vg| dedt.  (3.4.36)
) G

k=1

The remaining quadratic variation term is nonnegative:
/ / 2t +1)" + (t+1) ](dz)de > 0. (3.4.37)
As for the left hand side of (3.4.31), from (3.3.1), we have

—2E/ / {jkl Ry Va + At + 1) [i%—(t—l—l)’\}w}

n

X [dz - Z (bjkzzj)zkdt} dx

7,k=1

<IE/ / { O Fwy g + A+ 1) [i +(t—|—1)/\}w}2dmdt

+CE / / 62 f2dxdt. (3.4.38)

Combining (3.4.31)—(3.4.38), and noting that w = 0z and Vw = 0Vz, we
arrive that

T
CE/ /02(f2+\v9|2)dxdt
1 G
T
> E/ / O [Nt + 1) V2| + N2t + 1) 22| dadt
6 G
—CE[MT + 1)/\_102(T)‘Z(T)‘%2(G) + 02(5)‘VZ(5)‘%2(G)]

T
—CE/ /92(|VZ\2+A|zy2)d:cdt. (3.4.39)
1) G
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From (3.4.39), we know there exists Ao > max{10,C(T" + 1)}, such that for all
A > Ao, it holds that

T
CIE/ /92[f2+|Vg|2]dxdt
0 G

T
> E/ / 02 [)\(t F )YV A2+ 1)A—2z2}dl~dt
0 G
— CEINT + 1)1 62(T)[2(T) 22y + 62(0)V2(6) 22y
which completes the proof. O

Now, we are in a position to prove Theorem 3.4.3.

Proof of Theorem 3.4.3. Let v(x,t) = y(z,t) — y(x,t). From (3.1.2), we have

n

dv =Y (*vy))p dt = (F(Vy,y) — F(V3,9))dt

Gk=1
+ (K(y) — K(9))dW (t) in Q,
v=20 on X.

From Theorem 3.4.6 and (3.1.1), (3.4.1) and (3.4.29), for A > Ao, we obtain that
CE[NT + DM 63(T)o(T) () + 62(0) [ V0(0) B |
T
> eQ(toﬂVE/ / (v? 4 |Vo|?)dzdt, (3.4.40)
to G
where (3.4.1) and the fact that 6 depends only on time give
IE/ 0| F(Vy,y) — F(Vy, @)\dedt—i—E/ 02|V (K (y) — K(9))|*dadt
Q Q

2 dwdt

+E [ 0K - K()
Q
< CE / 0% [v* + |Vv|?] dzdt.
Q

It is clear that there exists A1 > Ag such that for all A > Ay, it holds that
AT + 1),\7162(T+1)L2(1t0+1)A < 3T+ (3.4.41)

Combining (3.4.40) and (3.4.41), for all A > A\, we get that

(012300 1111 () < CrE T BT 2y + Coe OV EIV0(0) 126 (3.442)
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ln(to+l)
In(T+1) *

Letting s = (T + 1)*, we have (to + 1)* = 57 for v = It follows from

3.4.42) that there exists s; > 0 such that for all s > s;
( ) ;
(120,701 (cy) < C1ePE(T) 72y + Coe > EIV0(0) 1. (3.4.43)

3s1

For 0 < n = |[v(T )|L2 @L2(c)) < e %, choose s = sy = —éln(E|U(T)]%2(G)).
Then
ePE[u(T) 72 < |U(T)‘L37T(Q;L2(G’))'

Together with (3.4.4) and (3.4.43), this proves the following estimate for small
positive 1. The case n = 0 follows by letting s — oo; for larger 7, the forward
energy estimate gives the same conclusion after increasing C:

(017200, 7 111 (G)) < BTz, @irzoy): (3.4.44)
For each t; € (0,T] such that to < t1, since
Elv(t1)| 31 ) < CElo()[Frg), — Vito <t <t (3.4.45)

integrating (3.4.45) on [to, t1], we have
(1~ 1By < CB [ o0
to

This, together with (3.4.44), yields
(s, ey < €l — ) BT, cusnian)

Taking the lower time in this argument to be t(/2 and t; = ¢y proves (3.4.5), with
=In(l1+1t/2)/In(1+1T). O

3.5 Reconstruct the unknown state with a terminal
measurement

This section focuses on the following problem:

« Problem 3.4: Find a function y € L4(Q; C([0,T); L*(G)))NLE(0, T; HY(G))
that satisfies (3.1.6) with y(7T") = ypr which is previously known.

In the previous sections, we study whether the unknown state/source could be
uniquely determined through suitable measurements. In such a context, we do
not take into account the errors in the measurements. When addressing the
problem of reconstructing the unknown state/source from the measurements, the
measurement errors must be considered. Various methods of “regularization” have
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been developed for inverse problems of deterministic PDEs to tackle this issue, all
of which, in essence, utilize additional information about the unknown function.
For instance, the method introduced by Tikhonov aims to minimize a quadratic
functional that contains higher derivatives to reproduce the measured data. In
this section, we employ this method to investigate the reconstruction problem for
the unknown state with a terminal measurement.
Denote Ho = L2 (Q; H2(G) N HY(G)). Su £ L2 (Q;L2%(G)) is th
0 7o (4 0 . ppose yr 7 (&5 is the
exact terminal value of the system (3.1.6) with the initial datum y§ € Ho. Let
Y9 € L%:T(Q; L?*(G)) be the measured data satisfying

d
lyr — yT\LgT(Q;m(G)) <9, (3.5.1)
where 0 > 0 is the noise level of data.
Consider the following Tikhonov type functional:

n

T .
Jr (y0) ZE/G{?J0+/ [ > (V*ya,),, + b1 Vy +boy + f|ds
0

k=1
T 2
+ [ st ) aW(s) = o} ot Bl (352

where yg € Ho and y solves (3.1.6) with the initial datum yp.
Since J; () is coercive, strictly convex and lower semi-continuous, we have the
following result.

Proposition 3.5.1. For every T € (0, 1), there exists a unique minimizer gy € Ho
of the functional (3.5.2).

We have the following error estimate.

Theorem 3.5.2. For any ty € (0,T), there exists a positive constant C = C(tg)
such that for v = v(to,T) € (0,1) as stated in Theorem 3.4.3, for all 6 € (0,1)
and T = 62, putting @78 as the minimizer of functional J-(-), then we have

’y(to;ﬂg) - y(tO;y(}k)‘%a (LHL(Q)) <CM exp[_3—7[1n+(M—1/25—1)] ’Y]a
0
where In™ r = max{lnr,0}, M =1+ |y3l3,,, and y(-359) (resp. y(:5u3)) is the
solution to (3.1.6) with respect to the initial datum §3 (resp. yg)-

Proof. For simplicity of notations, we denote

n

T
Ayoéyo—F/ {Z (0"%ya; (5:90)) ,, + 1 - Vy(si90) + bay(s; yo) + f| ds
k=1

T
+/ (bsy(s;yo) + g) dW(s), P-as.,
0
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and define the bounded linear operator
Byo £ Ayo — Ao,
Thus Byg is the terminal value of the homogeneous equation with initial datum

Yo, and Au — Av = B(u — v).
The Gateaux derivation of J,(-) at yo reads

Tiw)o =28 | ApBods — 28 | yiBods + 27E(w.é) ). Y6 € Ho.
G G
Particularly, for the minimizer gjg , we obtain

E/ AGSBoda + TEGS, &) 2y = E/ ySBodz, Yo € Ho. (3.5.3)
G G

Recalling that y; is the exact initial value, thanks to (3.1.6), we obtain

E/GAyéB(ﬁdx + TE(y5, $) () = E/Gyi}8¢dm +7E(YS, $) a2y, V6 € Ho.

(3.5.4)
From (3.5.3) and (3.5.4), we have
/ B} — v)Béda + TE((5 — 40, D) ey
_E /G (v — y)Bédz — TE{l, D) sy Vb € Ho. (3.5.5)

Choose ¢ = g — y§ in (3.5.5). Noting that Bo = Agd — Ayg, using Cauchy-
Schwarz inequality, we obtain that

(AZ — Ayg)?dz + TEIT) — v 32 o)

&=
»—lC)\

<

O |

— * 1 *
Ely} yT’L2 + E/ (Agg — Ayg)>da + iTE‘yO’%{Q(G)
+ 5@@8 — Yol 726 (3.5.6)
Combining (3.5.1) and (3.5.6), recalling that 7 = §2, we have
E/G(Aﬂg — Ayg)?da + 6°EI73 — y3h2 () < 62 (1 + ElyslFr(q))-

Consequently,

E|5) — 451320y < 1+ Elyg i) (3.5.7)
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and
Ely(T;95) — vrliz) < E /G (Ago — Ayp)*de < 8> (1 + Elyg|i(g)-  (3:5.8)

Apply Theorem 3.4.3 to the difference of the two solutions, using (3.5.7) and
(3.5.8). If 5v/M < 1, its linear terminal-data term is absorbed into the displayed
logarithmic bound after enlarging C. If 6+/M > 1, the forward energy estimate
and (3.5.7) give a bound by CM, which is the same formula with In* (M ~1/25-1) =
0. O

3.6 Solution to inverse state problem with an internal
measurement. II

In this section, assume additionally that /% € C?(Q).
This section focuses on the following problem:

e Problem 3.5: Can we determine ¢ in (0,7") X G uniquely from y‘ (0.7) xGo

For the situation when boundary conditions are unknown, i.e., Problem 3.5,
we can obtain the following quantitative unique continuation property for the
equation (3.1.7).

Theorem 3.6.1. For any G CC G with Gy CC G and k € (0, ) bemg arbitrarily

fized, there exists a constant C and a subdomain G cC G with G cC G such that
for any solution g to the equation (3.1.7), it holds that

-‘rK]T
/ /A (IVg|* + %) dzdt
f—nT

<C[exp / /G 7 + |V )dxdt+5IE/ [(g%]vg\?)dagdt},
0

(3.6.1)
for all e > 0.

Remark 3.6.1. From the arbitrariness of G CC G, Theorem 3.6.1 provide a
positive answer to Problem 3.5. Moreover, on sets with a uniform bound in
Li(0,T; H 1(é)), it provides the conditional continuous dependence of the solution
in (L — kT, L +KT) x G with respect to the measurement on (0,T) x Gp.
Proof of Theorem 3.6.1. We divide the proof into four steps.

Step 1. In this step, we introduce a cut-off function to convert the equation
(3.1.7) to an equation with the homogeneous boundary condition.

Note that since we obtain a local result, it is not necessary to assume any
boundary conditions for . Without loss of generality, we assume that the bound-
ary 0G of G is smooth. Otherwise, we can choose a domain G” with smooth
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boundary dG” such that G CC G CC G and study the local Carleman estimate
on G”.

Recall that Gg CC G is an open subset. Thanks to Theorem 3.3.2, there exists
a function ¢ € C*(G) such that

Y >0in G, ¥ =0o0ndG, |V¢|>0in G\Go.
Since G CC G” CC G, it is clear that we can fix N large enough such that
~ 4
Gclerea ‘ b(@) > e p- (3.6.2)

For k € (0, 3), take t = =5=(3 — k)T > 0. Then V2. = (3 —k)T. Choose a constant
¢ > 0 satisfying

S

cl? < V] Lo (@) < 2c1?. (3.6.3)
Let tg € [v/2t, T — +/24]. Set

ot 2) 20(x) — et — 1), alt,z) 2 e

Put

B2 exp (e blimie) — wr2)), k=1.2,3.4

and
Qr2{(t,z) € [0,T] x G | a(t,z) > Bi}. (3.6.4)

It is obvious that Qryr1 C Qr, k =1,2,3.
We claim that

(to — \/—LN,tO + ﬁ) x G CQiCQiC(to— V2, tg+vV2)xG.  (3.65)

In fact, thanks to (3.6.2), for all (¢,x) € (to — \/Lﬁ,to + \/—LN) X CAJ, it holds that
5 12 4
(t—t0)” < N Y(z) > NW’LOO(G),

which implies that

CL2

4
o(t,x) = p(x) — c(t — to)* > Nl —
Consequently, we have «a(t,x) > 4 and (t,z) € Q4. On the other hand, for all
(t,x) € Q1, it holds that %‘l/)’Loo(G) — % < 1 — c(t — tp)®. From (3.6.3), we
obtain 0 < 2c1? — c(t — o). Hence, it holds that (¢ — tg)? < 2.2, which implies
(t,x) € (to — v/2t,tg + V2t) x G and (3.6.5) is proved.
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Let n € C§°(Q2) be such that n € [0,1] and n =1 in Q3. Let z = ny. Then

n

dz— Y (V*z,), dt = a1 - Vadt + dozdt + fdt + azzdW(t)  in Q

k=1
- gj =0 on 0Q,
(3.6.6)
where
f=my—2 Z bjkniﬂjgl‘k -y (bjknxj)mk —yay - V. (3.6.7)

jk=1 jk=1

Clearly, f is supported in Q2 \ Q3.

Step 2. In this step, we apply Theorem 3.2.2 to the equation (3.6.7) and handle
the boundary terms.

Let us choose u = z in Theorem 3.2.2. Integrate (3.2.4) over G x (0,T).
Noting that z is supported in @1, choosing # = e’ and ¢ = Ao, setting w = 6z,
after taking mathematical expectation in both sides, we have

/Q1 [ J%n:l wx] +Aw} [dz—j%n:l (bjkzxj)zkdt} dae

ey il K "
+2E/ Z Z ij b’j ‘61} /wx]wdfk/ b'] b'] €$ijj,w$k,) +\I/b] wxjw

Ljk=1 j' k'=1

_bjk<

Ty

U,
xj)w2] dmdt+2E/ bjkwx.dw) dx
2 J Tk
Ql]k 1

=2E / Z Iw, wy, dtde +E | Buw’dtdx
Q1 7, k=1 Q1

+2E/
1

~E / 02 V¥ (dzy, + le,d2) (d2ay, + Loy dz) da. (3.6.8)
1 k=1

2
wzj)l’k + Aw} dtdz — IE/ 02 A(dz)*dx

]kl 1

Next, we estimate terms in (3.6.8) one by one.
From (3.6.6), the first term in the left hand side of (3.6.8) satisfies that

2E/ 0= > (w,),, +Aw||dz = > (Pz,), di]ds (3.6.9)
1 G k=1 G k=1
— (bjkwxj)zk —l—Aw‘dedt—l—E/ 92(&1 -Vz+&gz+f)2dxdt.
G k=1 1
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Thanks to Divergence Theorem, recalling that z is supported in )1, we have

2]E/ Z Z 2b7bj Ex,wxjwmk, bjkbjlk/ﬁmijj,ka,)

1ik=1 j k=1

+ \I/bjkwxjw — bjk<

U,
Tj 2 _
; )w Lkdxdt ~0. (3.6.10)

@j
Combining (3.6.8)—(3.6.10), we have
E/ 62 (&1 -Vz+ a9z + f)zdtdaj
1

> ZE/ Z I* Wy Wy, dtdx + E Bw?dzdt — ]E/ 0> A(dz)*dx
Q1 j p=1 Q1 1

—E/ 0° Z V*[(deg, + by, d2) (dzg, + leyd2)]dz. (3.6.11)
1 k=1

From (3.6.6) and (3.6.7), we have
IE/ 6% (a1 - Vz + gz + f) dadt
1

<CE | 6*Vz|*dzdt+CE | 6?2%dxdt + CE / 0*(|Vy|* + §°)dxdt.
Q1 Q1 Q2\Qs3
(3.6.12)

Step 3. In this step, we handle the terms in the right hand side of inequality
(3.6.11). Choosing ¥ as (3.3.3), for j,k = 1,2,--- ,n, it is straightforward to
verify that

b =XaO(p), Lo, = Apcthy,, Loz, = MPatg, by, + Apathy 0. (3.6.13)

Similarly to the proof of Theorem 3.3.3, combining (3.2.5), (3.3.3) and (3.6.13),
we get that

n n
D g w,, = 2,\M2a( > bj’ﬂ%ijk)z (3.6.14)
k=1 k=1
+ )\,u2a( Z b]k¢xj7/1xk>( Z bjkwxijk) + 2O ()| Vw|?,
k=1 k=1

Thanks to (3.2.5), (3.3.3) and (3.6.13), we obtain that

A= -\ 0? Z bjkwmjv,/}zk + Xa0(1?), (3.6.15)

J,k=1
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and that
B= 2)\3u4a3( zn: bf’%/;xijk)Q + 2A3a30 (1) + A2a20(ub). (3.6.16)
Gk=1
From (3.6.7), we find that
E /Q 62 Zn: V¥ (dzg, + Uy, d2)(d2e, + o d2)d
Gk=1

< C[E/ 02(2* + !Vz\Q)dxdt+>\2M2E/ 02a2|z]2dxdt]. (3.6.17)
Q Q
Noting that w = 0z and z = 0~ w, we get that

1
EQQ(IVZ\Q + N pPa?2?) < |[Vwl? + M2 p2a?|w]? < CO*(|Vz]* + A2 pPa?2?).
Combining it with (3.6.11), (3.6.12) and (3.6.14)—(3.6.17), we obtain
C]E/ 0> (|Vij|* + \g|2)dxdt+CE/ 02(IVz|* + (N2p2a? + 1)22)dzdt
Q2\Q3

1

+ C]E/ 0> (MPa| V2> + Mutad|z|?)dzdt
Qo
> ]E/ 02\l V2 + N utad| 2} dxdt
Q1UQo
+ IE/ 02 [AaO(0)|Vz|* + (Na®O(1?) + N2a0(u*))2?] dadt
1

This implies that there exists a constant pg > 1, such that for all u > ug, there
exists a constant A\g = Ag(u), so that for any A > A\g(u), it holds that

CIE/ 92(|ng\2+|g!2)dxdt+C]E/ 62 (M2 V2|2 + N had 2|2 dudt
2\Q3

Qo
> IE/ 02 (M2 a| V22 + N utald|z)?)dxdt (3.6.18)
1

Noting that z = g in @3 and Q3 C @1, for p > pp and A > Ag, we deduce
from (3.6.18) that

C]E/ 0*(|Vi|* + \g|2)dxdt+CE/ 02 (A2 a| Vg2 + N utad|g)?)dedt

Q2\Qs3 0

> ]E/ 02 (M| V|2 + Nutad|g)?)dadt. (3.6.19)
Qs

From the definition of Qx, k = 1,2,3,4 (see (3.6.4)) and @, we see that

N UE / 20?2 dxdt + \*E / af?|Vi|?dxdt
3

3
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g [OTVF 3.2 o
> Ce*E (X7 + A\ Vg dadt, (3.6.20)
L G

where we use (3.6.5) and recall that « = %(% — k)T > 0.

From the relationship between Q2 and Q3, we find
E/ 02(|Vj|* + §*)dxdt < 6”531[»3/ (7% + |V§|?) dzdt. (3.6.21)
Q2\Qs3 1
Combining (3.6.19)—(3.6.21), for u > po and A > X\, we obtain that

to+—=
eZWE/ O35 4 A|VR) dadt
tof\/bﬁ G
< CNUE / 2022 dxdt + CAp’R / af?|Vj|2dxdt
0

0

+ CePVSE / (7% + |V§|*) dadt,

1

which yields that

to+
/ r/ 2 4 |V§1?)dedt

< CE / (g + |V )da;dt+ce*2*<ﬁ4*53>1[«: / (7% + |V§|?)dzdt. (3.6.22)
0 1

Put g9 = exp ( —2Xo(B4 — 63)). Then one finds that for any 0 < € < ¢, it holds
that

<Cexp<C)E/ (372+ |vg2)dxdt+caE/ (7 + |Vg|D)dzdt.  (3.6.23)
€ Qo

1

Clearly, (3.6.23) holds for € > ¢ after increasing C, since the domain on the left
is contained in ()1. Hence, it is true for all € > 0.

Step 4. In this step, we handle the left hand side of (3.6.23) to end the proof.
Choose G CC G containing G and the compact set {x € G : ¥(x) >
(|| poo() — ¢?)/N}. By (3.6.3), this set lies in G and contains the spatial pro-
jection of every (1 used below.

Let m € NU {0} such that

(m+1)
\/§L+\/N<T \[L<\/§L+W.
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Recalling that to can be any element in [v/2¢, T — /2t], we take

ke
to= V2 + ——,
0 VN

Then, it follows from (3.6.23) that

%«H@T
E/ /A(gh \V§|?)dadt
%—I{T G

< Cexp(i)]E/Q

This completes the proof of Theorem 3.6.1. O

k=0,1,2,-- ,m.

(gf - |ng|2)da:dt + CeE/ (7 +|V|*)dxdt.
0

0 0,7)xG

3.7 Solution to inverse state problem with a boundary
measurement

This section focuses on the following problem:
e Problem 3.6: Can we determine y in () uniquely by the boundary mea-

Y
surements y‘(oj)xro and 9 ot ?
’ Xlo

Assume in this section that OG is of class C* and b* € C2?(G). Consider the
following stochastic parabolic equation:

( n
dy — > (VFys))adt = (a1 - Vy + agy + f)dt + agydW(t) in Q,
3k=1
Y=g on (O,T) ><1“07
@ = go on (O,T) X Po,
\ v
(3.7.1)

where a1, as, ag satisfy (3.1.10) and f € LZ(0,T; L*(G)).
For the solution of (3.7.1), we have the following conditional stability.

Theorem 3.7.1. For any given GCCGande e (0, %), there exists a constant
C > 0 such that for some generic constant v € (0,1), it holds that

T—¢
B[ [ I dodt < Ol T (KL )). (372
3
where y(-) is the solution to (3.7.1) and

2 2 2
K(£,91:92) = 2 mine ey + 191 200 o) + 1900 20,7:22(00))
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Proof. Step 1. In this step, we introduce a cut-off function to localize the equation
(3.7.1) to an equation with boundary condition.

Choose a bounded C* domain G by extending G across a nonempty boundary
patch whose closure is contained in I'g. Then we obtain

Gc @G, 0GNGCTy, anddG\TycCdG.

Let Gy CC G \g be an open subset. Thanks to Theorem 3.3.2, there exists

a function ¢ € C4(G) such that
Y>0inG, ¢ =0ondG, and |V > 0 in G\Go. (3.7.4)

Let . = p = €/4/2. Choose tg, N, ¢, ¢, and By, Q. for k = 1,2, 3,4 as in the proof
of Theorem 3.6.1, using [¢|; @ in the definitions of ¢ and fj and defining Qy
on [0,T] x G.

Next, we claim that

0Q1 = Yo UXq, (3.7.5)

where X C [0,7] x Tg and X1 = {(¢t,z) € [0,T] x G | a(t,z) = B1}.

In fact, for any (¢, z) € Q1, thanks to (3.6.4), we know x € G and a(t, x) > ;.
If z € G, we have a(t,z) = B1. If v € OG, it must hold = € I'g. Indeed, supposing
that x € 0G \ I'g, from 0G \T'g C G and (3.7.4), we get ¥(z) = 0. On the other
hand, since «(t,z) > (1, we obtain

cp?

1
(@) et —10)° = —c(t —10)* = Il — 77

which implies

1
0<c(t—ty)?< N(CPQ - W’|L°°(@))’

contrary to (3.6.3). Hence, (3.7.5) is proved.
Choose a smooth function x : R — [0,1] such that x = 0 on (—o0, 2] and
X =1 on [f3,00), and set n = x(a). Let z = ny, then z solves

n

dz — Z (bjkzzj)zkdt = ((a1,Vz) + azz + f+ nf)dt + agzdW(t) in Qq,

k=1
z = gz =0 on Y.
(3.7.6)
Here f = —j’él(b{n’;nmy + bjkm;jxky + 2bjk77xjyxk) — (a1, Vn)y + my and fis

supported in Q2 \ Qs.
Step 2. In this step, we apply Theorem 3.2.2 to the equation (3.7.6) to get the

desired estimate (3.7.2).
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Let us choose u = z in Theorem 3.2.2. Integrate (3.2.4) over G x (0,T).
Noting that z is supported in Q1, choosing = e’ and ¢ = Ao, setting w = 6z,
after taking mathematical expectation in both sides, we have (3.6.8). The rest of
the proof is similar to that of Theorem 3.6.1 with some minor differences, which
are stated below.

It is clear that Q2 N3, = (). Hence, 7 = 0 on ;. Recall that y = g1 on X
and g1 € L]%-(Q;Hl((),T; L*(Ty))) N L]%(O,T; H'(T'g)). Then z = ng; on ¥g and
z =0 on X1, and it holds that

/ Z b”wr dw daz— Zbﬂcwx Ve dwdl
Q1

i,7=1 o 3,k=1
< C/\ME/ / af(|gal* + [Vrgr|? + |16 + XN pa?|gi|*)dTdt,
0 Jro

where Vr denotes the tangential gradient on I'y.
Noting that z = @ =0 on ¥, we find

/ Z Z 2bjkbj Ez,wijwk, pkpi'k ijwm,ka,)

k=1 j k=1

+\Ilbjkw$].w—bjk< \P;j)wz} dxdt
Tk

Ty

T
<CME [ [ at(go + [Vegr + Xuta?ln P,
0 To

Similar to (3.6.22), there exists a pu; > 0, such that for all ;1 > p;, there is a
A1(p) > 0, such that for all A > Ay, it holds that

to+
/ f/ W2 + |Vy|?)dedt

c,\ 2 2
<Ce (|f’L§(0,T;L2(G)) + ’91’L§(0,T;H1(F0)) + |glvt‘L§(0,T;L2(Fo)) + |92|L]%(0,T;L2(Fo)))

+ Ce M Ba=Po) / (v + |Vy|?)dxdt. (3.7.7)

1

Let m € N such that

me (m+1)
ﬁwﬁg:r—\/isﬁww.

Recalling that ¢y can be any element in [v/2:, T — v/2t], we take

ke
to=vV2+ —, k=0,1,2,---,m
0 VN

Then, it follows from (3.7.7) that

T—¢
IE/ /A(yQ + |Vy|?)dxdt
5 G
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< Cew‘(

2 2 2 2
FLz0m2@) + 1911200 o)) T 190t 220,020 + 192122075220 )

+ Ce~ BB / (2 + |Vy|?)dxdt. (3.7.8)
Q

Minimize the right-hand side of (3.7.8) over A > A;. If the minimizing value lies

below A, use the bound of the left-hand side by ]y\LQ(OTHl(G)) By (3.7.3), we
obtain
T—e
B[ [ 1) ot < Cll T (Ko g2))
; _ _2(Ba—Ps)

3.8 Reconstruct the unknown state with boundary mea-
surements
This section focuses on the following problem:

 Problem 3.7: Find the unknown solution y € L&(%; C([0,T7]; L2 (G))) N

0
Lg(0,T; HE (G)) to the equation (3.1.9) via y‘(o T)xr, and gy .
A V| 0,m)xy

We retain the geometric assumptions of Section 3.7. To solve this problem, we
use Tikhonov regularization method. We first construct a Tikhonov functional
and prove the uniqueness of the minimizer. Then, we prove the convergence rate
for the optimization problem.

Let

X = LE(0,T; H*(G)) N LE(: C([0, T); L*(@)))-
Define P : X — L4(0,T; L*(G)) by

(Pu)(t, )—u(t x) —u(0,x) / Z (V% (s, @ Jug, (s, 7)) 2,05

et
- /O a1 (s, 2), Vu(s, 2)) + as(s, a)us, 2)] ds
- /0 (s, D)uls, D)AW(s)., Pas. Vue X, ae (La)e Q.
Let

HE(ue X | Puc LA HY0,T; L*(G))),

ulr, = g1, Oyulr, = go}.
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Assume that the measured boundary data admit an extension in H, so that H # (.
If u € X solves (3.7.1), then Pu(t) = [} f(s)ds and u € H.

Denote If(t) = fg f(s)ds for t € [0, T]. Given a function F' € ‘H, we construct
the Tikhonov functional as follows:

jT(“’) - ’Pu - If‘i%(Q;Hl(O,T;LQ(G))) + T’U - F’%%(O,T;HQ(G))’ (381)

where u € H and 7 € (0,1).
We have the following result.

Proposition 3.8.1. For 7 € (0,1), there exists a unique minimizer u, € H of
the functional J:(-).

Proof. The uniqueness of the minimizer follows from the strong convexity of the
functional 7-(-). We only need to show the existence of a minimizer.
Let

Ho2{u € X | Pue LE(Q H'(0,T; L*(G))),
ulr, = Oyulr, = 0}.

Fix 7 € (0,1). Define the inner products as follows:

(@, V)my = <73807PT/’>L§(Q;H1(0,T;L2(G))) + 7'<907¢>LI2F(0,T;H2(G)) (3.82)

where ¢, € Hy. This inner product makes Hy a Hilbert space. Indeed, let (u,,)
be Cauchy in its norm. Then wu,, converges in L2(0,T; H*(G)) and Pu,, converges
in LZ(Q; H(0,T; L*(G))). Let V;, be the sum of the three integrals subtracted
in the definition of P and Pu,,. The deterministic integral estimate and the It0
maximal inequality show that (V;,,) is Cauchy in LZ(Q;C([0,T]; L*(G))). Since
U, () = U (0) + Vin (1),

T
Uy (0) = % /0 lum (£) — Vi ()] it

is Cauchy in LQF0 (2; L?(G)). Thus the limit belongs to X and satisfies the defin-
ing identity for P. The continuity of the spatial trace maps preserves the zero
boundary data, proving completeness.

For u € H, let v =u — F. Then v € Hy. Consider the following functional

T=(v) = [Pv+PF =12 0momraen + 710 20mm e

where v € Hg and 7 € (0,1). Clearly, u, minimizes J;(u) if and only if v; = u,—F
is the minimizer of the functional J,(v).

By the variational principle, the minimizer v, of the functional 7, (v) satisfy
the following equation

<73’U7— + PF —1f, Ph)L%(Q;Hl(QT;LQ(G») + 7’<’U7—, h>L§(O,T;H2(G)) =0, Vh e H,.
(3.8.3)
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Conversely, the solution v, of equation (3.8.3) is the minimizer of the functional
J-(v). In fact, if v, solves (3.8.3), then for each v € Hy, it holds that

77'(7)) - 77'(”7)
=[P+ PF —Lflis0mom2@y T 710200

2
— [Pv: +PF — If|%§(Q;H1(0,T;L2(G))) o T|“T|L?F(0,T;H2(G))
= |Pv, + PF —1If +P(v — UT)|%§(Q;H1(0,T;L2(G)))

+ 7|vr + (v — UT)E%(O,T;H?(G)) — [Pv; + PF — If|%§(Q;H1(O,T;L2(G)))
= 7ol T2 0 o2 6y
= 2(Pv; + PF —1f,P(v = v2)) 201 (0,1:22(G))
+ 27(vr, v — UT>LH%(O,T;H2(G)) +[P(v - ”r)‘%g(Q;Hl(O,T;LQ(G)))
+ 7l - UT|%I2F(0,T;H2(G))
= [P0 = vo)lizqum oz T 71 = vrlizorme)

>0,

which means v, is a minimizer of the functional J,(v).
From (3.8.2), equation (3.8.3) is equivalent to

<’U7—, h>7.[0 == <If — PF, Ph)LHQ,(Q;Hl(QT;LQ(G)))? V h € Hp. (384)
Thanks to Cauchy-Schwarz inequality and (3.8.2), for all h € H(, we have
|(Lf — PF, Ph) 12(0.1(0.7522(G))) |
< CUPFlrzm 0,122y T 1 120,1:02(0))) |hlno-

By the Riesz representation theorem, there exists w, € Hg such that, for every
h € Ho,

(wr, W)y = (Lf = PF,Ph) 120,11 0,1:12(0)))-

Hence w, solves (3.8.4), which means w, is the minimizer of the functional J,(-).
O

Assume that y* € X' is the true solution to (3.7.1) with the exact data
"€ Li(0,T; L*(G)),
y*lro = g7 € L(Q; H'(0,T; L*(Do))) N LE(0, T3 H' (T)),
0y’ Iry = g5 € LE(0,T; L*(T)).
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From Theorem 3.7.1, the solution y* is unique. Let H* be the affine space obtained
from H by replacing g1, g2 with g7, g5. Choose F* € H*, for example F'* = y*,
satisfying

[E* | 200msm20)) < ClY 20,7 m2(09)- (3.8.5)

Assume that the measurement satisfies that

1" = flrzorze) < 05 191 — gilezormi ey < 00 192 — 92lr20,:22(r0)) < 05
(3.8.6)

and

[PE* = PFlr2,m 01020y + 1F = Flzormz ) <0 (3.8.7)

We now establish the estimate for the error between the minimizer y, for the
functional 7-() and the exact solution y*.

Theorem 3.8.2. Assume (3.8.6), (3.8.7), and that a € (0,1] is a constant. For
any given G CC G and e € (0, %), let v € (0,1) as stated in Theorem 3.7.1. Then
there exists a constant C > 0 such that for all § € (0,1),

\yr - y*|L§(a,T—a;H1(é)) < C(l + ’y*|L§,(07T;H2(G)))5a’Ya

where y; is the minimizer of the functional (3.8.1) with the regularization param-
eter T = 6%°.

Proof. Let v* = y* — F*. Then v* € Hy and Pv* = If* — PF*. Hence, for all
h € Hy, it holds that

(Pv* + PF* = 1f*, Ph) 20,11 (0,1:22(c))) = O- (3.8.8)

Subtracting (3.8.8) from (3.8.3) and denoting o, = v* — vy, f=1f*—1f and
F=F*—F, for all h € Hy, we have that

(Por, Ph) r2(@um 0.1:22(6y) T 70 W r20mim2 ()
= <f - PF, ’Ph>L]%(Q;H1(O,T;L2(G))) + T<U*, h>L]%(O,T;H2(G))’ (389)
By choosing h = 9, in (3.8.9), we get that
~ 12 ~ 12
PO 120, 002y T 7107 L2007 m26)
<|f- 7)F’%[g(sz;Hl(O,T;LQ(G))) + T|U*|%E2-(O,T;H2(G))' (3.8.10)

Since 7 = §2* and § < 1, it holds that 62 < 7. Combining this with (3.8.6), (3.8.7)
and (3.8.10), we obtain that

~ 12 *12
‘”T‘Lg(o,T;m(G)) <CA+v ’L§(07T;H2(G))) (3.8.11)
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and that
~ 12 *|2 2
|PUT|LE2-(Q;H1(O,T;L2(G))) S C(l + |U |L%(0,T;H2(G)))6 oz‘ (3812)
Let wy = ¥ (1+ [v*] 1207, 12(y) - From (3.8.11), (3.8.12) and Theorem 3.7.1,
applied with zero boundary data and forcing 9,Pw,, we obtain, for ¢ € (0, 1),

|wT’L2 e T—e;HY(G )) < Co™.

This, together with (3.8.5), implies that

|UT|L2(ET e HY(G)) < C( + |U*|L2 OT;HQ(G)))(Ym
< C(l + |y |L2(0TH2(G)))(SOW. (3813)

Since v, = v* —v; = y* — F* —y, + F, from (3.8.7), we have

|6T|L§(€,T—5;H1(@)) > |y — y*’LIQF(e,T—e;Hl(é)) —|F* = Flr20mm2(0)
> |y7— - y*|L§(5,T75;H1(§)) — 0. (3.8.14)
Noting that 07 > §, combining (3.8.13) and (3.8.14), we complete the proof. [

3.9 Solution to the inverse source problem with a ter-
minal measurement

This section focuses on the following problem:
o Problem 3.8: For any ty € (0,7'), does y(T') uniquely determine (y(to),g)?

We give a positive answer to it by establishing the following result for the condi-
tional stability:

Theorem 3.9.1. Let g(t,z) = g1(t)g2(z), where g1 € L3(0,T) and g € H*(G)
is nonzero. For any ty € (0,T], there exist constants C = C(tog,g2) > 0 and
v =(to, g2) € (0,1) such that

|y(t0)|L2 @12(a) T 19112 (0.17)
(3.9.1)
<C ’y‘LQ 0,7;L2( ))‘Z/( )L2 (Q L2(G)) + ’y( )’L2 (%L2(Q)) |

where y(-) is the solution to (3.1.11). The constants may depend on |ge| g1 () and

—1
|92 ’L2(G)‘

We first establish an estimate which retains the quadratic variation as a signed
quadratic form. It will also be used in Section 3.11. Let H = L*(G), with
inner product (-, -)m, and let A be the positive self-adjoint Dirichlet realization of
—div(bV) in H. Thus D(AY?) = H}(G) and

|AY 2|3 = /Gva -Vudez, v € HYG).
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Lemma 3.9.2. Let f,g € LA(0,T; H) and let

z € LE(2;C([0,T); H)) N L3(0, T; Hy(G))
solve dz + Az dt = fdt + gdW (t) in the variational sense. For s,\ > 1, set
(ty=seM,  ot)y=eM,  pt)y=sreM,  B(t)=(A-pt)(A+pt) "
Then

T T
GE [ e+ A 2s) e E [ 6%(Bo.g)n de
0 0

T 92
| f|3; dt. (3.9.2)

< (O)E[2(0)[} + *(TE|=(T)[} + E /0 i

Moreover, for each nonzero q € H, there is a number P, > 0 such that

_ 3
~((A-pA+p)0,0), > Jldi PPy (3.9.3)
For q € HY(G), the threshold P, can be chosen in terms of |q|py1(q)/|qla and the

fixed operator A.

Proof. Put w = 0z. Since p’ = \p, we have B’ = —2p' A(A+p)~2 and 1Bl < 1.
Applying It6’s formula to finite spectral projections gives

2(Bw, dw + (A — p)wdt)y = d(Bw,w)y + 2p' (A(A + p)*w, w) , di
+2[(A = p)(A+p)"Puwlfy dt — (Bbg, 09) dt.
Take expectations, substitute dw + (A — p)wdt = 0f dt + 0gdW (t), and use
2Bw,0f) < |(A=p)(A+p)" Pulf +[(A+p) " 20f 7
For every spectral value p > 0, writing = p/p and using p > A, we obtain

22pp/ (e +p)* + (0 —p)*/(u +p) 2z (-1 1
AL+ p/p) 9

(+2P  (1+2)?° 0
Indeed, the first term is at least 4/27 for 1/2 < 2 < 2, and the second is at least
1/9 outside that interval. Since |(A + p)~Y2f|2, < p~!|f|%, integration yields
(3.9.2). Passing to the limit in the spectral projections is justified by the stated
energy regularity and the boundedness of B. Finally,

v

—((A=p)A+p)a.q), = laltr —2(AA+p) ', q0) ,; — ldlF

as p — oo, monotonically, by the spectral theorem. This proves (3.9.3). The
convergence is uniform on compact subsets of H; applying the compact embedding
HY(G) — H to q/|q|y gives the final assertion. O
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Proof of Theorem 3.9.1. Fix r = tp/2 and choose 0 < t; < ta < r. Let p € C*°(R)

satisfy 0 < p <1 and
0, t<t,
t) = 3.94
0 {Ltzw’ (39.9)
Set z = py. Then 2(0) =0, 2(T) = y(T'), and
dz+ Azdt = (a1 - Vz + agz + pry) dt + (asz + pgrg2) AW (t). (3.9.5)

Use the weights in Theorem 3.9.2. For sA > P,,, (3.9.3) and |B|zg) < 1 imply

1
—(B(asz + pg1g2), asz + ,09192)H > §p2|91|2\92\%{ — 5|asz|3;. (3.9.6)

Also,
a1 - Vz + azz + pylFr < C(IV 2[5 + 215 + loeylsr)-

Choose A sufficiently large to absorb the first two terms, after division by p, and
the last term in (3.9.6) into the left-hand side of (3.9.2). Fix this A and put
s, = max{1l, Py, /\}. For every s > s, we obtain

T
IE/ 0% (2|7 + p*|g1|?) dt < CO*(T)D? + CO>(t2) M2, (3.9.7)
0

where M = ]y\leF(O 7.y and D = ‘y(T)’L'j’T (:m)- The constant is independent of
K bl T bl
s. Since p =1 on [r, T}, it follows that

T
]E/ (lyl3; + |g1]?) dt < Ce™**M? + Ce"* D?, (3.9.8)

where a = 2(eM — eM2) > 0 and b = 2(eM — &) > 0.
The forward energy estimate for (3.1.11) gives, for r <t < ty,

to
EWWM%SCEMM%+CE/ImFW- (3.9.9)
t

Average (3.9.9) over ¢t € [r,to] and apply (3.9.8). Shifting s by the fixed lower
bound s, yields, for every s > 0,

T
Ely(to)|% + IE/ lg1|2 dt < Ce™ M2 + Ceb D2. (3.9.10)

to

If0 <D< M, take s = 2log(M/D)/(a+b); if D > M, take s = 0; and if D = 0,
let s — oo. With v =a/(a+b) € (0,1), these choices give

|y(t0)|L2ft (H) + ‘glyLﬂ%(to,T) < 0(1\41_7D'y + D).
0

This proves (3.9.1). O
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3.10 Solution to the inverse source problem with a
boundary measurement

This section focuses on the following problem:

e Problem 3.9: For a given R and a prescribed initial datum, determine the

0
source function h(-) by means of the measurement a—y o
v

This problem is answered by the following uniqueness result.

Theorem 3.10.1. Assume that bﬁff =0 forjk=1,...,n.
Let hyh € L4(0,T; HY(G")) and R € CY3(Q) satisfy

|R(t,x)| # 0 for all (t,x) € [0,T] x G. (3.10.1)

Let az € LP(0,T; W2(G)) and let y, 5 € Li(;C([0,T); H*(G) N HY(Q))) solve
(3.1.12) with source and noise pairs (hR,asy) and (hR, asy), respectively, and the
same prescribed initial datum y(0) = y(0) = yo. If

9y _ 9y

w55 " (0,T) x 0G, P-a.s.,

then R
h(t,2") = h(t,2") for a.e. (t,2') € (0,T) x G', P-a.s.

Proof. Set v=y —y, z=v/R and u = z;,. Then z = 9,z = 0 on 3, 2(0) = 0,
and v = 0 on X. Define

cp=a +2RWR,  cog=as+ R (div(bVR) — R, + a1 - VR). (3.10.2)

Since by, = 0, we have 9, div(bVR) = div(bVRy,). Hence ¢y, ¢, (¢1)z,, (c0)z, are
bounded under the stated assumptions. The transformed equation is

dz+ Azdt = (¢1 - Vz+coz + h — ﬁ) dt + agz dW (t). (3.10.3)

Differentiate (3.10.3) weakly in x;. The source disappears because h and h are
independent of x1, and b,, = 0 gives

du+ Audt = (c1 - Vu+ cou+ (¢1)z, - V2 + (c0)z, 2) di (3.10.4)
+ (a3u + (ag)xlz) dW (t), u(0) =0 o
As 2(t,0,2") = 0, we have
1
2(t,x1,2") = Vu(t, 1, 2') é/ u(t,n,z’) dn. (3.10.5)
0

The Cauchy—Schwarz inequality and the zero trace of uw on 1 = 0 yield

\Vulg <lulmg, VVu=VVu, \VVulg <I|Vu|g. (3.10.6)
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Consequently, the drift in (3.10.4), apart from Au, has H-norm at most C(|u|g +
|Vu|m), and its noise coefficient has H-norm at most C|u|y. Applying the varia-
tional Ité formula to \u|12q, using uniform ellipticity and Young’s inequality, and
taking expectations, we obtain

t t
E|u(t)|% —i—cIE/ V|3, dr < CIE/ lul? dr, (3.10.7)
0 0

where ¢ > 0. By Gronwall’s inequality, u = 0, and (3.10.5) gives z = v = 0.
Equation (3.10.3) then implies h = h a.e., as claimed. O

3.11 Solution to the inverse source problem with a
boundary measurement and a terminal measure-
ment

This section focuses on the following problem:

e Problem 3.10: For a given R, determine the source function h(-) and g(-, -)
by means of the measurement 2Y1  and y(T).
ovls
This problem is answered by the following uniqueness result.

Theorem 3.11.1. Assume that b?clf =0 forj,k=1,...,n.
Let h € L4(0,T; HY(G')) and R € C*3(Q) satisfy

|R(t,z)| #0 for all (t,z) €[0,T] x G. (3.11.1)

Assume that g = g1(t)g2(z) € LA(0,T; HY(G)), where g1 € LZ(0,T), g2 € H'(G)
and R = Ry(t)Ra(z). Ify € LE(0,T; H*(G) N HE(G)) N LA(Q; C([0,T]; H (G)))
satisfies (3.1.12) and

g]zj =0 on(0,T) x 0G, y(T)=0 inG, P-as.,

then

h(t,2') =0 for a.e. (t,2") € (0,T)x G', P-a.s.,
g(t,z) =0 fora.e (t,z)€ (0,T)xG, P-a.s.

Proof. Set z =y/R, u = zy, and q = (92/R2)z, € H. Use ¢y, ¢ from (3.10.2) and
V from (3.10.5). The boundary conditions imply z = 0,z = u = 0 on ¥ and

z=Vu. (3.11.2)
The assumed regularity gives

u € Li(0,T; Hy (@) N L C([0,T); H)),  w(T) =0.
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Differentiating the equation for z weakly in x; yields

du+ Audt = Ludt + %q AW (1), (3.11.3)
1

where
Lu=c1-Vu+cou+ (c1)g, - VVU+ (c0)z, Vu, |Lulg < C(lulg + |[Vulg).
(3.11.4)

The last bound follows from (3.10.6). In particular, for every time-dependent
weight 6 and every w € L%(0,T; H}(Q)),

T T
/ 0|\Vw|% dt < l2/ 62 |w!% dt, (3.11.5)
0 0
T T
/ GQyVwa%,dtgﬂ/ 02| Vw3, dt. (3.11.6)
0 0

Fix ¢ € (0,T) and choose 0 < t; <ty < e. Let x € C®(R) satisfy 0 < x <1

and
07 t S t17
t) = 3.11.7
x(t) {1’ . ( )

Then w = xu satisfies w(0) = w(T) = 0 and

dw + Aw dt = (Lw + xpu) dt + X%q dW (t).
1

Apply Theorem 3.9.2. If ¢ = 0, its noise term vanishes. If ¢ # 0, choose s\ > F,
so that (3.9.3) makes that term nonnegative on the left-hand side. By (3.11.4)
and uniform ellipticity, a fixed sufficiently large A\ absorbs the contribution of Lw.
Hence, for all sufficiently large s,

T to 02
IE/ 02|w|3; dt SCE/ —x7|ul? dt, (3.11.8)
0 t1 b

with a constant independent of s. Since p > 1 and @ is increasing,

T t2
IE/ u|? dt gcﬂs(e“e”%/ X2 |ul3; dt. (3.11.9)
5 t1
Let s = oco. Then u = 0 on (¢,T) x G, and (3.11.2) gives z = y = 0 there.
Equation (3.1.12) therefore implies, in H,

/th(nx’)R(r,az) d7+/tg(m:) dW(r)=0, telegT], P-as. (3.11.10)

Testing against a countable dense subset of H gives scalar continuous local mar-
tingales that are also absolutely continuous, so their quadratic variations vanish.
Thus g = 0 a.e. on (¢,T) x G, P-a.s. Equation (3.11.10) then gives hR = 0 a.e.
and, by (3.11.1), h = 0 a.e. on (¢,T) x G’, P-a.s. Since € > 0 is arbitrary, the
proof is complete. O
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3.12 Further comments

To the best of our knowledge, [53] is the first work employing Carleman estimate
in studying inverse problems for stochastic parabolic equations. Subsequently,
there have been numerous studies that have also addressed inverse problems for
stochastic parabolic equations using Carleman estimates (e.g., [20, 25, 29, 44,
46, A7, 53, 57, 64, 73, 74]). Some of these works are presented in this chapter.
Theorem 3.2.2 was established in [68]. The proof of Theorem 3.3.1 above uses
the improved Carleman estimate in [51, Theorem 1.1], which avoids imposing a
spatial-gradient condition on the nonlinear noise difference. Theorem 3.4.1 is an
extension of [53, Theorem 1.3]. Theorem 3.4.6 is taken from [20]. Theorem 3.9.1
concerns the terminal inverse source problem studied in [78, Theorem 1.1]; here
Theorem 3.9.2 yields an estimate with an L?(G) terminal observation. The main
contents of Sections 3.7 and 3.8 are borrowed from [22], while the main content
of Section 3.5 is derived from [20].

There are many open problems related to inverse problems for stochastic
parabolic equations. Some of them require new ideas and further development.

o Inverse coefficient problems for stochastic parabolic equations

Carleman estimates are widely employed in studying inverse coefficient prob-
lems for deterministic parabolic equations (e.g.,[75]). However, there is
currently no relevant work on stochastic parabolic equations. The main
difficulty lies in that, by the classical way to utilize Carleman estimate to
solve inverse coefficient problem, one needs to take derivative of the solution
with respect to the time variable to reduce an inverse coefficient problem to
an inverse state problem. Such a method is not applicable to solutions of
stochastic parabolic equations.

o Inverse state and source problems for semilinear stochastic parabolic equa-
tions

For a general semilinear stochastic parabolic equation (3.1.2), can we inves-
tigate its inverse source problem with boundary measurements?

o Inverse geometric shape of the domain problems

As we explained in Section 1.2, in many practical problems, equations may
involve unknown boundaries, such as a change of phase, a reaction front,
or an unknown population. Can the unknown boundaries be determined
through measurements of the solutions? This constitutes an important class
of inverse problems, extensively studied in deterministic partial differential
equations [8—10, 23, 70]. As fas as we know, the only result for stochastic
parabolic equations is [48]. Compared with the deterministic counterpart,
there are still many open problems in this area.

o Inverse the boundary transfer coefficient problems
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In practical applications, the equation (3.1.2) may be with Robin boundary
conditions, specifically g—ff +v(t,z)y = ¢ on X. In this case, the boundary
transfer coefficient v might also be unknown. Is it possible to determine both
the state and the boundary transfer coefficient using terminal measurements
or internal measurements simultaneously?

o Inverse problems with many measurements

In this chapter, when discussing boundary measurements, we typically use
Dirichlet data or Neumann data. See Problems 3.6, 3.7 and 3.9. If we know
the Neumann data corresponding to all Dirichlet data, that is, if we know
the so-called lateral Dirichlet-to-Neumann map, can we obtain better results
for determining the state and source term?

e Inverse problems with non-local measurements

Due to inevitable noise, pointwise measurements can be highly sensitive. In
engineering applications, it is a nature way to take an (weighted) average
values of various measurement points. For example, measurements h may
take the following two non-local forms:

/ wi(@)y(t2)dz = h(t), € (0,T),
D

or

T
/0 wa(t)y(t,z)dt = h(z), zeTl,

where w1, we are the weight function. For these types of non-local measure-
ments, due to less information being given, the inverse problem becomes
more challenging.

e FEfficiency algorithm for the construction of unknowns

In Sections 3.5 and 3.8, we discuss reconstructing the solution y from certain
measurements using the Tikhonov regularization approach. The reconstruc-
tion problem is reframed as determining the minimizer of the Tikhonov func-
tional defined by (3.5.2) and (3.8.1). The same approach can be extended
to investigate the reconstruction of the unknown state through the internal
measurement and the unknown source by the internal/terminal measure-
ment. We encourage interested readers to explore this.

On the other hand, many algorithms feasible for deterministic problems
encounter essential difficulties when applied to stochastic problems. For
instance, when solving stochastic problems using the conjugate gradient
method, the dual system is a backward stochastic parabolic equation, which
is highly challenging to solve numerically. Indeed, although there are some
progresses (e.g., [56, 67]), the problem of solving backward stochastic partial
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differential equations remains far from well understood. In recent work, [22]
applies kernel-based learning theory to obtain numerical solutions for Prob-
lem 3.7. The article [20] employs conjugate gradient methods and Picard-
type algorithms for numerical solutions of Problem 3.4. Further efficiency
algorithm remains to be done.

Brownian motion depends on spatial variable

This chapter uses a scalar Brownian motion W (t); its noise coefficients
may already depend on the spatial variable. For finitely many indepen-
dent Brownian motions, the weighted identities extend by summing the
quadratic-variation terms over the noise components, with the same deter-
ministic weights. For a Q-Wiener process [15], passing from finite sums to
infinitely many components requires suitable covariance and spatial regular-
ity assumptions; for example, the time-dependent identities require summa-
bility of the squared H}(G) norms of the noise coefficients. Extending the
inverse results to more general spatial covariance operators remains a sepa-
rate problem.



Chapter 4

Inverse problems for stochastic
hyperbolic equations

Abstract This chapter focuses on inverse problems for stochastic hyperbolic
equations. We investigate the determination of unknown initial data and source
terms from partial observations, including boundary, terminal, and internal mea-
surements. For the problems considered, we address uniqueness, stability, and
reconstruction. Our analysis is based on Carleman estimates derived from a fun-
damental pointwise weighted identity, and the chapter concludes with several
related open problems.

Throughout this chapter, let (Q,F,F,P) with F = {F;};>0 be a complete
filtered probability space on which a one-dimensional standard Brownian motion
{W(t)}+>0 is defined and F is the natural filtration generated by W (-). Write F
for the progressive o-field with respect to F.

Let T > 0, and G C R" (n € N) be a given bounded domain with a C?
boundary I'. Let I'g be a subset of I'. Denote by L(G) all Lebesgue measurable
subsets of G. Put

Q=(0,T)xG, Y=(0,T)xTI, Xy=(0,T)xTo.

Also, unless other stated, we denote by v(z) = (v!(z),v?(x),--- ,v"(x)) the unit
outward normal vector of I' at x € T.

Let (bjk)lgﬁkgn € O (G; R™ ") satisfying that b’* = b¥ for all j,k = 1,--- ,n,
and for some constant sg > 0,

STV > solél?, V(2,6 B(a, 6, L 6n) € G X R (4.0.1)
j,k=1

4.1 Formulation of the problems

Let FF: [0,T]xQ2XGXRXxRXxR" - Rand K:[0,T] xQ2xGxR — R
be two functions such that, for each (n,0,{) € R x R x R", F(-,-,-,n,0,() :

80
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0, T] xQ2x G — Rand K(-,-,-,n) : [0,T] x 2 x G — R are F x L(G)-measurable;
and for a.e. (t,w,z) € [0,T] x Q x G and any (n;,0;,¢() €E R xR xR"™ (i = 1,2),

‘F(t’w’x7nlaglvgl) - F(t7w)x)n25927<2)|
< L(lm — 2l + o1 — 02| + [C1 — Ca|rr),

4.1.1
‘K(tvw7337771)_K(tawvﬂfﬂh)‘§L’771—772‘7 ( )
‘F(7 ERS) Oa Oa 0)‘ € L12F<07 T; LQ(G))? ‘K(a R 0)‘ € L]%‘(Ov T; H(%(G))
for some constant L > 0.
Consider the following semilinear stochastic hyperbolic equation:
dyr — Y (V*ys))apdt = F(y,ye, Vy)dt + K (y)dW(t)  in Q,
dk=1 (4.1.2)
y=0 on X,
y(0) = yo, ¥:(0) = in G,

where (yo,v1) € L% L H(G) x L?*(G)) are unknown random variables. The
wave operator on the energy space H}(G) x L*(G) generates a strongly continu-
ous group. By (4.1.1), its drift and diffusion maps are globally Lipschitz on this
space, with square-integrable inhomogeneous terms. Picard iteration for the cor-
responding stochastic convolution therefore gives a unique mild solution of (4.1.2)

y € Hip = L3(; C([0, T); H(G))) N LE(Q; C1([0, T); L3(G))). Moreover,

’y\ﬁ(n c(o1;H (G)) T ’?Jt\ﬁ(g :C([0,T];L2(G)))
+ K (-, 0)|LI2F(0,T;L2(G)))- (4.1.3)

To simplify notations, we will suppress the time variable ¢ (€ [0,71]), the sample
point w (€ Q), and/or the space variable z (€ G) in the functions if there is no
risk of confusion.

In this section, we formulate two main classes of inverse problems: inverse
state problems and inverse source problems for (4.1.2), aiming to determine the
initial data or source terms by measuring partial information of the solution. The
characteristics of the inverse problems vary significantly depending on the type
of measurement. For each inverse problem, we consider its uniqueness, stability,
and reconstruction.

4.1.1 Inverse state problems

The most classical inverse problem is the inverse state problem, that is, to de-
termine the unknown initial data of the equation through measurements. Taking
partial boundary observation as an example, our question is whether the initial
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data of the system can be uniquely determined from boundary measurements,
and whether this determination is stable.
Define a map M; : LQFO(Q; H{(G) x L*(@)) — L(0,T; L*(Ty)) as follows:

Jy

Mi(yo,y1) = ==

ls, ¥ o) € L%, (5 HY(G) x L*(Q)),

where y solves the equation (4.1.2). From the hidden regularity property of the
solution (see Theorem 4.2.3), we have % € L%(0,T; L*(Ty)), which implies that
this map is well-defined.

If M1_1 exists and is Lipschitz continuous on the range of My, one can de-
terminate the solution y to (4.1.2) using the measurement M;(yo,y1) and the
mapping from M (yg,y1) to y is continuous.

More precisely, we consider the following problem:

Problem 4.1 (Inverse state problem with a boundary measurement). Does there
exist a constant C > 0 such that for any initial data (yo,y1), (Yo,91) € L%_-O(Q;
Hy(G) x L*(G)),

(%o =G0, y1 — 91|12 (@umi(e)x12(6))
< CIMu(yo, y1) — Ma(Fo, 91)| L2(0.1:02(r0))? (4.1.4)

We will provide the solution to this problem in Section 4.3. After establishing
uniqueness and stability, we are also interested in whether the initial data can be
reconstructed, i.e., the reconstruction problem.

Consider the following equation:

dZt_ Z(b]kzl'j)xkdt: (blzt+b2VZ+b3z+f)dt
jik=1
+ (baz + 9)AW (1) nQ,  (415)
z2=0 on Y,
(2(0) =20, 2(0) =2z in G,

where the initial data (zg,21) € L%_-O(Q; H}(G) x L*(@)), the coefficients b; (1 <
J < 4) satisfy that
by € Lg°(0,T; L™°(@)),
by € Lg(0,T; L*™(G;R™)),
by € Lg°(0,T; LP(G)) for some p € [n,o0] and p > 2,
by € Lg°(0,T; L™(@)),

(4.1.6)

and the nonhomogeneous terms f, g € L2(0,T; L*(G)).

Our objective is to reconstruct the solution z to the equation (4.1.5) with
observed data from the lateral boundary. More precisely, consider the following
problem:
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Problem 4.2 (Reconstruct the state with a boundary measurement). Find a

0
function z solving (4.1.5) with a—i = h on % for a given h € L2(0,T; L*(To)).

Above inverse problems are global; that is, we are expected to obtain all
the information about the unknowns. As a cost, we need to measure enough
information. For instance, to solve Problem 4.1, we require a boundary condition
and the value of % on X for the time 7" being large enough and I'( fulfilling some
geometric conditions (see Section 4.3 for more details).

It is natural to ask another kind of question, say, if the ability for the mea-
surement is limited, what kind of information for the solution can ne derived? In
what follows, we formulate one of such problems, in which the boundary condition
of the equation is unknown.

Consider the following stochastic hyperbolic equation:

odz — Azdt = (b1Z; + by - VZ + b32)dt + ba2dW (t) in Q, (4.1.7)
where, o € C1(Q) is positive,

l;l € LI(EO(O7T7 Li)ooc(G))v 62 € LI?‘O(O’Ta Lloooc(Gan))a
b3 € Lg”(0,T; Ly, . (G)), by € Lg°(0,T; Liy.(G)). (4.1.8)
We call Z € L&(Q;C([0,T); HL (G))) N LA(; C1([0,T]; L (G))) a solution to

loc

the equation (4.1.7) if for any ¢ € (0,7], nonempty open subset G cC G and

~

n € HY(G), it holds that

/Aa(t,x)ét(t,x)n(x)dx—/AU(O,x)Zt(O,x)n(x)dx

G

G
o /0 /@Ut(s,x)ét(3, z)n(x)dzds
+/o /@Bdﬁ(fﬂ)dﬂch(S), P-a.s. (4.1.9)

Put S as a C?-hypersurface in R" with S CC G. Let zg € S\ 05. We assume
that S divides the open ball B,(xg) C G, centered at x¢ and with radius p, into
two parts D:{ and D, . In this case, for any x € S, we denote by v(x) the unit
normal vector of S at x inward to D;. Let Z be a solution to the equation (4.1.7),
and e € (0,7/2). Consider the following local inverse problem, which is addressed
in Section 4.5:

Problem 4.3 (Inverse state problem with the internal measurement). Can Z in
DY x (&, T — ¢) be uniquely determined by the values of Z in D, x (0,T)?
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Remark 4.1.1. Problem 4.3 investigates whether a solution to (4.1.7) on a single
side of S uniquely determines the solution on the opposite side. We remark that
the number ¢ depends on both o(-) and p, and this number cannot be zero. In
fact, due to the finite propagation speed of solutions (4.1.7), one needs some time
to observe the solutions.

Remark 4.1.2. Unlike the stochastic parabolic equation, due to the finite prop-
agation speed of the solution to a stochastic hyperbolic equation, we typically
cannot infer the global properties of the solution through local observations.

4.1.2 Inverse source problems

By utilizing partial information of the solution, we can not only determine the
state but also identify the source term in the equation. In particular, combining
boundary measurements with terminal observations allows for the unique deter-
mination of the source term in the diffusion term.

Define a map

Mo - T (0 HY(G) x T(@)) x L2(0,T; IX(G)
— Lg(0,T; L*(Ty)) x L%, (2; Hy (@)

as follows:

0z

Mo(z0,21,9) = (5

L A).

where z is the corresponding solution to (4.1.5).
This gives rise to the following inverse problem, which is discussed in Sec-
tion 4.6:

Problem 4.4 (Inverse source problem. I). Does Ma(zo, 21, g) uniquely determine
(20,21,9)7

Noting that the random force fot gdW is assumed to cause the random vibra-
tion starting from some initial state (zg, z1). The objective of the inverse source
problem (Problem 4.4) is to determine the unknown random force intensity g,
the unknown initial displacement zp and the initial velocity z; from the (partial)
boundary observation % |20 and the measurement on the terminal displacement
2(T).

In Problem 4.4, we consider the problem of determining the source term in the
diffusion term based on the measurement (a—i . ,Z(T)). It was highlighted in
Remark 1.1.2 that these measurements are insufﬁ((:)ient for determining the source
term in the drift component. Then it naturally raises the question: with additional
measurements or more prior information on the source terms, can we ascertain
both unknown nonhomogeneous terms in the stochastic hyperbolic equation si-
multaneously? It turns out that such a simultaneous determination is indeed




85 4. Inverse problems for stochastic hyperbolic equations

achievable by imposing an assumption akin to the equations for the nonhomoge-
neous terms.

Denote z = (x1,2') € R", where 2/ = (w2, -+ ,z,) € R" 1. Let G = (0,1) x &,
where [ > 0 and G/ € R"! be a bounded domain with a C? boundary. Consider
the following stochastic hyperbolic equation:

{dzt — Azdt = (b1 + by - Vz + b3z + hR)dt + (byz + g)dW () in Q,

z=0 on X,

(4.1.10)

where by, b3,bs € Lg°(0, T Wh(@Q)), by € L (0,7 Whee(G;R™)), h € L]QF(O,T;
HY(G"), g € LA(0,T; HY(G)) and R € C3(Q). Note that R is a deterministic
function and h does not depend on x;.

We propose an inverse source problem that aims to simultaneously identify
the two unknown nonhomogeneous terms using both boundary measurements
and terminal measurements:

Problem 4.5 (Inverse source problem. II). For a given R, determine the source

0 0
function h and g by means of the measurement <—Z ‘o1 o z(T), zt(T)>.

81/‘2’ ov

We provide the answer to this problem in Section 4.7.

Remark 4.1.3. It is also quite interesting to consider Problem 4.5, when replacing
n
Az in (4.1.10) with the general coefficient (bjkzxj)xk. However, in that case,
j k=1
constructing a suitable Carleman weight fgunction to ensure that the Carleman
estimate in Theorem 4.7.3 holds remains an open problem. In fact, the main dif-
ficulty in constructing a Carleman weight function lies in choosing an appropriate
form so that the non-positive terms can be absorbed during the estimation.

In the parabolic case (see Theorem 3.4.5), it suffices to select ¢ € C*°(R) such
that ¢y > 1. This time-dependent Carleman weight applies to general variable
principal coefficients. The inverse source result in Theorem 3.11.1 additionally
assumes b%lf = 0, so that differentiating in the source direction does not introduce
principal-part commutator terms.

However, in the hyperbolic case, the form of the weight function is much more
complicated (see (4.7.3)). In particular, a special parameter 8 must be introduced
for the first spatial component to absorb the non-positive terms. Such a form of
weight function is difficult to apply to general second-order operators with variable
coefficients, which is the reason why the hyperbolic case is more challenging.

The rest of this chapter is organized as follows. In Subsection 4.2.1, we present
some preliminaries, including a fundamental pointwise weighted identity for sec-
ond order stochastic hyperbolic-like operators, which is used to derive Carleman
estimates for stochastic hyperbolic equations, a hidden regularity property of so-
lutions to stochastic hyperbolic equations and an energy estimate for stochastic
hyperbolic equations. Sections 4.3-4.4 are devoted to studying Problems 4.1-4.2,
respectively. At last, in Section 4.8, we give some comments for the content in
this chapter and some related open problems.
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4.2 Some preliminaries

To obtain Carleman estimates for stochastic hyperbolic equations, this section
presents a fundamental weighted identity for second order hyperbolic-like opera-
tors. Furthermore, we establish the hidden regularity of the stochastic hyperbolic
equation (Theorem 4.2.3), as well as energy estimates (Theorem 4.2.5).

4.2.1 A fundamental weighted identity

In this subsection, we prove the following result.

Theorem 4.2.1. Let ¢ € C?*((0,T) x R?), /¥ = bk ¢ C2(R") for j,k =
1,2,---,n, and £ € C3((0,T) x R"), ¥ € C%((0,T) x R™). Let u be an H*(G)-
valued, F-adapted process such that u; is an L?*(G)-valued Ité process. Set = et
and w = Qu. Then, for a.e. x € G and P-a.s. w € €},

n

0 — 206w +2 zn: D, + W) [gdu — 3 (0, ) ]

7,k=1 7,k=1
n n
k </k/ k 'lk/
+ Z [ Z (2()7 v Ezj,wxijk, — ¥y Exijj,ka,)
k=1 g k=1

k k 2 k x k, 2
— 200" lywy ; we + OB wi + WY Fwg w — (Aﬁxj + #)lﬂ w ] dt

Tk

+ d{¢ >V lwe wey, — 20 > Yl wa we + $Plw] — $Twpw
Ji:k=1 j.k=1

+ [oan + o0y ]u?}

= @)+ Y (@V¥e,)s, — 0¥ |widt

J,k=1

-2 Z [((bbjkka)t + bjk(gbﬁt)mk]wxjwtdt + Z cjkwxjwmkdt + Bw?dt

Jik=1 Gok=1
L 2
n ( — 200w, +2 Y VR wg, + \I'w) dt + 2620, (duy)?, (4.2.1)
j,k=1
where
AS Q7 — ) = Y (0¥l ey, — VIl — VR0 0) = 0,

]7k:1
n n

7,k=1 7,k=1
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ik A ik - ik 15k k15K ik
M2 (), + S 2N W ey, — VL), |+ W0E (422)
j/,k/zl
Proof. By 6 = e, w = fu, we derive that

Odu; = dwy — 26w dt + (fg — Ett)wdt. (423)

Let

I==200w, +2 > b w,, + Tu,
drk=1 (4.2.4)

n

k=1
From (3.2.6), (4.2.3) and (4.2.4), we obtain
(4.2.5)

o1 [¢dut -y (bjkuxj)xkdt] = 2dt + I 1.
k=1

Let us compute the terms in I, one by one.
Thanks to It6’s formula, we obtain that

—2¢2€twtdwt = —d((bQEtth) + ¢2€t(dwt)2 + (¢2£t)twt2dt, (426)

2> " by w,, dduwy

J,k=1
n

= d<2¢ > bjkéxijkwt> =2 ) (VL )1wiwy, dt (4.2.7)

J,k=1 J,k=1

= > (@Y} )adt + D> ($F Ly e widE,
g k=1 g k=1
and that

Ywodw; = d(pVwwy) — pwidt — %d[((ﬁ\l/)th] + %(qﬁ\l/)tthdt. (4.2.8)

By direct computations, we get that

2 Z ¢€twt(bjkwxj )wk dt

jk=1
n

Z [Q(gb&b’kwth])xk — 2bjk(¢ft)kathj — (bjkdthkwxj)t

jk=1
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2 z”: z”: bjkfzjwmk(—bj/klwmj,)mk,dt

jk—lj’ k=1
Z Z 207 W W we )y + 207 ) U w0 0
Gk=1j" k'=1
+ (bjkbjlklﬁxjwmk,wxj,)xk — (bjkbjlk/ﬁxj)kamk,wmj,]dt, (4.2.10)
and
> Tw(—bwy, ), dt (4.2.11)
G k=1

n

j i 1 . 1 .
- Z [— (bjk\IIWij)zk + bjkq/kawzj + i(bﬂkq/ka2)wj _ §(bjk‘11xk)mjw2 dt
Jik=1

Similarly, from (4.2.4) and It6’s formula, we have

n

TAwdt = Y (W, Aw?),, dt — d(plAw?) + (AL)wdt (4.2.12)

jk—l

- Z VR0, A)g w?dt + T Aw?dL.
j,k=1

Combining (4.2.5)—(4.2.12), we get (4.2.1). O

4.2.2 Hidden regularity property of solutions to stochastic hyper-
bolic equations

In this subsection, we derive a hidden regularity property of solutions to the
equation (4.1.2).

Lemma 4.2.2. [50, Lemma 3.1] There exists a vector field & = (&1, ,&,) €
CHR"™;R") such that ¢ =v onT.

Proof. Since the boundary I is of class C?, for any fixed point zg € T', there exists
an open neighborhood V of xg in R” and a function ¢ : V' — R of class C? such
that the gradient V() is non-zero for all z in V and ¢(x) = 0 for  in V NT.
If necessary, we can consider —¢ instead of ¢ to ensure that v(xg) - Vio(zp) > 0.
By choosing V sufficiently small, we can also assume that V NI is a connected
set. The function 1 : V — R™ defined by unit vector n = V/|V| is of class C!
and equals the normal vector v on V NT.
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Given that I" is compact, it can be covered by a finite number of neighborhoods
Vi,---, Vi of this type. Let n1,--- ,nm, denote the corresponding functions. We
then have the following conditions:

m
I‘CUV]‘, n;=vonV;NI, forj=1,---,m.
j=1

We select an open subset Vy € G such that G C U;Tb:ij and define g :
Vo — R™ by setting no(z) = 0 for z € Vp. Let ag, -+ ,a;, be a C? partition
of unity corresponding to the covering Vy, -+, V,, of G. Then, the vector field

m
¢ = Y a;n; agrees with v on I'. Choose the partition on an open neighborhood of
§=0
G and multiply ¢ by a compactly supported cutoff equal to one near G. Extending
by zero gives the required field on R™. O

Proposition 4.2.3. For any solution to the equation (4.1.2), we have

9y
ov

L2(0,T5L2(To))
2
< LD <|(yO»yl)‘L%_.O(Q;Hé(G)xLQ(G)) +1F(++0,0,0) 20,7, 02(c2))

+ |K(','a0)|L12F(o,T;L2(G))>- (4.2.13)

Proof. For any p = (p',---,p") € CHR'™™; R"), by a direct computation, we
obtain

n n
Z (2p- VybFy,, — Zp bZJymyxj)mk
J,k=1 1=1
n

=2> (pVy(bj’“yxj)xk + Zpikbj’“yminy = > (V)0 Yy (4.2.14)

Jk=1 i=1 ij,k=1
Thanks to Itd’s formula, it holds that

2p - Vydy, = 2d(yep - Vy) — 2ypr - Vydt — 2p - Vy yudt

n

= 2d(ytp - Vy) — 2yspy - Vydt — Z(pjyf)xjdt + Zp;jy?dt. (4.2.15)

j=1 j=1
From (4.2.14) and (4.2.15), we get

n

Z(Qp-Vy '

k=1 7

NE

n
13 k 2 k11j
Py, + YR — ‘le b”ya:iyxj)xkdt
Z?J:

Il
—

NE

— 2.5y

Js

(b Y )yt — dyt} +2d(yep - Vy) = 2y1pr - Vydt
1

E
Il
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,5,k= 1

Since I' € C?, by Theorem 4.2.2, there exists a vector field ¢ € C'(R";R") such
that ( = v on I'. Letting p = (, integrating (4.2.16) in @, and taking expectation
on €, recalling (4.1.2), we deduce that

n
5[5 (20 vyzy% £ = Y Wy, )L
k=1 ij=1

) /G y(T)p(T) - Vy(T)dx — 28, /G y10(0) - Vyoda

n
+E/Q {—zp-VyF(y,yt,Vy)—2ytpt-Vy+Zpijy?
j=1

+ Z (2bjkpikyxiji — (bijpk)zkyxjyxi)]dmdt. (4.2.17)
ivj k=1

Noting that y =0 and p = v on I', we have

/Z Z 2p- Vyzb”“yx] +ofE = > pkb”yxiyxj)vdedt

k=1 1,j=1

/ Z pruI b

jkl

oy 2
ov

dth > soF /

dr'dt. (4.2.18)

Combining (4.1.3), (4.2.17) and (4.2.18), the desired estimate (4.2.13) holds. [

Let

A
{7“1 = [b1|pee0.1:200(@)) T 102l Lo (0,7:L (GiRn)) + [balLee (0,125 () (4.2.19)

A
72 = |b3| Lo (0,110 (G))-
Repeating the multiplier argument for Theorem 4.2.3, using
1632l 22(G) < Cllbsll ey ll2 Nl 3
gives the following result.

Corollary 4.2.4. For any solution to the equation (4.1.5), it holds that

%
ov

C(r2+r2 +1)
L2(0,T5L2(To)) e (rirs (’(207Zl)’L%O(Q;Hé(G)XLz(G”

+ |f’L§(07T%L2(G)) + ’9’L§F(0,T;L2(G))>. (4.2.20)
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4.2.3 An energy estimate for stochastic hyperbolic equations
In this subsection, we derive an energy estimate for (4.1.5).

Proposition 4.2.5. For any solution z to (4.1.5) and s,t € [0,T], it holds that
IE/ (2 (O)? + [V2(t)]?)do
G

< CeCr4ry/ 7P )T [E/ (Ize(8)]* + |V2(s)|?)dz + E/ (f*+ gQ)dxdt} .
¢ ¢ (4.2.21)
The constant C may depend on G, T and (bjk), but not on r1,r9, f,g or z.
Proof. Put o = n/p, with « =0 when p =00, and a =1 + ré/(%a). Define
n
E(t) = IE/ 22+ Z l)jk,zggjz*gc,C + a2 | dx.

G k=1

The Gagliardo—Nirenberg inequality gives
2]l L2p/ -2 () < C||Vz||%2(G)||z||}:§?G).

This includes p = n > 2 by the Sobolev inequality and p = oo by the identity in
L?(G). Thus Holder’s inequality and ellipticity yield
E / zzdx
G

'E/ bszzidz| < Croa” " E(t) < CaB(t), a?
G
E'(t) = IE/ [QZt(blzt +bo-Vz+bsz+ f)+ (bgz + g)2 + 2a2zzt] dx.
G

< CaE(t).

It6’s formula and integration by parts give, for a.e. ¢,

Consequently,
|E'(t)| < C(r? +a+1)E(t) + CIE/ (f? + ¢*)dz.
G

Forward or backward Gronwall’s inequality therefore implies
E(t) < CeClritat)T [E(s) + E/ (f? —&—g%dazdt} .
Q

By ellipticity and Poincaré’s inequality, E(t) controls the energy on the left of
(4.2.21), while E(s) < C(1+a*)E [(|z(s)|* + |V z(s)|*)dz. Absorbing this poly-
nomial factor into the exponential proves the assertion. The calculation for energy
solutions follows by the usual Galerkin approximation. O
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4.3 Solution to inverse state problem with the bo-
undary measurement

This section focuses on the following problem:

e Problem 4.1: Does there exist a constant C > 0 such that for any initial
data (yo,y1), (9o, 91) € L%_-O (Q; HY(G) x L*(@)), the inequality (4.1.4) holds?

Prior to unveiling the solution to this problem, certain assumptions regarding
(b"%)1<jk<n, T, and Ty are required.

Condition 4.3.1. There exists a positive function ¥(-) € C?(G) satisfying the
following;:
(1) For some constant o > 0 and any (z,€) € G x R™, it holds that

Z { Z {%Jkl /kwﬂc ’)xk’ xk/ klwx '} }fjfk > o Z bjkf]fk

jk=1 3 k=1 k=1
(2) There is no critical point of ¥(-) in G, i.e.,

min [V (z)| > 0.
el

Remark 4.3.1. Condition 4.3.1 can be viewed as a form of pseudo-convex con-
dition (e.g., [34, Section 28.3]). Further exploration on this subject can be found
n [52]. It is worth noting that if (5'%)1<; k<, is the identity matrix, then ¢(z) =
|z — x0|? satisfies Condition 4.3.1, where z( is any point belongs to R" \ G. If
¢ € CY(G) has no zeros, put a = ¢® and ¢ = 2(x — x9). For b/* = ad;; and
Y(z) = |z — x0|%, the quadratic form in Condition 4.3.1 is

al4alé® +2(Va-€)(q-€) — (Va- q)|€]°].

Consequently, this choice of 1 satisfies Condition 4.3.1 if and only if there is a
constant p; > 0 such that

4alé? +2(Va-€)(q- &) — (Va- q)lE]* = ulé]?, (,6) € G x R™.

One can verify that if ¢(-) satisfies Condition 4.3.1, then for any constants
a>1and b € R such that a1y +b > 0 on G, the function ¢) = a) + b also satisfies
this condition with pg replaced by apug. Therefore, we can choose ¥, ug, cg > 0,
c1 > 0 and T such that the following condition holds:

Condition 4.3.2.

Z b]k (@)ha; ()b, (x) = R i Smax¢(z) > Ry

],k 1

2R1\2 2
T>T0é231, (Tl) <o <2 g —der —eo > 0.



93 4. Inverse problems for stochastic hyperbolic equations

Put

r, 2 {:17 er ‘ Zn: F (@), (2)F () > 0}. (4.3.1)

Jik=1
We have the following positive answer to Problem 4.1.

Theorem 4.3.1. Assume Condition 4.3.1 and Condition 4.3.2 are satisfied. Then
there exists a constant C > 0 such that for any initial data (yo,vy1), (9o, 91) €
L%_-O (Q; HY(G) x L*(Q)), the inequality (4.1.4) holds for Tg given by (4.3.1).

Remark 4.3.2. Theorem 4.3.1 shows that the state y(t) of (4.1.2) (for t € [0,T7)

can be uniquely determined by the measurement gy , P-a.s., and continuously
ViXy

depends on it. Therefore, it provides an affirmative answer to the inverse state
problem of the system (4.1.2).

In what follows, for A € R and r € N, we use O(\") to denote a function of
order A" for large A.
First, we derive a boundary observability estimate for the equation (4.1.5).

Theorem 4.3.2. Assume Condition 4.3.1 and Condition 4.3.2 are satisfied. For
any solution z to the equation (4.1.5), it holds that

(20, 21) |L2F0(Q;Hé(G)><L2(G))

1
< et 102
- ov

+ flrz0m20) + ‘g‘L]%(O,T;LZ(G))> :
(4.3.2)

L2(0,T;L2(T))

Proof. The proof is divided into four steps.

Step 1. In this step, we introduce a cut-off function and reduce the equation
(4.1.5) to an equation with both initial and final data equal zero.

Put

T2
(o) =Alp@) —at-5) ] toeq
From Condition 4.3.2, there exists €1 € (0,1/2) such that for all (¢,z) € [(O,% —
eiT)U (L +&aT,T)] x G, it holds that
((t,z) < NR? — c1(e1T)?] < 0. (4.3.3)

Thanks to Condition 4.3.2 again, noting that

T
E<§,$) = \p(z) > AR2,  VazeG,

there exists g9 € (0,¢1) such that

AR2

>

T T
Y (t,x) € (5 — T, 5+ EOT) % G. (4.3.4)
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Choose a cut-off function x € C§°[0, T satisfying

T T
X(t) = ]_, Vie (5 — €1T, 5 + €1T>. (435)

Put u = xz. Then, u solves the following equation:

duy — Z (bjkuxj):ckdt = (brug + by - Vu+ bgu + f)dt
jk=1
+ (bau + xg)dW (t) in Q, (4.3.6)
u=0 on X,
u(0) = u(T) = 0, uy(0) = ue(T) =0 in G,

where f = xf + xuz + 2xiz — bixi2. ‘
Step 2. We choose the multiplier and estimate its coefficients. Write b = (b7%),
V =bVe, k= VbV, q(t) = —c1(2t — T) and D = ¢®> — k. Then

ft = )\q, Ett = —201)\, Vi = )\vw, Vﬁt =0. (437)

Set d = —2¢1+V-V —¢y. Fore > 0, choose a smooth function d. on a neighborhood
of G with |d. — dlo@) < €, and put

U = \d.. (4.3.8)
Pute=d. —d, w = 0u, Ay = \2D and r = 4¢; + ¢y — e. Define
I = —-2lw; + 2bVI - Vw + Yuw. (4.3.9)
The conjugated equation has the exact decomposition

H[dut -V (qu)dt] = Idt+ dwy — V- (bVw)dt

+ Agw dt + Arw dt. (4.3.10)
Multiply (4.3.10) by I and integrate by parts as in the proof of Theorem 4.2.1.
The resulting integrated identity has 4y in place of A and the additional term
Arlw on its right-hand side. Only first derivatives of b, Ay, second derivatives of
¢, and second deriv@ives of the smogth function ¥ occur; thus these product rules
apply with b € C*(G) and v € C?(G).

The coefficient of w? is

(b + V - (bV0) — Ulwi = Aco — e)uy, (4.3.11)
and the mixed term vanishes:

[(bVE); + bV - Vwwy = 0. (4.3.12)
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Writing ¢/* for the spatial coefficients in the integrated identity, Condition 4.3.1
gives

n n
Z cjkwgcij,c > Mpo —4ep —cp—¢€) Z bjkwxijk. (4.3.13)
Ji:k=1 j.k=1

The zeroth-order coefficient is
1
By = AoV + (Aply)r — V - (AgbV L) — §V - (bVY)
A
= A3 [(4e1 + co)k +V - VE — (8¢ + co)q® + De| — §V - (bVde).  (4.3.14)

From Condition 4.3.1, we get that

Z Z bjkwl’ﬂ (bjlk/wxj’¢$k/)xk

Jk=1j" k=1
n n
ik '/k/ ik '/k/
= Z Z (bj bjmk wxjwﬁj/ka/ +2b] b] ¢ijxkxj/ka/)
k=1 j"k'=1
n n
k '/kl ‘/k/ k
= Z Z (bj bj.tk wxﬂl}mjﬂl}zk/ _2b] bg;jﬂﬁxﬂﬁxkﬁ)xk/
Jk=1j" k=1

+ 207 (654, Vo o,

=SS [ a6 |

jk=1 " j k=1

e Z bjkw:vijk (4'3'15)

k=1
At e =0, (4.3.15) and Condition 4.3.2 give
(4c1 + o)k +V - Vk — (8c1 + co)g® > 2(4ey + o) (4RF — 3T?) > 0.

We first fix € small enough to preserve this lower bound and the positive coeffi-
cients in (4.3.11) and (4.3.13), and then fix d.. The last term in (4.3.14) is now
O(A), so there is A\; > 0 such that

Bo>CX  forall A > )\ (4.3.16)
The remaining term in (4.3.10) satisfies
1

|MrTw| < Z12 + C\2w?. (4.3.17)

Increasing A\; absorbs the last term into (4.3.16). All choices in this step depend
only on the fixed principal coeflicients, weight, and geometric constants. The
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calculation is first performed for regular solutions and then extended by energy
approximation; Theorem 4.2.4 gives convergence of the observed normal traces.
Step 3. We integrate the multiplier identity for (4.3.6).
Integrating the identity obtained from (4.3.10) in @, taking mathematical
expectation, and using (4.3.11)—(4.3.13), (4.3.16) and (4.3.17), we note that

T n n
]E/ / d[ Z Hkﬁthijk -2 Z bjkéxijkwt —f—&w? — Ywpw
0 JG "jr=1

k=1
+ (Aoks + %\Ift)wﬂ dx =0, (4.3.18)

where the time cutoff gives w(0) = w(0) = w(T) = w(T) = 0. The spatial
boundary terms containing w or w; vanish because u = 0 on Y. We obtain

n

]E/QH{(—ZthH—Q i bjkﬁzijk +\Ifw) [dut — Z (bjkuxj)mkdt}}dx

k=1 k=1
" n . . ) .
+ )\]E/Z Z Z (2b]kb] K ,(Z)l?j/wxijk/ - b]kbj k deij]_/ka/)ydedt
Jk=1j" k=1

—E/ ezgt‘dut‘QdJ)
Q

> CE/ 62 [(Auf +A|Vu?) + A?'u?}dxdt
Q

3 LI 2
+ 4E/Q ( — 2wy + 2 Z bﬂ%zijk + \I!w> dxdt. (4.3.19)
j.k=1

Noting that u = 0 on X, P-a.s., from (4.3.1), we deduce that

E /E > % <2b7kbj,k/¢$j,w$jwwk,—bjkbj/k/wxjw%,wggk,)z/kdfdt

k=14 k'=1

Jk=1
i - - n N / 3u 2
gE/ S vk (S By, o 92‘7‘ drdt. (4.3.20)
o <j,k:1 vy )(j/7k/:1 iV ) ov

Thanks to (4.3.6), it holds that

n

E/Q€{<2ftwt+2 i bjkﬁxijk +\Ifw) [dut — Z (bjkuxj)zkdt}}dx

]7k:1 ]7k:1
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+\b2\%§o(0T_Lw(GRn))E/ 02]Vu\2da;dt+E/ 0*b3u>dxdt
o ’ Q Q
2 2,2
+ ‘b4|L]§°(O,T;Lw(G))E/QQ u dwdt:|
1 n " 2
+3E (— 2w +2 Y b, + \I/w) dzdt, (4.3.21)
Q@ k=1
and
~-E / 0204 | dug|*dx < C)\]b4|%§o(07T;LOO(G))IE / 0*u?dxdt + CAE / 62|g|*dxdt.
Q Q Q
(4.3.22)

Step 4. In this step, we handle the terms in (4.3.21) and (4.3.22).
Choosing s = 2p/(p — 2), we have % + % = 1, which, combined with Holder’s
inequality and (4.2.19), implies that

2 219,12
\bgé?u]LIQF(OvT;LQ(G)) < TQ‘QUIL]%(O,T;LS(G))' (4.3.23)
Since % = % — %, by Sobolev’s inequality, we get
2
wu‘L%(O,T;LS(G < CIQU‘LQ(O T Hn/p(G)) (4324)

For any p € L% L (Q H L(R™)), by Holder’s inequality again, we obtain

123, @urresomy = E / (1+ [P PIa©) PP 1p(e) PP dg

< !p\Q"/pQ Gonp) (4.3.25)

H1 R”))‘ ‘Lz (L2 (R™))
Hence, it holds that

2n/p 2(1—n/p) ~ 2 Lyl
’p’LQ Q Hn/p(G) < C‘p‘LQ (Q HI(G))| ‘L2}_T(Q;L2(G))7 v p S L}—T(Qﬂ HO (G))7
(4.3.26)

and

|p‘L2(0TH"/p(G) < C|ﬁ‘i%£g,T,H1 )‘ ‘Ll(oq:}/i)Q( ))7 Vﬁ € LI2F(07T7 H&(G))
(4.3.27)

For n < p < oo, combining (4.3.23)(4.3.27) and Young’s inequality, for every
€ > 0 we obtain

2
|b39“|L2 0,T:L2(G))

2n 1 n
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2 —Nn)y—n —-n
SEMG“‘%%(O,T;H&(G))+C(€)T2p/(p A/ (e )|0u\iQ(O7T;L2 (4.3.28)

(@)

OTL2(G) = Crj HQUHLQ 0,T;H(G))’
These bounds give the same parameter choice

For p = n > 2, use instead Hb39UHL2 for

p = 00, use r2|]9uHLIQF 0TL2(G))"

below, with n/p = 0 when p = co. Choosing

A2 :max{)\l,C<r1 —1—7‘2/2 77 —l—l)}

from (4.3.19)-(4.3.22) and (4.3.28), for all A > A9, it holds that

C)\IE/ZO 92<j§::1bjkyjuk)< i bj/kITﬂxj,yk/)

J'k=1

ou |2
5( dTdt

+CIE/ 62(|71? + Mgl dadt
Q
> E/ 62 (Auf F AV + /\3u2>dxdt. (4.3.29)
Q
Noting that (4.3.5) and u = xz, by (4.3.29), we get

CAE /E 0 92(§; bjkz/jyk>< En: b]"’“’wzj,u’“’) %‘Zdl“dt

J'k=1

+C(1+r%)E/ 0%(27 + |Vz|* + 2°)dadt

0,L—erT)U(L+e1T,T) /G
+CE/ 62(|f |2 + Alg|2)dwdt
2+€0T
> E/ / 62 (Azf PV + /\3z2>dxdt. (4.3.30)
ffz-:oT G

From (4.2.21), (4.3.3) and (4.3.4), we obtain that

E/ /92(zt2+|Vz]2+22)da:dt
0,Z—e1(L+e1TT) JCG

< clRi-a @)l / / (22 + |V2|?)dxdt
0,L—e1D)u(L+e1T,7) JG

1
< (s " 1) T IR Cl(alT)2]E/ (27 + |V20|?)da
e

+CeC)‘E/Q(|f|2+ |g)?)dzdt, (4.3.31)

and that

T

zteoTl 2(\ .2 2, \3.2

IE/ /9 (/\zt F AV + A3z )da;dt
%750’11 G
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-‘r(:‘oT
>Ce2 AE/ / (zf + |Vz|2)dacdt

—eoT

s
> Ce > C(T1+r2 pH)TE/ (21 + |V20[?)dz
G
L\ 2 2
—Ce2 E/(\f\ + |g|*)dzdt. (4.3.32)
Q
Combining (4.3.30)—(4.3.32), noting that R? — c;(e17)? < 0, there exists a

1
N =C(rE 4 4 1) 2 A
such that for all A > A3, it holds that
2
z‘ ddt
v

o [ (32 o) (30 0vn, ) o

J'k=1

—|—CeC’\E/ (1 + 1g1?)dudt
Q
ZE/ (21 + |Vzo|*) dz. (4.3.33)
G
Taking A = A3, we deduce that
2
Z‘ dth+IE/ (1f1* + yg\Q)da;dt} ZIE/ (21 + |Vzo|*)da
Q G

CelHs [E/ g
Yo

which gives the desired inequality (4.3.2). O

We are in a position to prove Theorem 4.3.1.

Proof of Theorem 4.3.1. Let ¢ solve (4.1.2) with the initial datum (go,91). Put
z =y — . Then z fulfills (4.1.5) with f =g =20, z0 = yo — 90, 21 = y1 — U1, and
the following bounded progressively measurable coefficients:

F(y> Yt, vy) B F(ya gjtv vy)

by — - s Yt F U
1= Yt — Yt
0, Yt = Yt
FAaAvv _FAaA>VA
(.9, Vy) 2(y Ui y)vZ’ V2| £0,
be = V2|
0, Vz| =0,
Fy,@aVy 7Fya?)7vy N
b — 90, V) A( : ), y#,
3 = y—y

0, y =19,
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, YFEY,
0, y=19.

Indeed, the three differences defining by, bs, by telescope to F(y, yi, Vy)—F (9, 91, V),
and (4.1.1) bounds each coefficient by L. The proof is completed directly by
(4.3.2). O

4.4 Reconstruct the unknown state with a boundary
measurement

This section focuses on the following problem:

e« Problem 4.2: Find a function z with % = h on X for a given h €
v
L2(0,T; L*(Ty)), where 2 solves (4.1.5) with g = 0.

Recall that the reconstruction problem means to reconstruct the solution z from
some observation or measurement.

Similar to Section 3.5, to solve Problem 4.2, we use Tikhonov regularization
strategy. To begin with, we give the following immediate corollary of Theo-
rems 4.2.5 and 4.3.2.

Consider the following stochastic hyperbolic equation:

n

dze— > (V' 2))wdt = (b12e + by - V2 + bz + f)dt + byzdW(t)  in Q,
k=1
z=0 on X,
(4.4.1)
where coefficients b; (1 < j < 4) satisfy (4.1.6).

Proposition 4.4.1. Assume Condition 4.3.1 and Condition 4.3.2 are satisfied.
For any solution z to the equation (4.4.1), it holds that
(2, 26)| 2200, (@) x L2(0.T522(6))

1
3/2—n
< (3PP 1) (‘gi
v

L2(0,T;L2(T0)) + |f|L%(07T;L2(G)))a (4.4.2)

where I'y C T is defined in (4.3.1).
Denote H = L2(0,T; H*(G)) N L&(Q; HY(0,T; L*(G))). For u € H, set

n

t t
Vu(t) = ut(t) - / E (bﬂ“u%)xk + bius + by - Vu+ byu | ds — / b4udW(s),
0 . 0
Ji:k=1

D= {ueH:V, e Ly H(0,T;L*(G)))}.
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Define Pu =V, — V,,(0) for u € D. Here V,,(0) is a well-defined trace. Moreover,
uy has a continuous L?(G)-valued version on this domain and V,,(0) = u;(0). Put

U={ueD:uly =0, Jyuly, =h}.

We assume that h admits such a lift, so that & # (). In particular, this holds
for the exact observation of a solution belonging to . For such a solution,
Pu(t) = [1 f(s)ds.

Denote If(t) = fg f(s)ds for t € [0,T]. Fixing a function F' € U, we construct
the Tikhonov functional as follows:

Ty(w) = [Pu=Tf1T20.m 026y + 71w — Fli, (4.4.3)

where v € U and v € (0, 1).
We have the following result regarding the existence of the minimizer.

Proposition 4.4.2. For~ € (0,1), there exists a unique minimizer u, € U of the
functional J,(u).

Proof. Let
Uy 2{u €D | Pue L2(Q HY0,T; L*(G))), uls = 0, dyuls, = 0}.
Fix 7 € (0,1). We define the inner product as follows:

(0, Vo = (P, PU) 2(umi 0,7:02(c)) T V(0 V)3 (4.4.4)

where ¢,9 € Uy. The space Uy is complete for this inner product. Indeed,
if upy — uin H and Pu,, — ¢ in LE(Q; HY(0,T; L*(Q))), then Vi, — Vi, in
L2(0,T; L*(@)). The time-constant functions Vi, (0) = Vi, — Puy, therefore
converge in L2(Q; L?(Q)) to a time-constant function c. It follows that V, = ¢+ c
belongs to H! in time, ¢(0) = 0, and Pu = ¢q. The boundary traces pass to the
limit by the continuity of the H?(G) trace maps. Thus the limit remains in Uy.

For w e U, let v=u— F. Then v € Uy. Consider the following functional
7¢7(U) = ‘P'U + PF — If|%%(Q;H1(O,T;L2(G))) + ’Y‘U"QH,

where v € Up and v € (0, 1). Clearly, u, minimizes 7, (u) if and only if v, = uy—F
is the minimizer of the functional 7. (v).

By the variational principle, the minimizer v, of the functional J(v) satisfy
the following equation

(Poy + PF = 1f,Pp) r2smn 0,12y T V(0 pin =0, Vpely.  (445)

Conversely, the solution v, of equation (4.4.5) is the minimizer of the functional
J~(v). In fact, if vy solves (4.4.5), then for each v € Uy, it holds that

T~ (v) = T+(vy)
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= |Pv+PF — If‘%%(Q;Hl(()’T;LQ(G))) + vl

= [Poy + PE = 1f (30 0msn2(ay) — Monli
= [Pv, + PF —If +P(v — v,y)yi%(Q;Hl(o,T;LQ(G)))

+ylvy + (v = U'y)‘%{ — [Pvy +PF — If|%]}2,(Q;H1(07T;L2(G))) - ’Y’W‘%—L
=2(Pvy + PF —1f,P(v — vy)) 20,1 (0,1:22(0)))

+ 27(vy,v — vy + |P(v - Uw)|%I2F(Q;H1(0,T;L2(G))) ol — v, l%
=|P(v— UW)’%%(Q;Hl(QT;L?(G))) +lv — o3,
>0,

which means v, is a minimizer of the functional J(v).
From (4.4.4), equation (4.4.5) is equivalent to

(vy; Py = (If = PF,Pp)r2umo,m:22(c))): ¥ P € Uo. (4.4.6)
Thanks to Cauchy-Schwarz inequality and (4.4.4), for all p € Uy, we have
|(Lf — PF, Pp) 201 (0,1:02(G))) }
< C(IPF| 2 0.1522(6)) + [ fL2(0.7502(6))1Plto -

By the Riesz representation theorem, there exists a unique w-, € Uy such that, for
every p € Uy,

(wys Pl = (1f = PE,Pp)r2(0.m(0,1512(G)) -

Hence w., solves (4.4.6), which means w., is the minimizer of the functional J(-).
O

Assume that z* is the true solution to the equation (4.4.1) with the exact data
fre L0, T; LX(@)), z*r=0, 9,2z, =h* € LE(0,T;L*(T)).

From Theorem 4.4.1, the solution z* is unique. Assume z* € D. Define U* =
{u € D:uly =0, dyulg, = h*}. There exists F* € Y* (for instance F* = z¥)
such that

|F™* |3 < Clz"|y. (4.4.7)
We assume that
1" = flrzorize) <0 1" = hl2or2we) <90, (4.4.8)
and
’PF* - pF’Lg(Q;Hl(O?T;[ﬂ(G))) + ‘F* - F"H S 5 (449)

Set X = L(0,T; HY(G)) N LA(; HY(0,T; L*(G))), with its natural Hilbert
norm. We now establish the estimate for the error between the minimizer z, for
the functional 7,(-) and the exact solution z*.
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Theorem 4.4.3. Assume (4.4.8), (4.4.9), and Conditions 4.3.1 and 4.3.2 hold.
Then there exists a constant C > 0 such that for all 0 < § < 1,

2 — 2"l < CL+12"|)6

where z is the minimizer of the functional (4.4.3) with the regqularization param-
eter vy = 6°.

Proof. Let v* = 2* — F*. Then v* € Uy and Pv* = If* — PF*. Hence, for all
p € Up, it holds that

(Pv* +PF* = 1f*,Pp) 120,11 (0,1:22(c))) = O- (4.4.10)

Subtracting (4.4.10) from (4.4.5) and denoting vy = v* —v,, f = If* —If and
F=F*—F, for all p € Uy, we obtain

(Poy, Pp) 2001 (0,1522(G))) + V{0ys P)H
=(f- PﬁvPP>LH2,(Q;H1(O,T;L2(G))) + (0", p)u- (4.4.11)
Choose p = 7y in (4.4.11). Then we have
‘Pﬁvﬁg(g;m(oj;y(g))) + 7‘6’7’%{ < ‘J? - pF’%}%(Q;HI(O’T;LQ(G))) + ’Y‘U*‘%{- (4.4.12)
Since v = 62, from (4.4.8), (4.4.9) and (4.4.12), we obtain
53, < C1+ o* ), (4.4.13)
and
|P@W|i%(Q;H1(O,T;L2(G))) <C(1+ |[v*3,)0%. (4.4.14)
The embedding L?(0,T; H*(G) N H}(G)) N HY(0,T; L*(G)) — C([0,T); H(G)),
together with the continuous velocity supplied by the graph domain, places every

element of Uy in Hyp. Since 0, € Uy, it solves (4.4.1) with zero observed normal
derivative and forcing (Pv,);. By Theorem 4.4.1 and (4.4.14),

1oyl < ClIPO N L2010 22(c))) < CA+ 1127199 (4.4.15)

Here we also used (4.4.7). Because z* — 2z, = 0y + F* — F' and the embedding
‘H — X is continuous, (4.4.9) gives

125 = 2yllx < oylla + ClF = Flls < C(1+ |27l (4.4.16)

O]
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4.5 Solution to inverse state problem with the internal
measurement

This section focuses on the following problem:

e Problem 4.3: Can Z in Dl‘f x (e,T — €) be uniquely determined by the
values of Z in D x (0,7'), where Z solves (4.1.7)?

To this end, we need the following definition.

Definition 4.5.1. Assume zyp € S and K is a nonnegative number. Given the
hypersurface S, it is said to satisfy the outer paraboloid condition with K at zq
if there exists a neighborhood V of zy and a paraboloid P tangential to S at zg

n
such that PNV C D, with P being congruent to 1 = —K Z 33?
j=2

The following theorem gives a positive answer to Problem 4.3.

Theorem 4.5.1. Assume additionally that by € L (0,T; LY. (G)) for some p >

max{n,2}, with p > 2 when n = 2. Let z9 € S\ 0S satisfy W <0, and S
satisfy the outer paraboloid condition with

— 57 (T/2, o)

. (4.5.1)
(lolpeo (B, (T/2,00)) + 1)

K
<1

If z € LA(;C([0,T); H

loc

equation (4.1.7) satisfying that
= % =0 on(0,7T) xS, P-as., (4.5.2)
then for a sufficiently small neighborhood V of xy and some e € (0,7/2), it holds
that

(@) N LA CL([0,T); L (G))) is a solution to the

loc

z

z=0 (VN D;) x (,T —e¢), P-as. (4.5.3)
The normal trace in (4.5.2) is understood in the weak Green formula sense.

Remark 4.5.1. Noting that in Theorem 4.5.1, we assume that W < 0,
which can be regarded as a kind of pseudoconvex conditions (e.g., [34, Chapter
XXVII]). This assumption is reasonable . In fact, even in the deterministic setting,
without such an assumption, it may lead to the involved (local) uniqueness failing
(e-g-, [1])-

We first give the weight function which will be used to establish a Carleman
estimate for the equation (4.1.7).

Without loss of generality, we assume that xg = 0 € S\ 95 and v(0) =
(1,0,---,0). Since S is C?, for some r > 0 and v(-) € C?(R"!), we can parame-
terize S in a neighborhood of the origin by

{(961,9327"' ,Tn) € R ‘ r1 = y(T2, ", Tn), |952|2 +oeet |56n|2 < 7“}~ (4.5.4)
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We put
T T\?2
Br<—,0) — (t, ) € R ( 2 (t— 7) <2\
2 {( z) P+ {t-g) <7 (4.5.5)
B, (0) = {z e R" | |z| <r}.
Then, it follows from (4.5.1) that
T
7a0é670‘<770) < 0,
v \2
o (4.5.6)
K< .
4(|o| e (B, (T/2,0)) + 1)
Thanks to Definition 4.5.1 and (4.5.4), we get
—KZQZJZ <A(xg,--- ,xp), if Zx? <r. (4.5.7)
=2 =2

Denote
Dy = {x € B.(0) | 21 <y(x2, -~ ,24)}, D =B.(0)\D;.

Since o € C*(Q), for any « € (0, ag), we can find a sufficiently small dp > 0 such
that 6y < min{1,7%} and

T\ 2
oo (t2) < —a, if |22 + (t - 7) < 5. (4.5.8)
2
Put
My = |o|pe(B,(r/20)), M1 =max{|o]c1(p, (1201} - (4.5.9)

From (4.5.6), we can choose o > 0 and h > 0 such that

1
K<—«—2

TR (4.5.10)

Put By = [4(My + 1)) and k = 2 + (Mp + 1)L, For 7 € (0,1), define the
weight function

Ie- 5 Ao T\2 1
ap(t,x)—hatl—l—zjz:;xj—i-Q(t—Q) + 5 (4.5.11)

For any positive number p with 7 > u > 3, put

n
Qu= {(t,x) eR"™ 2y > y(w2, 23, , 7)), Zx? < do, p(t,x) < u}. (4.5.12)
j=2
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The set @, is nonempty: since 7(0) = 0, the point (7'/2,¢,0,...,0) belongs to Q,,
when 0 < & < (u — 7/2)/h is sufficiently small. Moreover, 1 > y(2') > —K|2'|?
gives

ot z) > <; - hK> 2|2 + @(t —T/2) +

>
5 2

T T
523 ((t,2) € Qu).

Next, we show that there exists 71 > 0 such that for all 7 < 7 and pu < 7, we
have

T 2
|x12+(t—2) <do, V(t2)€ Q. (4.5.13)

Since ¢ < u < 7, from (4.5.11), we get
1 &, B T\2 1 T
e DI () R 4.5.14
TP a1 ( METHEET: (4.5.14)

2

By (4.5.14) and

n
—KZx? <Az, ,xn) < 21,
i=2

we get

n

2 T
o T 45.15
jz;xﬂ = 12Kk ( )

which implies
Kt

1] < ————. 0.
xl_l—QKh (4516)
From (4.5.14) and (4.5.16), we deduce that
K 1
< —_—, — T. 0.
|x1\_max{1_2Kh,2h}T (4.5.17)
Combining (4.5.15) and (4.5.17), noting that ¢ < 7, we obtain that
Kbt AN~ Bof, TN T
1—2kh 249217 2) T m PRl
which implies
T\? T
t—— | < ——mF—. 4.5.18
( 2) = Po(1 —2Kh) ( )

From (4.5.17) and (4.5.18), for (¢,z) € Q,, we have

T\? A K 12 (14 8;Hr
24 (1—2) < A B U BT )Ty 5
] +<t 2> < o(7) ‘max{l—QKh’Qh}‘ T ok W)

Choosing 71 > 0 such that po(71) < dp, for all 7 < 71, we obtain (4.5.13).
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Theorem 4.5.2. Let ¢, By, be as above. Let u be an HZ (G)-valued adapted
process such that u; is an L2 (G)-valued Ité process. Put

L= 890_>‘, 0=c', w=0u a= s)\go_’\_l, U =Al— oly + ka,
I = 20lw; +2VE-Vw + Yw.

There exists 19 > 0 such that, for each 0 < 7 < 70, there are positive constants
C, g, sg for which

E 0I(odu; — Audt)dx
Q.
> COE / [a(]Vw|2 +w?) + s3A4¢*3A*4w2} dwdt +E / 2dwdt
Q- Q.

+E / 02020y (duy)*dx (4.5.20)

for all A\ > Ao, s > s, and u compactly supported in Q. The same estimate holds
when u and its first derivatives have zero traces on 0Q).

Proof. Writer = ; = Bo(t—T/2), q =V = (h,2'), H = D%p = diag(0,1,...,1),
and D = or? — |q|?. Direct differentiation gives

A+1
fo=ar, Vo= ta="C1De2 s,
1 1
D20 = a()\;_)q ®q—aH, Vi = a()\(’j_)rq. (4.5.21)

Multiply the conjugated equation by I and integrate by parts on @),. In the term
containing o Ww dw; and the spatial term containing —WVwAw, we leave the first
derivatives of oW and ¥ on the coefficients. The resulting identity is

IE/ 01(ocduy — Audt)dr = IE/ (Q + Bow? + R + I*)dxdt

T

+E / o20%0,(duy)?de, (4.5.22)

where R = —(o¥);ww; + wVV - Vw and
By =AY + (0 Aly); — V - (AVY).

The boundary terms vanish by the support or zero-trace assumptions. These
product rules involve only first derivatives of ¢ and W. The quadratic form in
wye, Vw is
Q = [(6%): + V - (6VU) — aWw? — 2[(c VL) + V(aly)] - Vw wy
+ [(aby) — AL + V]| Vw|? + 2D24[Vw, Vuw]. (4.5.23)
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Set J = orw; — q - Vw. Substitution in (4.5.23) gives the exact expression

2a(A+1
Q= a((p—i_)ﬂ — 2a0Jwy;
+a[(—20%By — ¢+ Vo — or)w; + (k — oyr)|[Vwl|?

—2H[Vw, Vw] + 2rVo - Vwwy].

By (4.5.10), ha > 2(My + 1), whereas 2M@ Sy + kMo < 2Mp +3/2 and k — 2 > 0.
After decreasing 19 so that @, C (0,7) x G, the bounds (4.5.8) and (4.5.19)
therefore make the coefficients of w? and |Vw|? strictly positive, after absorbing
the term containing rVo. The remaining mixed term satisfies

A+1 po?
2|0'th15‘ < - J2+)\+t1th‘
Hence, for sufficiently large Ag,
Q > Ca(|Vw|* + w}). (4.5.24)

Substituting A = a®?D — ka gives

2\ +1
Bo—a3[(HD2+/£D+q~VD—arDt—atrD
®

A+1
—I—/<aa2[atr—/<a—+D .
2

We first shrink 7y so that |[D| > h%?/2 and 7/2 < ¢ < 7 < 1 on Q,. We then
increase Ao to absorb the other cubic terms into 2a3(\ + 1)D?/¢, and increase

s0 to absorb the quadratic terms, whose ratio to this leading term is bounded by
C/a. Thus

By > Ca®\/p = Cs3A1p™32 71, (4.5.25)
The C! regularity of o and (4.5.21) give
(W) + V] < Car?e?.
For any n > 0, it follows that
R| < na(wi + [Vw|?) + CnaXte™ w?,

Fix n small enough to absorb the first term by (4.5.24). The ratio of the last
term to a®\/¢ is C(n)A\p**~1/s%, which is bounded by C(n)/s? for A > 1 and ¢ <
7o < 1. Increasing sp once more and using (4.5.22), (4.5.24) and (4.5.25) proves
(4.5.20). The identity is first applied to smooth processes and then extended by
approximation at fixed s, \; its coefficients require only o € C1(Q). O
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With the help of the Carleman estimate, we are in a position to prove Theo-
rem 4.5.1.

Proof of Theorem 4.5.1. Use the coordinates and weights above and fix a suffi-
ciently small 7 > 0. Choose 0 < 7 < 7/8, and set

Ql = QT7 ka—i—l = QT—k?a k= 1,2,3. (4526)

By (4.5.15) and (4.5.19), the artificial boundary |2/|> = §y does not meet Q; after
decreasing 7. Choose a smooth function xy = x(¢) with 0 < xy < 1, x = 1 for
p<717—27and x =0 for ¢p > 7—7. Set u = xz. The zero Cauchy data on
S ensure that u and its first derivatives have zero boundary traces on 0Q;. It
satisfies

odu; — Audt = (byug + by - Vu + bzu + f)dt + byudW (t), (4.5.27)
where
f=oxuz+20x12t —2Vx - Vz — 2zAx — l~)1th — 52 -Vx z.

The function f is supported in Q2 \ Q3 and |f|? < C(|z|? + |Vz|? + 22) there. Ap-
ply (4.5.20) to u, initially by smooth approximation. More precisely, extend u by
zero across S; its zero Cauchy traces produce no surface terms in the weak equa-
tion. Divide the weak equation by o before spatial mollification, which preserves
adaptedness. The principal commutators [0}, J.]JAu are first-order Friedrichs
commutators acting on Vu; they converge in L? locally under the C' regularity
of 0. The lower-order and noise terms also converge by approximation. The mol-
lified zero extension can cross S, so integrate the weighted identity on a slightly
larger neighborhood where the same coefficient bounds hold, and then pass to
the limit to obtain the estimate on ()1, for each fixed s, \. The expectation of
the It6 integral is zero, and Young’s inequality bounds the drift multiplier by
IE [ I? + CE [ 62(Jue|? + [Vu|? + |bsul? + | f|?). Moreover,

‘IE / o20%0;(duy ) dx
1

—'E ztéﬁdemt‘gCE / aw?dzdt.

1

Q1

Sobolev’s inequality, applied to the zero extension of w, gives Hi)ng L2(G
Cllwl| g () locally under the stated condition on p. Use also 62(|u|* + [Vul?)
C(Jwi|* + |Vw|? + a?w?). All these lower-order terms are absorbed for large A, s,
so that

<
<

E/ [a(|Vw|* + w}) + a® Ao~ w?] dzdt
Q1

< C’IE/ 0 (|u) + |V + 2 dadt. (4.5.28)
2\Q3
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The combined expression on the left, including its zeroth-order term, controls
CO*[a(|Vul* + u?) + a®*Xp~1u?]. Since u = z on Q3, fixing a sufficiently large A
gives, for all large s,

E/ (V2> 4 22 + 2°)dxdt
Q4

< Cexp {28 |:(T —27) N — (7 — 3?)_>‘} } E/ (|2 + |V 2)? + 2%)dxdt.

(4.5.29)

The final integral is independent of s. Letting s — oo proves z = 0 in (4. This
set contains (VN DY) x (¢,T — ¢) for a sufficiently small neighborhood V of g
and some € € (0,7'/2). O

4.6 Solution to inverse source problem with the bound-

ary measurement and the final time measurement.
I

This section focuses on the following problem:
o Problem 4.4: Does Mj(2o, 21, g) uniquely determine (zo, 21, 9)?

Since the random source g(-) appears in the right hand side of (4.3.2), we cannot
use Theorem 4.3.2 directly to solve to solve Problem 4.4. To address this, we
must develop a new Carleman estimate for (4.1.5) in which the source term g and
the initial data are bounded by the measurement. To this end, for v satisfying
Condition 4.3.1, we assume the following condition:

Condition 4.6.1.

o —4c1 —co > 0,

Z W ey, > 44T > Z LT

(801 + co) “— e

Given that I'g is defined in (4.3.1), the following is a positive answer to Prob-
lem 4.4.

Theorem 4.6.1. Let Conditions 4.3.1 and 4.6.1 hold. If the solution z € Hr to
(4.1.5) satisfies that z(T') = 0 in G, P-a.s., then

’(ZO,ZI)‘B L (HE(G)xL2(G)) + VT 9’L2 (0,T;L2(G))

3/2777‘/
< Cec(”%“z 7 +1) ( gz
14

+ ’f‘L2(O T; L2(G))>
L3(0,T3L2(T))

where 1 and ro are defined in (4.2.19).
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Similar to the proof in Theorem 4.3.2, Theorem 4.6.1 can be directly derived
by the following global Carleman estimate for (4.1.5).

Theorem 4.6.2. Assume Conditions 4.3.1 and 4.6.1 are satisfied. Then, there
exists a constant X\ > 0 such that for any X > X and each solution z € Hy to the
equation (4.1.5) satisfying z(T) = 0 in G, P-a.s., it holds, with 0 = exp{A[¢)(z) —
ci(t —T)%)}, that

IE/ 92(0)()\|z1|2+)\]Vzo|2+)\3|z0]2)dx+)dE/(T—t)02g2dmdt
G Q

gc(m/ 62| %%
EO 81/

Proof. The proof is divided into three steps.

Step 1. In this step, we give the weight function of the Carleman estimate and
compute the order of the terms in the equality (4.2.1) with respect to A.

We choose

2
dldt +E / 62 f2d:1;dt>. (4.6.1)
Q

0=c') (=Ap)—alt-T)7,

where A > 0 is a parameter, 1(-) fulfills Conditions 4.3.1 and 4.6.1, and ¢; is the
constant in Condition 4.6.1.

We use the multiplier construction in the proof of Theorem 4.3.2. Put V =
bV, k = VY - bVyY and d = —2¢1 + V - V — ¢g. Choose a smooth d. with
|de — d|¢g) < €, and set

U = .. (4.6.2)

Here ¢ is fixed sufficiently small below. Let e = d. —d, w = 6z and ¢(t) =
—2¢1(t —T). Then

by = \q, by = =2c1\, VEL=AVy, Vi =0. (4.6.3)
The coefficients in (4.3.11)—(4.3.13) are unchanged. With
Ao = \2D, D=¢—k, r=4c, + co — e, (4.6.4)
the decomposition (4.3.10) holds with u = z. Its zeroth-order coefficient is
By = X*[(4ey + co)k + V- Vk — (8¢1 + co)q® + De]
- %v - (bVds). (4.6.5)
By Condition 4.3.1,

V- Vk > uok. (4.6.6)
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The strict inequalities in Condition 4.6.1 give a positive lower bound for the cubic
coefficient when e = 0. We first fix € small enough to preserve this lower bound
and those in (4.3.11) and (4.3.13), and then fix d.. For sufficiently large A,

Bo>CX  (A>)\). (4.6.7)

As in (4.3.17), the term Arlw is absorbed into a quarter of I? and the positive
zeroth-order term by increasing A;.

Step 2. We estimate the time-boundary terms. Since ¥y = 0, the time-
boundary expression from the identity for (4.3.10) is

M(t) = 6;(Vw - bVw + wy) — 2bVL - Vw wy — Ywew + Aglyw?. (4.6.8)
At t =0, Condition 4.6.1 gives
2017 —Vk >0,  D(0) =43T? —k > 0. (4.6.9)
The Cauchy—Schwarz inequality therefore yields
M(0) > A\2a1T — VE) (Vw - bVw + w}) — Mewgw + 2¢1 TN D(0)w?.
Young’s inequality absorbs the mixed term for sufficiently large Ao, and hence
M(0) > CA(wi + |Vw|?) + Nw?] (A= ). (4.6.10)
Att=T,0(T)=0and w(T) = Vw(T) =0, so
M(T) = 0. (4.6.11)

Step 3. We integrate the multiplier identity for (4.1.5).
Integrating the identity for (4.3.10) with v = z, taking mathematical expecta-
tion, and using (4.3.11)—(4.3.13), (4.3.20), (4.6.7), (4.6.10) and (4.6.11), we obtain

E/QH{ ( — 2w + 2 an bjkfzijk + \I/w> [dzt — f: (bjkzxj)xkdt} }d:v

J.k=1 gk=1

o [ (3 W) (3 )
20 k=1

Jhk=1

ow |2
9w ar
8V‘ddt

> CIE/ 0 (Azf FAVE? + /\3z2)d:cdt
Q

3 LI 2
+E /Q (= 26w +2 3 0¥, + Yw) duds
G k=1

-|—CIE/ 62(0) [A(\woy? + ) + >\3|zo\2] dz
G

+ C)\]E/ (T — 1)6?|byz + g|*dzdt,
Q
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for A > max{A1, \a}.
Since |bsz + g|* > 3|g|*> — 2|bsz|?, we deduce that

1
)\E/ (T — t)0%|byz + g|*dxdt > 2/\E/
Q

(T — t)0*g*dxdt — 2\TE / 0232 dxdt.
Q Q

(4.6.12)

1
Similar to the proof of (4.3.29), taking A = max{A1, A2, C(r} + 72 7MP +1)} in
(4.6.12), for any A > A, we deduce (4.6.1). O

Remark 4.6.1. In contrast to the inverse source problem (Problem 3.10) for the
stochastic parabolic equation in Chapter 3, here we can determine not only the
source term g but also simultaneously determine the initial datum of the system.
Further, we do not need assumptions on g as the one in Theorem 3.11.1.

Remark 4.6.2. An interesting question arises: Can we determine f that is in
0z
the drift term and (2o, 21) through the measurement (8— . 7z(T))? To be more
ViXo

specific, we consider the following stochastic hyperbolic equation:

n

dzy — > (VFz))adt = (brzy + by - V2 + byz + f)dt + bazdW(t)  in Q,
G k=1

z=0 on X,
Z(O) = 20, Zt(O) =z in Ga

in which zg, z1 and f are unknowns. From Example 1.1.2, we see that the answer
is no even for deterministic wave equations.

4.7 Solution to inverse source problem with the bound-

ary measurement and the final time measurement.
I1

This section focuses on the following problem:

e Problem 4.5: For a given R, determine the source function h and g by

0z 0%z, (1), zt(T)>.

means of the measurement <— ,
ovlys’ Ov
This problem involves simultaneously determining the two unknown source terms
for (4.1.10). Boundary measurements in this section are understood as weak
normal traces defined by Green’s formula. The zero Cauchy and terminal data
give the following spatial regularity.

5 °

Lemma 4.7.1. Under the coefficient and source assumptions in (4.1.10), let
z € Hy satisfy that equation. If 9,z =0 on X and z(T) = z(T) = 0 in G, then
Zg, € Hp.
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Proof. Let A = —Ap be the positive Dirichlet Laplacian, and set
E. = HNG) x L*(@), F_=1L*G)xHYG).

The Dirichlet wave group S(t) acts continuously on both spaces. Initially, ¢ = 2z,
and q; = 0y, 2 give X = (q,q;) € L*(Q;C([0,T); E_)), with X (T) = 0.

We first verify the Dirichlet equation for ¢ in the transposition sense. Take a
finite linear combination v of tensor products of Dirichlet eigenfunctions on (0, )
and G’. Such functions form a core for A, belong to H?(G) N H(G), and have
Oz, Av € L?(G). Apply the Green formula for z with the spatial test function
—vg,. The zero normal trace permits this test, although v,, need not vanish on
the boundary. Since z|yx =0,

—/VZ-valdxz/z@xlAvdx:—/qudm.
G G G

The zero trace of v also removes the boundary terms when differentiating the
lower-order terms and the noise. Since h is independent of x1, this yields the
weak Dirichlet evolution equation on E_,

= [ApX + B(t)X + (0, Fp)]dt + (0, Go)dW (t), (4.7.1)

where Ap(q,p) = (p, —Aq) and B(t)(q,p) = (0,b1p + by - Vg + bsq). The forcing

terms are
Fo = (b1)a,2t + (b2)ay - V2 + (b3)0, 2 + hRa,

and Go = (byz+g)a,, both in LZ(0,T; L*(G)). Multiplication by a W1°° function
is bounded on H~1(G), by duality with H}(G), and by - V : L*(G) — H YG)
is bounded. Thus B(t) is uniformly bounded on both E_ and Ey. Applying
variation of constants to finite spectral projections of this weak equation and
passing to the limit gives its mild formulation in E_.

Define the forward stochastic convolution

Yt):/o S(t— $)(0, Go(s)) AW ().

Writing Y (¢ fo )(0,Go(s)) dW (s) and applying the martingale max-
imal 1nequahty gives

T
B suwp [V(0)ft, <CE [ [Go(s)Eayds
0<t<T 0

The process V = X — Y satisfies, pathwise,

= ApV + BV + BR)Y + (0,F),  V(T)=—Y(T).
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The variation-of-constants formula, solved backwards from 7', and Gronwall’s in-
equality give a unique solution in C(]0,T]; E4) with

T
E sup [V(1)[%, sc(xa sup Y (£)f3, +E / rFo<t>\%2<G>dt>-
0<t<T 0<t<T 0

Uniqueness of the same deterministic integral equation in E_ identifies this solu-
tion with X — Y. Hence X € L%(Q;C([0,T]; E4)). Its adaptedness is inherited
from q = 2z, and ¢; = 0y, 2¢, so q € Hrp. O

Theorem 4.7.2. Let h € L2(0,T; HY(G')), g € LA(0,T; H'(G)) and R € C3(Q)
satisfy

|R(t,z)| #0 for all (t,z) € [0,T] x G. (4.7.2)
If z € Hy satisfies (4.1.10) and

0z  O0zyy

W o 0 on(0,7)x0G, P-a.s.,

2(T) = z(T) =0 in G, P-a.s.,
then

h(t,z") =0 for a.e. (t,2") € (0,T) x G', P-a.s.
g(t,x) =0 for a.e. (t,z) € (0,T) x G, P-a.s.
To prove Theorem 4.7.2, we need a new global Carleman estimate for the

special case of (4.1.5), where (b7%)1<;j k<n is the identity matrix and G = (0,1) x G".
For any zj, € R"1\G, let

O=c" (=Xp, o(t,z)=|t"—ab|® = Blz1|* + |t + m|?, (4.7.3)
where constants 8 and m satisfy
4
B e (O, 5) and m > maéx/ 2" — | + Bl (4.7.4)
z’'e

We have the following global Carleman estimate:

Theorem 4.7.3. Let (W*)1<jr<p, be the identity matriz and ¢,0 be given in
(4.7.3). Then there exist constants C > 0 and Ao > 0 such that for all X\ > Xg, for
any solution z € Hy to the equation (4.1.5), it holds that
/\E/ 02(g + 22 + |V2|? + \222)dxdt
Q
+ )\E/ 62(0)(22(0) + |V2(0) 2 + A2:2(0))dx
G
9| 0% | 2 ¢2
SCIE()\ 0 ‘—‘ drdt + | 0%f d:cdt)
b)) ov Q

+ CAE / 0*(T) (27 (T) + |V2(T) ] + N2*(T))da. (4.7.5)
G
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Proof. The proof is divided into two steps.

Step 1. In this step, we compute the order of the terms in the equality (4.2.1)
with respect to A.

Choosing

¢

in Theorem 4.2.1, we will estimate the terms in (4.2.1) one by one. For j =
1,--- . n, it is straightforward to verify that

L, u=z "=, U=Ll;+Al-cy, (4.7.6)

by =2\t +m), by =2X Ly =28 \v1, Ll =0, (4.7.7)
and for k =2,--- n,

lay = 2X\(x — T ) (4.7.8)

k

Combining (4.7.6)—(4.7.8), we obtain

(Ktt + Al — \I/> w? = co w?, (4.7.9)
and
2> g wa;wy = 0. (4.7.10)
j=1

Choose 0 < ¢p < min{4(1 — ),1} and 0 < ¢; < min{8 — ¢p,4(1 — ) — ¢o}. By
(4.2.2) and (4.7.6)—(4.7.8), it holds that

Z cjkwxijk = Z(ftt +20y0;, — AL+ \Il)w%j
Gk=1 j=1
= (8= co)Mw, + [4(1 = B) — col w3,
§=2
> e \| Vw2 (4.7.11)

Now we compute the coefficient of w?. Thanks to (4.2.2) and (4.7.6)—(4.7.8), we
have

A=0 —ly — |VIP+A0—T
= 4N[(t +m)? — |2’ — xp)? — B223] + (co — )\ (4.7.12)

From (4.7.7)-(4.7.9) and (4.7.12), we obtain

(Al = 8X3[3(t +m)? — |2’ — zp|® — B%23] + O(\?), (4.7.13)
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and

=D (Alyy)e; = =8(n— 1= BN[(t +m)* — |2’ — af|? — 5727

j=1
+ 160%)2" — 2j|* — 1683 X322 + O(\?). (4.7.14)

Combining (4.2.2), (4.7.4), (4.7.6) and (4.7.12)—(4.7.14), for ez < m? — 3212, we
conclude that

B = 4\[(8 = co) (¢ +m)? + cola’ — ah? + F(—4 — 4B + co)a?] + O(N?)
> 28X\3(m? — 5%12) + O(\?)
> e\ + 0(\?).
Hence, there exists A1 > 0 so that for any A > Ay,

Bw? > ca\3w? (4.7.15)

Step 2. In this step, we apply Theorem 4.2.1 to the equation (4.1.5).
Put

M(t,x) = £;|Vw|* — 2V - Vww; + bw? — Ywyw + Alyw?.

Noting that z = 0 on X, integrating (4.2.1) in @, taking expectation and using
(4.7.9)—(4.7.11) and (4.7.15), for A > A\; we obtain

2

E/ O[(—20ywy + 2VIVW + Vw)(dz — Azdt)|dx + C)\E/ 62 gz drdt
Q » v
+IE/ [M(T,z) — M(0,z)]dx
G
> C/\IE/ 0%(27 +|Vz|? + \22%)dadt + E/ 0%4;|dz|*dx
Q Q
+E / (—2lywy + 2V - Vw + Yw)?dadt. (4.7.16)
Q

At t =0, from (4.7.3), (4.7.4), (4.7.6) and (4.7.12), there exists A2 > 0 such
that for all A > A9, we have

L Vw|* — 2VL - Vww, + bw? — Dwpw + Alyw?
> 22m(|Vw|? + w?) — 4|2’ — p| + B1)|Vw||wg| — CA|we|[w]
+ 8X3m(m? — |2’ — zp)? — A1) w? + O(\?)w?
> CA\w? + |Vw|? + X2w?)
> CAO? (27 + |V2|? + \222). (4.7.17)
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At t =T, the same formulas give
|M(T, z)| < CAO*(T,z) (2(T, x) + |V2(T,2)|* + N22*(T, 7). (4.7.18)
It follows from (4.7.3) that
]E/ 04| dzi|*da > c)\E/ 9292d3:dt—C’)\Hb4\|%§o(07T;Loo(G))E/ 0°2* dadt.
Q Q Q
(4.7.19)

By (4.1.5), we get that
E /Q 0[(—20w; + 2VIVW + Yw)(dz — Azdt)]dz
gc[E/Q#(mM |g|?)dzdt + |b1|igo(07T;Loo(G))E/Q02zt2d:cdt
+ 1027 e 0,71 (R E /Q 0%V z|2dzdt + E /Q 0%b3 2% dxdt

+ |b4|%§°(0,T;L°°(G))E/Q9222d$dt:|

+ IE/ (— 20w+ 2V - Vw + \Ilw)Qda:dt. (4.7.20)

Q
Combining (4.7.16)—(4.7.20) and absorbing the lower-order terms as in (4.3.29),
we obtain (4.7.5) for all A > Ao, with A9 > max{\;, A2} sufficiently large. O

Proof of Theorem 4.7.2. By Theorem 4.7.1, z,, € Hp. Set z = Ru. Then u, u,, €
Hy, and their displacements and velocities vanish at T". Moreover, since z = 2, =
0 on X, the product rule for weak normal traces gives

dyu=R 19,z = 0, Oy, = R_l&,le — R_Qlea,,z =0.
From (4.1.10), we have

dug — Audt = [(by — 2R Ry)uy + 2R 'VR 4 b3) - Vu
+ RN (~Ry + AR+ by Ry + by - VR + b3 R)u]dt

+ h(t,2")dt + (R g + byu)dW (t) in Q,
(4.7.21)

Differentiate both side of (4.7.21) with respect to z1, and set w = ug,. Noting
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that Vu = ?l/ = 0 on X, we obtain that
v

dw; — Awdt = [(b — 2R 'R)w; + (2R™'VR 4+ by) - Vw
+ R =Ry + AR+ by Ry + by - VR + bsR)w]dt
+{(b1 — 2R 'Ry)p,us + 2R VR + by), - Vu
+[R7Y =Ryt + AR+ bRy + by - VR + b3R)], u}dt
+ ((R7Y9) 2y + baw + by p, w)dW () in Q,

(w =0 on X.
(4.7.22)

Apply Theorem 4.7.3 to w = uy,. Its terminal term vanishes because w(T') =
we(T) = 0. Thus, for some A; > A\g and all A > Ay, it holds that

)\E/ 0*(|(R719)ay + bagul* + wi + |Vu|* + Nw?)dzdt

Q

< CIE{)\ / 0*
b

f= (1= 2R'R)syus + 2RT'VR + by),, - Vu
+ [RY(=Ret + AR+ b1 Ry + by - VR + b3 R)] ., u. (4.7.24)

dw

2
dTdt + / 6> dexdt}, (4.7.23)
8V Q

where

Since w = uy,, and u(t,0,2') = z(¢,0,2’) = 0 for (t,2') € (0,T) x G', we have

z1
u(t,xl,x'):/ w(t,n,z")dn. (4.7.25)
0

For 0 < n < x; <, the weight in (4.7.3) satisfies 0(t,z1,2") < 0(t,n,2"). Thus
the Cauchy—Schwarz argument in (3.11.5) and (3.11.6) applies also to this weight.
Using (4.7.24) and (4.7.25), we obtain

E / 6° f*dzdt < CE / 0%(w} + |Vw|* + w?)dxdt, (4.7.26)
Q Q

and

AE / 0*|(R™1g)sy + by ul*dzdt
Q

1

> SAE / 02|(R7g) s, |*dzdt — CAE / 0*widzdt. (4.7.27)
Q

Q
From (4.7.23), (4.7.26) and (4.7.27), we know there exists A9 > A; such that for
all A > Ao, it holds that
a 2
A]E/ 0*((R™ )z, |* + wi + |[Vw|? + Nw?)dzdt < CIE/\/ 62 a%J dTdt.
Q )
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Since 8—w _ Oum

ov ov

=0 on X, for A > Ao, we have
)\IE/ 0 ((R'9)as |* + wi + |Vw|* + Nw?)dzdt < 0.

This yields that
w=0in (0,7) x G, P-as.,
which, together with (4.7.25), implies that
uw=01in (0,7) x G, P-as.
Consequently,
z=01in (0,T) x G, P-a.s. (4.7.28)

From (4.1.10) and (4.7.28), for any t € (0,7), we have

/ h(s,:p/)R(s,x)ds—}—/ g(s,z)dW(s) = 0. (4.7.29)
0 0

Noting that fot )R(s x)ds is absolutely continuous with respect to t, we get

from (4.7.29) that fo s,x)dW (s) is also absolutely continuous with respect to ¢.
Consequently, its quadratic variation is zero, which concludes that

g=0in (0,T) x G, P-as.

This, together with (4.7.29), implies that
t
/ h(s,z")R(s,z)ds = 0, vt e (0,T).
0

Therefore,

h(s,2') =0in (0,T) x G, P-a.s.

4.8 Further comments

To the best of our knowledge, [79] is the pioneering work that utilized Carleman
estimates in investigating inverse problems for stochastic hyperbolic equations.
Subsequently, multiple studies have delved into the realm of inverse problems for
stochastic hyperbolic equations using Carleman estimates, such as [54, 58, 59,
74, 77]. Several of these works are introduced in this chapter. Theorem 4.2.1 is
first established in [58], while Theorem 4.2.3 make its debut in [79]. The energy



121 4. Inverse problems for stochastic hyperbolic equations

estimate in Theorem 4.2.5 is established in [54]. Theorem 4.3.1 is proved in [54],
and the primary content of Section 4.6 is taken from [59]. Theorem 4.7.2 is taken
from [77], and the core material of Section 4.4 is referenced from [21].

In this chapter, we focus on the inverse state problems and inverse source
problems for stochastic hyperbolic equations. However, there are still many open
problems related to inverse problems for that equation.

e Inverse problems for stochastic hyperbolic equations with less restrictions

To prove inequality (4.3.2), we assume Conditions 4.3.1 and 4.3.2 hold.
However, for deterministic hyperbolic equations, the time 7" does not need
to be that large. It is an interest question to weaken the condition on time
T for Theorem 4.3.2 holds.

o Inverse problems for stochastic hyperbolic equations with general coefficients

n .
Replacing AZ in (4.1.7) and (4.1.10) with > (b/*Z,,)
jk=1
interesting to consider Problems 4.5 and 4.3. In this case, the main challenge
lies in constructing an appropriate weight function for Carleman estimates

to ensure the validity of Theorems 4.5.1 and 4.7.3.

o it is also quite

o Inverse state and source problems for semilinear stochastic hyperbolic equa-
tions

For a general semilinear stochastic hyperbolic equation (4.1.2), can we in-
vestigate its inverse source problem with both boundary and final time mea-
surements, for instance, Problem 4.47

e Reconstruct problem for the unknown state and source term

For the equation (4.1.5), we obtain an estimate of the initial values (zo, 21)
and the diffusion term g in Theorem 4.6.1. Analogous to Section 4.4, can
we reconstruct the unknown state and source problem with a boundary
measurement and a final time measurement?

e Efficient algorithm for the construction of unknowns

In Section 4.4, we discuss reconstructing the solution from boundary mea-
surement using the Tikhonov regularization approach. When applying gra-
dient methods to solve these optimization problems, challenges arise in solv-
ing backward stochastic partial differential equations numerically, similar
to stochastic parabolic equations (see Section 3.12). However, it is highly
challenging to solve backward stochastic partial differential equations nu-
merically. Therefore, novel numerical algorithms must be developed for
stochastic problems.

An interesting direction for future research might be the adaptation of meth-
ods from the deterministic setting. For instance, in [3, 4], Carleman estimate
methods are applied to reconstruct the potential or the wave speed in wave
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equations. A key feature is that the Carleman approach is used only for the
forward equation. It would be interesting to investigate whether these ideas
could be extended to the stochastic case, potentially leading to a convergent
algorithm that avoids the numerical difficulties associated with backward
SPDEs.

o The strategy for selecting the prior information F

In the reconstruct problem (Section 4.4), our objective is to minimize the
Tikhonov functional (4.4.3), which requires selecting a function F. How does
the selection of different prior information F affect the efficacy of numerically
solving the approximate solution? Can a suitable method be proposed to
find a better F'?

o The strateqy for quantitatively selecting the regularization parameter

In the Tikhonov functional (4.4.3), we introduce a regularization parame-
ter . In general, the regularization parameter v has a certain impact on
the numerical error. In Theorem 4.4.3, we set a prior selection of the reg-
ularization parameter as 2. Can a method be provided for selecting the
regularization parameter based on the input data?

e The optimal measurement method

In practical problems, measurements are typically made through the de-
ployment of costly sensors. Numerous instances in engineering applications
emphasize the significant impact of sensor placement on the achievable ac-
curacy of inverse problems. Therefore, determining where to locate the
observation becomes an important problem. Some interesting findings al-
ready exist in PDEs [09]. However, as far as we know, there has been no
published work on this problem for SPDEs.

e What can we benefit from uncertainties?

In Example 1.1.2, we mention that Problem 4.4 is essentially stochastic.
It can be observed that the uncertainty in SPDEs benefits certain inverse
problems. What benefits can we derive from uncertainties in solving inverse
problems for SPDEs remains a largely unresolved puzzle. We believe that
studying this problem can lead to new insights into uncertainty.



Bibliography

1]

[10]

S. ALINHAC, Non-unicité du probléme de Cauchy, Ann. Math. (2), 117 (1983),
pp. 77-108.

R. F. Bass, Stochastic processes, vol. 33 of Camb. Ser. Stat. Probab. Math.,
Cambridge: Cambridge University Press, 2011.

L. BaupouiNn, M. DE BUHAN, AND S. ERVEDOZA, Convergent algorithm
based on Carleman estimates for the recovery of a potential in the wave

equation, STAM J. Numer. Anal., 55 (2017), pp. 1578-1613.

L. BAUDOUIN, M. DE BUHAN, S. ERVEDOZA, AND A. OsSSgS, Carleman-
based reconstruction algorithm for waves, SIAM J. Numer. Anal., 59 (2021),
pp- 998-1039.

J. BAUMEISTER, Inverse problems in finance, in Recent Developments in
Computational Finance, World Scientific, 2013, pp. 81-157.

L. BEILINA AND M. V. KLIBANOV, Approximate global convergence and
adaptivity for coefficient inverse problems., New York: Springer, 2012.

M. BELLASSOUED AND M. YAMAMOTO, Carleman estimates and applica-
tions to inverse problems for hyperbolic systems, Springer Monogr. Math.,
Tokyo: Springer, 2017.

K. BRYAN AND L. F. J. CAUDILL, Stability and reconstruction for an inverse
problem for the heat equation, Inverse Probl., 14 (1998), pp. 1429-1453.

A. L. BUKHGEIM, J. CHENG, AND M. YAMAMOTO, Stability for an inverse

boundary problem of determining a part of a boundary, Inverse Probl., 15
(1999), pp. 1021-1032.

B. Canuto, E. ROSSET, AND S. VESSELLA, Quantitative estimates of
unique continuation for parabolic equations and inverse initial-boundary value
problems with unknown boundaries, Trans. Am. Math. Soc., 354 (2002),
pp. 491-535.

123



BIBLIOGRAPHY 124

[11]

[12]

[13]

R. A. CARMONA AND B. R0z0OVsKIl, eds., Stochastic Partial Differential
Equations: Siz Perspectives, Mathematical Surveys and Monographs, Amer-
ican Mathematical Society, Providence, RI, 1999.

M. CHOULLI, Applications of elliptic Carleman inequalities to Cauchy and
inverse problems, SpringerBriefs Math., Cham: Springer; Bilbao: BCAM —
Basque Center for Applied Mathematics, 2016.

E. M. CONSTANTINESCU, N. PETRA, J. BESsac, AND C. G. PETRA, Statis-
tical treatment of inverse problems constrained by differential equations-based
models with stochastic terms, STAM/ASA J. Uncertain. Quantif., 8 (2020),
pp. 170-197.

R. CoNT, Modeling term structure dynamics: an infinite dimensional ap-
proach, Int. J. Theor. Appl. Finance, 8 (2005), pp. 357-380.

G. DA PRATO AND J. ZABCZYK, Stochastic Equations in Infinite Dimen-
sions, Encyclopedia of Mathematics and its Applications, Cambridge Uni-
versity Press, Cambridge, second ed., 2014.

R. DavanG, D. KHOSHNEVISAN, C. MUELLER, D. NUALART, AND
Y. X1A0, A Minicourse on Stochastic Partial Differential Equations, Springer
Berlin Heidelberg, 2009.

D. A. DAWSON, Stochastic evolution equations, Math. Biosci., 15 (1972),
pp. 287-316.

A. J. DEVANEY, The inverse problem for random sources, Journal of Math-
ematical Physics, 20 (1979), pp. 1687-1691.

H. Diao AND H. Liu, Spectral geometry and inverse scattering theory, Cham:
Springer, 2023.

F. Dou AND W. Du, Determination of the solution of a stochastic parabolic
equation by the terminal value, Inverse Probl., 38 (2022), p. 24. Id/No 075010.

F. Dou AND P. LU, An inverse Cauchy problem of a stochastic hyperbolic
equation, Inverse Problems, 41 (2025), pp. Paper No. 045003, 28.

F. Dou, P. LU, AND Y. WANG, Stability and reqularization for ill-posed

cauchy problem of a stochastic parabolic differential equation, Inverse Probl.,
40 (2024). Id/No 115005.

J. ELSCHNER, G. Hu, AND M. YAMAMOTO, Single logarithmic conditional
stability in determining unknown boundaries, Appl. Anal., 99 (2020), pp. 725—
746.

X. FENG, M. ZHAO, P. L1, AND X. WANG, An inverse source problem for
the stochastic wave equation, Inverse Probl. Imaging, 16 (2022), pp. 397-415.



125

BIBLIOGRAPHY

[25]

[26]

[27]

[28]

X. Fu AND X. Liu, A weighted identity for stochastic partial differential
operators and its applications, J. Differential Equations, 262 (2017), pp. 3551—
3582.

X. Fu, Q. LU, AND X. ZHANG, Carleman estimates for second order par-

tial differential operators and applications, SpringerBriefs in Mathematics,
Springer, Cham, 2019.

A. V. Fursikov AND O. Y. IMANUVILOV, Controllability of Evolution Equa-
tions, Lecture Notes Series, Seoul National University, Research Institute of
Mathematics, Global Analysis Research Center, Seoul, 1996.

J. GARNIER AND G. PAPANICOLAOU, Passive sensor imaging using cross

correlations of noisy signals in a scattering medium, SIAM J. Imaging Sci.,
2 (2009), pp. 396-437.

Y. Gong, P. Li, X. WANG, AND X. XU, Numerical solution of an in-

verse random source problem for the time fractional diffusion equation via
PhaseLift, Inverse Probl., 37 (2021), p. 23. Id/No 045001.

A. HASANOV HASANOGLU AND V. G. RoMANOV, Introduction to inverse
problems for differential equations, Springer, Cham, 2nd edition ed., 2021.

T. HELIN, M. LASSAS, AND L. OKSANEN, Inverse problem for the wave equa-
tion with a white noise source, Commun. Math. Phys., 332 (2014), pp. 933—
953.

T. HELIN, M. LAssAs, L. OKSANEN, AND T. SAKSALA, Correlation based
passive imaging with a white noise source, J. Math. Pures Appl., 116 (2018),
pp- 132-160.

H. HOLDEN, B. @ KSENDAL, J. UB® E, AND T. ZHANG, Stochastic Partial
Differential Equations, Universitext, Springer, New York, second ed., 2010.

L. HORMANDER, Linear partial differential operators, Springer-Verlag, Berlin
Heidelberg New-York, 1976.

V. IsAkov, Inverse problems for partial differential equations, vol. 127 of
Applied Mathematical Sciences, Springer, Cham, third ed., 2017.

B. KALTENBACHER AND W. RUNDELL, Inverse problems for fractional par-
tial differential equations, vol. 230 of Grad. Stud. Math., Providence, RI:
American Mathematical Society (AMS), 2023.

M. KERN, Numerical methods for inverse problems, Math. Stat. Ser., London:
ISTE; Hoboken, NJ: John Wiley & Sons, 2016.



BIBLIOGRAPHY 126

[38] M. V. KLIBANOV AND J. L1, Inverse problems and Carleman estimates.

Global uniqueness, global convergence and experimental data, vol. 63 of In-
verse Ill-Posed Probl. Ser., Berlin: De Gruyter, 2021.

[39] P. S. KNnorpov AND O. N. DERIYEVA, Estimation and control problems for
stochastic partial differential equations, vol. 83 of Springer Optim. Appl., New
York: Springer, 2013.

[40] P. KOTELENEZ, Stochastic Ordinary and Stochastic Partial Differential
FEquations, Stochastic Modelling and Applied Probability, Springer, New
York, 2008.

[41] M. M. LAVRENTIEV, A. V. AVDEEV, M. M. J. LAVRENTIEV, AND V. L. PRI-

IMENKO, Inverse problems of mathematical physics., Inverse Ill-Posed Probl.
Ser., VSP, Utrecht, 2003.

[42] K. Law, A. STUART, AND K. ZYGALAKIS, Data assimilation. A mathemat-
ical introduction, vol. 62 of Texts Appl. Math., Cham: Springer, 2015.

[43] D. LESNIC, Inverse problems with applications in science and engineering,
CRC Press, Boca Raton, FL, 2022.

[44] H. L1 AND Q. LU, A quantitative boundary unique continuation for stochastic
parabolic equations, J. Math. Anal. Appl., 402 (2013), pp. 518-526.

[45] J. L1, P. L1, AND X. WANG, Inverse source problems for the stochastic wave
equations: far-field patterns, SIAM J. Appl. Math., 82 (2022), pp. 1113-1134.

[46] ——, Inverse source problems for the stochastic wave equations: far-field
patterns, SIAM J. Appl. Math., 82 (2022), pp. 1113-1134.

[47) J. L1, H. Liu, AND S. MA, Determining a random Schrédinger operator:
both potential and source are random, Commun. Math. Phys., 381 (2021),
pp- 527-556.

[48] Z. L1A0 AND Q. LU, Stability estimate for an inverse stochastic parabolic

problem of determining unknown time-varying boundary, Inverse Probl., 40
(2024), p. 41. Id/No 045032.

[49] Y.-H. LiN AND H. Liu, Inverse problems for integro-differential operators,
vol. 222 of Appl. Math. Sci., Cham: Springer, 2025.

[50] J.-L. Lions, Controlabilité exacte, perturbations et stabilisation de systémes
distribués. Tome 1: Contrélabilité exacte, vol. 8 of Rech. Math. Appl., Paris
etc.: Masson, 1988.

[51] X. Liu, Global Carleman estimate for stochastic parabolic equations, and its
application, ESAIM Control Optim. Calc. Var., 20 (2014), pp. 823-839.



127

BIBLIOGRAPHY

[52]

[53]

[54]

[55]

[56]

[57]

[60]

[61]

[62]

[63]

Y. Liu, Some sufficient conditions for the controllability of wave equations
with variable coefficients, Acta Appl. Math., 128 (2013), pp. 181-191.

Q. LU, Carleman estimate for stochastic parabolic equations and inverse
stochastic parabolic problems, Inverse Probl., 28 (2012), p. 18. Id/No 045008.

——, Observability estimate and state observation problems for stochastic
hyperbolic equations, Inverse Probl., 29 (2013), p. 22. Id/No 095011.

—, Observability estimate for stochastic Schrédinger equations and its ap-
plications, STAM J. Control Optim., 51 (2013), pp. 121-144.

Q. LU, P. WANG, Y. WANG, AND X. ZHANG, Numerics for stochastic dis-
tributed parameter control systems: a finite transposition method, in Numeri-
cal control. Part A, Elsevier/North Holland, Amsterdam, 2022, pp. 201-232.

Q. LU AND Z. YIN, Unique continuation for stochastic heat equations,
ESAIM, Control Optim. Calc. Var., 21 (2015), pp. 378-398.

—, Local state observation for stochastic hyperbolic equations, ESAIM,
Control Optim. Calc. Var., 26 (2020), p. 19. Id/No 79.

Q. LU AND X. ZHANG, Global uniqueness for an inverse stochastic hyperbolic
problem with three unknowns, Comm. Pure Appl. Math., 68 (2015), pp. 948—
963.

Q. LU AND X. ZHANG, Mathematical Control Theory for Stochastic Par-
tial Differential FEquations, Probability Theory and Stochastic Modelling,
Springer Nature Switzerland AG., 2021.

S. MA, On recent progress of single-realization recoveries of random
Schrodinger systems, Electron. Res. Arch., 29 (2021), pp. 2391-2415.

A. J. Maipa, I. TIMOFEYEV, AND E. VANDEN EILINDEN, A mathematical
framework for stochastic climate models, Comm. Pure Appl. Math., 54 (2001),
pp- 891-974.

R. M. MURRAY, ed., Control in an information rich world. Report of the
panel on future directions in control, dynamics, and systems, Philadelphia,
PA: SIAM Society for Industrial and Applied Mathematics, 2003.

P. N1u, T. HELIN, AND Z. ZHANG, An inverse random source problem in
a stochastic fractional diffusion equation, Inverse Probl., 36 (2020), p. 23.
Id/No 045002.

G. P. PATERNAIN, M. SALO, AND G. UHLMANN, Geometric inverse prob-
lems. With emphasis on two dimensions, vol. 204 of Camb. Stud. Adv. Math.,
Cambridge: Cambridge University Press, 2023.



BIBLIOGRAPHY 128

[66]

[67]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

A. I. PrRILEPKO, D. G. ORLOVSKY, AND I. A. VASIN, Methods for solving
tnverse problems in mathematical physics, vol. 231 of Monogr. Textbooks
Pure Appl. Math., Marcel Dekker, Inc., New York, 2000.

A. PROHL AND Y. WANG, Strong rates of convergence for a space-time dis-
cretization of the backward stochastic heat equation, and of a linear-quadratic
control problem for the stochastic heat equation, ESAIM, Control Optim.
Calc. Var., 27 (2021), p. 30. Id/No 54.

S. TANG AND X. ZHANG, Null controllability for forward and backward
stochastic parabolic equations, STAM J. Control Optim., 48 (2009), pp. 2191—
2216.

D. UciNsKI, Optimal measurement methods for distributed parameter system
identification, Boca Raton, FL: CRC Press, 2005.

S. VESSELLA, Quantitative estimates of unique continuation for parabolic
equations, determination of unknown time-varying boundaries and optimal
stability estimates, Inverse Probl., 24 (2008), p. 81. Id/No 023001.

—, Unique continuation properties for partial differential equations. In-
troduction to the stability estimates for inverse problems, Birkhduser Adv.
Texts, Basler Lehrbiich., Cham: Birkhauser, 2025.

G. WANG AND Y. PAN, Phase-resolved ocean wave forecast with ensemble-
based data assimilation, J. Fluid Mech., 918 (2021), pp. Paper No. A19, 27.

B. Wu, Q. CHEN, AND Z. WANG, Carleman estimates for a stochastic degen-
erate parabolic equation and applications to null controllability and an inverse
random source problem, Inverse Probl., 36 (2020), p. 38. Id/No 075014.

B. Wu aAND J. Liu, On the stability of recovering two sources and initial
status in a stochastic hyperbolic-parabolic system, Inverse Probl., 38 (2022),
p. 29. 1d/No 025010.

M. YAMAMOTO, Carleman estimates for parabolic equations and applications,
Inverse Probl., 25 (2009), p. 75. Id/No 123013.

K. YosIDA, Functional analysis. 6th ed, vol. 123 of Grundlehren Math. Wiss.,
Springer, Cham, 1980.

G. YUAN, Determination of two kinds of sources simultaneously for a stochas-
tic wave equation, Inverse Probl., 31 (2015), p. 13. 1d/No 085003.

[78] ——, Inverse problems for stochastic parabolic equations with additive noise,

[79]

J. Inverse Ill-Posed Probl., 29 (2021), pp. 93-108.

X. ZHANG, Carleman and observability estimates for stochastic wave equa-
tions, SIAM J. Math. Anal., 40 (2008), pp. 851-868.



	Introduction
	Why should we study inverse problems for SPDEs?
	Formulation of inverse problems for SPDEs

	Preliminaries in Stochastic Calculus
	Measure and integration
	Probability, random variables and expectation
	Stochastic process
	Itô's integral
	Stochastic evolution equations

	Inverse problems for stochastic parabolic equations
	Formulation of the problems
	Inverse state problems
	Inverse source problems

	A fundamental weighted identity
	Solution to inverse state problem with an internal measurement I
	Solution to inverse state problem with a terminal measurement
	Proof of the conditional stability I
	Proof of the conditional stability II

	Reconstruct the unknown state with a terminal measurement
	Solution to inverse state problem with an internal measurement. II
	Solution to inverse state problem with a boundary measurement
	Reconstruct the unknown state with boundary measurements
	Solution to the inverse source problem with a terminal measurement
	Solution to the inverse source problem with a boundary measurement
	Solution to the inverse source problem with boundary/terminal measurement
	Further comments

	Inverse problems for stochastic hyperbolic equations
	Formulation of the problems
	Inverse state problems
	Inverse source problems

	Some preliminaries
	A fundamental weighted identity
	Hidden regularity property of solutions to stochastic hyperbolic equations
	An energy estimate for stochastic hyperbolic equations

	Solution to inverse state problem with the boundary measurement
	Reconstruct the unknown state with a boundary measurement
	Solution to inverse state problem with the internal measurement
	Solution to inverse source problem. I
	Solution to inverse source problem. II
	Further comments


