
Inverse problems for stochastic partial differential
equations

Qi Lü and Yu Wang

October 13, 2026



Contents

1 Introduction 4
1.1 Why should we study inverse problems for SPDEs? . . . . . . . . . 4
1.2 Formulation of inverse problems for SPDEs . . . . . . . . . . . . . 8

2 Preliminaries in Stochastic Calculus 12
2.1 Measure and integration . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2 Probability, random variables and expectation . . . . . . . . . . . . 14
2.3 Stochastic process . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.4 Itô’s integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.5 Stochastic evolution equations . . . . . . . . . . . . . . . . . . . . . 20

3 Inverse problems for stochastic parabolic equations 24
3.1 Formulation of the problems . . . . . . . . . . . . . . . . . . . . . . 25

3.1.1 Inverse state problems . . . . . . . . . . . . . . . . . . . . . 25
3.1.2 Inverse source problems . . . . . . . . . . . . . . . . . . . . 30

3.2 A fundamental weighted identity . . . . . . . . . . . . . . . . . . . 31
3.3 Solution to inverse state problem with an internal measurement I . 35
3.4 Solution to inverse state problem with a terminal measurement . . 44

3.4.1 Proof of the conditional stability I . . . . . . . . . . . . . . 46
3.4.2 Proof of the conditional stability II . . . . . . . . . . . . . . 51

3.5 Reconstruct the unknown state with a terminal measurement . . . 55
3.6 Solution to inverse state problem with an internal measurement. II 58
3.7 Solution to inverse state problem with a boundary measurement . 64
3.8 Reconstruct the unknown state with boundary measurements . . . 67
3.9 Solution to the inverse source problem with a terminal measurement 71
3.10 Solution to the inverse source problem with a boundary measurement 74
3.11 Solution to the inverse source problem with boundary/terminal

measurement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
3.12 Further comments . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4 Inverse problems for stochastic hyperbolic equations 80
4.1 Formulation of the problems . . . . . . . . . . . . . . . . . . . . . . 80

4.1.1 Inverse state problems . . . . . . . . . . . . . . . . . . . . . 81
4.1.2 Inverse source problems . . . . . . . . . . . . . . . . . . . . 84

2



CONTENTS 3

4.2 Some preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.2.1 A fundamental weighted identity . . . . . . . . . . . . . . . 86
4.2.2 Hidden regularity property of solutions to stochastic hyper-

bolic equations . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.2.3 An energy estimate for stochastic hyperbolic equations . . . 91

4.3 Solution to inverse state problem with the boundary measurement 92
4.4 Reconstruct the unknown state with a boundary measurement . . 100
4.5 Solution to inverse state problem with the internal measurement . 104
4.6 Solution to inverse source problem. I . . . . . . . . . . . . . . . . . 110
4.7 Solution to inverse source problem. II . . . . . . . . . . . . . . . . 113
4.8 Further comments . . . . . . . . . . . . . . . . . . . . . . . . . . . 120



Chapter 1

Introduction

Abstract This chapter introduces the motivation and main challenges of in-
verse problems for stochastic partial differential equations. The central questions
addressed in this book are formulated and discussed.

1.1 Why should we study inverse problems for SPDEs?
Physical theories enable us to make predictions: given a complete description of
a physical system, we can predict the outcomes of certain measurements. This
process of predicting measurement results is commonly referred to as the “direct
problem”. In contrast, the concept of an “inverse problem” involves deducing the
values of the system’s parameters from actual measurements.

A general formulation of an inverse problem can be described as follows: Let
U and V be two topological spaces, and F : U → V a given mapping. For a given
input u ∈ U , computing F (u) is called the direct problem. Conversely, for a given
v ∈ V , finding an unknown input u ∈ U such that F (u) = v is called the inverse
problem.

Before going to more details, let us recall the definition of the well-posedness
by Hadamard:

Definition 1.1.1. Consider the equation

F (u) = v, u ∈ U, v ∈ V. (1.1.1)

The equation (1.1.1) is called well-posed in the sense of Hadamard if the following
three conditions are satisfied:

(i) For any v ∈ V , there exists a solution u ∈ U such that F (u) = v.

(ii) This solution is unique.

(iii) The solution u = F−1(v) depends continuously on v in V .

If at least one of these conditions is failed, the problem is called ill-posed.
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5 1. Introduction

Remark 1.1.1. If (i) and (ii) are satisfied, we know there is a unique solution to
the equation (1.1.1). However, for practical purposes, the necessity of condition
(iii) becomes apparent. Indeed, in real-world scenarios, the exact value of v is
often unattainable, and we must rely on an approximate value ṽ instead. Failure
to meet condition (iii) can lead to a significant deviation between the solution ũ
of the equation F (ũ) = ṽ and the desired solution u. Therefore, the continuity of
the inverse mapping F−1 plays a critical role in practical applications.

Inverse problems typically arise in situations where the parameters of a physi-
cal device or system cannot be measured directly. Instead, these parameters must
be inferred from measurements of the effects they cause. A classic example is de-
termining the electrical resistance of a material. This is done by measuring the
voltage applied to the material and the current flowing through it (or the flux on
its surface), and then applying Ohm’s Law to deduce the resistance.

Over recent decades, the theory of inverse problems, particularly those involv-
ing partial differential equations (PDEs), has developed substantially, evolving
into a major branch of applied mathematics (see, e.g., [19, 30, 35–37, 41, 43, 49,
65, 66, 71]). This growth has, in turn, stimulated significant advances in related
areas such as partial differential equations, functional analysis, and numerical
analysis.

However, many such inverse problems fail to satisfy Conditions (i)–(iii) in
Definition 1.1.1. As a result, most inverse problems are inherently ill-posed in
nature.

A variety of methods and techniques have been developed to address inverse
problems for partial differential equations. Among these, the Carleman estimate
stands out as one of the most powerful and widely used tools. Due to the extensive
body of literature on this subject, we refrain from providing an exhaustive list here.
For a comprehensive overview of the application of Carleman estimates to various
inverse problems for PDEs, we refer the reader to [6, 7, 12, 26, 38, 71] and the
numerous references therein.

Due to the complexity of real-world systems, many phenomena in fields such as
chemistry, biology, microelectronics, pharmaceuticals, communications, and signal
transmission require characterization through SPDEs for more accurate modeling
(see, e.g., [11, 15, 33, 40, 62]). Consequently, the study of inverse problems for
SPDEs arises naturally from practical needs. Moreover, such inverse problems
are closely connected to other significant areas, including data assimilation and
Kalman filtering for SPDEs (e.g., [39, 42]).

Next, we present an example of inverse problems for SPDEs.

Example 1.1.1. In interest rate modeling, the instantaneous forward rate f(t, T )
represents the rate agreed upon at time t for an infinitesimal loan at future time
T . A widely used approach to describe the evolution of the forward rate curve
is the Musiela parametrization, r(t, x) = f(t, t + x), where x = T − t denotes
the time-to-maturity. This formulation allows us to treat the forward rate curve
x 7→ r(t, x) as a single state variable that evolves over time.
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To better capture the dynamics, the evolution of this curve can be further
decomposed into deterministic the shape function and the random deviation. A
specific model (e.g., [14]) for this is given by

r(t, x) = r(t, 0) + s(t)[u(x) + y(t, x)],

where t ∈ [0, T ] and x ∈ [0, L]. Here, L is the longest maturity available on
the market. The curve’s evolution is described relative to a short rate r(t, 0)
and scaled by a spread s(t) = r(t, L) − r(t, 0). The shape of the curve is split
into a deterministic average profile, u(x), and a stochastic component, y(t, x).
This process y(t, x) captures the random deviations of the term structure from
its long-term average shape. We normalize u(0) = 0 and u(L) = 1 and impose
y(t, 0) = y(t, L) = 0, consistently with the endpoint values of r.

The stochastic component y is modeled by the following stochastic parabolic
equation (see [14]):

dy = (κyxx + yx)dt+ σ(t, x)dW (t) in (0, T )× (0, L),

y(t, 0) = y(t, L) = 0 for t ∈ (0, T ),

y(0) = y0 in (0, L),

where κ is a positive constant and σ(t, x) is the volatility function.
Model calibration seeks to use observed forward rates (measurement data)

from the market to infer the volatility function σ(t, x). This constitutes an inverse
problem, and solving it is essential for effective risk management and hedging
strategies. Studying of this inverse problem can be found in Section 3.11.

In addition to their wide range of applications, inverse problems for SPDEs
possess unique features that distinguish them from their deterministic counter-
parts. Some problems are inherently stochastic and different from the determin-
istic case.

To illustrate this, let us consider the following example.

Example 1.1.2. Let T > 0 and G ⊂ Rn be a given bounded domain with a C2

boundary Γ. Put Q = (0, T ) × G and Σ = (0, T ) × Γ. Consider the following
inverse problem for the deterministic wave equation: Suppose y satisfies

ytt −∆y = f in Q,

y = 0 on Σ,

y(0) = yt(0) = 0 in G.

(1.1.2)

Is it possible to uniquely determine f from the measurements ∂y

∂ν

∣∣∣
Σ

and y(T )?
Here, ν denotes the outward normal vector on the boundary Γ. In fact, the answer
is clearly negative.

If the answer were affirmative, then
∂y

∂ν

∣∣∣
Σ
= 0, y(T ) = 0 =⇒ f = 0 in Q. (1.1.3)



7 1. Introduction

However, for any y∗ ∈ C∞
0 (Q), let f = y∗tt −∆y∗. Then y∗ solves (1.1.2), and

∂y∗

∂ν

∣∣∣
Σ
= 0, y∗(T ) = 0.

Thus, by (1.1.3), f = 0 in Q. But we can choose y∗ so that f does not vanish in
Q, leading to a contradiction.

Next, let us consider the analogous inverse problem for the stochastic case:
Suppose z satisfies 

dzt −∆zdt = gdW (t) in Q,

z = 0 on Σ,

z(0) = zt(0) = 0 in G.

(1.1.4)

Is it possible to uniquely determine g from the measurements ∂z
∂ν

∣∣∣
Σ

and z(T )? In

fact, the answer is affirmative: one can show that ∂z
∂ν

∣∣∣
Σ
= 0 and z(T ) = 0 implies

g = 0 in Q, P-a.s. Details can be found in Section 4.6.

The above example illustrates us that the formulation of inverse problems for
SPDEs can differ significantly from their deterministic counterparts. The key
insight is that the stochastic noise, rather than being merely a complication, ac-
tually provides additional structural information through the quadratic variation
terms, which makes certain inverse problems solvable in the stochastic setting
that are impossible to solve deterministically.

Mathematically, inverse problems for SPDEs are relatively new and quite chal-
lenging. Compared to the extensive literature on deterministic inverse problems
for PDEs, there is relatively less research on inverse problems for SPDEs. In our
view, the main reasons are as follows:

• Compared to deterministic PDEs, much less is known about SPDEs, al-
though many progresses have been made there in recent years.

• The formulation of inverse problems for SPDEs may differ fundamentally
from that of PDEs, with some problems being genuinely stochastic and
cannot be reduced to any deterministic ones. Some inverse problems may
even be meaningful only within a stochastic setting (e.g. Example 1.1.2).

• Many powerful methods and tools applicable to solving inverse problems for
deterministic PDEs cannot be directly applied to the study of inverse prob-
lems for SPDEs. For instance, due to the almost surely non-differentiability
of sample paths of Brownian motion with respect to the time variable, solu-
tions to SPDEs may not be continuously differentiable with respect to the
time variable. Furthermore, many regularity estimates and extension the-
orems valid for deterministic PDEs no longer apply to SPDEs. Therefore,
even for very simple SPDEs, it is required to present new mathematical
techniques or even fundamentally new approaches.
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1.2 Formulation of inverse problems for SPDEs
Similar to the formulation of inverse problems for deterministic PDEs, for inverse
problems of SPDEs, we aim to determine unknown components within the system
through some measurements derived from the solution of the equations. These
inverse problems of SPDEs can be broadly categorized into the following four
types based on the specific unknown components to be determined:

(i) Inverse coefficient problems, i.e., to determine an unknown coefficient (usu-
ally a function) in an SPDE in such a way that the solution of the equation
satisfies specific conditions or data. In other words, the aim is to infer the
parameters or coefficients that lead to the observed phenomena. These prob-
lems have wide applications in science and engineering, such as in molecular
biology for determining reaction constants [63], in astrophysics for recon-
structing the internal structure of stars or planets [16], in finance for cali-
bration of financial models [5], and in medical imaging for recovering tissue
properties [45].

(ii) Inverse initial value/state problems, which refer to the mathematical prob-
lems where the goal is to determine unknown initial value of the SPDEs
based on observed data at a later time or in a time interval. Such problems
are significant in many industrial and scientific applications where the initial
state or the whole solution of an SPDE cannot be directly observed. Typi-
cal examples include ocean wave prediction [72] and state reconstruction in
financial mathematics [5].

(iii) Inverse source problems, which refer to the task of determining an unknown
source or input function within an SPDE based on observed effects or re-
sponses. These types of problems are common in various scientific and en-
gineering fields where understanding the hidden sources or parameters is
crucial. These problems have wide-ranging applications, including optics
and acoustics [18], environmental monitoring (such as groundwater pollu-
tion [13]), and the study of atmospheric systems and pollution [63], among
many others.

(iv) Inverse geometric shape of the domain problems, which refer to the task of
determining the shape or geometry of a domain where the SPDE is involved
from measured data or observations. Such problems arise in many practical
scenarios, for example, determining the temperature distribution in a noisy
medium, the dynamics of a chemical reaction in a noisy environment, or the
evolution of the density of a bacteria population [15, 40, 48].

Due to space limitations, in this book we mainly focus on inverse state prob-
lems and inverse source problems.

Below, we further explain the aforementioned four inverse problems through a
simple stochastic parabolic equation. In order to succinctly clarify the key points



9 1. Introduction

of the issue, we will only consider a very basic equation. The formulation of these
problems is similar for more complex equations.

Let T > 0, G ⊂ Rn (n ∈ N) be a given bounded domain with a C2 boundary
Γ. Denote Q = (0, T )×G and Σ = (0, T )× Γ.

Consider the following stochastic parabolic equation:
dy −∆ydt = (ay + f)dt+ (by + g)dW (t) in Q,

γ1
∂y

∂ν
+ γ2y = ϕ on Σ,

y(0) = y0 in G,

(1.2.1)

where a, b, f , g, γ1 and γ2 are suitable functions/stochastic processes.
The direct problem is to determine the solution y of system (1.2.1) by spec-

ifying (a, b, f, g, γ1, γ2, ϕ, y0) along with Q. This can be achieved using classical
well-posedness results of stochastic evolution equations (Theorem 2.5.3). How-
ever, in many practical situation it is not possible to measure experimentally all
these data. Instead, it is possible to measure certain information of the solution
and use this information together with other data to recover the missing, un-
measurable data. More precisely, the inverse problem for (1.2.1) involves certain
unknown components in (a, b, f, g, γ1, γ2, ϕ, y0) and Q, which need to be deter-
mined through measuring some information about the solution y:

M(y)(t, x) = h(t, x), (t, x) ∈ O ⊂ [0, T ]×G.

Here, M(·) is a known operator, representing the method of obtaining measure-
ment data, and O denotes the position of the measurement.

In general, there are three distinct types of measurements:

• Distributed measurement involves measuring the solution value on a subset
of the domain.

• Terminal measurement entails measuring the solution value at the terminal
state.

• Boundary measurement refers to observing Dirichlet or Neumann data on a
portion of the boundary.

Determining unknown functions a and/or b are known as inverse coefficient
problems. Reconstructing unknown components in f and/or g is termed as inverse
source problems. When the goal is to reconstruct the initial condition y0, it is
known as an inverse initial value problem. Furthermore, in cases where a section
of the boundary Γ is both unknown or changing with time, deducing the shape
or geometry of the domain from this boundary information can be seen as a type
of inverse geometric shape of the domain problem.

For a given inverse problem, generally speaking, three main concerns are the
following:
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(i) To what extent can measurement data uniquely determine the unknown
parameters, and what information can be ascertained from it?

(ii) Is it feasible to reconstruct unknown components from measurement data?

(iii) Do there exist efficient algorithms for constructing approximate solutions?

The first issue pertains to the uniqueness of the inverse problem–that is,
whether the mapping from the unknown parameters to the measurements is injec-
tive. This ensures that no two distinct parameter sets yield identical measurement
data.

The second issue involves the stability of the inverse problem: specifically,
whether the recovery of the unknowns from the measurements remains stable
under perturbations or noise in the data. This typically requires the inverse
mapping to be continuous, so that small errors in the measurements result only
in small deviations in the reconstructed parameters.

The third issue concerns the reconstruction of the unknowns: namely, whether
efficient algorithms exist to recover the unknown parameters from the observed
measurement data.

With the growing importance of SPDEs, inverse problems governed by such
equations arise naturally. Various types of inverse problems for SPDEs have at-
tracted the interest of more and more researchers in many fields. In the past
decade, some interesting progress has been made (e.g., [20, 24, 25, 28, 29, 31, 32,
44, 46, 47, 53–55, 57, 59, 61, 64, 73, 74] and the references therein). This book
aims to provide a brief overview of recent advancements in the theory of inverse
problems for stochastic partial differential equations. In order to keep the content
concise, we will only discuss the inverse problems of two typical classes of stochas-
tic partial differential equations: second-order stochastic parabolic equations and
second-order stochastic hyperbolic equations.

The main tool for studying these inverse problem is Carleman estimate. We do
not intend to pursue any general treatment of the Carleman estimates themselves
and choose direct arguments based on basic stochastic calculus, rather than more
general sophisticated methods.

As this field is still developing and many challenging issues remain, the purpose
of this book is not to provide a comprehensive summary, but rather to inspire
interest and encourage further exploration in this area. We prefer to present
results that, from our perspective, include fresh and promising ideas. In cases
where a complete mathematical theory is lacking, we only provide the available
results. We do not intend for the current book to be encyclopedic in any sense,
and the references are limited.

We aim to organize the material in such a way that no prerequisites except
a moderate knowledge of partial differential equations and functional analysis
are expected. During the preparation of this book we found that this goal was
too ambitious. For example, it will cost lots of space for introducing the basic
knowledge for SPDEs. Therefore, in Chapter 2 we collect some definitions and
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theorems concerning SPDEs needed in this book and provide references for further
study.

From an expert’s perspective, certain content in various chapters or sections
may have slight overlaps, which are intentionally retained to aid the convenience
of readers, especially beginners.

The rest of this book is organized as follows: In Chapter 2, we recall the
mathematical background material for SPDEs needed in this book. Chapters
3 and 4 are devoted to inverse problems for stochastic parabolic equations and
stochastic hyperbolic equations, respectively.

To present the ideas and methods clearly, we do not aim for full generality
in the equations, nor do we seek to establish the most general results. Readers
interested in these broader aspects may refer to the discussions and references
provided in Sections 3.12 and 4.8.

A number of our colleagues, who are listed below in the alphabetical order,
have helped us in our work on this book. Prof. Fangfang Dou and Dr. Peimin
Lü have collaborated with the second author on the topic of reconstruction prob-
lem for stochastic parabolic equations ([22]). Prof. Zhongqi Yin has collaborated
with the first author on the subject of inverse state problem for stochastic hyper-
bolic equations ([58]). He also read the draft of this book carefully and provided
numerous useful suggestions. Prof. Xu Zhang has collaborated with the first au-
thor on the development of the idea of using Carleman estimate to study inverse
source problem for stochastic hyperbolic equations ([59]). We sincerely appreciate
the significant contributions of each of these individuals. This work is partially
supported by the NSF of China under grants 12025105 and 12401589, by the
New Cornerstone Science Foundation and the XPLORER PRIZE, and by the
Fundamental Research Funds for the Central Universities 2682024CX013.



Chapter 2

Preliminaries in Stochastic
Calculus

Abstract This chapter provides a concise introduction to stochastic calculus,
supplying the essential background for the subsequent analysis. Key preliminaries
relevant to inverse problems for SPDEs are collected, and a unified notational
framework is established for use throughout the book.

Due to space limitations, we are unable to present the proofs of all results
stated in this chapter. We provide standard and easily accessible references where
readers can find the complete proofs. Readers already familiar with these topics
may skip this chapter or use it as a quick reference.

2.1 Measure and integration
In this section, we present the definitions of measurability and integrability for
Banach space-valued functions.

Definition 2.1.1. Let Ω be a nonempty set. A collection F of subsets of Ω is
called a σ-field if

(i) Ω ∈ F ,

(ii) E ∈ F implies Ω \ E ∈ F

(iii)
∞⋃
i=1

Ei ∈ F whenever each Ei ∈ F .

We call (Ω,F) a measurable space if F is a σ-field on Ω. Any element E ∈ F
is called a measurable set on (Ω,F).

In what follows, we fix a measurable space (Ω,F).

Definition 2.1.2. A measure on (Ω,F) is a function µ : F → [0,+∞] such that

(i) µ(∅) = 0,

12
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(ii) if {Ei}∞i=1 is a sequence of disjoint sets in F , i.e., Ei ∩Ej = ∅ for all i, j ∈ N

with i 6= j, then µ(
∞⋃
i=1

Ei) =
∞∑
i=1

µ(Ei).

If µ is a measure on (Ω,F), the triple (Ω,F , µ) is called a measure space.
Next, we fix a measure space (Ω,F , µ). A set E ∈ F with µ(E) = 0 is called a

µ-null set. If a proposition about points x ∈ Ω is true except for x in some µ-null
set, it is usual to say that the proposition is true µ-a.e. (or simply a.e., if there is
no ambiguity).

Definition 2.1.3. The measure space (Ω,F , µ) is called complete (and µ is said
to be complete on F), if F includes all subsets of null sets, i.e.,

N = {G ⊂ Ω | G ⊂ E for some µ-null set E} ⊂ F . (2.1.1)

Completeness can always be achieved by enlarging the domain of µ.

Definition 2.1.4. Let X be a topology space. The smallest σ-field containing
all open sets of X is called the Borel σ-field of X and denoted by B(X ). Any set
E ∈ B(X ) is called a Borel set.

Definition 2.1.5. Let (Ω,F) and (Ω̃, F̃) be two measurable spaces. A mapping
f : Ω → Ω̃ is called F/F̃-measurable or simply F-measurable or even measurable
if f−1(F̃) ⊂ F . In particular, if (Ω̃, F̃) = (X ,B(X )), then f is said to be an
(X -valued) F-measurable (or measurable) function.

For a measurable map f : (Ω,F) → (Ω̃, F̃), denote by f−1(F̃) the σ-field
generated by the set {f−1(F )|F ∈ F̃}. One can easily find that f−1(F̃), is a sub
σ-field of F which is called the σ-field generated by f , and denoted by σ(f). In
addition, for a family of measurable maps {fλ}λ∈Λ, we denote by σ(fλ;λ ∈ Λ) the
σ-field generated by

⋃
λ∈Λ σ(fλ).

At last, we shall present the definition of measurable and integrable for Banach
space-valued functions. We will fix a Banach space X .

Definition 2.1.6. Let f : Ω → X be an X -valued function.

(i) The function f(·) is called an F-simple function (or simple function when F
is clear) if

f(·) =
k∑
j=1

χEj (·)uj , (2.1.2)

for some k ∈ N, uj ∈ X , and {Ej}kj=1 ⊂ F . Here, χE(·) is the characteristic
function of E.

(ii) The function f(·) is said to be strongly F-measurable with respect to µ
(or simply strongly measurable) if it is measurable and there exist simple
functions {fk}∞k=1 converging to f in X , µ-a.e.
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The following theorem comes from [76, Chapter V, 4].

Theorem 2.1.1. If the Banach space X is separable and the measure space
(Ω,F , µ) is σ-finite, then a function f : Ω → X is strongly measurable if and only
if f is measurable.

In what follows, we fix a σ-finite measure space (Ω,F , µ).

Definition 2.1.7. Write the simple function f in the form (2.1.2), where the
Ej are disjoint and the uj are its distinct nonzero values; the zero function is
represented by the empty sum. We call f(·) Bochner integrable if µ(Ej) <∞ for
any j = 1, · · · , k. For any E ∈ F , we define the Bochner integral of f(·) over E
as ∫

E
f(s)dµ =

k∑
j=1

µ (E ∩ Ej)uj .

For general strongly measurable functions, we have the following definition.

Definition 2.1.8. We say the strongly measurable function f(·) : Ω → X is
Bochner integrable with respect to µ if there exists a sequence of Bochner inte-
grable simple functions {fi(·)}∞i=1 converging to f(·) in X , µ-a.e., such that

lim
i,j→∞

∫
Ω
|fi(s)− fj(s)|X dµ = 0.

For E ∈ F , the Bochner integral of f(·) over E is defined by∫
E
f(s)dµ = lim

i→∞

∫
Ω
χE(s)fi(s)dµ(s) in X .

The following theorem (see [76, Chapter V, 5]) describes the relationship be-
tween the Bochner integral and the Lebesgue integral.

Theorem 2.1.2. A strongly measurable function f(·) : Ω → X is Bochner inte-
grable if and only if the scalar function |f(·)|X : Ω → R is integrable. In this case,
for any E ∈ F , ∣∣∣∣∫

E
f(s)dµ

∣∣∣∣
X
≤
∫
E
|f(s)|Xdµ.

2.2 Probability, random variables and expectation
In this section, we present the definitions of sample space, Banach space-valued
random variables, and expectation, as preparation for the subsequent introduction
of stochastic processes.

A probability space is a measure space (Ω,F ,P) with P(Ω) = 1, where P is
called a probability measure. Set Ω is called a sample space; ω ∈ Ω is called a
sample point; any A ∈ F is called an event.

In the following, we fix a probability space (Ω,F ,P) and a Banach space X .
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Definition 2.2.1. The function f : (Ω,F) → (X ,B(X )) is called an (X −valued)
random variable if f is measurable and strongly measurable.

Definition 2.2.2. Let f be a random variable. If f is Bochner integrable with
respect to the probability measure P, then we denote Ef =

∫
Ω fdP and call it the

mean or mathematical expectation of f .

Next, we recall the notion of independence, which is a fundamental feature of
probability theory.

Definition 2.2.3. Let (Ω,F ,P) be a probability space.

(i) Let A,B ∈ F . We say that A,B are independent w.r.t P if P(A ∩ B) =
P(A)P(B).

(ii) Let J1 and J2 be two subfamilies of F . We say that J1 and J2 are inde-
pendent if for all (A,B) ∈ J1 × J2, it holds that P(A ∩B) = P(A)P(B).

(iii) Let f, g : (Ω,F) → (X ,B(X )) be two random variables. We say that f and
g are independent if σ(f) and σ(g) are independent.

(iv) Let f : (Ω,F) → (X ,B(X )) be a random variable and J ⊂ F . We say that
f and J are independent if σ(f) and J are independent.

Definition 2.2.4. Let X = (X1, · · · , Xn) be a Rn-valued random variable. The
function

F (x) ≡ F (x1, · · · , xn)
∆
=P {X1 ≤ x1, · · · , Xn ≤ xn}

is called the distribution function of X. Furthermore, if there exists a nonnegative
function f(·) such that

F (x) ≡ F (x1, · · · , xn) =
∫ x1

−∞
· · ·
∫ xn

−∞
f (ξ1, · · · , ξn) dξ1 · · · dξn,

then the function f(·) is called the density of X.

If random variable X has the following density:

f(x) = (2π)−
n
2 | detQ|−1/2 exp

{
−1

2
(x− λ)⊤Q−1(x− λ)

}
,

where λ ∈ Rn and Q is a symmetric positive definite n-dimensional matrix, then
X is called a normally distributed random variable (or X has a normal distribu-
tion) and denoted by X ∼ N (λ,Q). Especially, we call X a standard normally
distributed random variable if λ = 0 and Q is the n-dimensional identity matrix.
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2.3 Stochastic process
In this section, we present the definitions of Banach space-valued stochastic pro-
cesses and Brownian motion. The coefficients and solutions of SPDEs are typically
Banach space-valued stochastic processes. We also introduce the main function
spaces used throughout this book.

Let T > 0. A stochastic process is a family of X -valued random variables
{X(t)}t∈[0,T ] on (Ω,F ,P). If there is no ambiguity, we shall use {X(t)}t∈[0,T ],
X(·) or X to denote a stochastic process.

For every ω ∈ Ω the function t 7→ X(t, ω) is called a sample path (or path) of
X. The stochastic process X(·) is said to be continuous is there exists a P-null
set N ∈ F such that for any ω ∈ Ω \N , the path X(·, ω) is continuous in X .

Definition 2.3.1. A family of sub-σ-field {Ft}t∈[0,T ] is called a filtration if Fs ⊂
Ft for any s, t ∈ [0, T ] and s ≤ t. We simply denote it by F.

We put F0− = F0, FT+ = FT , and

Ft+
∆
=

⋂
s∈(t,T ]

Fs (0 ≤ t < T ), Ft−
∆
=σ
( ⋃
s∈[0,t)

Fs
)

(0 < t ≤ T ).

If Ft+ = Ft (resp. Ft− = Ft), then we call F is right (resp. left) continuous.

Definition 2.3.2. We call (Ω,F ,F,P) a filtered probability space, and it satisfies
the usual condition if (Ω,F ,P) is complete, F0 contains all P-null sets in F , and
F is right continuous.

In the sequel, we always assume that the filtered probability (Ω,F ,F,P) sat-
isfies the usual condition.

Definition 2.3.3. Let X(·) be an X -valued stochastic process.

(i) We say that X(·) is measurable if the map (t, ω) 7→ X(t, ω) is strongly
(B([0, T ])×F)/B(X )-measurable;

(ii) We say that X(·) is F-adapted if it its measurable and for each t ∈ [0, T ],
the map ω 7→ X(t, ω) is strongly Ft/B(X )-measurable;

(iii) We say that X(·) is F-progressively measurable if for each t ∈ [0, T ], the map
(s, ω) 7→ X(s, ω) from [0, t]×Ω is strongly (B([0, t])×Ft)/B(X ) -measurable.

Definition 2.3.4. We call a set A ⊂ [0, T ]× Ω is progressively measurable with
respect to F if the stochastic process χA(·) is progressively measurable, where χA
is the indicator function of A.

We denote the class of all progressively measurable sets by F, which is a σ-
field. It is clear that a process ϕ : [0, T ] × Ω → X is F-progressively measurable
if and only if it is strongly F-measurable.
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Clearly, if X(·) is F-progressively measurable, it must be F-adapted. Con-
versely, one can prove that, for any F-adapted process X(·), there exists an F-
progressively measurable process X(·), such that

P({X(t) = X̄(t)}) = 1, ∀ t ∈ [0, T ].

Hence, by saying that a processX(·) is F-adapted, we mean that it is F-progressively
measurable.

Definition 2.3.5. The standard Brownian motion is a continuous, R-valued, F-
adapted stochastic process {W (t)}t≥0 such that

(i) W (0) = 0, P-a.s.; and

(ii) For any s, t ∈ [0,∞) with s < t, the random variable W (t) − W (s) is
independent of Fs and W (t)−W (s) ∼ N (0, t− s).

We fix a standard Brownian motion W (·). For each t ∈ [0, T ], put FW
t =

σ(W (s); s ∈ [0, t]) ⊂ Ft. Let {F̂W
t }t∈[0,T ] be the augmentation of {FW

t }t∈[0,T ]
by adding all P-null sets. Then, {F̂W

t }t∈[0,T ] is continuous and W (·) is still a
Brownian motion on the filtered probability space (Ω,F , {F̂W

t }t∈[0,T ],P). We
call F the natural filtration generated by W (·), if F is {F̂W

t }t∈[0,T ] generated as
described above.

The notations to be given below will be used in the rest of the book.
For any p, q ∈ [1,∞), denote

LpF (Ω;L
q(0, T ;X ))

∆
=
{
ϕ : (0, T )× Ω → X | ϕ(·) is F-adapted and

E
(∫ T

0
|ϕ(t)|qXdt

) p
q
<∞

}
,

and

LqF (0, T ;L
p(Ω;X ))

∆
=
{
ϕ : (0, T )× Ω → X |ϕ(·) is F-adapted and∫ T

0

(
E|ϕ(t)|pX

) q
p dt <∞

}
.

Similarly, we may also define (for 1 ≤ p, q <∞ )

L∞
F (0, T ;Lp(Ω;X )) , LqF (0, T ;L

∞(Ω;X )) , L∞
F (0, T ;L∞(Ω;X )) .

All these spaces are Banach spaces with the canonical norms. In the sequel, we
will simply denote LpF (0, T ;Lp(Ω;X )) by LpF(0, T ;X ); and denote LpF(0, T ;R) by
LpF(0, T ).

For any p ∈ [1,∞), write

LpF(Ω;C([0, T ];X ))
∆
=
{
ϕ :[0, T ]× Ω → X | ϕ(·) is continuous,
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F-adapted and E
(
|ϕ(·)|pC([0,T ];X )

)
<∞

}
It is clear that LpF(Ω;C([0, T ];X )) is Banach spaces equipped with norms

|ϕ(·)|Lp
F(Ω;C([0,T ];X )) =

[
E|ϕ(·)|pC([0,T ];X )

]1/p
.

2.4 Itô’s integral
In this section, we introduce the Itô stochastic integral for Hilbert space-valued
stochastic processes, summarize its fundamental properties, and present Itô’s for-
mula, a key result that will be frequently used throughout this book.

Let H be a Hilbert space. Let W (·) be a standard Brownian motion on the fil-
tered probability space (Ω,F ,F,P). We shall define the Itô integral

∫ T
0 X(t)dW (t)

of an H-valued, F-adapted stochastic process X(·) with respect to W (t).
Let us start with the step process f ∈ L2

F(0, T,H), which has the form

f(t, ω) =

n∑
j=0

fj(ω)χ[tj ,tj+1)(t), (t, ω) ∈ [0, T ]× Ω, (2.4.1)

where n ∈ N, 0 = t0 < t1 < · · · < tn+1 = T , fj is Ftj -measurable with

sup
{
|fj(ω)|H | j ∈ {0, · · · , n}, ω ∈ Ω

}
<∞.

The set of step processes will be denoted by L0 and is dense in L2
F(0, T,H).

The stochastic integral of a step process f ∈ L0 of the form (2.4.1) is defined
by

I(f)(t, ω) =

n∑
j=0

fj(ω) [W (t ∧ tj+1, ω)−W (t ∧ tj , ω)] .

Clearly, I(f) ∈ L2
Ft
(Ω;H) and the following Itô isometry holds:

|I(f)|L2
Ft

(Ω;H) = |f |L2
F(0,t;H).

Since L0 is dense in L2
F(0, T ;H), for f ∈ L2

F(0, T ;H), there exists a sequence
of {fk}∞k=1 ⊂ L0 such that

lim
k→∞

|fk − f |L2
F(0,T ;H) = 0.

From Itô isometry, one can find that {I(fk)}∞k=1 is a Cauchy sequence in L2
Ft
(Ω;H).

Hence, it converges to a unique element in L2
Ft
(Ω;H), which is independent of the

choice of {fk}∞k=1. We call this element the Itô integral of f on [0, t] and denote
it by

∫ t
0 fdW .
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For 0 ≤ s < t ≤ T , we define the Itô integral of f on [s, t] by∫ t

s
fdW =

∫ t

s
f(τ)dW (τ)

∆
=

∫ t

0
fdW −

∫ s

0
fdW.

For a progressively measurable f with
∫ T
0 |f(t)|2Hdt < ∞ a.s., the Itô inte-

gral is defined by localization. Stochastic integrals in the Itô formula below are
understood in this sense when necessary.

One can prove the following properties of Itô integral (see [60, Theorem 2.124]).
Theorem 2.4.1. Let f, g ∈ L2

F(0, T ;H) and a, b ∈ L2
Fs
(Ω), 0 ≤ s < t ≤ T . Then

(i)
(
r 7→

∫ r

s
fdW

)
∈ L2

F(Ω;C([s, t];H));

(ii)
∫ t

s
(af + bg)dW = a

∫ t

s
fdW + b

∫ t

s
gdW, a.s.;

(iii) E
(∫ t

s
fdW

)
= 0;

(iv) E
(〈∫ t

s
fdW,

∫ t

s
gdW

〉
H

)
= E

(∫ t

s
〈f(τ, ·), g(τ, ·)〉Hdτ

)
.

The integral on the left-hand side of (ii) is defined by localization.
For (ii), apply the bounded-multiplier identity on the events {|a|+ |b| ≤ N} ∈

Fs and let N → ∞.
Definition 2.4.1. We call an H-valued, F-adapted, continuous stochastic process
X(·) an Itô process, if there exist two H-valued process φ(·) ∈ L1

F(0, T ;H) and
Φ(·) ∈ L2

F(0, T ;H) such that

X(t) = X(0) +

∫ t

0
φ(s)ds+

∫ t

0
Φ(s)dW (s), a.s., ∀ t ∈ [0, T ]. (2.4.2)

We write stochastic differential

dX(t) = φ(t)dt+Φ(t)dW (t),

or dX = φdt+ΦdW (t) to mean that X(t) satisfies (2.4.2).
The following is a fundamental result called Itô formula (see [60, Theorem

2.139]).
Theorem 2.4.2. Let X(·) be an Itô process given by (2.4.2) and F : [0, T ]×H → R
be a function such that its partial derivatives Ft, Fx, Fxx are uniformly continuous
on any bounded subset of [0, T ]×H. It holds that

F (t,X(t))− F (0, X(0))

=

∫ t

0
Fx(s,X(s))Φ(s)dW (s) +

∫ t

0

[
Ft(s,X(s)) + Fx(s,X(s))φ(s)

+
1

2
〈Fxx(s,X(s))Φ(s),Φ(s)〉H

]
ds, a.s., ∀t ∈ [0, T ]. (2.4.3)
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Usually, we write (2.4.3) in the following differential form:

dF (t,X(t)) =Fx(t,X(t))Φ(t)dW (t) + Ft(t,X(t))dt+ Fx(t,X(t))φ(t)dt

+
1

2
〈Fxx(t,X(t))Φ(t),Φ(t)〉H dt.

Remark 2.4.1. If H = Rn, n ∈ N+, and we write X(t) = (X1(t), . . . , Xn(t))
⊤

and similarly for φ(t) and Φ(t) (see (2.4.2)), then the Itô formula can be written
as

dF (t,X(t)) = Ft(t,X(t)) dt+

n∑
i=1

Fxi(t,X(t)) dXi(t)

+
1

2

n∑
i,j=1

Fxixj (t,X(t)) dXi(t) dXj(t).

Here,
∫ t
0 dXi(s)dXj(s) represents the quadratic covariation of the processes Xi

and Xj , which is defined by the following limit in probability:

∫ t

0
dXi(s)dXj(s) = lim

n→∞

⌊tn⌋∑
k=1

[
Xi

(
k

n

)
−Xi

(
k − 1

n

)][
Xj

(
k

n

)
−Xj

(
k − 1

n

)]
.

One can prove that (see [2, Section 10.2])∫ t

0
dXi(s)dXj(s) =

∫ t

0
Φi(s)Φj(s)ds, a.s., ∀t ∈ [0, T ].

2.5 Stochastic evolution equations
In this section, we present in a unified manner the well-posedness results for two
classes of SPDEs considered in this book, namely stochastic parabolic equations
and stochastic hyperbolic equations.

Let H be a separable Hilbert space, and A be an unbounded linear operator
(with domain D(A)) on H. Assume that A is the infinitesimal generator of a
C0-semigroup {S(t)}t≥0.

We consider the following stochastic evolution equation:{
dX(t) = (AX(t) + F (t,X(t)))dt+ F̃ (t,X(t))dW (t) in (0, T ],

X(0) = X0,
(2.5.1)

where X0 ∈ L2
F0
(Ω,H) and F (·, ·), F̃ (·, ·) are two functions from [0, T ] × Ω ×H

to H.

Definition 2.5.1. We call an H-valued, F-adapted, continuous stochastic process
X(·) a strong solution to (2.5.1) if
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(i) X(t) ∈ D(A) for a.e. (t, ω) ∈ [0, T ]× Ω and AX(·) ∈ L1(0, T ;H) a.s.;

(ii) F (·, X(·)) ∈ L1(0, T ;H) a.s., F̃ (·, X(·)) ∈ L2
F(0, T ;H);

(iii) For all t ∈ [0, T ],

X(t) = X0 +

∫ t

0
(AX(s) + F (s,X(s)))ds+

∫ t

0
F̃ (s,X(s))dW (s), a.s.

In general, the conditions ensuring the existence of strong solutions to (2.5.1)
are highly restrictive. Hence, we introduce the following definitions of the weak
and the mild solution to (2.5.1), respectively.

Definition 2.5.2. We call an H-valued, F-adapted, continuous stochastic pro-
cess X(·) a weak solution to (2.5.1) if F (·, X(·)) ∈ L1(0, T ;H) a.s., F̃ (·, X(·)) ∈
L2
F(0, T ;H), and for any t ∈ [0, T ] and ξ ∈ D (A∗),

〈X(t), ξ〉H = 〈X0, ξ〉H +

∫ t

0
(〈X(s), A∗ξ〉H + 〈F (s,X(s)), ξ〉H) ds

+

∫ t

0
〈F̃ (s,X(s)), ξ〉HdW (s), a.s.

Definition 2.5.3. We call an H-valued, F-adapted, continuous stochastic pro-
cess X(·) a mild solution to (2.5.1) if F (·, X(·)) ∈ L1(0, T ;H) a.s., F̃ (·, X(·)) ∈
L2
F(0, T ;H), and for any t ∈ [0, T ],

X(t) = S(t)X0 +

∫ t

0
S(t− s)F (s,X(s))ds+

∫ t

0
S(t− s)F̃ (s,X(s))dW (s), a.s.

The following proposition states the equivalence between weak and mild solu-
tions (see [60, Theorem 3.10]).

Proposition 2.5.1. Any weak solution to (2.5.1) is also a mild solution to the
same equation, and conversely.

From Theorem 2.5.1, we do not distinguish the mild and the weak solution to
(2.5.1).

It is obvious that a strong solution is also a weak and mild solution to the
same equation. Conversely, the following is a sufficient condition (see [60, Lemma
3.11]) for a mild solution to be a strong solution to (2.5.1).

Proposition 2.5.2. A mild solution X(·) is a strong solution to (2.5.1) if the
following three conditions hold for all x ∈ H and 0 ≤ s ≤ t ≤ T , a.s.,

(i) X0 ∈ D(A), S(t− s)F (s, x) ∈ D(A) and S(t− s)F̃ (s, x) ∈ D(A);

(ii) |AS(t − s)F (s, x)|H ≤ α(t − s)|x|H for some real-valued stochastic process
α(·) ∈ L1

F(0, T ) a.s.;
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(iii) |AS(t − s)F̃ (s, x)|H ≤ β(t − s)|x|H for some real-valued stochastic process
β(·) ∈ L2

F(0, T ) a.s.

In what follows, we assume that both F (·, x) and F̃ (·, x) are F adapted for
each x ∈ H, and there exist two nonnegative (real-valued) functions L1(·), L2(·) ∈
L2(0, T ) such that for a.e. t ∈ [0, T ] and all y, z ∈ H,

|F (t, y)− F (t, z)|H ≤ L1(t)|y − z|H , a.s.,
|F̃ (t, y)− F̃ (t, z)|H ≤ L2(t)|y − z|H , a.s.,
F (·, 0) ∈ L2

F(0, T ;H), F̃ (·, 0) ∈ L2
F(0, T ;H).

The following is the well-posedness of mild solutions for a class of stochastic
evolution equations (see [60, Theorem 3.24]).

Theorem 2.5.3. Assume that A is a self-adjoint, negative definite linear oper-
ator on H. Then, the equation (2.5.1) admits a unique mild solution X(·) ∈
L2
F(Ω;C([0, T ];H)) ∩ L2

F(0, T ;D((−A)
1
2 )). Moreover,

|X(·)|L2
F(Ω;C([0,T ];H)) + |X(·)|

L2
F(0,T ;D((−A)

1
2 ))

≤ C
(
|X0|L2

F0
(Ω;H) + |F (·, 0)|L2

F(0,T ;H) + |F̃ (·, 0)|L2
F(0,T ;H)

)
.

Generally speaking, the stochastic convolution
∫ t
0 S(t− s)F̃ (s,X(s))dW (s) is

no longer a martingale. Hence, one cannot apply Itô’s formula directly to mild
solutions to (2.5.1). For example, when establishing the pointwise identities (for
Carleman estimates) for stochastic partial differential equations of second order,
we need the function to be second differentiable in the sense of weak derivative
w.r.t the space variables. Nevertheless, this sort of problems can be solved by the
following strategy:

1. Introduce suitable approximating equations with strong solutions such that
the limit of these strong solutions is the mild/weak solution to the original
equation;

2. Obtain the desired properties for the above strong solutions;

3. Utilize the density argument to establish the desired properties for the
mild/weak solutions.

There are many methods to implement the above three steps in the setting of de-
terministic partial differential equations. Roughly speaking, any of these methods,
which do not destroy the adaptedness of solutions, can be applied to stochastic
partial differential equations. Here we present one. To this end, we introduce the
following approximating equations of (2.5.1):

dXλ(t) =
(
AXλ(t) +R(λ)F (t,Xλ(t))

)
dt

+R(λ)F̃ (t,Xλ(t))dW (t) in (0, T ],

Xλ(0) = R(λ)X0.

(2.5.2)
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Here, λ belongs to ρ(A), the resolvent set of A, and R(λ)
∆
=λ(λI −A)−1.

We have the following result (see [60, Theorem 3.22]).

Theorem 2.5.4. Assume that A generates a contraction semigroup, F (·, 0) ∈
L2
F(Ω;L

1(0, T ;H)). Then, for each X0 ∈ L2
F0
(Ω;H) and λ ∈ ρ(A), the equation

(2.5.2) admits a unique strong solution Xλ(·) ∈ L2
F(Ω;C([0, T ];D(A))). Moreover,

as λ→ ∞, the solution Xλ(·) converges to X(·) in L2
F(Ω;C([0, T ];H)), where X(·)

solves (2.5.1) in the sense of the mild solution.



Chapter 3

Inverse problems for stochastic
parabolic equations

Abstract This chapter focuses on inverse problems for stochastic parabolic
equations. We study the determination of unknown initial data and source terms
from partial observations, including internal, terminal, and boundary measure-
ments. We analyze uniqueness, stability, and reconstruction results. The main
results are derived via Carleman estimates based on a fundamental weighted iden-
tity, and several related open problems are briefly discussed.

Throughout this chapter, let T > 0 and (Ω,F ,F,P) with F = {Ft}t≥0 be a
complete filtered probability space on which a one-dimensional standard Brownian
motion {W (t)}t≥0 is defined and F is the natural filtration generated by W (·).
Write F for the progressive σ-field with respect to F. Readers who are not familiar
with the notions aforementioned are referred to Chapter 2.

Let G ⊂ Rn (n ∈ N) be a given bounded domain with a C2 boundary Γ and
G0 ⊂ G be a nonempty open subset. Denote by L(G) all Lebesgue measurable
subsets of G. Put

Q = (0, T )×G, Σ = (0, T )× Γ, Q0 = (0, T )×G0.

Also, unless other stated, we denote by ν(x) = (ν1(x), ν2(x), · · · , νn(x)) the unit
outward normal vector of Γ at x ∈ Γ. Let (bjk)1≤j,k≤n ∈ C1(G;Rn×n) satisfying
that bjk = bkj (j, k = 1, 2, · · · , n), and for some constant s0 > 0,

n∑
j,k=1

bjkξjξk ≥ s0|ξ|2, ∀ (x, ξ) △
= (x, ξ1, · · · , ξn) ∈ G× Rn. (3.0.1)

In what follows, we use C to denote a generic positive constant, which may vary
from line to line.

24
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3.1 Formulation of the problems
Let F : [0, T ]×Ω×G×Rn×R → R and K : [0, T ]×Ω×G×R → R be two functions
such that, for each (%, ζ) ∈ Rn×R, the functions F (·, ·, ·, %, ζ) : [0, T ]×Ω×G→ R
and K(·, ·, ·, ζ) : [0, T ]×Ω×G→ R are F×L(G)-measurable, where L(G) denotes
all Lebesgue measurable sets; and for a.e. (t, ω, x) ∈ [0, T ] × Ω × G and any
(%i, ζi) ∈ Rn × R (i = 1, 2),

|F (t, x, %1, ζ1)− F (t, x, %2, ζ2)| ≤ L(|%1 − %2|Rn + |ζ1 − ζ2|),
|K(t, x, ζ1)−K(t, x, ζ2)| ≤ L|ζ1 − ζ2|,
|F (·, ·, ·, 0, 0)| ∈ L2

F(0, T ;L
2(G)), |K(·, ·, ·, 0)| ∈ L2

F(0, T ;H
1
0 (G))

(3.1.1)

for some constant L > 0.
Let us consider the following semilinear stochastic parabolic equation:

dy −
n∑

j,k=1

(bjkyxj )xkdt = F (∇y, y)dt+K(y)dW (t) in Q,

y = 0 on Σ,

y(0) = y0 in G,

(3.1.2)

where y0 ∈ L2
F0
(Ω;L2(G)) is the initial data.

By the standard variational well-posedness result, using uniform ellipticity
and (3.1.1), (3.1.2) admits a unique weak solution y ∈ L2

F(Ω;C([0, T ];L
2(G))) ∩

L2
F(0, T ;H

1
0 (G)).

In order to simplify notation, we will suppress the time variable t (∈ [0, T ]),
the sample point ω (∈ Ω), and/or the space variable x (∈ G) in the functions if
there is no risk of confusion.

The inverse problems studied in this chapter, roughly speaking, concern de-
termining unknown components of system (3.1.2) based on measurements of part
of its solution. Depending on which unknowns to be recovered, we consider two
main classes of inverse problems: inverse state problems and inverse source prob-
lems. The difficulty, results, and proof techniques of these problems can vary
greatly according to the region where the solution is observed. Due to space limi-
tations and the fact that many aspects in this area remain open, we only present
a selection of inverse problems.

3.1.1 Inverse state problems
The most classical problem is the inverse state problem, which concerns deter-
mining the unknown initial value of the SPDE from measurements. We begin
by considering the case of internal measurements. The first question is: can the
initial value be uniquely recovered from internal measurements?

Define a map M1 : L
2
F0
(Ω;L2(G)) → L2

F(0, T ;L
2(G0)) by

M1(y0) = y
∣∣
(0,T )×G0
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where y solves the equation (3.1.2). More precisely, we consider the following
question:

Problem 3.1. Can we determine y0 from the measurement M1(y0)?

The problem described in Problem 3.1 involves determining the unknown ini-
tial value of the equation (3.1.2). As discussed in Chapter 1, in practical appli-
cations, our goal is not only to find y0 from M1(y0), but also to ensure that y0
varies continuously with M1(y0). Specifically, in the presence of measurement er-
rors in M1(y0), we anticipate that the discrepancy between the function derived
from this noisy measurement and the true initial value y0 remains bounded by
the measurement error in a suitable manner.

However, due to the regularization effect of equation (3.1.2), the inverse of
the mapping M1 is not, in general, continuous. Therefore, it becomes necessary
to either relax the constraints to achieve the desired error estimation. We will
address the this approach and study the following problem.

Problem 3.2 (Inverse state problem with an internal measurement. I). For each
t ∈ (0, T ], does there exist a constant C(t) > 0 such that for any initial data
y0, ŷ0 ∈ L2

F0
(Ω;L2(G)),

|y(t)− ŷ(t)|L2
Ft

(Ω;L2(G)) ≤ C(t)|M1(y0)−M1(ŷ0)|L2
F(0,T ;L

2(G0))? (3.1.3)

Here y(·) and ŷ(·) are solutions to (3.1.2) with the initial data y0 and ŷ0, respec-
tively.

We will provide a positive answer to this problem in Section 3.3.
Remark 3.1.1. Problem 3.2 asks whether the solution y(·) of system (3.1.2) at
t ∈ (0, T ] depends on the observation y|(0,T )×G0

continuously within the space
L2
Ft
(Ω;L2(G)). As a consequence of the inequality (3.1.3), we can deduce that for

any t ∈ (0, T ], y(t; y0) can be uniquely determined by the measurement M1(y0).
This, combined with the continuity of y(·; y0) with respect to the time variable,
implies that M1(y0) can uniquely determine y0. Therefore, if the answer to Prob-
lem 3.2 is affirmative, we immediately obtain a positive result to Problem 3.1. On
the other hand, in the inequality (3.1.3), the constant C(t) depends on time and
in general becomes unbounded as t→ 0+. Consistently with this, the continuous
dependence of y0 on M1(y0) in the space L2

F0
(Ω;L2(G)) fails.

However, even after relaxing the constraints, it may still be challenging to ob-
tain stability results. To overcome this difficulty, one can incorporate additional a
priori information about the initial value to achieve the desired stability estimate.

For example, consider the problem with terminal measurements, also known
as the backward problem, which concerns determining the solution y to equation
(3.1.2) given the data y(T ) at time t = T . Let us present it below.

Problem 3.3 (Inverse state problem with a terminal measurement). Can we
determine y(t0) in G, P-a.s. for t0 ∈ [0, T ) from y(T )?
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Stochastic parabolic equations are ill-posed backward in time. Minor errors
in measuring the terminal data may cause huge deviations in the final results,
i.e., there is no stability for Problem 3.3. Nevertheless, if we assume an a priori
bound for y(0) (an assumption aligned with practicality), then stability can be
reestablished in some sense. Conditional stability is the term used to describe
such a kind of stability.

In a general framework, the conditional stability problem (for two solutions y
and ŷ to the equation (3.1.2)) can be formulated as follows:

For given t0 ∈ (0, T ], α1 ≥ 0, α2 ≥ 0 and M > 0, find (if possible) a
nonnegative function β ∈ C[0,+∞) such that lim

η→0
β(η) = 0 and that

|y(t0)− ŷ(t0)|L2
Ft0

(Ω;Hα1 (G)) ≤ β
(
|y(T )− ŷ(T )|L2

FT
(Ω;Hα2 (G))

)
, ∀ y0, ŷ0 ∈ UM,α1 ,

(3.1.4)
where

UM,α1

△
=
{
f ∈ L2

F0
(Ω;Hα1(G))

∣∣ |f |L2
F0

(Ω;Hα1 (G)) ≤M
}
. (3.1.5)

Remark 3.1.2. Here we expect the existence of β with the assumption that y0
belongs to a special set UM,α1 , which means that y0 enjoys an a priori bound in
some sense. In general, β depends on t0, M , α1, and α2. Hence, the stability
result inferred from β depends on the choice of the initial data, leading to its
designation as “conditional stability.”
Remark 3.1.3. The requirement that lim

η→0
β(η) = 0 is used to ensure the contin-

uous dependence of y(t0) with respect to y(T ). Once β exists, it is not unique.
To illustrate this, consider β̃(x) = β(x) + x, which is an alternative function that
satisfies the desired properties.

After establishing uniqueness and (conditional) stability, a further important
question is how to actually reconstruct the unknown component, i.e., the so-called
reconstruction problem. Taking the backward problem as an example, if the
answer to Problem 3.3 is affirmative, i.e., the state y can be uniquely determined
by the terminal measurement y(T ), how can one reconstruct the state y?

Let us consider the following stochastic parabolic equation:
dy −

n∑
j,k=1

(bjkyxj )xkdt = (b1 · ∇y + b2y + f)dt+ (b3y + g)dW (t) in Q,

y = 0 on Σ,

y(0) = y0 in G,

(3.1.6)
where 

b1 ∈ L∞
F
(
0, T ;W 1,∞ (G;Rn)

)
, b2 ∈ L∞

F (0, T ;L∞ (G)) ,

b3 ∈ L∞
F
(
0, T ;W 1,∞ (G)

)
,

f ∈ L2
F(0, T ;L

2(G)), g ∈ L2
F(0, T ;H

1
0 (G)).
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In Section 3.5, we answer the following problem.

Problem 3.4 (Reconstruct the state with a terminal measurement). Find a
function y ∈ L2

F(Ω;C([0, T ];L
2(G))) ∩ L2

F(0, T ;H
1
0 (G)) that satisfies (3.1.6) with

y(T ) = yT which is previously known.

Sometimes, even though we can observe part of the solution, the information
about the system is incomplete. For example, if the boundary conditions satis-
fied by the stochastic parabolic equation are completely unknown, but internal
measurements are still obtained, it is difficult to recover the initial value. Nev-
ertheless, we can still obtain partial information about the solution in a larger
domain.

Consider the following stochastic parabolic equation:

dỹ −
n∑

j,k=1

(bjkỹxj )xkdt = ã1 · ∇ỹdt+ ã2ỹdt+ ã3ỹdW (t) in Q. (3.1.7)

Here, ã1 ∈ L∞
F (0, T ;L∞

loc(G;Rn)), ã2 ∈ L∞
F (0, T ;L∞

loc(G)) and ã3 ∈ L∞
F (0, T ;

W 1,∞
loc (G)).

We first recall the definition of the solution to the equation (3.1.7).

Definition 3.1.1. We call a stochastic process ỹ ∈ L2
F(Ω;C([0, T ];L

2
loc(G))) ∩

L2
F(0, T ;H

1
loc(G)) a solution to the equation (3.1.7) if for any t ∈ [0, T ], Ĝ ⊂⊂ G

and ρ ∈ H1
0 (Ĝ), it holds that∫

Ĝ
ỹ(t, x)ρ(x)dx−

∫
Ĝ
ỹ(0, x)ρ(x)dx

=

∫ t

0

∫
Ĝ

[
−

n∑
j,k=1

bjkỹxj (s, x)ρxk(x) + ã1 · ∇ỹ(s, x)ρ(x) + ã2ỹ(s, x)ρ(x)
]
dxds

+

∫ t

0

∫
Ĝ
ã3ỹ(s, x)ρ(x)dxdW (s), P-a.s. (3.1.8)

We consider the following problem

Problem 3.5 (Inverse state problem with an internal measurement. II). Can we
determine ỹ in (0, T )×G uniquely from ỹ

∣∣
(0,T )×G0

?

Remark 3.1.4. Please note that the problem described in Problem 3.5 remains
an inverse state problem. It arises when the physical process is governed by a
stochastic parabolic equation, but boundary value of the solution is unknown.
We can determine ỹ(·) in Q uniquely. However, unlike the inverse state problem
for the equation (3.1.2), we will lose the continuous dependence of ỹ(t) (t ∈ (0, T ])
with respect to ỹ

∣∣
(0,T )×G0

in L2
Ft
(Ω;L2(G)). In such case, instead of the whole

domain G, we will determine solutions over a subset of whole domain G (see
Theorem 3.6.1).
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Finally, if it is difficult to access the interior of the system, we may consider
inverse state problems with boundary measurements. For example, this situation
arises when the state inside a nuclear reactor or a cell cannot be measured directly.
In such cases, measurements can only be taken on part of the boundary of the
domain.

Let Γ0 be a given nonempty open subset of ∂G. Consider the following stochas-
tic parabolic equation:

dy −
n∑

j,k=1

(bjkyxj )xkdt = (a1 · ∇y + a2y) dt+ a3ydW (t) in Q,

y = g1 on (0, T )× Γ0,

∂y

∂ν
= g2 on (0, T )× Γ0,

(3.1.9)

where
a1 ∈ L∞

F (0, T ;W 1,∞(G;Rn)),
a2 ∈ L∞

F (0, T ;L∞(G)),

a3 ∈ L∞
F (0, T ;W 1,∞(G)).

(3.1.10)

Let GΓ0

∆
={G′ ⊂ G | ∂G′ ∩ ∂G ⊂ Γ0} and

H2
Γ0
(G)

∆
=

{
η ∈ H2

loc(G) | η|G′ ∈ H2
(
G′) , ∀G′ ∈ GΓ0

}
.

We consider the following problem

Problem 3.6 (Inverse state problem with a boundary measurement). Can we de-

termine y in Q uniquely by the boundary measurements y
∣∣
(0,T )×Γ0

and ∂y
∂ν

∣∣∣∣
(0,T )×Γ0

?

The answer to this problem is provided in Section 3.7.
Remark 3.1.5. In Problem 3.6, we only do the measurement on (0, T ) × Γ0.
Hence, similar to Problem 3.5, we can determine y(·) in (0, T ) × G uniquely but
we will lose the continuous dependence of y(t) (t ∈ (0, T ]) with respect to y

∣∣
(0,T )×Γ0

and ∂y
∂ν

∣∣
(0,T )×Γ0

. In such case, instead of the whole domain Q, we will determine
solutions over a subset of whole domain Q (see Theorem 3.7.1).
Remark 3.1.6. If we have the full information of y on (0, T ) × Γ, then we can
get a better stability result for Problem 3.6, which is similar to the one stated in
Problem 3.2. The proof is also very similar. We leave the proof of that result to
interested readers.

Similarly, once conditional stability is established, one can also consider the
reconstruction problem under boundary observations.

This lead to the following problem:
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Problem 3.7 (Reconstruct the state with boundary measurements). Find the
unknown solution y ∈ L2

F(Ω;C([0, T ];L
2
loc(G)))∩L2

F(0, T ;H
2
Γ0
(G)) to the equation

(3.1.9) via y
∣∣
(0,T )×Γ0

and ∂y

∂ν

∣∣∣∣
(0,T )×Γ0

.

3.1.2 Inverse source problems
By measuring partial information of the solution, we can not only determine the
state but also the source terms of the equation. However, compared to inverse
state problems, research in this area is much less developed and more challenging.

First, for the linear case, we consider whether it is possible to determine the
source term in the diffusion term.

Consider the following stochastic parabolic equation:
dy −

n∑
j,k=1

(bjkyxj )xkdt = (a1 · ∇y + a2y) dt+ (a3y + g)dW (t) in Q,

y = 0 on Σ,

y(0) = y0 in G,

(3.1.11)

where a1, a2 and a3 satisfy (3.1.10).

Problem 3.8 (Inverse source problem with a terminal measurement). For any
t0 ∈ (0, T ), does y(T ) uniquely determine (y(t0), g)?

We will provide the answer to this problem in Section 3.9.
To determine the source term in the drift term is even more challenging. Under

the assumption that the source term has a special form, we may consider the
following inverse source problem with boundary observation.

Denote x = (x1, x
′) ∈ Rn, where x′ = (x2, · · · , xn) ∈ Rn−1. Let G = (0, l)×G′,

where l > 0 and G′ ⊂ Rn−1 be a bounded domain with a C2 boundary. Consider
the following stochastic parabolic equation:

dy −
n∑

j,k=1

(bjkyxj )xkdt =
(
a1 · ∇y + a2y + h(t, x′)R(t, x)

)
dt

+ g(t, x)dW (t) in Q,

y = 0 on Σ,

(3.1.12)

where a1 ∈ L∞
F (0, T ;W 1,∞(G;Rn)), a2 ∈ L∞

F (0, T ;W 1,∞(G)), hR ∈ L2
F(0, T ;

L2(G)). Note that R is a deterministic function and h does not depend on x1.
Let us first assume that g = a3y, where a3 ∈ L∞

F (0, T ;W 2,∞(G)), and y(0) =
y0 in G for a prescribed initial datum y0. Consider the following problem, whose
answer will be provided in Section 3.10:
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Problem 3.9 (Inverse source problem with a boundary measurement). For a
given R and initial datum y0, determine the source function h(·) by means of the
measurement ∂y

∂ν

∣∣∣
Σ

.

If more measurements are available, it is also possible to simultaneously de-
termine the source terms in both the drift and diffusion terms.

Assume g ∈ L2
F(0, T ;H

1(G)) and the value of y(0) is initially unknown.
Consider the following problem:

Problem 3.10. For a given R, determine the source function h(·) and g(·, ·) by
means of the measurement ∂y

∂ν

∣∣∣
Σ

and y(T ).

We will provide the answer to this problem in Section 3.11.
The rest of this chapter is organized as follows. In Section 3.2, we present

a fundamental pointwise weighted identity for second order stochastic parabolic-
like operators, which is used to derive Carleman estimates for stochastic parabolic
equations. Sections 3.3–3.11 are devoted to studying Problems 3.1–3.10. At last,
in Section 3.12, we give some comments for the content in this chapter and some
related open problems.

3.2 A fundamental weighted identity
This section presents a fundamental pointwise weighted identity for second order
stochastic parabolic-like operators, which is used to derive Carleman estimates
for stochastic parabolic equations.

Before we state our weighted identity, let’s start with an intuitive example to
understand its key idea.

Proposition 3.2.1. Let τ > 0. It holds that

2τ

∫ 1

−1
|u|2eτt2dt ≤

∫ 1

−1

∣∣∣∣dudt
∣∣∣∣2 eτt2dt, ∀ u ∈ C∞

0 (−1, 1) (3.2.1)

Proof. Set v(t) = u(t)eτt
2/2. Then we have

|u′(t)|2eτt2 = |v′(t)− τtv(t)|2 = v′(t)2 − 2τtv(t)v′(t) + τ2t2v(t)2

= |v′(t) + τtv(t)|2 − 4τtv(t)v′(t)

= |v′(t) + τtv(t)|2 + 2τ |v(t)|2 − 2τ(tv(t)2)′ (3.2.2)

Integrate this over [−1, 1], noting that v ∈ C∞
0 (−1, 1), we get (3.2.1).

The proof of (3.2.1) is very simple, yet it reveals the two fundamental features
in deriving Carleman estimates.

First, the introduction of the weight function eτt2/2. The effectiveness of Car-
leman estimates depends crucially on a clever choice of weight functions, which
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differs for different types of equations. The weight function serves to amplify or
suppress certain parts of the solution based on the geometry and the nature of
the differential operator.

Second, the pointwise weighted identity (3.2.2). This identity demonstrates
the core mechanism of Carleman estimates: by multiplying with the weighted
multiplier eτt2 , the principal operator d

dt
can be decomposed into:

• A “divergence” term: −2τ(tv(t)2)′, which typically contributes boundary
terms after applying the divergence theorem and vanishes here due to the
compact support of v in (−1, 1).

• An “energy” term: |v′(t) + τtv(t)|2 + 2τ |v(t)|2, which provides the the left-
hand side of (3.2.1).

This decomposition is the essence of weighted identities: they transform the
original differential expression into a form where energy methods can extract
quantitative information about the solution. The specific structure of the energy
term allows us to control both the function v and its derivative simultaneously,
which is crucial for applications to inverse problems.

With the example in place, we are now ready to present the general weighted
identity for second order stochastic parabolic-like operators. This identity forms
the basis for deriving Carleman estimates, which are cornerstones in the study of
inverse problems for stochastic parabolic equations.

Note that the identity is stated in a general form. By choosing different
functions ` and Ψ, it can be adapted to various cases, such as different observation
regions or boundary conditions. Nevertheless, the essential idea remains analogous
to (3.2.1).

Theorem 3.2.2. Let

bjk = bkj ∈ L2
F
(
Ω;C1

(
[0, T ];W 2,∞(G)

))
, j, k = 1, 2, · · · , n, (3.2.3)

` ∈ C2,3((0, T ) × G) and Ψ ∈ C1,2((0, T ) × G). Let u be an H2(G)-valued con-
tinuous Itô process. Set θ = eℓ and w = θu. Then, for any t ∈ (0, T ) and a.e.
(x, ω) ∈ G× Ω,

2θ
[
−

n∑
j,k=1

(
bjkwxj

)
xk

+Aw
][
du−

n∑
j,k=1

(
bjkuxj

)
xk
dt
]
+ 2

n∑
j,k=1

(
bjkwxjdw

)
xk

+ 2
n∑

j,k=1

[ n∑
j′,k′=1

(
2bjkbj

′k′`xj′wxjwxk′ − bjkbj
′k′`xjwxj′wxk′

)
+Ψbjkwxjw − bjk

(
A`xj +

Ψxj

2

)
w2
]
xk
dt (3.2.4)

= 2
n∑

j,k=1

cjkwxjwxkdt+ Bw2dt+ d
( n∑
j,k=1

bjkwxjwxk +Aw2
)
− θ2A(du)2,
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+ 2
[
−

n∑
j,k=1

(
bjkwxj

)
xk

+Aw
]2
dt− θ2

n∑
j,k=1

bjk
(
duxj + `xjdu

)(
duxk + `xkdu

)
where

A ≜ −
n∑

j,k=1

(
bjk`xj`xk − bjkxk`xj − bjk`xjxk

)
−Ψ− `t,

B ≜ 2
[
AΨ−

n∑
j,k=1

(
Abjk`xj

)
xk

]
−At −

n∑
j,k=1

(
bjkΨxk

)
xj
,

cjk ≜
n∑

j′,k′=1

[
2bjk

′(
bj

′k`xj′
)
xk′

−
(
bjkbj

′k′`xj′
)
xk′

]
− bjkt

2
+ Ψbjk.

(3.2.5)

Remark 3.2.1. Here, du is a formal notation for the stochastic differential, in-
dicating that u is an H2(G)-valued continuous Itô process (see Definition 2.4.1).
Suppose that u satisfies

u(t) = u(0) +

∫ t

0
φ(s)ds+

∫ t

0
Φ(s)dW (s), a.s., ∀t ∈ [0, T ],

where φ(·) ∈ L1
F(0, T ;H

2(G)) and Φ(·) ∈ L2
F(0, T ;H

2(G)). Then, for j = 1, · · · , n,
the stochastic differential duxj is given by

uxj (t) = uxj (0) +

∫ t

0
φxj (s)ds+

∫ t

0
Φxj (s)dW (s), a.s., ∀t ∈ [0, T ].

Therefore, (3.2.4) should be interpreted in the sense of integral identities.
Also, (du)2 is a formal notation. The term

∫ t
0 (du)

2 denotes the quadratic
variation process of the Itô process u. Specifically, (see [2, Section 9.3]),∫ t

0
(du)2 =

∫ t

0
(Φ(s))2ds, a.s., ∀t ∈ [0, T ].

Remark 3.2.2. Compared with the deterministic case, the main difference in the
stochastic setting is the appearance of the quadratic variation terms

−θ2A(du)2 − θ2
n∑

j,k=1

bjk
(
duxj + `xjdu

)(
duxk + `xkdu

)
which vanish in the deterministic case.

If the quadratic variation terms have a “good” sign, this can lead to stronger
results in the stochastic setting. For example, one can obtain determination results
for the source in diffusion term, see Problem 3.10 and Problem 4.4. On the other
hand, if these terms have a “bad” sign, additional difficulties arise and extra effort
is required to eliminate them. For instance, compared to the deterministic case,
it is necessary to modify the choice of the function Ψ in (3.2.4) in order to obtain
the corresponding Carleman estimates.
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Proof. The proof is divided into four steps.
Step 1. Since θ = eℓ and w = θu, we have that

θdu = dw − `twdt,

and that

θ

n∑
j,k=1

(bjkuxj )xk (3.2.6)

=

n∑
j,k=1

(bjkwxj )xk − 2
n∑

j,k=1

bjk`xkwxj +
n∑

j,k=1

(bjk`xj`xk − bjkxk`xj − bjk`xjxk)w.

Put

I = −
n∑

j,k=1

(bjkwxj )xk +Aw, I2 = dw + 2
n∑

j,k=1

bjk`xkwxjdt, I3 = Ψwdt.

(3.2.7)

Combining (3.2.6) and (3.2.7), we obtain

2θI
(
du−

n∑
j,k=1

(bjkuxj )xkdt
)
= 2I2dt+ 2II2 + 2II3. (3.2.8)

Step 2. In this step, we handle the term II2. Applying Itô’s formula (Re-
mark 2.4.1), we obtain

2
[
−

n∑
j,k=1

(bjkwxj )xk +Aw
]
dw

= −2
n∑

j,k=1

(bjkwxjdw)xk + d
( n∑
j,k=1

bjkwxjwxk +Aw2
)
−

n∑
j,k=1

bjkt wxjwxkdt

−Atw
2dt−

n∑
j,k=1

bjkdwxjdwxk −A(dw)2. (3.2.9)

Thanks to (3.2.3), we obtain

4

n∑
j,k,j′,k′=1

bjkbj
′k′`xk′wxjwxkxj′

= 2

n∑
j,k,j′,k′=1

[
(bjkbj

′k′`xkwxj′wxk′ )xj − (bjkbj
′k′`xk′ )xj′wxjwxk

]
.

Hence, it holds that

4

n∑
j′,k′=1

[
−

n∑
j,k=1

(bjkwxj )xk +Aw
]
bj

′k′`xk′wxj′
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= −2

n∑
j,k=1

[ n∑
j′,k′=1

(2bjkbj
′k′`xj′wxjwxk′ − bjkbj

′k′`xjwxj′wxk′ )−Abjk`xjw2
]
xk

+ 2

n∑
j,k,j′,k′=1

[
2bjk

′
(bj

′k`xj′ )xk′ − (bjkbj
′k′`xk′ )xj′

]
wxjwxk (3.2.10)

− 2

n∑
j,k=1

(Abjk`xj )xkw
2.

Step 3. In this step, we deal with II3. Thanks to (3.2.7), we obtain

2II3 = 2
[
−

n∑
j,k=1

(bjkwxj )xk +Aw
]
Ψwdt

= −2

n∑
j,k=1

(
bjkΨwxjw − 1

2
bjkΨxjw

2
)
xk
dt+ 2

n∑
j,k=1

Ψbjkwxjwxkdt

+
(
2AΨ−

n∑
j,k=1

(bjkΨxj )xk

)
w2dt. (3.2.11)

Step 4. Combining (3.2.8)–(3.2.11), and noting that
n∑

j,k=1

bjkdwxjdwxk +A(dw)2

=
n∑

j,k=1

θ2bjk(duxj + `xjdu)(duxk + `xkdu) + θ2A(du)2,

we immediately have the desired equality (3.2.4).

3.3 Solution to inverse state problem with an internal
measurement I

In this section, assume additionally that Γ is of class C4, as required by the weight
construction and the Carleman estimate used below.

This section focuses on the following problems:

• Problem 3.1: Can the initial value y0 be uniquely determined from the
internal measurement M1(y0) = y

∣∣
(0,T )×G0

?

• Problem 3.2: Does the solution y(t) depend continuously on the measure-
ment, as expressed by the estimate (3.1.3)?

The following theorem, which is a kind of observability estimate, provides a
straightforward extension of [68, Theorem 2.4], presenting a positive answer to
these problems.
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Theorem 3.3.1. For each t ∈ (0, T ], there exists a constant C(t) > 0 such that
the inequality (3.1.3) holds for any y0, ŷ0 ∈ L2

F0
(Ω;L2(G)).

Remark 3.3.1. Theorem 3.3.1 asserts that the state y(t) of system (3.1.2) (at
t ∈ (0, T ]) is uniquely determined from the observation y|(0,T )×G0

, P-a.s., and
continuously depends on it. As a result of the arbitrariness of t ∈ (0, T ] in (3.1.3),
we deduce that the answer to Problem 3.1 is certainly positive.

In order to prove Theorem 3.3.1, we present a global Carleman estimate for
the following stochastic parabolic equation:

dz −
n∑

j,k=1

(bjkzxj )xkdt = fdt+ gdW (t) in Q,

z = 0 on Σ,

z(0) = z0 in G,

(3.3.1)

where z0 ∈ L2
F0
(Ω;L2(G)), f ∈ L2

F(0, T ;L
2(G)) and g ∈ L2

F(0, T ;H
1(G)).

Let us first recall the following well-known result.

Lemma 3.3.2. [68, Lemma 5.1] For any nonempty open subset G1 of G, there
is a ψ ∈ C4(G) such that ψ > 0 in G, ψ = 0 on Γ, and |∇ψ(x)| > 0 for all
x ∈ G \G1.

Fix a nonempty open set G1 ⊂⊂ G0. With the function ψ given in Theo-
rem 3.3.2, we choose the weighted functions in Theorem 3.2.2 as follows:

θ = eℓ, ` = λα, α(t, x) =
eµψ(x) − e

2µ|ψ|C(G)

t(T − t)
, ϕ(t, x) =

eµψ(x)

t(T − t)
, (3.3.2)

where λ > 1, µ > 1. Further, let

Ψ = 2
n∑

j,k=1

bjk`xjxk . (3.3.3)

For j, k = 1, 2, · · · , n, it is straightforward to verify that

`t = λαt, `xj = λµϕψxj , `xjxk = λµ2ϕψxjψxk + λµϕψxjxk (3.3.4)

and that

αt = ϕ2O
(
e
2µ|ψ|C(G)

)
, ϕt = ϕ2O

(
e
µ|ψ|C(G)

)
. (3.3.5)

Here and in what follows, for a positive constant r, we denote O(µr) as a function
of order µr for large µ. We use O

(
e
µ|ψ|C(G)

)
in a similar way.

We state the Carleman estimate for the equation (3.3.1) as follows:
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Theorem 3.3.3. There is a constant µ0 = µ0(G,G0, (b
jk)n×n) > 0 such that for

all µ ≥ µ0, one can find two constants C = C(µ) > 0 and λ0 = λ0(µ) > 0 such
that for any λ ≥ λ0, the solution z ∈ L2

F(Ω;C([0, T ];L
2(G))) ∩ L2

F(0, T ;H
1
0 (G)),

to (3.3.1) satisfies

λ3µ4E
∫
Q
ϕ3θ2z2dxdt+ λµ2E

∫
Q
ϕθ2|∇z|2dxdt

≤ CE
[ ∫

Q
θ2
(
f2 + |∇g|2 + λ2µ2ϕ2g2

)
dxdt+ λ3µ4

∫
Q0

ϕ3θ2z2dxdt
]
. (3.3.6)

Proof. The proof is divided into four steps.
Step 1. In this step, we estimate the order of the terms in the equality (3.2.4)

with respect to λ and µ.
Combining (3.0.1), (3.2.5), (3.3.3) and (3.3.4), we have

`xjxk = λµ2ϕψxjψxk + λϕO(µ)

and
n∑

j,k=1

cjkwxjwxk

= 2λµ2ϕ
( n∑
j,k=1

bjkψxjwxk

)2
+ λµ2ϕ

( n∑
j,k=1

bjkψxjψxk

)( n∑
j,k=1

bjkwxjwxk

)
+ λϕO(µ)|∇w|2

≥
(
s20λµ

2ϕ|∇ψ|2 + λϕO(µ)
)
|∇w|2. (3.3.7)

Thanks to (3.2.5) and (3.3.3)–(3.3.5), we obtain that

A = −
n∑

j,k=1

(
bjk`xj`xk − bjkxk`xj + bjk`xjxk

)
− `t

= −λ2µ2ϕ2
n∑

j,k=1

bjkψxjψxk + λϕ2O
(
e
2µ|ψ|C(G)

)
. (3.3.8)

Next, we estimate B term by term (referring to the definition of B in (3.2.5)).
Thanks to (3.3.3) and (3.3.4), we see that

Ψ = 2λµ2ϕ
n∑

j,k=1

bjkψxjψxk + λϕO(µ). (3.3.9)

This, together with (3.3.8), implies that

AΨ = −2λ3µ4ϕ3
( n∑
j,k=1

bjkψxjψxk

)2
+ λ3ϕ3O(µ3) + λ2ϕ3O

(
µ2e

2µ|ψ|C(G)
)
.

(3.3.10)
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From (3.3.3), we obtain that
n∑

j,k=1

(
Abjk`xj

)
xk

=

n∑
j,k=1

bjkAxk`xj +

n∑
j,k=1

Abjkxk`xj +
1

2
AΨ. (3.3.11)

Combining (3.2.5), (3.3.2) and (3.3.8), we get that

Axk = −2λ2µ3ϕ2
n∑

j′,k′=1

bj
′k′ψxj′ψxk′ψxk + λ2ϕ2O(µ2) + λϕ2O

(
µe

2µ|ψ|C(G)
)
.

This, together with (3.3.4), yields that
n∑

j,k=1

bjkAxk`xj = −2λ3µ4ϕ3
( n∑
j,k=1

bjkψxjψxk

)2
+ λ3ϕ3O(µ3)

+ λ2ϕ3O
(
µ2e

2µ|ψ|C(G)
)
. (3.3.12)

From (3.3.4) and (3.3.8), we get that
n∑

j,k=1

Abjkxk`xj = λ3ϕ3O(µ3) + λ2ϕ3O
(
µe

2µ|ψ|C(G)
)
. (3.3.13)

By (3.3.5) and (3.3.8), we find that

At = λ2ϕ3O
(
µ2e

2µ|ψ|C(G)
)
+ λϕ3O

(
e
2µ|ψ|C(G)

)
. (3.3.14)

From (3.3.2) and (3.3.9), we obtain
n∑

j,k=1

(
bjkΨxk

)
xj

= 2λµ4ϕ
( n∑
j,k=1

bjkψxjψxk

)2
+ λϕO(µ3). (3.3.15)

Combining (3.3.10)–(3.3.15), we have that

B ≥ 2s20λ
3µ4ϕ3|∇ψ|4 + λ3ϕ3O(µ3) + λ2ϕ3O

(
µ2e

2µ|ψ|C(G)
)
+ λϕ3O

(
e
2µ|ψ|C(G)

)
.

(3.3.16)

Step 2. In this step, we apply Theorem 3.2.2 to the equation (3.3.1) and handle
the boundary terms.

For the direct proof below, first take bjk ∈ C2(G) and smooth data compatible
with the homogeneous boundary condition, so that the weighted identity applies.
Approximation gives the estimate for g ∈ L2

F(0, T ;H
1
0 (G)). For the full stated

class bjk ∈ C1(G) and g ∈ L2
F(0, T ;H

1(G)), (3.3.6) also follows from the stronger
estimate in [51, Theorem 1.1], recalled after this proof.
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Let us choose u = z in Theorem 3.2.2. Integrating the equality (3.2.4) over
Q, taking mathematical expectation in both sides, and noting (3.3.7), (3.3.8) and
(3.3.16), we conclude that there is a constant c0 > 0 such that

2E
∫
Q
θ
[
−

n∑
j,k=1

(bjkwxj )xk +Aw
][
dz −

n∑
j,k=1

(bjkzxj )xkdt
]
dx

+ 2E
∫
Q

n∑
j,k=1

[ n∑
j′,k′=1

(
2bjkbj

′k′`xj′wxjwxk′ − bjkbj
′k′`xjwxj′wxk′

)
+Ψbjkwxjw

− bjk
(
A`xj +

Ψxj

2

)
w2
]
xk
dxdt+ 2E

∫
Q

n∑
j,k=1

(bjkwxjdw)xkdx

≥ 2c0E
∫
Q

[
ϕ
(
λµ2|∇ψ|2 + λO(µ)

)
|∇w|2 + ϕ3

(
λ3µ4|∇ψ|4 + λ3O(µ3) (3.3.17)

+ λ2O
(
µ2e

2µ|ψ|C(G)
)
+ λO

(
e
2µ|ψ|C(G)

))
w2
]
dxdt

+ 2E
∫
Q

∣∣∣− n∑
j,k=1

(
bjkwxj

)
xk

+Aw
∣∣∣2dxdt

− E
∫
Q
θ2

n∑
j,k=1

bjk
(
dzxj + `xjdz

)(
dzxk + `xkdz

)
dx− E

∫
Q
θ2A(dz)2dx,

where we use the fact that, for all x ∈ G, lim
t→0+

α = lim
t→T−

α = −∞.
By (3.3.1), we obtain

2E
∫
Q
θ
[
−

n∑
j,k=1

(
bjkwxj

)
xk

+Aw
][
dz −

n∑
j,k=1

(
bjkzxj

)
xk
dt
]
dx

≤ E
∫
Q

∣∣∣− n∑
j,k=1

(
bjkwxj

)
xk

+Aw
∣∣∣2dtdx+ E

∫
Q
θ2f2dtdx. (3.3.18)

Next, we deal with divergence terms. Since z = 0 on Σ, we get

w|Σ = 0 and wxj |Σ = θzxj |Σ = θ
∂z

∂ν
νj

∣∣∣
Σ
, for j = 1, · · · , n.

Similarly, by Theorem 3.3.2, we get

`xj = λµϕψxj = λµϕ
∂ψ

∂ν
νj for j = 1, · · · , n, and ∂ψ

∂ν
< 0 on Σ.

Therefore, via integration by parts and noting w = 0 on Σ, we obtain that

2E
∫
Q

n∑
j,k=1

(bjkwxjdw)xkdx = 2E
∫
Σ

n∑
j,k=1

bjkwxjνkdwdx = 0, (3.3.19)



3. Inverse problems for stochastic parabolic equations 40

and that

2E
∫
Q

n∑
j,k=1

[ n∑
j′,k′=1

(
2bjkbj

′k′`xj′wxjwxk′ − bjkbj
′k′`xjwxj′wxk′

)
+Ψbjkwxjw − bjk

(
A`xj +

Ψxj

2

)
w2
]
xk
dtdx (3.3.20)

= 2λµE
∫
Σ
ϕθ2

∂ψ

∂ν

(∂z
∂ν

)2( n∑
j,k=1

bjkνjνk

)2
dΓdt ≤ 0.

Since z is a H2(G)-valued Itô process, for j, k = 1, · · · , n, we obtain that zxj is a
H1-valued Itô process. Hence, for j, k = 1, · · · , n, we have∫ t

0
dzxjdzxk =

∫ t

0
gxjgxkds, for (t, x) ∈ [0, T ]×G, P-a.s.

Thanks to it and Remark 2.4.1, we have

E
∫
Q
θ2

n∑
j,k=1

bjk
(
dzxj + `xjdz

)(
dzxk + `xkdz

)
dx+ E

∫
Q
θ2A(dz)2dx

= E
∫
Q
θ2

n∑
j,k=1

bjk
(
gxj + `xjg

)(
gxk + `xkg

)
dxdt+ E

∫
Q
θ2Ag2dxdt. (3.3.21)

Combining (3.3.17)–(3.3.21), we arrive at

2c0E
∫
Q

[
ϕ
(
λµ2|∇ψ|2 + λO(µ)

)
|∇w|2 + ϕ3

(
λ3µ4|∇ψ|4 + λ3O(µ3)

+ λ2O
(
µ2e

2µ|ψ|C(G)
)
+ λO

(
e
2µ|ψ|C(G)

))
w2
]
dxdt (3.3.22)

≤ E
∫
Q
θ2
[
f2 +

n∑
j,k=1

bjk
(
gxj + `xjg

)(
gxk + `xkg

)
+Ag2

]
dxdt.

Step 3. By Theorem 3.3.2, we have minx∈G\G1
|∇ψ| > 0. Hence, there exists

a µ1 > 0 such that for all µ ≥ µ1, one can find a constant λ1 = λ1(µ) such that
for any λ ≥ λ1, it holds that

2E
∫
Q

[
ϕ
(
λµ2|∇ψ|2 + λO(µ)

)
|∇w|2 + ϕ3

(
λ3µ4|∇ψ|4 + λ3O(µ3)

+ λ2O
(
µ2e

2µ|ψ|C(G)
)
+ λO

(
e
2µ|ψ|C(G)

))
w2
]
dxdt

≥ c1λµ
2E
∫ T

0

∫
G\G1

ϕ
(
|∇w|2 + λ2µ2ϕ2w2

)
dxdt (3.3.23)

− Cλµ2E
∫ T

0

∫
G1

ϕ
(
|∇w|2 + λ2µ2ϕ2w2

)
dxdt,
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where c1
∆
=min

(
min

x∈G\G1

|∇ψ|2, min
x∈G\G1

|∇ψ|4
)
.

Note that
1

C
θ2
(
|∇z|2 + λ2µ2ϕ2z2

)
≤ |∇w|2 + λ2µ2ϕ2w2 ≤ Cθ2

(
|∇z|2 + λ2µ2ϕ2z2

)
.

Combining this with (3.3.22) and (3.3.23), implies that

λµ2E
∫
Q
ϕθ2

(
|∇z|2 + λ2µ2ϕ2z2

)
dxdt

≤ C
[
E
∫
Q
θ2
(
f2 + |∇g|2 + λ2µ2ϕ2g2

)
dxdt

+ λµ2E
∫ T

0

∫
G1

ϕθ2
(
|∇z|2 + λ2µ2ϕ2z2

)
dxdt

]
. (3.3.24)

Step 4. In this step, we get rid of the term containing ∇z in the right hand
side of (3.3.24) and complete the proof of (3.3.6).

Choosing a cut-off function ζ ∈ C∞
0 (G0) satisfied 0 ≤ ζ ≤ 1 and ζ = 1 in G1.

Noting that

d(θ2ϕz2) = z2
(
θ2ϕ

)
t
dt+ 2θ2ϕzdz + θ2ϕ(dz)2,

and lim
t→0+

(θ2ϕ)(t, ·) = lim
t→T−

(θ2ϕ)(t, ·) = 0, utilizing (3.3.1) and Divergence Theo-
rem, we obtain that

0 = E
∫
Q0

ζ2
[
z2
(
θ2ϕ

)
t
dt+ 2θ2ϕzdz + θ2ϕ(dz)2

]
dx

= E
∫
Q0

θ2
[
ζ2z2 (ϕt + 2λϕαt)− 2ζ2ϕ

n∑
j,k=1

bjkzxjzxk

− 2µζ2ϕ(1 + 2λϕ)z

n∑
j,k=1

bjkzxjψxk

− 4ζϕz
n∑

j,k=1

bjkzxjζxk + 2ζ2ϕfz + ζ2ϕg2
]
dxdt.

This, along with (3.3.5), yields that there exists a µ2 > 0 such that for all µ ≥ µ2,
one can find a constant λ2 = λ2(µ) so that for any λ ≥ λ2 and ε > 0, it holds

2E
∫
Q0

θ2ζ2ϕ

n∑
j,k=1

bjkzxjzxkdxdt

≤ εE
∫
Q0

θ2ζ2ϕ|∇z|2dxdt+ C
ε
E
∫
Q0

θ2
( 1

λ2µ2
f2 + λ2µ2ϕ3z2

)
dxdt

+ E
∫
Q0

θ2ϕg2dxdt.



3. Inverse problems for stochastic parabolic equations 42

By this and (3.0.1), choosing ε sufficiently small, we conclude that

E
∫ T

0

∫
G1

θ2ϕ|∇z|2dxdt

≤ C
[
E
∫
Q
θ2
( 1

λ2µ2
f2 + ϕg2

)
dxdt+ λ2µ2E

∫
Q0

θ2ϕ3z2dxdt
]
. (3.3.25)

Finally, combining (3.3.24) and (3.3.25), choosing µ0 = max{µ1, µ2} and λ0 =
max{λ1, λ2}, we obtain (3.3.6).

Remark 3.3.2. By [51, Theorem 1.1], for g ∈ L2
F(0, T ;L

2(G)), the term |∇g|2 can
be omitted from the right hand side of (3.3.6). Here µ is fixed sufficiently large;
the weights ϕ and [t(T − t)]−1 in that theorem are comparable, with constants
depending on µ. The method used by the author is different from the pointwise
weighted identity approach adopted in this book. The author first transforms the
proof of the Carleman estimate for forward stochastic parabolic equations into
a controllability problem for a backward stochastic parabolic equation. Subse-
quently, this controllability problem is reduced to the Carleman estimate for a
random parabolic equation. Through this double duality argument, the Carleman
estimate for the forward stochastic parabolic equation is reduced to the known
Carleman estimate for deterministic parabolic equations. This result allows for
a relaxation of the regularity assumptions on the coefficients in certain inverse
problems.

Proof of Theorem 3.3.1. Let z = y − ŷ. From (3.1.2), we obtain that z satisfies

dz −
n∑

j,k=1

(bjkzxj )xkdt =
[
F (∇y, y)− F (∇ŷ, ŷ)

]
dt

+
[
K(y)−K(ŷ)

]
dW (t) in Q,

z = 0 on Σ,

z(0) = y0 − ŷ0 in G.

By the Lipschitz continuity of F andK (see (3.1.1)), we have F (∇y, y)−F (∇ŷ, ŷ) ∈
L2
F(0, T ;L

2(G)) and K(y)−K(ŷ) ∈ L2
F(0, T ;L

2(G)). Hence, z fulfills the equation
(3.3.1) with

f = F (∇y, y)− F (∇ŷ, ŷ), g = K(y)−K(ŷ). (3.3.26)

Fix µ sufficiently large. By the preceding remark, there exists λ0 = λ0(µ) > 0
such that for all λ ≥ λ0, it holds that

λ3µ4E
∫
Q
ϕ3θ2z2dxdt+ λµ2E

∫
Q
ϕθ2|∇z|2dxdt

≤ CE
[ ∫

Q
θ2
(
f2 + λ2µ2ϕ2g2

)
dxdt+ λ3µ4

∫
Q0

ϕ3θ2z2dxdt
]
.
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From (3.1.1) and (3.3.26), we have

E
∫
Q
θ2|f |2dxdt ≤ 2L2E

∫
Q
θ2
(
|∇z|2 + |z|2

)
dxdt,

and

E
∫
Q
θ2λ2µ2ϕ2|g|2dxdt ≤ L2E

∫
Q
θ2λ2µ2ϕ2|z|2dxdt.

Hence,

E
∫
Q
θ2
(
λ3µ4ϕ3|z|2 + λµ2ϕ|∇z|2

)
dxdt

≤ C
{
L2E

∫
Q
θ2
[
|∇z|2 +

(
1 + λ2µ2ϕ2

)
|z|2
]
dxdt+ λ3µ4E

∫
Q0

ϕ3θ2z2dxdt
}
.

Keeping µ fixed and choosing λ ≥ λ0(µ) sufficiently large, depending also on L,
we absorb the lower-order terms and obtain

E
∫
Q
θ2
(
λ3µ4ϕ3|z|2 + λµ2ϕ|∇z|2

)
dxdt ≤ Cλ3µ4E

∫
Q0

ϕ3θ2z2dxdt. (3.3.27)

From (3.3.2), we find that

E
∫
Q
θ2
(
ϕ3|z|2 + ϕ|∇z|2

)
dxdt

≥ min
x∈G

(
min{ϕ3(T/2, x), ϕ(T/2, x)}θ2(T/4, x)

)
E
∫ 3T

4

T
4

∫
G

(
|z|2 + |∇z|2

)
dxdt

(3.3.28)

and that

E
∫
Q0

ϕ3θ2z2dxdt ≤ max
(x,t)∈Q

(
ϕ3(t, x)θ2(t, x)

)
E
∫
Q0

z2dxdt. (3.3.29)

Using a standard energy estimate, from (3.1.1), (3.3.1) and (3.3.26), we can
obtain that for any 0 ≤ s ≤ t ≤ T ,

E|z(t)|2L2(G) ≤ eCL
2
E|z(s)|2L2(G). (3.3.30)

For any fixed t ∈ (0, T ], apply the preceding estimates with T replaced by t, and
integrate (3.3.30) over s ∈ [t/4, 3t/4]. Combining this with (3.3.27)–(3.3.29) and
(0, t)×G0 ⊂ Q0, we obtain (3.1.3).
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3.4 Solution to inverse state problem with a terminal
measurement

This section focuses on the following problem:

• Problem 3.3: Can we determine y(t0) in G, P-a.s. for t0 ∈ [0, T ) from
y(T ), where y solves (3.1.2)?

In this section, we consider solutions to (3.1.2) satisfying

y ∈ L2
F(Ω;C([0, T ];H

1
0 (G))) ∩ L2

F(0, T ;H
2(G) ∩H1

0 (G)).

For the linear equation (3.1.6), its stated coefficient and forcing assumptions to-
gether with y0 ∈ L2

F0
(Ω;H1

0 (G)) ensure this regularity. Indeed, applying Itô’s
formula to the Dirichlet energy

∫
G

∑
j,k b

jkyxjyxk dx and using elliptic regularity
gives

E sup
0≤t≤T

|y(t)|2H1(G) + E
∫ T

0
|y(t)|2H2(G)dt

≤ C
(
|y0|2L2

F0
(Ω;H1(G)) + |f |2L2

F(0,T ;L
2(G)) + |g|2L2

F(0,T ;H
1(G))

)
.

A Galerkin approximation justifies this calculation for the stated data.
For the results in this section, we additionally assume that K(t, ·, ·) maps

H1
0 (G) into itself and that, for some LK > 0 and almost every (t, ω),

|K(t, ·, u)−K(t, ·, v)|H1(G) ≤ LK |u− v|H1(G), u, v ∈ H1
0 (G). (3.4.1)

This condition holds, for example, for K(t, x, ζ) = a3(t, x)ζ +K(t, x, 0) with a3 ∈
L∞
F (0, T ;W 1,∞(G)) and the standing assumption K(·, ·, 0) ∈ L2

F(0, T ;H
1
0 (G)). In

this case, ∇(K(y) − K(ŷ)) = a3∇(y − ŷ) + (y − ŷ)∇a3. The constants below
may also depend on LK . We prove two results for the conditional stability of
Problem 3.3. Recall that for any M > 0 and α1 ≥ 0, we define

UM,α1

△
=
{
f ∈ L2

F0
(Ω;Hα1(G))

∣∣ |f |L2
F0

(Ω;Hα1 (G)) ≤M
}
.

Then, the first one is

Theorem 3.4.1. For any t0 ∈ (0, T ], there exists a positive constant C = C(t0)
such that for some constant γ = γ(t0) ∈ (0, 1) and for any M > 0, for all
y0, ŷ0 ∈ UM,0 satisfying the standing regularity assumption, it holds that

|y(t0)− ŷ(t0)|L2
Ft0

(Ω;L2(G)) ≤ CM1−γ |y(T )− ŷ(T )|γ
L2
FT

(Ω;H1(G))
, (3.4.2)

where y(·) (resp. ŷ(·)) is the solution to (3.1.2) with respect to the initial datum
y0 (resp. ŷ0).
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Remark 3.4.1. For the stochastic heat equation dv − ∆v dt = av dt + bv dW (t)
with zero Dirichlet boundary data, a related estimate with a local terminal ob-
servation is available when G is bounded and convex, a ∈ L∞

F (0, T ;L∞(G)) and
b ∈ L∞

F (0, T ;W 1,∞(G)). For any nonempty open G0 ⋐ G, [57, Theorem 1.6] gives
constants C > 0 and δ ∈ (0, 1) such that

|v(T )|L2
FT

(Ω;L2(G)) ≤ C|v(0)|1−δ
L2
F0

(Ω;L2(G))
|v(T )|δL2

FT
(Ω;L2(G0))

.

The convexity ensures (x− x0) · ν(x) ≥ 0 for x0 ∈ G0 and x ∈ ∂G, which is used
to control the boundary terms in that proof.
Remark 3.4.2. From Theorem 3.4.1, we know the answer to Problem 3.3 is pos-
itive. Moreover, the inequality (3.4.2) shows that the function β(·) in (3.1.4) can
be chosen as β(η) = CM1−γηγ for η ∈ [0,∞).

By a standard energy estimate, Theorem 3.4.1 follows from the following re-
sult, which is a generalization of [53, Theorem 1.2].

Theorem 3.4.2. For each t0 ∈ (0, T ], there exist constants γ = γ(t0) ∈ (0, 1) and
C = C(t0) > 0 such that

|y(t0)− ŷ(t0)|L2
Ft0

(Ω;L2(G)) ≤ C|y(·)− ŷ(·)|1−γ
L2
F(0,T ;L

2(G))
|y(T )− ŷ(T )|γ

L2
FT

(Ω;H1(G))
,

(3.4.3)

where y(·) (resp. ŷ(·)) solves the equation (3.1.2) with the initial datum y0 (resp.
ŷ0).

In Theorem 3.4.1, the left hand side of the condition stability estimate (3.4.2) is
|y(t0)−ŷ(t0)|L2

Ft0
(Ω;L2(G)) and the right hand side is |y(T )−ŷ(T )|γ

L2
FT

(Ω;H1(G))
. This

means that the unknown state is continuously dependent on the measurement in
L2
Ft0

(Ω;L2(G)) norm when the measurement is in L2
FT

(Ω;H1(G)). In other words,
the norm for the measured data is stronger than the unknown state. Generally
speaking, the stronger of the norm for the measured data, the more accurate
measurement should we do. Hence, it is natural to expect to relax the norm in
the right hand side of (3.4.2) while enforcing a stronger norm in the left hand side
of (3.4.2). This is done by the following result.

Theorem 3.4.3. For any t0 ∈ (0, T ), there exists a positive constant C = C(t0)
such that for some generic constant γ = γ(t0, T ) ∈ (0, 1) and for any M > 0, for
all y0, ŷ0 ∈ UM,1 satisfying the standing regularity assumption, letting

β(η) = Cη + CM2 exp[−3−γ lnγ(η−1)], 0 < η < 1, (3.4.4)

with β(0) = 0 and β(η) = C(η +M2) for η ≥ 1, it holds that

|y(t0)− ŷ(t0)|2L2
Ft0

(Ω;H1(G)) ≤ β
(
|y(T )− ŷ(T )|L2

FT
(Ω;L2(G))

)
, (3.4.5)

where y(·) (resp. ŷ(·)) is the solution to (3.1.2) with respect to the initial datum
y0 (resp. ŷ0).
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3.4.1 Proof of the conditional stability I
In this subsection, we will prove the first result of conditional stability, i.e., The-
orem 3.4.2.

Let s, λ ∈ (0,+∞), t ∈ (0,+∞), and ψ ∈ C∞(R) with ψt ≥ 1. Put

ϕ = eλψ, θ = esφ. (3.4.6)

As a consequence of Theorem 3.2.2, we have the following result.

Proposition 3.4.4. Assume that u is an H2(Rn)-valued continuous Itô process.
Put v = θu (with θ given by (3.4.6)). Then,

− θ
[ n∑
j,k=1

(bjkvxj )xk + sλϕψtv
][
du−

n∑
j,k=1

(bjkuxj )xkdt
]

+
1

4
λθv

[
du−

n∑
j,k=1

(bjkuxj )xkdt
]

= −
n∑

j,k=1

(
bjkvxjdv +

1

4
λbjkvxjvdt

)
xk

+
1

2
d
( n∑
j,k=1

bjkvxjvxk − sλϕψtv
2 +

1

4
λv2
)

+
(1
4
λ

n∑
j,k=1

bjkvxjvxkdt−
1

2

n∑
j,k=1

bjkdvxjdvxk

)
+

1

2
sλ2ϕψ2

t v
2dt

+
1

2
sλϕψttv

2dt− 1

4
sλ2ψtϕv

2dt+
1

2
sλϕψt(dv)

2 − 1

8
λ(dv)2

+
[ n∑
j,k=1

(bjkvxj )xk + sλϕψtv
]2
dt. (3.4.7)

Proof. Noting that ψ is independent of the x-variable, choosing Ψ = −1
4λ in

Theorem 3.2.2, the proof is straightforward.

We have the following Carleman estimate for (3.3.1), which is a generalization
of Theorem 2.1 in [78]:

Theorem 3.4.5. Let δ ∈ [0, T ), and let ϕ and θ be given in (3.4.6). There exist
constants C > 0 and λ1 > 0 such that for all λ ≥ λ1, there exists an s0(λ) > 0 so
that for all s ≥ s0(λ), for any solution z ∈ L2

F(Ω;C([0, T ];H
1
0 (G))) to the equation

(3.3.1) with g ∈ L2
F(0, T ;H

1
0 (G)), it holds that

λE
∫ T

δ

∫
G
θ2|∇z|2dxdt+ sλ2E

∫ T

δ

∫
G
ϕθ2z2dxdt+ sλE

∫ T

δ

∫
G
ϕθ2g2dxdt

≤ C E
[
θ2(T )|∇z(T )|2L2(G) + θ2(δ)|∇z(δ)|2L2(G) + sλϕ(T )θ2(T )|z(T )|2L2(G)

+ sλϕ(δ)θ2(δ)|z(δ)|2L2(G) +

∫ T

δ

∫
G
θ2
(
f2 + |∇g|2

)
dxdt

]
. (3.4.8)
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Remark 3.4.3. If we replace the assumption of ψt with |ψt| ≥ 1, then one can
follow the proof of (3.4.8) step by step to get

λE
∫ T

δ

∫
G
θ2|∇z|2dxdt+ sλ2E

∫ T

δ

∫
G
ϕθ2z2dxdt

≤ C E
[
θ2(T )|∇z(T )|2L2(G) + θ2(δ)|∇z(δ)|2L2(G) + sλϕ(T )θ2(T )|z(T )|2L2(G)

+ sλϕ(δ)θ2(δ)|z(δ)|2L2(G) +

∫ T

δ

∫
G
θ2
(
f2 + |∇g|2 + sλϕg2

)
dxdt

]
. (3.4.9)

Proof of Theorem 3.4.5. The calculation below is first made for smooth solutions
and then extended by Dirichlet spectral approximation, using g ∈ L2

F(0, T ;H
1
0 (G)).

Applying Theorem 3.4.4 to the equation (3.3.1) with u = z, integrating the equal-
ity (3.4.7) on [δ, T ] × G, and taking mathematical expectation on both sides, we
obtain that

− E
∫ T

δ

∫
G
θ
[ n∑
j,k=1

(bjkvxj )xk + sλϕψtv
][
dz −

n∑
j,k=1

(bjkzxj )xkdt
]
dx

+
1

4
λE
∫ T

δ

∫
G
θv
[
dz −

n∑
j,k=1

(bjkzxj )xkdt
]
dx

= −E
∫ T

δ

∫
G

n∑
j,k=1

(
bjkvxjdv +

1

4
λbjkvxjvdt

)
xk
dx

+
1

2
E
∫ T

δ

∫
G
d
( n∑
j,k=1

bjkvxjvxk − sλϕψtv
2 +

1

4
λv2
)
dx

+ E
∫ T

δ

∫
G

(1
4
λ

n∑
j,k=1

bjkvxjvxkdt−
1

2

n∑
j,k=1

bjkdvxjdvxk

)
dx

+ E
∫ T

δ

∫
G

[1
2
sλ2ϕψ2

t v
2dt+

1

2
sλϕψttv

2dt− 1

4
sλ2ϕψtv

2dt

+
1

2
sλϕψt(dv)

2 − 1

8
λ(dv)2

]
dx

+ E
∫ T

δ

∫
G

[ n∑
j,k=1

(bjkvxj )xk + sλϕψtv
]2
dxdt. (3.4.10)

Now we estimate the terms in the right hand side of (3.4.10) one by one.
Noting that v|Σ = z|Σ = 0, thanks to Divergence Theorem, we have

− E
∫ T

δ

∫
G

n∑
j,k=1

(
bjkvxjdv +

1

4
λbjkvxjvdt

)
xk
dx

= −E
∫ T

δ

∫
Γ

n∑
j,k=1

bjk
(
vxjdv +

1

4
λvxjvdt

)
νkdΓ = 0. (3.4.11)
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The second one reads as follows:

1

2
E
∫ T

δ

∫
G
d
( n∑
j,k=1

bjkvxjvxk − sλϕψtv
2 +

1

4
λv2
)
dx (3.4.12)

≥ −CE
(
|∇v(T )|2L2(G) + |∇v(δ)|2L2(G) + sλϕ(T )|v(T )|2L2(G) + sλϕ(δ)|v(δ)|2L2(G)

)
.

For the third one, thanks to (3.0.1) and (3.3.1), it holds that

E
∫ T

δ

∫
G

(1
4
λ

n∑
j,k=1

bjkvxjvxkdt−
1

2

n∑
j,k=1

bjkdvxjdvxk

)
dx

≥ 1

4
λE
∫ T

δ

∫
G
s0|∇v|2dxdt− CE

∫ T

δ

∫
G
θ2|∇g|2dxdt. (3.4.13)

Noting that ψt ≥ 1, there exists a λ0 > 0 such that, for λ ≥ λ0 and
smin[0,T ] ϕ ≥ 1, it holds that

E
∫ T

δ

∫
G

[1
2
sλ2ϕψ2

t v
2dt+

1

2
sλϕψttv

2dt− 1

4
sλ2ϕψtv

2dt

+
1

2
sλϕψt(dv)

2 − 1

8
λ(dv)2

]
dx

≥ 1

8
sλ2E

∫ T

δ

∫
G
ϕv2dxdt+

1

4
sλE

∫ T

δ

∫
G
ϕθ2g2dxdt. (3.4.14)

Now, we estimate the terms in the left hand side of (3.4.10). Thanks to (3.3.1),
we obtain

− E
∫ T

δ

∫
G
θ
[ n∑
j,k=1

(bjkvxj )xk + sλϕψtv
][
dz −

n∑
j,k=1

(bjkzxj )xkdt
]
dx

≤ E
∫ T

δ

∫
G

[ n∑
j,k=1

(bjkvxj )xk + sλϕψtv
]2
dxdt+ E

∫ T

δ

∫
G
θ2f2dxdt, (3.4.15)

and

1

4
λE
∫ T

δ

∫
G
θv
[
dz −

n∑
j,k=1

(bjkzxj )xkdt
]
dx

≤ 1

64
λ2E

∫ T

δ

∫
G
v2dxdt+ E

∫ T

δ

∫
G
θ2f2dxdt. (3.4.16)

From (3.4.10)–(3.4.16), we find

s0
4
λE
∫ T

δ

∫
G
|∇v|2dxdt+ 1

4
sλE

∫ T

δ

∫
G
ϕθ2g2dxdt
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− CE
∫ T

δ

∫
G
θ2
(
|∇g|2 + |f |2

)
dxdt

+ E
∫ T

δ

∫
G

(1
8
sλ2ϕ− 1

64
λ2
)
v2dxdt (3.4.17)

≤ CE
(
|∇v(T )|2L2(G) + |∇v(δ)|2L2(G) + sλϕ(T )|v(T )|2L2(G) + sλϕ(δ)|v(δ)|2L2(G)

)
.

Hence, there exists a λ1 ≥ λ0 such that for all λ ≥ λ1, one can find an s0(λ) > 0
so that for all s ≥ s0(λ), it holds

λE
∫ T

δ

∫
G
|∇v|2dxdt+ sλE

∫ T

δ

∫
G
ϕθ2g2dxdt+ sλ2E

∫ T

δ

∫
G
ϕv2dxdt

≤ CE
[
|∇v(T )|2L2(G) + |∇v(δ)|2L2(G) + sλϕ(T )|v(T )|2L2(G)

+ sλϕ(δ)|v(δ)|2L2(G)

]
+ CE

∫ T

δ

∫
G
θ2
(
|∇g|2 + |f |2

)
dxdt,

which implies inequality (3.4.8) immediately.

Now, we are in a position to prove Theorem 3.4.2.

Proof of Theorem 3.4.2. Choose t1 and t2 such that 0 < t1 < t2 < t0. Set ρ ∈
C∞(R) such that 0 ≤ ρ ≤ 1 and

ρ =

{
1, t ≥ t2,
0, t ≤ t1.

(3.4.18)

Let z = ρ(y − ŷ). Then, z solves

dz −
n∑

j,k=1

(bjkzxj )xkdt =
[
ρ
(
F (∇y, y)− F (∇ŷ, ŷ)

)
+ ρt

(
y − ŷ

)]
dt

+ ρ
(
K(y)−K(ŷ)

)
dW (t) in Q,

z = 0 on Σ,

z(0) = 0 in G.
(3.4.19)

Applying Theorem 3.4.5 with ψ = t and δ = 0 to the equation (3.4.19), for λ ≥ λ1
and s ≥ s0(λ), we have

λE
∫
Q
θ2|∇z|2dxdt+ sλ2E

∫
Q
θ2ϕ|z|2dxdt

≤ CE
[
θ2(T )

∣∣∇z(T )∣∣2
L2(G)

+ sλϕ(T )θ2(T )
∣∣z(T )∣∣2

L2(G)

+

∫
Q
θ2|ρt(y − ŷ)|2dxdt+

∫
Q
θ2|ρ

(
F (∇y, y)− F (∇ŷ, ŷ)

)
|2dxdt

+

∫
Q
θ2
∣∣ρ∇(K(y)−K(ŷ)

)∣∣2dxdt]. (3.4.20)
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From the choice of ρ and the fact that θ(t) ≤ θ(s) for t ≤ s, we get that

E
∫
Q
θ2|ρt(y − ŷ)|2dxdt ≤ Cθ(t2)2|y − ŷ|2L2

F(0,T ;L
2(G)). (3.4.21)

From (3.1.1) and (3.4.1), since ρ and θ depend only on time, we have

E
∫
Q
θ2
∣∣ρ(F (∇y, y)− F (∇ŷ, ŷ)

)∣∣2dxdt+ E
∫
Q
θ2
∣∣ρ∇(K(y)−K(ŷ)

)∣∣2dxdt
≤ CE

∫
Q
θ2
(
z2 + |∇z|2

)
dxdt. (3.4.22)

This, together with the inequality (3.4.20) and the fact that θ(t) ≤ θ(s) for t ≤ s,
implies that there exists a λ2 ≥ λ1 such that for all λ ≥ λ2, we have

λθ2(t0)E
∫ T

t0

∫
G
|∇y −∇ŷ|2dxdt+ sλ2θ2(t0)E

∫ T

t0

∫
G
ϕ|y − ŷ|2dxdt

≤ λE
∫
Q
θ2|∇z|2dxdt+ sλ2E

∫
Q
θ2ϕ|z|2dxdt

≤ Cθ2(t2)|y − ŷ|2L2
F(0,T ;L

2(G)) (3.4.23)

+ CE
(
θ2(T )

∣∣∇y(T )−∇ŷ(T )
∣∣2
L2(G)

+ sλϕ(T )θ2(T )
∣∣y(T )− ŷ(T )

∣∣2
L2(G)

)
.

Thanks to Itô’s formula, (3.1.1) and (3.1.2), we obtain that

E
∫
G
|y(t0)− ŷ(t0)|2dx (3.4.24)

= E
∫
G
|y(T )− ŷ(T )|2dx− E

∫ T

t0

∫
G
{2(y − ŷ)d(y − ŷ) + [d(y − ŷ)]2}dx

≤ E
∫
G
|y(T )− ŷ(T )|2dx+ CE

∫ T

t0

∫
G
|∇y −∇ŷ|2dxdt+ CE

∫ T

t0

∫
G
|y − ŷ|2dxdt.

Recalling that ϕ ≥ 1, combining the inequalities (3.4.23) and (3.4.24), for any
λ ≥ λ2 and s ≥ s0(λ), we have

E
∫
G
|y(t0)− ŷ(t0)|2dx

≤ Cθ2(t2)θ−2(t0)
∣∣y − ŷ

∣∣2
L2
F(0,T ;L

2(G))
(3.4.25)

+ CE
(
θ2(T )

∣∣∇y(T )−∇ŷ(T )
∣∣2
L2(G)

+ sλϕ(T )θ2(T )
∣∣y(T )− ŷ(T )

∣∣2
L2(G)

)
.

Now we fix λ = λ2. It follows from the inequality (3.4.25) that

E
∫
G
|y(t0)− ŷ(t0)|2dx
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≤ C
(
θ2(t2)θ

−2(t0)
∣∣y − ŷ

∣∣2
L2
F(0,T ;L

2(G))
+ (1 + s)θ2(T )E

∣∣y(T )− ŷ(T )
∣∣2
H1(G)

)
.

(3.4.26)

Using 1 + s ≤ 2es in (3.4.26), for all s ≥ s0(λ2), we obtain

E
∫
G
|y(t0)− ŷ(t0)|2dx ≤ Ce−2s(eλ2t0−eλ2t2 )∣∣y − ŷ

∣∣2
L2
F(0,T ;L

2(G))

+ CeCsE
∣∣y(T )− ŷ(T )

∣∣2
H1(G)

. (3.4.27)

Optimizing (3.4.27) over s ≥ s0(λ2), and using the forward energy estimate
|y(t0)− ŷ(t0)|L2

Ft0
(Ω;L2(G)) ≤ C(t0)|y− ŷ|L2

F(0,T ;L
2(G)) when the unconstrained min-

imizer is smaller than s0(λ2), we obtain

|y(t0)− ŷ(t0)|L2
Ft0

(Ω;L2(G)) ≤ C
∣∣y − ŷ

∣∣1−γ
L2
F(0,T ;L

2(G))
|y(T )− ŷ(T )|γ

L2
FT

(Ω;H1(G))
,

(3.4.28)
with γ = 2(eλ2t0−eλ2t2 )

C+2(eλ2t0−eλ2t2 ) . This completes the proof of Theorem 3.4.2.

3.4.2 Proof of the conditional stability II
In this subsection, we will prove the second conditional stability result, i.e., The-
orem 3.4.3. To this end, we need to establish the following Carleman weight
function, which is different from (3.4.6).

Let λ ∈ (0,+∞) and t ∈ [0, T ]. Put

ψ = (t+ 1)λ, θ = eψ. (3.4.29)

We have the following Carleman estimate for (3.3.1):

Theorem 3.4.6. Let δ ∈ [0, T ), and ψ and θ be given in (3.4.29). There exist
constants C > 0 and λ0 > 0 such that for all λ ≥ λ0 and for any solution z to
(3.3.1) with z(δ) ∈ L2

Fδ
(Ω;H1

0 (G)) and g ∈ L2
F(δ, T ;H

1
0 (G)), it holds that

E
∫ T

δ

∫
G
λ2(t+ 1)(λ−2)θ2z2dxdt+ E

∫ T

δ

∫
G
λ(t+ 1)−1θ2|∇z|2dxdt

≤ C E
[
λ(T + 1)λ−1θ2(T )|z(T )|2L2(G) + θ2(δ)|∇z(δ)|2L2(G)

+

∫ T

δ

∫
G
θ2(f2 + g2 + |∇g|2)dxdt

]
. (3.4.30)

Proof. Let ` = ψ, w = θz and Ψ = 1
4λ(t + 1)−1. As above, Dirichlet spectral

approximation justifies the following calculation. Apply Theorem 3.2.2 to the
equation (3.3.1) with u = z.

For j = 1, · · ·n, it is easy to verify that `xj = 0 and `t = λ(t + 1)λ−1. Inte-
grating the equality (3.2.4) on [δ, T ]×G and taking mathematical expectation in
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both sides, we obtain that

− 2E
∫ T

δ

∫
G
θ

{ n∑
j,k=1

(bjkwxj )xk + λ(t+ 1)−1
[1
4
+ (t+ 1)λ

]
w

}

×
[
dz −

n∑
j,k=1

(bjkzxj )xkdt
]
dx (3.4.31)

= −2E
∫ T

δ

∫
G

n∑
j,k=1

[
bjkwxjdw +

1

4
λ(t+ 1)−1bjkwxjwdt

]
xk
dx

+ 2E
∫ T

δ

∫
G

n∑
j,k=1

[1
4
λ(t+ 1)−1bjk − bjkt

2

]
wxjwxkdxdt

+ E
∫ T

δ

∫
G

[
− 1

8
λ2(t+ 1)−2 − 1

2
λ2(t+ 1)λ−2 − 1

4
λ(t+ 1)−2

+ λ(λ− 1)(t+ 1)λ−2
]
w2dxdt

+ E
∫ T

δ

∫
G
d

{ n∑
j,k=1

bjkwxjwxk − λ(t+ 1)−1
[1
4
+ (t+ 1)λ

]
w2

}
dx

+ 2E
∫ T

δ

∫
G

{ n∑
j,k=1

(bjkwxj )xk + λ(t+ 1)−1
[1
4
+ (t+ 1)λ

]
w

}2

dxdt

+ E
∫ T

δ

∫
G
θ2
[
−

n∑
j,k=1

bjkdzxjdzxk + λ(t+ 1)−1
[1
4
+ (t+ 1)λ

]
(dz)2

]
dx.

Now we handle the terms in (3.4.31). Since z = w = 0 on Σ, by Divergence
Theorem, we have

−2E
∫ T

δ

∫
G

n∑
j,k=1

[
bjkwxjdw +

1

4
λ(t+ 1)−1bjkwxjwdt

]
xk
dx = 0. (3.4.32)

Noting (3.0.1), we get that

2E
∫ T

δ

∫
G

n∑
j,k=1

[1
4
λ(t+ 1)−1bjk − bjkt

2

]
wxjwxkdxdt

≥ s0
2
E
∫ T

δ

∫
G
λ(t+ 1)−1|∇w|2dxdt− CE

∫ T

δ

∫
G
|∇w|2dxdt. (3.4.33)

Since (t+ 1)−2 ≤ (t+ 1)λ−2 on [0, T ], for λ ≥ 10 we have

E
∫ T

δ

∫
G

[
− 1

8
λ2(t+ 1)−2 − 1

2
λ2(t+ 1)λ−2 − 1

4
λ(t+ 1)−2

+ λ(λ− 1)(t+ 1)λ−2

]
w2dxdt
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≥ E
∫ T

δ

∫
G

1

4
λ2(t+ 1)λ−2w2dxdt. (3.4.34)

Thanks to (3.0.1) and λ > 0, we obtain that

E
∫ T

δ

∫
G
d

{ n∑
j,k=1

bjkwxjwxk − λ(t+ 1)−1
[1
4
+ (t+ 1)λ

]
w2

}
dx

≥ s0E
∫
G
|∇w(T )|2dx− 5

4
E
∫
G
λ(T + 1)λ−1|w(T )|2dx− CE

∫
G
|∇w(δ)|2dx.

(3.4.35)

Noting (3.3.1), we have that

E
∫ T

δ

∫
G
θ2
(
−

n∑
j,k=1

bjkdzxjdzxk

)
dx ≥ −CE

∫ T

δ

∫
G
θ2|∇g|2dxdt. (3.4.36)

The remaining quadratic variation term is nonnegative:

E
∫ T

δ

∫
G
θ2λ(t+ 1)−1

[1
4
+ (t+ 1)λ

]
(dz)2dx ≥ 0. (3.4.37)

As for the left hand side of (3.4.31), from (3.3.1), we have

− 2E
∫ T

δ

∫
G
θ

{ n∑
j,k=1

(bjkwxj )xk + λ(t+ 1)−1
[1
4
+ (t+ 1)λ

]
w

}

×
[
dz −

n∑
j,k=1

(bjkzxj )xkdt
]
dx

≤ E
∫ T

δ

∫
G

{ n∑
j,k=1

(bjkwxj )xk + λ(t+ 1)−1
[1
4
+ (t+ 1)λ

]
w

}2

dxdt

+ CE
∫ T

δ

∫
G
θ2f2dxdt. (3.4.38)

Combining (3.4.31)–(3.4.38), and noting that w = θz and ∇w = θ∇z, we
arrive that

CE
∫ T

δ

∫
G
θ2
(
f2 + |∇g|2

)
dxdt

≥ E
∫ T

δ

∫
G
θ2
[
λ(t+ 1)−1|∇z|2 + λ2(t+ 1)λ−2z2

]
dxdt

− CE
[
λ(T + 1)λ−1θ2(T )|z(T )|2L2(G) + θ2(δ)|∇z(δ)|2L2(G)

]
− CE

∫ T

δ

∫
G
θ2
(
|∇z|2 + λ|z|2

)
dxdt. (3.4.39)
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From (3.4.39), we know there exists λ2 ≥ max{10, C(T + 1)}, such that for all
λ ≥ λ2, it holds that

CE
∫ T

δ

∫
G
θ2
[
f2 + |∇g|2

]
dxdt

≥ E
∫ T

δ

∫
G
θ2
[
λ(t+ 1)−1|∇z|2 + λ2(t+ 1)λ−2z2

]
dxdt

− CE
[
λ(T + 1)λ−1θ2(T )|z(T )|2L2(G) + θ2(δ)|∇z(δ)|2L2(G)

]
,

which completes the proof.

Now, we are in a position to prove Theorem 3.4.3.

Proof of Theorem 3.4.3. Let v(x, t) = y(x, t)− ŷ(x, t). From (3.1.2), we have
dv −

n∑
j,k=1

(bjkvxj )xkdt = (F (∇y, y)− F (∇ŷ, ŷ))dt

+ (K(y)−K(ŷ))dW (t) in Q,

v = 0 on Σ.

From Theorem 3.4.6 and (3.1.1), (3.4.1) and (3.4.29), for λ ≥ λ0, we obtain that

C E
[
λ(T + 1)λ−1θ2(T )|v(T )|2L2(G) + θ2(0)|∇v(0)|2L2(G)

]
≥ e2(t0+1)λE

∫ T

t0

∫
G
(v2 + |∇v|2)dxdt, (3.4.40)

where (3.4.1) and the fact that θ depends only on time give

E
∫
Q
θ2|F (∇y, y)− F (∇ŷ, ŷ)|2dxdt+ E

∫
Q
θ2
∣∣∇(K(y)−K(ŷ)

)∣∣2dxdt
+ E

∫
Q
θ2
∣∣K(y)−K(ŷ)

∣∣2dxdt
≤ CE

∫
Q
θ2
[
v2 + |∇v|2

]
dxdt.

It is clear that there exists λ1 ≥ λ0 such that for all λ ≥ λ1, it holds that

λ(T + 1)λ−1e2(T+1)λ−2(t0+1)λ ≤ e3(T+1)λ . (3.4.41)

Combining (3.4.40) and (3.4.41), for all λ ≥ λ1, we get that

|v|2L2
F(t0,T ;H

1(G)) ≤ C1e
3(T+1)λE|v(T )|2L2(G) + C2e

−2(t0+1)λE|∇v(0)|2L2(G). (3.4.42)



55 3. Inverse problems for stochastic parabolic equations

Letting s = (T + 1)λ, we have (t0 + 1)λ = sγ for γ = ln(t0+1)
ln(T+1) . It follows from

(3.4.42) that there exists s1 > 0 such that for all s ≥ s1,

|v|2L2
F(t0,T ;H

1(G)) ≤ C1e
3sE|v(T )|2L2(G) + C2e

−2sγE|∇v(0)|2L2(G). (3.4.43)

For 0 < η = |v(T )|L2
FT

(Ω;L2(G)) ≤ e−3s1 , choose s = s2 = −1
6 ln(E|v(T )|

2
L2(G)).

Then

e3sE|v(T )|2L2(G) ≤ |v(T )|L2
FT

(Ω;L2(G)).

Together with (3.4.4) and (3.4.43), this proves the following estimate for small
positive η. The case η = 0 follows by letting s → ∞; for larger η, the forward
energy estimate gives the same conclusion after increasing C:

|v|2L2
F(t0,T ;H

1(G)) ≤ β(|v(T )|L2
FT

(Ω;L2(G))). (3.4.44)

For each t1 ∈ (0, T ] such that t0 < t1, since

E|v(t1)|2H1(G) ≤ CE|v(t)|2H1(G), ∀ t0 ≤ t ≤ t1, (3.4.45)

integrating (3.4.45) on [t0, t1], we have

(t1 − t0)E|v(t1)|2H1(G) ≤ CE
∫ t1

t0

|v(t)|2H1(G)dt.

This, together with (3.4.44), yields

|v(t1)|2L2
Ft1

(Ω;H1(G)) ≤ C(t1 − t0)
−1β(|v(T )|L2

FT
(Ω;L2(G))),

Taking the lower time in this argument to be t0/2 and t1 = t0 proves (3.4.5), with
γ = ln(1 + t0/2)/ ln(1 + T ).

3.5 Reconstruct the unknown state with a terminal
measurement

This section focuses on the following problem:

• Problem 3.4: Find a function y ∈ L2
F(Ω;C([0, T ];L

2(G)))∩L2
F(0, T ;H

1
0 (G))

that satisfies (3.1.6) with y(T ) = yT which is previously known.

In the previous sections, we study whether the unknown state/source could be
uniquely determined through suitable measurements. In such a context, we do
not take into account the errors in the measurements. When addressing the
problem of reconstructing the unknown state/source from the measurements, the
measurement errors must be considered. Various methods of “regularization” have
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been developed for inverse problems of deterministic PDEs to tackle this issue, all
of which, in essence, utilize additional information about the unknown function.
For instance, the method introduced by Tikhonov aims to minimize a quadratic
functional that contains higher derivatives to reproduce the measured data. In
this section, we employ this method to investigate the reconstruction problem for
the unknown state with a terminal measurement.

Denote H0
∆
=L2

F0
(Ω;H2(G) ∩ H1

0 (G)). Suppose y∗T ∈ L2
FT

(Ω;L2(G)) is the
exact terminal value of the system (3.1.6) with the initial datum y∗0 ∈ H0. Let
yδT ∈ L2

FT
(Ω;L2(G)) be the measured data satisfying

|y∗T − yδT |L2
FT

(Ω;L2(G)) ≤ δ, (3.5.1)

where δ > 0 is the noise level of data.
Consider the following Tikhonov type functional:

Jτ (y0) =E
∫
G

{
y0 +

∫ T

0

[ n∑
j,k=1

(
bjkyxj

)
xk

+ b1 · ∇y + b2y + f
]
ds

+

∫ T

0
(b3y + g) dW (s)− yδT

}2
dx+ τE|y0|2H2(G), (3.5.2)

where y0 ∈ H0 and y solves (3.1.6) with the initial datum y0.
Since Jτ (·) is coercive, strictly convex and lower semi-continuous, we have the

following result.

Proposition 3.5.1. For every τ ∈ (0, 1), there exists a unique minimizer ȳ0 ∈ H0

of the functional (3.5.2).

We have the following error estimate.

Theorem 3.5.2. For any t0 ∈ (0, T ), there exists a positive constant C = C(t0)
such that for γ = γ(t0, T ) ∈ (0, 1) as stated in Theorem 3.4.3, for all δ ∈ (0, 1)
and τ = δ2, putting ȳδ0 as the minimizer of functional Jτ (·), then we have

|y(t0; ȳδ0)− y(t0; y
∗
0)|2L2

Ft0
(Ω;H1(G)) ≤ CM exp[−3−γ

[
ln+(M−1/2δ−1)

]γ
],

where ln+ r = max{ln r, 0}, M = 1 + |y∗0|2H0
, and y(·; ȳδ0) (resp. y(·; y∗0)) is the

solution to (3.1.6) with respect to the initial datum ȳδ0 (resp. y∗0).

Proof. For simplicity of notations, we denote

Ay0
∆
= y0 +

∫ T

0

[ n∑
j,k=1

(
bjkyxj (s; y0)

)
xk

+ b1 · ∇y(s; y0) + b2y(s; y0) + f
]
ds

+

∫ T

0
(b3y(s; y0) + g) dW (s), P-a.s.,
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and define the bounded linear operator

By0
∆
=Ay0 −A0.

Thus By0 is the terminal value of the homogeneous equation with initial datum
y0, and Au−Av = B(u− v).

The Gâteaux derivation of Jτ (·) at y0 reads

J ′
τ (y0)φ = 2E

∫
G
Ay0Bφdx− 2E

∫
G
yδTBφdx+ 2τE〈y0, φ〉H2(G), ∀φ ∈ H0.

Particularly, for the minimizer ȳδ0, we obtain

E
∫
G
Aȳδ0Bφdx+ τE〈ȳδ0, φ〉H2(G) = E

∫
G
yδTBφdx, ∀φ ∈ H0. (3.5.3)

Recalling that y∗0 is the exact initial value, thanks to (3.1.6), we obtain

E
∫
G
Ay∗0Bφdx+ τE〈y∗0, φ〉H2(G) = E

∫
G
y∗TBφdx+ τE〈y∗0, φ〉H2(G), ∀φ ∈ H0.

(3.5.4)

From (3.5.3) and (3.5.4), we have

E
∫
G
B(ȳδ0 − y∗0)Bφdx+ τE〈(ȳδ0 − y∗0), φ〉H2(G)

= E
∫
G
(yδT − y∗T )Bφdx− τE〈y∗0, φ〉H2(G), ∀φ ∈ H0. (3.5.5)

Choose φ = ȳδ0 − y∗0 in (3.5.5). Noting that Bφ = Aȳδ0 − Ay∗0, using Cauchy-
Schwarz inequality, we obtain that

E
∫
G
(Aȳδ0 −Ay∗0)2dx+ τE|ȳδ0 − y∗0|2H2(G)

≤ 1

2
E|yδT − y∗T |2L2(G) +

1

2
E
∫
G
(Aȳδ0 −Ay∗0)2dx+

1

2
τE|y∗0|2H2(G)

+
1

2
τE|ȳδ0 − y∗0|2H2(G). (3.5.6)

Combining (3.5.1) and (3.5.6), recalling that τ = δ2, we have

E
∫
G
(Aȳδ0 −Ay∗0)2dx+ δ2E|ȳδ0 − y∗0|2H2(G) ≤ δ2(1 + E|y∗0|2H2(G)).

Consequently,

E|ȳδ0 − y∗0|2H2(G) ≤ 1 + E|y∗0|2H2(G), (3.5.7)
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and

E|y(T ; ȳδ0)− y∗T |2L2(G) ≤ E
∫
G
(Aȳδ0 −Ay∗0)2dx ≤ δ2(1 + E|y∗0|2H2(G)). (3.5.8)

Apply Theorem 3.4.3 to the difference of the two solutions, using (3.5.7) and
(3.5.8). If δ

√
M < 1, its linear terminal-data term is absorbed into the displayed

logarithmic bound after enlarging C. If δ
√
M ≥ 1, the forward energy estimate

and (3.5.7) give a bound by CM , which is the same formula with ln+(M−1/2δ−1) =
0.

3.6 Solution to inverse state problem with an internal
measurement. II

In this section, assume additionally that bjk ∈ C2(G).
This section focuses on the following problem:

• Problem 3.5: Can we determine ỹ in (0, T )×G uniquely from ỹ
∣∣
(0,T )×G0

?

For the situation when boundary conditions are unknown, i.e., Problem 3.5,
we can obtain the following quantitative unique continuation property for the
equation (3.1.7).

Theorem 3.6.1. For any Ĝ ⊂⊂ G with G0 ⊂⊂ Ĝ and κ ∈ (0, 12) being arbitrarily
fixed, there exists a constant C and a subdomain G̃ ⊂⊂ G with Ĝ ⊂⊂ G̃, such that
for any solution ỹ to the equation (3.1.7), it holds that

E
∫ T

2
+κT

T
2
−κT

∫
Ĝ

(
|∇ỹ|2 + ỹ2

)
dxdt

≤ C
[
exp

(C
ε

)
E
∫ T

0

∫
G0

(
ỹ2 + |∇ỹ|2

)
dxdt+ εE

∫ T

0

∫
G̃
(ỹ2 + |∇ỹ|2)dxdt

]
,

(3.6.1)

for all ε > 0.

Remark 3.6.1. From the arbitrariness of Ĝ ⊂⊂ G, Theorem 3.6.1 provide a
positive answer to Problem 3.5. Moreover, on sets with a uniform bound in
L2
F(0, T ;H

1(G̃)), it provides the conditional continuous dependence of the solution
in (T2 − κT, T2 + κT )× Ĝ with respect to the measurement on (0, T )×G0.

Proof of Theorem 3.6.1. We divide the proof into four steps.
Step 1. In this step, we introduce a cut-off function to convert the equation

(3.1.7) to an equation with the homogeneous boundary condition.
Note that since we obtain a local result, it is not necessary to assume any

boundary conditions for ỹ. Without loss of generality, we assume that the bound-
ary ∂G of G is smooth. Otherwise, we can choose a domain G′′ with smooth
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boundary ∂G′′ such that Ĝ ⊂⊂ G′′ ⊂⊂ G and study the local Carleman estimate
on G′′.

Recall that G0 ⊂⊂ G is an open subset. Thanks to Theorem 3.3.2, there exists
a function ψ ∈ C4(G) such that

ψ > 0 in G, ψ = 0 on ∂G, |∇ψ| > 0 in G\G0.

Since Ĝ ⊂⊂ G′′ ⊂⊂ G, it is clear that we can fix N large enough such that

Ĝ ⊂
{
x ∈ G

∣∣∣ ψ(x) > 4

N
|ψ|L∞(G)

}
. (3.6.2)

For κ ∈ (0, 12), take ι = 1√
2
(12−κ)T > 0. Then

√
2ι = (12−κ)T . Choose a constant

c > 0 satisfying
cι2 < |ψ|L∞(G) < 2cι2. (3.6.3)

Let t0 ∈ [
√
2ι, T −

√
2ι]. Set

φ(t, x)
∆
=ψ(x)− c(t− t0)

2, α(t, x)
∆
= eµϕ.

Put
βk

∆
=exp

(
µ
( k
N

|ψ|L∞(G) −
c

N
ι2
))
, k = 1, 2, 3, 4

and
Qk

∆
=
{
(t, x) ∈ [0, T ]×G | α(t, x) > βk

}
. (3.6.4)

It is obvious that Qk+1 ⊂ Qk, k = 1, 2, 3.
We claim that(
t0 −

ι√
N
, t0 +

ι√
N

)
× Ĝ ⊂ Q4 ⊂ Q1 ⊂ (t0 −

√
2ι, t0 +

√
2ι)×G. (3.6.5)

In fact, thanks to (3.6.2), for all (t, x) ∈
(
t0 − ι√

N
, t0 +

ι√
N

)
× Ĝ, it holds that

(t− t0)
2 ≤ ι2

N
, ψ(x) >

4

N
|ψ|L∞(G),

which implies that

φ(t, x) = ψ(x)− c(t− t0)
2 >

4

N
|ψ|L∞(G) −

cι2

N
.

Consequently, we have α(t, x) > β4 and (t, x) ∈ Q4. On the other hand, for all
(t, x) ∈ Q1, it holds that 1

N |ψ|L∞(G) − cι2

N < ψ − c(t − t0)
2. From (3.6.3), we

obtain 0 < 2cι2 − c(t − t0)
2. Hence, it holds that (t − t0)

2 ≤ 2ι2, which implies
(t, x) ∈ (t0 −

√
2ι, t0 +

√
2ι)×G and (3.6.5) is proved.
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Let η ∈ C∞
0 (Q2) be such that η ∈ [0, 1] and η = 1 in Q3. Let z = ηỹ. Then

dz −
n∑

j,k=1

(
bjkzxj

)
xk
dt = ã1 · ∇zdt+ ã2zdt+ fdt+ ã3zdW (t) in Q1

z =
∂z

∂ν
= 0 on ∂Q1,

(3.6.6)

where

f = ηtỹ − 2
n∑

j,k=1

bjkηxj ỹxk − ỹ
n∑

j,k=1

(bjkηxj )xk − ỹã1 · ∇η. (3.6.7)

Clearly, f is supported in Q2 \Q3.
Step 2. In this step, we apply Theorem 3.2.2 to the equation (3.6.7) and handle

the boundary terms.
Let us choose u = z in Theorem 3.2.2. Integrate (3.2.4) over G × (0, T ).

Noting that z is supported in Q1, choosing θ = eℓ and ` = λα, setting w = θz,
after taking mathematical expectation in both sides, we have

2E
∫
Q1

θ
[
−

n∑
j,k=1

(
bjkwxj

)
xk

+Aw
][
dz −

n∑
j,k=1

(
bjkzxj

)
xk
dt
]
dx

+ 2E
∫
Q1

n∑
j,k=1

[ n∑
j′,k′=1

(
2bjkbj

′k′`xj′wxjwxk′ − bjkbj
′k′`xjwxj′wxk′

)
+Ψbjkwxjw

− bjk
(
A`xj +

Ψxj

2

)
w2
]
xk
dxdt+ 2E

∫
Q1

n∑
j,k=1

(
bjkwxjdw

)
xk
dx

= 2E
∫
Q1

n∑
j,k=1

cjkwxjwxkdtdx+ E
∫
Q1

Bw2dtdx

+ 2E
∫
Q1

[
−

n∑
j,k=1

(
bjkwxj

)
xk

+Aw
]2
dtdx− E

∫
Q1

θ2A(dz)2dx

− E
∫
Q1

θ2
n∑

j,k=1

bjk
(
dzxj + `xjdz

)(
dzxk + `xkdz

)
dx. (3.6.8)

Next, we estimate terms in (3.6.8) one by one.
From (3.6.6), the first term in the left hand side of (3.6.8) satisfies that

2E
∫
Q1

θ
[
−

n∑
j,k=1

(
bjkwxj

)
xk

+Aw
][
dz −

n∑
j,k=1

(
bjkzxj

)
xk
dt
]
dx (3.6.9)

≤ E
∫
Q1

∣∣∣− n∑
j,k=1

(
bjkwxj

)
xk

+Aw
∣∣∣2dxdt+ E

∫
Q1

θ2
(
ã1 · ∇z + ã2z + f

)2
dxdt.
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Thanks to Divergence Theorem, recalling that z is supported in Q1, we have

2E
∫
Q1

n∑
j,k=1

[ n∑
j′,k′=1

(
2bjkbj

′k′`xj′wxjwxk′ − bjkbj
′k′`xjwxj′wxk′

)
+Ψbjkwxjw − bjk

(
A`xj +

Ψxj

2

)
w2
]
xk
dxdt = 0. (3.6.10)

Combining (3.6.8)–(3.6.10), we have

E
∫
Q1

θ2
(
ã1 · ∇z + ã2z + f

)2
dtdx

≥ 2E
∫
Q1

n∑
j,k=1

cjkwxjwxkdtdx+ E
∫
Q1

Bw2dxdt− E
∫
Q1

θ2A(dz)2dx

− E
∫
Q1

θ2
n∑

j,k=1

bjk
[(
dzxj + `xjdz

)(
dzxk + `xkdz

)]
dx. (3.6.11)

From (3.6.6) and (3.6.7), we have

E
∫
Q1

θ2
(
ã1 · ∇z + ã2z + f

)2
dxdt

≤ CE
∫
Q1

θ2|∇z|2dxdt+ CE
∫
Q1

θ2z2dxdt+ CE
∫
Q2\Q3

θ2(|∇ỹ|2 + ỹ2)dxdt.

(3.6.12)

Step 3. In this step, we handle the terms in the right hand side of inequality
(3.6.11). Choosing Ψ as (3.3.3), for j, k = 1, 2, · · · , n, it is straightforward to
verify that

`t = λαO(µ), `xj = λµαψxj , `xjxk = λµ2αψxjψxk + λµαψxjxk . (3.6.13)

Similarly to the proof of Theorem 3.3.3, combining (3.2.5), (3.3.3) and (3.6.13),
we get that

n∑
j,k=1

cjkwxjwxk = 2λµ2α
( n∑
j,k=1

bjkψxjwxk

)2
(3.6.14)

+ λµ2α
( n∑
j,k=1

bjkψxjψxk

)( n∑
j,k=1

bjkwxjwxk

)
+ λαO(µ)|∇w|2.

Thanks to (3.2.5), (3.3.3) and (3.6.13), we obtain that

A = −λ2µ2α2
n∑

j,k=1

bjkψxjψxk + λαO(µ2), (3.6.15)
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and that

B = 2λ3µ4α3
( n∑
j,k=1

bjkψxjψxk

)2
+ λ3α3O(µ3) + λ2α2O(µ4). (3.6.16)

From (3.6.7), we find that

E
∫
Q
θ2

n∑
j,k=1

bjk(dzxj + `xjdz)(dzxk + `xkdz)dx

≤ C
[
E
∫
Q
θ2(z2 + |∇z|2)dxdt+ λ2µ2E

∫
Q
θ2α2|z|2dxdt

]
. (3.6.17)

Noting that w = θz and z = θ−1w, we get that
1

C
θ2
(
|∇z|2 + λ2µ2α2z2

)
≤ |∇w|2 + λ2µ2α2|w|2 ≤ Cθ2

(
|∇z|2 + λ2µ2α2z2

)
.

Combining it with (3.6.11), (3.6.12) and (3.6.14)–(3.6.17), we obtain

CE
∫
Q2\Q3

θ2(|∇ỹ|2 + |ỹ|2)dxdt+ CE
∫
Q1

θ2(|∇z|2 + (λ2µ2α2 + 1)z2)dxdt

+ CE
∫
Q0

θ2(λµ2α|∇z|2 + λ3µ4α3|z|2)dxdt

≥ E
∫
Q1∪Q0

θ2(λµ2α|∇z|2 + λ3µ4α3|z|2)dxdt

+ E
∫
Q1

θ2
[
λαO(µ)|∇z|2 + (λ3α3O(µ3) + λ2α2O(µ4))z2

]
dxdt

This implies that there exists a constant µ0 > 1, such that for all µ > µ0, there
exists a constant λ0 = λ0(µ), so that for any λ > λ0(µ), it holds that

CE
∫
Q2\Q3

θ2(|∇ỹ|2 + |ỹ|2)dxdt+ CE
∫
Q0

θ2(λµ2α|∇z|2 + λ3µ4α3|z|2)dxdt

≥ E
∫
Q1

θ2(λµ2α|∇z|2 + λ3µ4α3|z|2)dxdt (3.6.18)

Noting that z = ỹ in Q3 and Q3 ⊂ Q1, for µ > µ0 and λ > λ0, we deduce
from (3.6.18) that

CE
∫
Q2\Q3

θ2(|∇ỹ|2 + |ỹ|2)dxdt+ CE
∫
Q0

θ2(λµ2α|∇ỹ|2 + λ3µ4α3|ỹ|2)dxdt

≥ E
∫
Q3

θ2(λµ2α|∇ỹ|2 + λ3µ4α3|ỹ|2)dxdt. (3.6.19)

From the definition of Qk, k = 1, 2, 3, 4 (see (3.6.4)) and Ĝ, we see that

λ3µ4E
∫
Q3

α3θ2ỹ2dxdt+ λµ2E
∫
Q3

αθ2|∇ỹ|2dxdt
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≥ Ce2λβ4E
∫ t0+

ι√
N

t0− ι√
N

∫
Ĝ

(
λ3ỹ2 + λ|∇ỹ|2

)
dxdt, (3.6.20)

where we use (3.6.5) and recall that ι = 1√
2
(12 − κ)T > 0.

From the relationship between Q2 and Q3, we find

E
∫
Q2\Q3

θ2(|∇ỹ|2 + ỹ2)dxdt ≤ e2λβ3E
∫
Q1

(
ỹ2 + |∇ỹ|2

)
dxdt. (3.6.21)

Combining (3.6.19)–(3.6.21), for µ > µ0 and λ > λ0, we obtain that

e2λβ4E
∫ t0+

ι√
N

t0− ι√
N

∫
Ĝ

(
λ3ỹ2 + λ|∇ỹ|2

)
dxdt

≤ Cλ3µ4E
∫
Q0

α3θ2ỹ2dxdt+ Cλµ2E
∫
Q0

αθ2|∇ỹ|2dxdt

+ Ce2λβ3E
∫
Q1

(
ỹ2 + |∇ỹ|2

)
dxdt,

which yields that

E
∫ t0+

ι√
N

t0− ι√
N

∫
Ĝ
(ỹ2 + |∇ỹ|2)dxdt

≤ CeCλE
∫
Q0

(
ỹ2 + |∇ỹ|2

)
dxdt+ Ce−2λ(β4−β3)E

∫
Q1

(ỹ2 + |∇ỹ|2)dxdt. (3.6.22)

Put ε0 = exp
(
− 2λ0(β4 − β3)

)
. Then one finds that for any 0 < ε < ε0, it holds

that

E
∫ t0+

ι√
N

t0− ι√
N

∫
Ĝ
(ỹ2 + |∇ỹ|2)dxdt

≤ C exp
(C
ε

)
E
∫
Q0

(
ỹ2 + |∇ỹ|2

)
dxdt+ CεE

∫
Q1

(ỹ2 + |∇ỹ|2)dxdt. (3.6.23)

Clearly, (3.6.23) holds for ε ≥ ε0 after increasing C, since the domain on the left
is contained in Q1. Hence, it is true for all ε > 0.

Step 4. In this step, we handle the left hand side of (3.6.23) to end the proof.
Choose G̃ ⊂⊂ G containing Ĝ and the compact set {x ∈ G : ψ(x) ≥

(|ψ|L∞(G) − cι2)/N}. By (3.6.3), this set lies in G and contains the spatial pro-
jection of every Q1 used below.

Let m ∈ N ∪ {0} such that

√
2 ι+

mι√
N

≤ T −
√
2ι ≤

√
2 ι+

(m+ 1)ι√
N

.
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Recalling that t0 can be any element in [
√
2ι, T −

√
2ι], we take

t0 =
√
2ι+

kι√
N
, k = 0, 1, 2, · · · ,m.

Then, it follows from (3.6.23) that

E
∫ T

2
+κT

T
2
−κT

∫
Ĝ
(ỹ2 + |∇ỹ|2)dxdt

≤ C exp
(C
ε

)
E
∫
Q0

(
ỹ2 + |∇ỹ|2

)
dxdt+ CεE

∫
(0,T )×G̃

(ỹ2 + |∇ỹ|2)dxdt.

This completes the proof of Theorem 3.6.1.

3.7 Solution to inverse state problem with a boundary
measurement

This section focuses on the following problem:

• Problem 3.6: Can we determine y in Q uniquely by the boundary mea-
surements y

∣∣
(0,T )×Γ0

and ∂y

∂ν

∣∣∣∣
(0,T )×Γ0

?

Assume in this section that ∂G is of class C4 and bjk ∈ C2(G). Consider the
following stochastic parabolic equation:

dy −
n∑

j,k=1

(bjkyxj )xkdt = (a1 · ∇y + a2y + f) dt+ a3ydW (t) in Q,

y = g1 on (0, T )× Γ0,

∂y

∂ν
= g2 on (0, T )× Γ0,

(3.7.1)

where a1, a2, a3 satisfy (3.1.10) and f ∈ L2
F(0, T ;L

2(G)).
For the solution of (3.7.1), we have the following conditional stability.

Theorem 3.7.1. For any given Ĝ ⊂⊂ G and ε ∈ (0, T2 ), there exists a constant
C > 0 such that for some generic constant γ ∈ (0, 1), it holds that

E
∫ T−ε

ε

∫
Ĝ

(
y2 + |∇y|2

)
dxdt ≤ C|y|2(1−γ)

L2
F((0,T );H

1(G))
(K(f, g1, g2))

γ , (3.7.2)

where y(·) is the solution to (3.7.1) and

K(f, g1, g2) = |f |2L2
F(0,T ;L

2(G)) + |g1|2L2
F(0,T ;H

1(Γ0))
+ |g1,t|2L2

F(0,T ;L
2(Γ0))

+ |g2|2L2
F(0,T ;L

2(Γ0))
. (3.7.3)

.
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Proof. Step 1. In this step, we introduce a cut-off function to localize the equation
(3.7.1) to an equation with boundary condition.

Choose a bounded C4 domain G̃ by extending G across a nonempty boundary
patch whose closure is contained in Γ0. Then we obtain

G ⊂ G̃, ∂G ∩ G̃ ⊂ Γ0, and ∂G \ Γ0 ⊂ ∂G̃.

Let G0 ⊂⊂ G̃ \ G be an open subset. Thanks to Theorem 3.3.2, there exists
a function ψ ∈ C4(G̃) such that

ψ > 0 in G̃, ψ = 0 on ∂G̃, and |∇ψ| > 0 in G̃\G0. (3.7.4)

Let ι = ρ = ε/
√
2. Choose t0, N, c, φ, α and βk, Qk for k = 1, 2, 3, 4 as in the proof

of Theorem 3.6.1, using |ψ|
L∞(G̃)

in the definitions of c and βk and defining Qk
on [0, T ]×G.

Next, we claim that

∂Q1 = Σ0 ∪ Σ1, (3.7.5)

where Σ0 ⊂ [0, T ]× Γ0 and Σ1 = {(t, x) ∈ [0, T ]×G | α(t, x) = β1}.
In fact, for any (t, x) ∈ ∂Q1, thanks to (3.6.4), we know x ∈ G and α(t, x) ≥ β1.

If x ∈ G, we have α(t, x) = β1. If x ∈ ∂G, it must hold x ∈ Γ0. Indeed, supposing
that x ∈ ∂G \ Γ0, from ∂G \ Γ0 ⊂ ∂G̃ and (3.7.4), we get ψ(x) = 0. On the other
hand, since α(t, x) ≥ β1, we obtain

ψ(x)− c (t− t0)
2 = −c (t− t0)

2 ≥ 1

N
|ψ|

L∞(G̃)
− cρ2

N
,

which implies

0 ≤ c (t− t0)
2 ≤ 1

N

(
cρ2 − |ψ|

L∞(G̃)

)
,

contrary to (3.6.3). Hence, (3.7.5) is proved.
Choose a smooth function χ : R → [0, 1] such that χ = 0 on (−∞, β2] and

χ = 1 on [β3,∞), and set η = χ(α). Let z = ηy, then z solves
dz −

n∑
j,k=1

(bjkzxj )xkdt =
(
〈a1,∇z〉+ a2z + f̃ + ηf

)
dt+ a3zdW (t) in Q1,

z =
∂z

∂ν
= 0 on Σ1.

(3.7.6)
Here f̃ = −

n∑
j,k=1

(bjkxjηxky + bjkηxjxky + 2bjkηxjyxk) − 〈a1,∇η〉y + ηty and f̃ is

supported in Q2 \Q3.
Step 2. In this step, we apply Theorem 3.2.2 to the equation (3.7.6) to get the

desired estimate (3.7.2).
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Let us choose u = z in Theorem 3.2.2. Integrate (3.2.4) over G × (0, T ).
Noting that z is supported in Q1, choosing θ = eℓ and ` = λα, setting w = θz,
after taking mathematical expectation in both sides, we have (3.6.8). The rest of
the proof is similar to that of Theorem 3.6.1 with some minor differences, which
are stated below.

It is clear that Q2 ∩ Σ1 = ∅. Hence, η = 0 on Σ1. Recall that y = g1 on Σ0

and g1 ∈ L2
F(Ω;H

1(0, T ;L2(Γ0))) ∩ L2
F(0, T ;H

1(Γ0)). Then z = ηg1 on Σ0 and
z = 0 on Σ1, and it holds that

E
∫
Q1

n∑
i,j=1

(
bijwxidw

)
xj
dx = E

∫
Σ0

n∑
j,k=1

bjkwxjν
kdwdΓ

≤ CλµE
∫ T

0

∫
Γ0

αθ2(|g2|2 + |∇Γg1|2 + |g1,t|2 + λ2µ2α2|g1|2)dΓdt,

where ∇Γ denotes the tangential gradient on Γ0.
Noting that z = ∂z

∂ν = 0 on Σ1, we find

E
∫
Q1

n∑
j,k=1

[ n∑
j′,k′=1

(
2bjkbj

′k′`xj′wxjwxk′ − bjkbj
′k′`xjwxj′wxk′

)
+Ψbjkwxjw − bjk

(
A`xj +

Ψxj

2

)
w2
]
xk
dxdt

≤ CλµE
∫ T

0

∫
Γ0

αθ2(|g2|2 + |∇Γg1|2 + λ2µ2α2|g1|2)dΓdt.

Similar to (3.6.22), there exists a µ1 > 0, such that for all µ > µ1, there is a
λ1(µ) > 0, such that for all λ > λ1, it holds that

E
∫ t0+

ι√
N

t0− ι√
N

∫
Ĝ
(y2 + |∇y|2)dxdt

≤ CeCλ
(
|f |2L2

F(0,T ;L
2(G)) + |g1|2L2

F(0,T ;H
1(Γ0))

+ |g1,t|2L2
F(0,T ;L

2(Γ0))
+ |g2|2L2

F(0,T ;L
2(Γ0))

)
+ Ce−2λ(β4−β3)E

∫
Q1

(y2 + |∇y|2)dxdt. (3.7.7)

Let m ∈ N such that
√
2 ι+

mι√
N

≤ T −
√
2ι ≤

√
2 ι+

(m+ 1)ι√
N

.

Recalling that t0 can be any element in [
√
2ι, T −

√
2ι], we take

t0 =
√
2ι+

kι√
N
, k = 0, 1, 2, · · · ,m.

Then, it follows from (3.7.7) that

E
∫ T−ε

ε

∫
Ĝ
(y2 + |∇y|2)dxdt



67 3. Inverse problems for stochastic parabolic equations

≤ CeCλ
(
|f |2L2

F(0,T ;L
2(G)) + |g1|2L2

F(0,T ;H
1(Γ0))

+ |g1,t|2L2
F(0,T ;L

2(Γ0))
+ |g2|2L2

F(0,T ;L
2(Γ0))

)
+ Ce−2λ(β4−β3)E

∫
Q
(y2 + |∇y|2)dxdt. (3.7.8)

Minimize the right-hand side of (3.7.8) over λ ≥ λ1. If the minimizing value lies
below λ1, use the bound of the left-hand side by |y|2

L2
F(0,T ;H

1(G))
. By (3.7.3), we

obtain

E
∫ T−ε

ε

∫
Ĝ

(
y2 + |∇y|2

)
dxdt ≤ C|y|2(1−γ)

L2
F((0,T );H

1(G))
(K(f, g1, g2))

γ ,

with γ = 2(β4−β3)
C+2(β4−β3) .

3.8 Reconstruct the unknown state with boundary mea-
surements

This section focuses on the following problem:

• Problem 3.7: Find the unknown solution y ∈ L2
F(Ω;C([0, T ];L

2
loc(G))) ∩

L2
F(0, T ;H

2
Γ0
(G)) to the equation (3.1.9) via y

∣∣
(0,T )×Γ0

and ∂y

∂ν

∣∣∣∣
(0,T )×Γ0

.

We retain the geometric assumptions of Section 3.7. To solve this problem, we
use Tikhonov regularization method. We first construct a Tikhonov functional
and prove the uniqueness of the minimizer. Then, we prove the convergence rate
for the optimization problem.

Let

X = L2
F(0, T ;H

2(G)) ∩ L2
F(Ω;C([0, T ];L

2(G))).

Define P : X → L2
F(0, T ;L

2(G)) by

(Pu)(t, x) ∆
=u(t, x)− u(0, x)−

∫ t

0

n∑
j,k=1

(
bjk(s, x)uxj (s, x)

)
xk
ds

−
∫ t

0
[〈a1(s, x),∇u(s, x)〉+ a2(s, x)u(s, x)] ds

−
∫ t

0
a3(s, x)u(s, x)dW (s), P-a.s., ∀u ∈ X , a.e. (t, x) ∈ Q.

Let

H ∆
={u ∈ X | Pu ∈ L2

F(Ω;H
1(0, T ;L2(G))),

u|Γ0 = g1, ∂νu|Γ0 = g2}.
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Assume that the measured boundary data admit an extension in H, so that H 6= ∅.
If u ∈ X solves (3.7.1), then Pu(t) =

∫ t
0 f(s) ds and u ∈ H.

Denote If(t) =
∫ t
0 f(s)ds for t ∈ [0, T ]. Given a function F ∈ H, we construct

the Tikhonov functional as follows:

Jτ (u) = |Pu− If |2L2
F(Ω;H1(0,T ;L2(G))) + τ |u− F |2L2

F(0,T ;H
2(G)), (3.8.1)

where u ∈ H and τ ∈ (0, 1).
We have the following result.

Proposition 3.8.1. For τ ∈ (0, 1), there exists a unique minimizer uτ ∈ H of
the functional Jτ (·).

Proof. The uniqueness of the minimizer follows from the strong convexity of the
functional Jτ (·). We only need to show the existence of a minimizer.

Let

H0
∆
={u ∈ X | Pu ∈ L2

F(Ω;H
1(0, T ;L2(G))),

u|Γ0 = ∂νu|Γ0 = 0}.

Fix τ ∈ (0, 1). Define the inner products as follows:

〈ϕ,ψ〉H0 = 〈Pϕ,Pψ〉L2
F(Ω;H1(0,T ;L2(G))) + τ〈ϕ,ψ〉L2

F(0,T ;H
2(G)) (3.8.2)

where ϕ,ψ ∈ H0. This inner product makes H0 a Hilbert space. Indeed, let (um)
be Cauchy in its norm. Then um converges in L2

F(0, T ;H
2(G)) and Pum converges

in L2
F(Ω;H

1(0, T ;L2(G))). Let Vm be the sum of the three integrals subtracted
in the definition of P and Pum. The deterministic integral estimate and the Itô
maximal inequality show that (Vm) is Cauchy in L2

F(Ω;C([0, T ];L
2(G))). Since

um(t) = um(0) + Vm(t),

um(0) =
1

T

∫ T

0
[um(t)− Vm(t)] dt

is Cauchy in L2
F0
(Ω;L2(G)). Thus the limit belongs to X and satisfies the defin-

ing identity for P. The continuity of the spatial trace maps preserves the zero
boundary data, proving completeness.

For u ∈ H, let v = u− F . Then v ∈ H0. Consider the following functional

J τ (v) = |Pv + PF − If |2L2
F(Ω;H1(0,T ;L2(G))) + τ |v|2L2

F(0,T ;H
2(G)),

where v ∈ H0 and τ ∈ (0, 1). Clearly, uτ minimizes Jτ (u) if and only if vτ = uτ−F
is the minimizer of the functional J τ (v).

By the variational principle, the minimizer vτ of the functional J τ (v) satisfy
the following equation

〈Pvτ + PF − If,Ph〉L2
F(Ω;H1(0,T ;L2(G))) + τ〈vτ , h〉L2

F(0,T ;H
2(G)) = 0, ∀h ∈ H0.

(3.8.3)
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Conversely, the solution vτ of equation (3.8.3) is the minimizer of the functional
J τ (v). In fact, if vτ solves (3.8.3), then for each v ∈ H0, it holds that

J τ (v)− J τ (vτ )

= |Pv + PF − If |2L2
F(Ω;H1(0,T ;L2(G))) + τ |v|2L2

F(0,T ;H
2(G))

− |Pvτ + PF − If |2L2
F(Ω;H1(0,T ;L2(G))) − τ |vτ |2L2

F(0,T ;H
2(G))

= |Pvτ + PF − If + P(v − vτ )|2L2
F(Ω;H1(0,T ;L2(G)))

+ τ |vτ + (v − vτ )|2L2
F(0,T ;H

2(G)) − |Pvτ + PF − If |2L2
F(Ω;H1(0,T ;L2(G)))

− τ |vτ |2L2
F(0,T ;H

2(G))

= 2〈Pvτ + PF − If,P(v − vτ )〉L2
F(Ω;H1(0,T ;L2(G)))

+ 2τ〈vτ , v − vτ 〉L2
F(0,T ;H

2(G)) + |P(v − vτ )|2L2
F(Ω;H1(0,T ;L2(G)))

+ τ |v − vτ |2L2
F(0,T ;H

2(G))

= |P(v − vτ )|2L2
F(Ω;H1(0,T ;L2(G))) + τ |v − vτ |2L2

F(0,T ;H
2(G))

≥ 0,

which means vτ is a minimizer of the functional J τ (v).
From (3.8.2), equation (3.8.3) is equivalent to

〈vτ , h〉H0 = 〈If − PF,Ph〉L2
F(Ω;H1(0,T ;L2(G))), ∀ h ∈ H0. (3.8.4)

Thanks to Cauchy-Schwarz inequality and (3.8.2), for all h ∈ H0, we have∣∣〈If − PF,Ph〉L2
F(Ω;H1(0,T ;L2(G)))

∣∣
≤ C(|PF |L2

F(Ω;H1(0,T ;L2(G))) + |f |L2
F(0,T ;L

2(G)))|h|H0 .

By the Riesz representation theorem, there exists wτ ∈ H0 such that, for every
h ∈ H0,

〈wτ , h〉H0 = 〈If − PF,Ph〉L2
F(Ω;H1(0,T ;L2(G))).

Hence wτ solves (3.8.4), which means wτ is the minimizer of the functional J τ (·).

Assume that y∗ ∈ X is the true solution to (3.7.1) with the exact data
f∗ ∈ L2

F(0, T ;L
2(G)),

y∗|Γ0 = g∗1 ∈ L2
F(Ω;H

1(0, T ;L2(Γ0))) ∩ L2
F(0, T ;H

1(Γ0)),

∂νy
∗|Γ0 = g∗2 ∈ L2

F(0, T ;L
2(Γ0)).
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From Theorem 3.7.1, the solution y∗ is unique. Let H∗ be the affine space obtained
from H by replacing g1, g2 with g∗1, g

∗
2. Choose F ∗ ∈ H∗, for example F ∗ = y∗,

satisfying

|F ∗|L2
F(0,T ;H

2(G)) ≤ C|y∗|L2
F(0,T ;H

2(G)). (3.8.5)

Assume that the measurement satisfies that

|f∗ − f |L2
F(0,T ;L

2(G)) ≤ δ, |g∗1 − g1|L2
F(0,T ;H

1(Γ0)) ≤ δ, |g∗2 − g2|L2
F(0,T ;L

2(Γ0)) ≤ δ,

(3.8.6)

and

|PF ∗ − PF |L2
F(Ω;H1(0,T ;L2(G))) + |F ∗ − F |L2

F(0,T ;H
2(G)) ≤ δ. (3.8.7)

We now establish the estimate for the error between the minimizer yτ for the
functional Jτ (·) and the exact solution y∗.

Theorem 3.8.2. Assume (3.8.6), (3.8.7), and that α ∈ (0, 1] is a constant. For
any given Ĝ ⊂⊂ G and ε ∈ (0, T2 ), let γ ∈ (0, 1) as stated in Theorem 3.7.1. Then
there exists a constant C > 0 such that for all δ ∈ (0, 1),

|yτ − y∗|
L2
F(ε,T−ε;H1(Ĝ))

≤ C(1 + |y∗|L2
F(0,T ;H

2(G)))δ
αγ ,

where yτ is the minimizer of the functional (3.8.1) with the regularization param-
eter τ = δ2α.

Proof. Let v∗ = y∗ − F ∗. Then v∗ ∈ H0 and Pv∗ = If∗ − PF ∗. Hence, for all
h ∈ H0, it holds that

〈Pv∗ + PF ∗ − If∗,Ph〉L2
F(Ω;H1(0,T ;L2(G))) = 0. (3.8.8)

Subtracting (3.8.8) from (3.8.3) and denoting ṽτ = v∗ − vτ , f̃ = If∗ − If and
F̃ = F ∗ − F , for all h ∈ H0, we have that

〈P ṽτ ,Ph〉L2
F(Ω;H1(0,T ;L2(G))) + τ〈ṽτ , h〉L2

F(0,T ;H
2(G))

= 〈f̃ − PF̃ ,Ph〉L2
F(Ω;H1(0,T ;L2(G))) + τ〈v∗, h〉L2

F(0,T ;H
2(G)). (3.8.9)

By choosing h = ṽτ in (3.8.9), we get that

|P ṽτ |2L2
F(Ω;H1(0,T ;L2(G))) + τ |ṽτ |2L2

F(0,T ;H
2(G))

≤ |f̃ − PF̃ |2L2
F(Ω;H1(0,T ;L2(G))) + τ |v∗|2L2

F(0,T ;H
2(G)). (3.8.10)

Since τ = δ2α and δ < 1, it holds that δ2 ≤ τ . Combining this with (3.8.6), (3.8.7)
and (3.8.10), we obtain that

|ṽτ |2L2
F(0,T ;H

2(G)) ≤ C(1 + |v∗|2L2
F(0,T ;H

2(G))) (3.8.11)
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and that

|P ṽτ |2L2
F(Ω;H1(0,T ;L2(G))) ≤ C(1 + |v∗|2L2

F(0,T ;H
2(G)))δ

2α. (3.8.12)

Let wτ = ṽτ
(
1 + |v∗|L2

F(0,T ;H
2(G))

)−1. From (3.8.11), (3.8.12) and Theorem 3.7.1,
applied with zero boundary data and forcing ∂tPwτ , we obtain, for δ ∈ (0, 1),

|wτ |L2
F(ε,T−ε;H1(Ĝ))

≤ Cδαγ .

This, together with (3.8.5), implies that

|ṽτ |L2
F(ε,T−ε;H1(Ĝ))

≤ C
(
1 + |v∗|L2

F(0,T ;H
2(G))

)
δαγ

≤ C
(
1 + |y∗|L2

F(0,T ;H
2(G))

)
δαγ . (3.8.13)

Since ṽτ = v∗ − vτ = y∗ − F ∗ − yτ + F , from (3.8.7), we have

|ṽτ |L2
F(ε,T−ε;H1(Ĝ))

≥ |yτ − y∗|
L2
F(ε,T−ε;H1(Ĝ))

− |F ∗ − F |L2
F(0,T ;H

2(G))

≥ |yτ − y∗|
L2
F(ε,T−ε;H1(Ĝ))

− δ. (3.8.14)

Noting that δαγ ≥ δ, combining (3.8.13) and (3.8.14), we complete the proof.

3.9 Solution to the inverse source problem with a ter-
minal measurement

This section focuses on the following problem:
• Problem 3.8: For any t0 ∈ (0, T ), does y(T ) uniquely determine (y(t0), g)?

We give a positive answer to it by establishing the following result for the condi-
tional stability:
Theorem 3.9.1. Let g(t, x) = g1(t)g2(x), where g1 ∈ L2

F(0, T ) and g2 ∈ H1(G)
is nonzero. For any t0 ∈ (0, T ], there exist constants C = C(t0, g2) > 0 and
γ = γ(t0, g2) ∈ (0, 1) such that

|y(t0)|L2
Ft0

(Ω;L2(G)) + |g1|L2
F(t0,T )

≤ C
[
|y|1−γ

L2
F(0,T ;L

2(G))
|y(T )|γ

L2
FT

(Ω;L2(G))
+ |y(T )|L2

FT
(Ω;L2(G))

]
,

(3.9.1)

where y(·) is the solution to (3.1.11). The constants may depend on |g2|H1(G) and
|g2|−1

L2(G)
.

We first establish an estimate which retains the quadratic variation as a signed
quadratic form. It will also be used in Section 3.11. Let H = L2(G), with
inner product (·, ·)H , and let A be the positive self-adjoint Dirichlet realization of
− div(b∇) in H. Thus D(A1/2) = H1

0 (G) and

|A1/2v|2H =

∫
G
b∇v · ∇v dx, v ∈ H1

0 (G).
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Lemma 3.9.2. Let f, g ∈ L2
F(0, T ;H) and let

z ∈ L2
F(Ω;C([0, T ];H)) ∩ L2

F(0, T ;H
1
0 (G))

solve dz +Az dt = f dt+ g dW (t) in the variational sense. For s, λ ≥ 1, set

`(t) = seλt, θ(t) = eℓ(t), p(t) = sλeλt, B(t) = (A− p(t))(A+ p(t))−1.

Then

λ

9
E
∫ T

0
θ2
(
|z|2H + p−1|A1/2z|2H

)
dt− E

∫ T

0
θ2(Bg, g)H dt

≤ θ2(0)E|z(0)|2H + θ2(T )E|z(T )|2H + E
∫ T

0

θ2

p
|f |2H dt. (3.9.2)

Moreover, for each nonzero q ∈ H, there is a number Pq > 0 such that

−
(
(A− p)(A+ p)−1q, q

)
H

≥ 3

4
|q|2H , p ≥ Pq. (3.9.3)

For q ∈ H1(G), the threshold Pq can be chosen in terms of |q|H1(G)/|q|H and the
fixed operator A.

Proof. Put w = θz. Since p′ = λp, we have B′ = −2p′A(A+p)−2 and |B|L(H) ≤ 1.
Applying Itô’s formula to finite spectral projections gives

2(Bw, dw + (A− p)w dt)H = d(Bw,w)H + 2p′
(
A(A+ p)−2w,w

)
H
dt

+ 2|(A− p)(A+ p)−1/2w|2H dt− (Bθg, θg)H dt.

Take expectations, substitute dw + (A− p)w dt = θf dt+ θg dW (t), and use

2(Bw, θf)H ≤ |(A− p)(A+ p)−1/2w|2H + |(A+ p)−1/2θf |2H .

For every spectral value µ > 0, writing x = µ/p and using p ≥ λ, we obtain

2λpµ/(µ+ p)2 + (µ− p)2/(µ+ p)

λ(1 + µ/p)
≥ 2x

(1 + x)3
+

(x− 1)2

(1 + x)2
≥ 1

9
.

Indeed, the first term is at least 4/27 for 1/2 ≤ x ≤ 2, and the second is at least
1/9 outside that interval. Since |(A + p)−1/2f |2H ≤ p−1|f |2H , integration yields
(3.9.2). Passing to the limit in the spectral projections is justified by the stated
energy regularity and the boundedness of B. Finally,

−
(
(A− p)(A+ p)−1q, q

)
H

= |q|2H − 2
(
A(A+ p)−1q, q

)
H

−→ |q|2H

as p → ∞, monotonically, by the spectral theorem. This proves (3.9.3). The
convergence is uniform on compact subsets of H; applying the compact embedding
H1(G) ↪→ H to q/|q|H gives the final assertion.
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Proof of Theorem 3.9.1. Fix r = t0/2 and choose 0 < t1 < t2 < r. Let ρ ∈ C∞(R)
satisfy 0 ≤ ρ ≤ 1 and

ρ(t) =

{
0, t ≤ t1,

1, t ≥ t2.
(3.9.4)

Set z = ρy. Then z(0) = 0, z(T ) = y(T ), and

dz +Az dt = (a1 · ∇z + a2z + ρty) dt+ (a3z + ρg1g2) dW (t). (3.9.5)

Use the weights in Theorem 3.9.2. For sλ ≥ Pg2 , (3.9.3) and |B|L(H) ≤ 1 imply

−
(
B(a3z + ρg1g2), a3z + ρg1g2

)
H

≥ 1

2
ρ2|g1|2|g2|2H − 5|a3z|2H . (3.9.6)

Also,
|a1 · ∇z + a2z + ρty|2H ≤ C

(
|∇z|2H + |z|2H + |ρty|2H

)
.

Choose λ sufficiently large to absorb the first two terms, after division by p, and
the last term in (3.9.6) into the left-hand side of (3.9.2). Fix this λ and put
s∗ = max{1, Pg2/λ}. For every s ≥ s∗, we obtain

E
∫ T

0
θ2
(
|z|2H + ρ2|g1|2

)
dt ≤ Cθ2(T )D2 + Cθ2(t2)M2, (3.9.7)

where M = |y|L2
F(0,T ;H) and D = |y(T )|L2

FT
(Ω;H). The constant is independent of

s. Since ρ = 1 on [r, T ], it follows that

E
∫ T

r

(
|y|2H + |g1|2

)
dt ≤ Ce−asM2 + CebsD2, (3.9.8)

where a = 2(eλr − eλt2) > 0 and b = 2(eλT − eλr) > 0.
The forward energy estimate for (3.1.11) gives, for r ≤ t ≤ t0,

E|y(t0)|2H ≤ CE|y(t)|2H + CE
∫ t0

t
|g1|2 dτ. (3.9.9)

Average (3.9.9) over t ∈ [r, t0] and apply (3.9.8). Shifting s by the fixed lower
bound s∗ yields, for every s ≥ 0,

E|y(t0)|2H + E
∫ T

t0

|g1|2 dt ≤ Ce−asM2 + CebsD2. (3.9.10)

If 0 < D < M , take s = 2 log(M/D)/(a+ b); if D ≥M , take s = 0; and if D = 0,
let s→ ∞. With γ = a/(a+ b) ∈ (0, 1), these choices give

|y(t0)|L2
Ft0

(Ω;H) + |g1|L2
F(t0,T )

≤ C
(
M1−γDγ +D

)
.

This proves (3.9.1).
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3.10 Solution to the inverse source problem with a
boundary measurement

This section focuses on the following problem:

• Problem 3.9: For a given R and a prescribed initial datum, determine the
source function h(·) by means of the measurement ∂y

∂ν

∣∣∣
Σ

.

This problem is answered by the following uniqueness result.

Theorem 3.10.1. Assume that bjkx1 = 0 for j, k = 1, . . . , n.
Let h, ĥ ∈ L2

F(0, T ;H
1(G′)) and R ∈ C1,3(Q) satisfy

|R(t, x)| 6= 0 for all (t, x) ∈ [0, T ]×G. (3.10.1)

Let a3 ∈ L∞
F (0, T ;W 2,∞(G)) and let y, ŷ ∈ L2

F(Ω;C([0, T ];H
2(G)∩H1

0 (G))) solve
(3.1.12) with source and noise pairs (hR, a3y) and (ĥR, a3ŷ), respectively, and the
same prescribed initial datum y(0) = ŷ(0) = y0. If

∂y

∂ν
=
∂ŷ

∂ν
on (0, T )× ∂G, P-a.s.,

then
h(t, x′) = ĥ(t, x′) for a.e. (t, x′) ∈ (0, T )×G′, P-a.s.

Proof. Set v = y − ŷ, z = v/R and u = zx1 . Then z = ∂νz = 0 on Σ, z(0) = 0,
and u = 0 on Σ. Define

c1 = a1 + 2R−1b∇R, c0 = a2 +R−1
(
div(b∇R)−Rt + a1 · ∇R

)
. (3.10.2)

Since bx1 = 0, we have ∂x1 div(b∇R) = div(b∇Rx1). Hence c1, c0, (c1)x1 , (c0)x1 are
bounded under the stated assumptions. The transformed equation is

dz +Az dt =
(
c1 · ∇z + c0z + h− ĥ

)
dt+ a3z dW (t). (3.10.3)

Differentiate (3.10.3) weakly in x1. The source disappears because h and ĥ are
independent of x1, and bx1 = 0 gives

du+Audt =
(
c1 · ∇u+ c0u+ (c1)x1 · ∇z + (c0)x1z

)
dt

+
(
a3u+ (a3)x1z

)
dW (t), u(0) = 0.

(3.10.4)

As z(t, 0, x′) = 0, we have

z(t, x1, x
′) = V u(t, x1, x

′)
∆
=

∫ x1

0
u(t, η, x′) dη. (3.10.5)

The Cauchy–Schwarz inequality and the zero trace of u on x1 = 0 yield

|V u|H ≤ l|u|H , ∇V u = V∇u, |∇V u|H ≤ l|∇u|H . (3.10.6)
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Consequently, the drift in (3.10.4), apart from Au, has H-norm at most C(|u|H +
|∇u|H), and its noise coefficient has H-norm at most C|u|H . Applying the varia-
tional Itô formula to |u|2H , using uniform ellipticity and Young’s inequality, and
taking expectations, we obtain

E|u(t)|2H + cE
∫ t

0
|∇u|2H dτ ≤ CE

∫ t

0
|u|2H dτ, (3.10.7)

where c > 0. By Gronwall’s inequality, u = 0, and (3.10.5) gives z = v = 0.
Equation (3.10.3) then implies h = ĥ a.e., as claimed.

3.11 Solution to the inverse source problem with a
boundary measurement and a terminal measure-
ment

This section focuses on the following problem:

• Problem 3.10: For a given R, determine the source function h(·) and g(·, ·)
by means of the measurement ∂y

∂ν

∣∣∣
Σ

and y(T ).

This problem is answered by the following uniqueness result.

Theorem 3.11.1. Assume that bjkx1 = 0 for j, k = 1, . . . , n.
Let h ∈ L2

F(0, T ;H
1(G′)) and R ∈ C1,3(Q) satisfy

|R(t, x)| 6= 0 for all (t, x) ∈ [0, T ]×G. (3.11.1)

Assume that g = g1(t)g2(x) ∈ L2
F(0, T ;H

1(G)), where g1 ∈ L2
F(0, T ), g2 ∈ H1(G)

and R = R1(t)R2(x). If y ∈ L2
F(0, T ;H

2(G) ∩H1
0 (G)) ∩ L2

F(Ω;C([0, T ];H
1
0 (G)))

satisfies (3.1.12) and

∂y

∂ν
= 0 on (0, T )× ∂G, y(T ) = 0 in G, P-a.s.,

then

h(t, x′) = 0 for a.e. (t, x′) ∈ (0, T )×G′, P-a.s.,
g(t, x) = 0 for a.e. (t, x) ∈ (0, T )×G, P-a.s.

Proof. Set z = y/R, u = zx1 and q = (g2/R2)x1 ∈ H. Use c1, c0 from (3.10.2) and
V from (3.10.5). The boundary conditions imply z = ∂νz = u = 0 on Σ and

z = V u. (3.11.2)

The assumed regularity gives

u ∈ L2
F(0, T ;H

1
0 (G)) ∩ L2

F(Ω;C([0, T ];H)), u(T ) = 0.
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Differentiating the equation for z weakly in x1 yields

du+Audt = Lu dt+ g1
R1

q dW (t), (3.11.3)

where

Lu = c1 · ∇u+ c0u+ (c1)x1 · ∇V u+ (c0)x1V u, |Lu|H ≤ C(|u|H + |∇u|H).
(3.11.4)

The last bound follows from (3.10.6). In particular, for every time-dependent
weight θ and every w ∈ L2(0, T ;H1

0 (G)),∫ T

0
θ2|V w|2H dt ≤ l2

∫ T

0
θ2|w|2H dt, (3.11.5)∫ T

0
θ2|∇V w|2H dt ≤ l2

∫ T

0
θ2|∇w|2H dt. (3.11.6)

Fix ε ∈ (0, T ) and choose 0 < t1 < t2 < ε. Let χ ∈ C∞(R) satisfy 0 ≤ χ ≤ 1
and

χ(t) =

{
0, t ≤ t1,

1, t ≥ t2.
(3.11.7)

Then w = χu satisfies w(0) = w(T ) = 0 and

dw +Aw dt = (Lw + χtu) dt+ χ
g1
R1

q dW (t).

Apply Theorem 3.9.2. If q = 0, its noise term vanishes. If q 6= 0, choose sλ ≥ Pq
so that (3.9.3) makes that term nonnegative on the left-hand side. By (3.11.4)
and uniform ellipticity, a fixed sufficiently large λ absorbs the contribution of Lw.
Hence, for all sufficiently large s,

E
∫ T

0
θ2|w|2H dt ≤ CE

∫ t2

t1

θ2

p
χ2
t |u|2H dt, (3.11.8)

with a constant independent of s. Since p ≥ 1 and θ is increasing,

E
∫ T

ε
|u|2H dt ≤ Ce−2s(eλε−eλt2 )E

∫ t2

t1

χ2
t |u|2H dt. (3.11.9)

Let s → ∞. Then u = 0 on (ε, T ) × G, and (3.11.2) gives z = y = 0 there.
Equation (3.1.12) therefore implies, in H,∫ t

ε
h(τ, x′)R(τ, x) dτ +

∫ t

ε
g(τ, x) dW (τ) = 0, t ∈ [ε, T ], P-a.s. (3.11.10)

Testing against a countable dense subset of H gives scalar continuous local mar-
tingales that are also absolutely continuous, so their quadratic variations vanish.
Thus g = 0 a.e. on (ε, T ) × G, P-a.s. Equation (3.11.10) then gives hR = 0 a.e.
and, by (3.11.1), h = 0 a.e. on (ε, T ) × G′, P-a.s. Since ε > 0 is arbitrary, the
proof is complete.
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3.12 Further comments
To the best of our knowledge, [53] is the first work employing Carleman estimate
in studying inverse problems for stochastic parabolic equations. Subsequently,
there have been numerous studies that have also addressed inverse problems for
stochastic parabolic equations using Carleman estimates (e.g., [20, 25, 29, 44,
46, 47, 53, 57, 64, 73, 74]). Some of these works are presented in this chapter.
Theorem 3.2.2 was established in [68]. The proof of Theorem 3.3.1 above uses
the improved Carleman estimate in [51, Theorem 1.1], which avoids imposing a
spatial-gradient condition on the nonlinear noise difference. Theorem 3.4.1 is an
extension of [53, Theorem 1.3]. Theorem 3.4.6 is taken from [20]. Theorem 3.9.1
concerns the terminal inverse source problem studied in [78, Theorem 1.1]; here
Theorem 3.9.2 yields an estimate with an L2(G) terminal observation. The main
contents of Sections 3.7 and 3.8 are borrowed from [22], while the main content
of Section 3.5 is derived from [20].

There are many open problems related to inverse problems for stochastic
parabolic equations. Some of them require new ideas and further development.

• Inverse coefficient problems for stochastic parabolic equations
Carleman estimates are widely employed in studying inverse coefficient prob-
lems for deterministic parabolic equations (e.g.,[75]). However, there is
currently no relevant work on stochastic parabolic equations. The main
difficulty lies in that, by the classical way to utilize Carleman estimate to
solve inverse coefficient problem, one needs to take derivative of the solution
with respect to the time variable to reduce an inverse coefficient problem to
an inverse state problem. Such a method is not applicable to solutions of
stochastic parabolic equations.

• Inverse state and source problems for semilinear stochastic parabolic equa-
tions
For a general semilinear stochastic parabolic equation (3.1.2), can we inves-
tigate its inverse source problem with boundary measurements?

• Inverse geometric shape of the domain problems
As we explained in Section 1.2, in many practical problems, equations may
involve unknown boundaries, such as a change of phase, a reaction front,
or an unknown population. Can the unknown boundaries be determined
through measurements of the solutions? This constitutes an important class
of inverse problems, extensively studied in deterministic partial differential
equations [8–10, 23, 70]. As fas as we know, the only result for stochastic
parabolic equations is [48]. Compared with the deterministic counterpart,
there are still many open problems in this area.

• Inverse the boundary transfer coefficient problems
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In practical applications, the equation (3.1.2) may be with Robin boundary
conditions, specifically ∂y

∂ν + γ(t, x)y = ϕ on Σ. In this case, the boundary
transfer coefficient γ might also be unknown. Is it possible to determine both
the state and the boundary transfer coefficient using terminal measurements
or internal measurements simultaneously?

• Inverse problems with many measurements
In this chapter, when discussing boundary measurements, we typically use
Dirichlet data or Neumann data. See Problems 3.6, 3.7 and 3.9. If we know
the Neumann data corresponding to all Dirichlet data, that is, if we know
the so-called lateral Dirichlet-to-Neumann map, can we obtain better results
for determining the state and source term?

• Inverse problems with non-local measurements
Due to inevitable noise, pointwise measurements can be highly sensitive. In
engineering applications, it is a nature way to take an (weighted) average
values of various measurement points. For example, measurements h may
take the following two non-local forms:∫

D
w1(x)y(t, x)dx = h(t), t ∈ (0, T ),

or ∫ T

0
w2(t)y(t, x)dt = h(x), x ∈ Γ,

where w1, w2 are the weight function. For these types of non-local measure-
ments, due to less information being given, the inverse problem becomes
more challenging.

• Efficiency algorithm for the construction of unknowns
In Sections 3.5 and 3.8, we discuss reconstructing the solution y from certain
measurements using the Tikhonov regularization approach. The reconstruc-
tion problem is reframed as determining the minimizer of the Tikhonov func-
tional defined by (3.5.2) and (3.8.1). The same approach can be extended
to investigate the reconstruction of the unknown state through the internal
measurement and the unknown source by the internal/terminal measure-
ment. We encourage interested readers to explore this.
On the other hand, many algorithms feasible for deterministic problems
encounter essential difficulties when applied to stochastic problems. For
instance, when solving stochastic problems using the conjugate gradient
method, the dual system is a backward stochastic parabolic equation, which
is highly challenging to solve numerically. Indeed, although there are some
progresses (e.g., [56, 67]), the problem of solving backward stochastic partial
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differential equations remains far from well understood. In recent work, [22]
applies kernel-based learning theory to obtain numerical solutions for Prob-
lem 3.7. The article [20] employs conjugate gradient methods and Picard-
type algorithms for numerical solutions of Problem 3.4. Further efficiency
algorithm remains to be done.

• Brownian motion depends on spatial variable
This chapter uses a scalar Brownian motion W (t); its noise coefficients
may already depend on the spatial variable. For finitely many indepen-
dent Brownian motions, the weighted identities extend by summing the
quadratic-variation terms over the noise components, with the same deter-
ministic weights. For a Q-Wiener process [15], passing from finite sums to
infinitely many components requires suitable covariance and spatial regular-
ity assumptions; for example, the time-dependent identities require summa-
bility of the squared H1

0 (G) norms of the noise coefficients. Extending the
inverse results to more general spatial covariance operators remains a sepa-
rate problem.



Chapter 4

Inverse problems for stochastic
hyperbolic equations

Abstract This chapter focuses on inverse problems for stochastic hyperbolic
equations. We investigate the determination of unknown initial data and source
terms from partial observations, including boundary, terminal, and internal mea-
surements. For the problems considered, we address uniqueness, stability, and
reconstruction. Our analysis is based on Carleman estimates derived from a fun-
damental pointwise weighted identity, and the chapter concludes with several
related open problems.

Throughout this chapter, let (Ω,F ,F,P) with F = {Ft}t≥0 be a complete
filtered probability space on which a one-dimensional standard Brownian motion
{W (t)}t≥0 is defined and F is the natural filtration generated by W (·). Write F
for the progressive σ-field with respect to F.

Let T > 0, and G ⊂ Rn (n ∈ N) be a given bounded domain with a C2

boundary Γ. Let Γ0 be a subset of Γ. Denote by L(G) all Lebesgue measurable
subsets of G. Put

Q = (0, T )×G, Σ = (0, T )× Γ, Σ0 = (0, T )× Γ0.

Also, unless other stated, we denote by ν(x) = (ν1(x), ν2(x), · · · , νn(x)) the unit
outward normal vector of Γ at x ∈ Γ.

Let (bjk)1≤j,k≤n ∈ C1(G;Rn×n) satisfying that bjk = bkj for all j, k = 1, · · · , n,
and for some constant s0 > 0,

n∑
j,k=1

bjkξjξk ≥ s0|ξ|2, ∀ (x, ξ) ∆
=(x, ξ1, · · · , ξn) ∈ G× Rn. (4.0.1)

4.1 Formulation of the problems
Let F : [0, T ] × Ω × G × R × R × Rn → R and K : [0, T ] × Ω × G × R → R
be two functions such that, for each (η, %, ζ) ∈ R × R × Rn, F (·, ·, ·, η, %, ζ) :

80
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[0, T ]×Ω×G→ R and K(·, ·, ·, η) : [0, T ]×Ω×G→ R are F×L(G)-measurable;
and for a.e. (t, ω, x) ∈ [0, T ]× Ω×G and any (ηi, %i, ζi) ∈ R× R× Rn (i = 1, 2),

|F (t, ω, x, η1, %1, ζ1)− F (t, ω, x, η2, %2, ζ2)|
≤ L(|η1 − η2|+ |%1 − %2|+ |ζ1 − ζ2|Rn),

|K(t, ω, x, η1)−K(t, ω, x, η2)| ≤ L|η1 − η2|,
|F (·, ·, ·, 0, 0, 0)| ∈ L2

F(0, T ;L
2(G)), |K(·, ·, ·, 0)| ∈ L2

F(0, T ;H
1
0 (G))

(4.1.1)

for some constant L > 0.
Consider the following semilinear stochastic hyperbolic equation:

dyt −
n∑

j,k=1

(bjkyxj )xkdt = F (y, yt,∇y)dt+K(y)dW (t) in Q,

y = 0 on Σ,

y(0) = y0, yt(0) = y1 in G,

(4.1.2)

where (y0, y1) ∈ L2
F0
(Ω;H1

0 (G) × L2(G)) are unknown random variables. The
wave operator on the energy space H1

0 (G)× L2(G) generates a strongly continu-
ous group. By (4.1.1), its drift and diffusion maps are globally Lipschitz on this
space, with square-integrable inhomogeneous terms. Picard iteration for the cor-
responding stochastic convolution therefore gives a unique mild solution of (4.1.2)
y ∈ HT

∆
=L2

F(Ω;C([0, T ];H
1
0 (G))) ∩ L2

F(Ω;C
1([0, T ];L2(G))). Moreover,

|y|L2
F(Ω;C([0,T ];H1

0 (G))) + |yt|L2
F(Ω;C([0,T ];L2(G)))

≤ eC(L
2+1)(|(y0, y1)|L2

F0
(Ω;H1

0 (G)×L2(G)) + |F (·, ·, 0, 0, 0)|L2
F(0,T ;L

2(G))

+ |K(·, ·, 0)|L2
F(0,T ;L

2(G))). (4.1.3)

To simplify notations, we will suppress the time variable t (∈ [0, T ]), the sample
point ω (∈ Ω), and/or the space variable x (∈ G) in the functions if there is no
risk of confusion.

In this section, we formulate two main classes of inverse problems: inverse
state problems and inverse source problems for (4.1.2), aiming to determine the
initial data or source terms by measuring partial information of the solution. The
characteristics of the inverse problems vary significantly depending on the type
of measurement. For each inverse problem, we consider its uniqueness, stability,
and reconstruction.

4.1.1 Inverse state problems
The most classical inverse problem is the inverse state problem, that is, to de-
termine the unknown initial data of the equation through measurements. Taking
partial boundary observation as an example, our question is whether the initial
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data of the system can be uniquely determined from boundary measurements,
and whether this determination is stable.

Define a map M1 : L
2
F0
(Ω;H1

0 (G)× L2(G)) → L2
F(0, T ;L

2(Γ0)) as follows:

M1(y0, y1) =
∂y

∂ν

∣∣∣
Σ0

, ∀ (y0, y1) ∈ L2
F0
(Ω;H1

0 (G)× L2(G)),

where y solves the equation (4.1.2). From the hidden regularity property of the
solution (see Theorem 4.2.3), we have ∂y

∂ν ∈ L2
F(0, T ;L

2(Γ0)), which implies that
this map is well-defined.

If M−1
1 exists and is Lipschitz continuous on the range of M1, one can de-

terminate the solution y to (4.1.2) using the measurement M1(y0, y1) and the
mapping from M1(y0, y1) to y is continuous.

More precisely, we consider the following problem:

Problem 4.1 (Inverse state problem with a boundary measurement). Does there
exist a constant C > 0 such that for any initial data (y0, y1), (ŷ0, ŷ1) ∈ L2

F0
(Ω;

H1
0 (G)× L2(G)),

|(y0 − ŷ0, y1 − ŷ1)|L2
F0

(Ω;H1
0 (G)×L2(G))

≤ C|M1(y0, y1)−M1(ŷ0, ŷ1)|L2
F(0,T ;L

2(Γ0))? (4.1.4)

We will provide the solution to this problem in Section 4.3. After establishing
uniqueness and stability, we are also interested in whether the initial data can be
reconstructed, i.e., the reconstruction problem.

Consider the following equation:

dzt −
n∑

j,k=1

(bjkzxj )xkdt =
(
b1zt + b2 · ∇z + b3z + f

)
dt

+ (b4z + g)dW (t) in Q,

z = 0 on Σ,

z(0) = z0, zt(0) = z1 in G,

(4.1.5)

where the initial data (z0, z1) ∈ L2
F0
(Ω;H1

0 (G) × L2(G)), the coefficients bj (1 ≤
j ≤ 4) satisfy that

b1 ∈ L∞
F (0, T ;L∞(G)),

b2 ∈ L∞
F (0, T ;L∞(G;Rn)),

b3 ∈ L∞
F (0, T ;Lp(G)) for some p ∈ [n,∞] and p > 2,

b4 ∈ L∞
F (0, T ;L∞(G)),

(4.1.6)

and the nonhomogeneous terms f, g ∈ L2
F(0, T ;L

2(G)).
Our objective is to reconstruct the solution z to the equation (4.1.5) with

observed data from the lateral boundary. More precisely, consider the following
problem:
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Problem 4.2 (Reconstruct the state with a boundary measurement). Find a
function z solving (4.1.5) with ∂z

∂ν
= h on Σ0 for a given h ∈ L2

F(0, T ;L
2(Γ0)).

Above inverse problems are global; that is, we are expected to obtain all
the information about the unknowns. As a cost, we need to measure enough
information. For instance, to solve Problem 4.1, we require a boundary condition
and the value of ∂y∂ν on Σ0 for the time T being large enough and Γ0 fulfilling some
geometric conditions (see Section 4.3 for more details).

It is natural to ask another kind of question, say, if the ability for the mea-
surement is limited, what kind of information for the solution can ne derived? In
what follows, we formulate one of such problems, in which the boundary condition
of the equation is unknown.

Consider the following stochastic hyperbolic equation:

σdz̃t −∆z̃dt =
(
b̃1z̃t + b̃2 · ∇z̃ + b̃3z̃

)
dt+ b̃4z̃dW (t) in Q, (4.1.7)

where, σ ∈ C1(Q) is positive,

b̃1 ∈ L∞
F (0, T ;L∞

loc(G)), b̃2 ∈ L∞
F (0, T ;L∞

loc(G;Rn)),
b̃3 ∈ L∞

F (0, T ;Lnloc(G)), b̃4 ∈ L∞
F (0, T ;L∞

loc(G)). (4.1.8)

We call z̃ ∈ L2
F(Ω;C([0, T ];H

1
loc(G))) ∩ L2

F(Ω;C
1([0, T ];L2

loc(G))) a solution to
the equation (4.1.7) if for any t ∈ (0, T ], nonempty open subset Ĝ ⊂⊂ G and
η ∈ H1

0 (Ĝ), it holds that∫
Ĝ
σ(t, x)z̃t(t, x)η(x)dx−

∫
Ĝ
σ(0, x)z̃t(0, x)η(x)dx

−
∫ t

0

∫
Ĝ
σt(s, x)z̃t(s, x)η(x)dxds

=

∫ t

0

∫
Ĝ

[
−∇z̃ · ∇η +

(
b̃1z̃t + b̃2 · ∇z̃ + b̃3z̃

)
η(x)

]
dxds

+

∫ t

0

∫
Ĝ
b̃4z̃η(x)dxdW (s), P-a.s. (4.1.9)

Put S as a C2-hypersurface in Rn with S ⊂⊂ G. Let x0 ∈ S \ ∂S. We assume
that S divides the open ball Bρ(x0) ⊂ G, centered at x0 and with radius ρ, into
two parts D+

ρ and D−
ρ . In this case, for any x ∈ S, we denote by ν(x) the unit

normal vector of S at x inward to D+
ρ . Let z̃ be a solution to the equation (4.1.7),

and ε ∈ (0, T/2). Consider the following local inverse problem, which is addressed
in Section 4.5:

Problem 4.3 (Inverse state problem with the internal measurement). Can z̃ in
D+
ρ × (ε, T − ε) be uniquely determined by the values of z̃ in D−

ρ × (0, T )?
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Remark 4.1.1. Problem 4.3 investigates whether a solution to (4.1.7) on a single
side of S uniquely determines the solution on the opposite side. We remark that
the number ε depends on both σ(·) and ρ, and this number cannot be zero. In
fact, due to the finite propagation speed of solutions (4.1.7), one needs some time
to observe the solutions.
Remark 4.1.2. Unlike the stochastic parabolic equation, due to the finite prop-
agation speed of the solution to a stochastic hyperbolic equation, we typically
cannot infer the global properties of the solution through local observations.

4.1.2 Inverse source problems
By utilizing partial information of the solution, we can not only determine the
state but also identify the source term in the equation. In particular, combining
boundary measurements with terminal observations allows for the unique deter-
mination of the source term in the diffusion term.

Define a map

M2 : L
2
F0
(Ω;H1

0 (G)× L2(G))× L2
F(0, T ;L

2(G))

→ L2
F(0, T ;L

2(Γ0))× L2
FT

(Ω;H1
0 (G))

as follows:

M2(z0, z1, g) =
(∂z
∂ν

∣∣∣
Σ0

, z(T )
)
,

where z is the corresponding solution to (4.1.5).
This gives rise to the following inverse problem, which is discussed in Sec-

tion 4.6:

Problem 4.4 (Inverse source problem. I). Does M2(z0, z1, g) uniquely determine
(z0, z1, g)?

Noting that the random force
∫ t
0 gdW is assumed to cause the random vibra-

tion starting from some initial state (z0, z1). The objective of the inverse source
problem (Problem 4.4) is to determine the unknown random force intensity g,
the unknown initial displacement z0 and the initial velocity z1 from the (partial)
boundary observation ∂z

∂ν

∣∣
Σ0

and the measurement on the terminal displacement
z(T ).

In Problem 4.4, we consider the problem of determining the source term in the
diffusion term based on the measurement

(∂z
∂ν

∣∣∣
Σ0

, z(T )
)

. It was highlighted in
Remark 1.1.2 that these measurements are insufficient for determining the source
term in the drift component. Then it naturally raises the question: with additional
measurements or more prior information on the source terms, can we ascertain
both unknown nonhomogeneous terms in the stochastic hyperbolic equation si-
multaneously? It turns out that such a simultaneous determination is indeed



85 4. Inverse problems for stochastic hyperbolic equations

achievable by imposing an assumption akin to the equations for the nonhomoge-
neous terms.

Denote x = (x1, x
′) ∈ Rn, where x′ = (x2, · · · , xn) ∈ Rn−1. Let G = (0, l)×G′,

where l > 0 and G′ ⊂ Rn−1 be a bounded domain with a C2 boundary. Consider
the following stochastic hyperbolic equation:{

dzt −∆zdt = (b1zt + b2 · ∇z + b3z + hR)dt+ (b4z + g)dW (t) in Q,

z = 0 on Σ,
(4.1.10)

where b1, b3, b4 ∈ L∞
F (0, T ;W 1,∞(G)), b2 ∈ L∞

F (0, T ;W 1,∞(G;Rn)), h ∈ L2
F(0, T ;

H1(G′)), g ∈ L2
F(0, T ;H

1(G)) and R ∈ C3(Q). Note that R is a deterministic
function and h does not depend on x1.

We propose an inverse source problem that aims to simultaneously identify
the two unknown nonhomogeneous terms using both boundary measurements
and terminal measurements:
Problem 4.5 (Inverse source problem. II). For a given R, determine the source
function h and g by means of the measurement

(∂z
∂ν

∣∣∣
Σ
,
∂zx1
∂ν

∣∣∣
Σ
, z(T ), zt(T )

)
.

We provide the answer to this problem in Section 4.7.
Remark 4.1.3. It is also quite interesting to consider Problem 4.5, when replacing
∆z in (4.1.10) with the general coefficient

n∑
j,k=1

(bjkzxj )xk . However, in that case,

constructing a suitable Carleman weight function to ensure that the Carleman
estimate in Theorem 4.7.3 holds remains an open problem. In fact, the main dif-
ficulty in constructing a Carleman weight function lies in choosing an appropriate
form so that the non-positive terms can be absorbed during the estimation.

In the parabolic case (see Theorem 3.4.5), it suffices to select ψ ∈ C∞(R) such
that ψt ≥ 1. This time-dependent Carleman weight applies to general variable
principal coefficients. The inverse source result in Theorem 3.11.1 additionally
assumes bjkx1 = 0, so that differentiating in the source direction does not introduce
principal-part commutator terms.

However, in the hyperbolic case, the form of the weight function is much more
complicated (see (4.7.3)). In particular, a special parameter β must be introduced
for the first spatial component to absorb the non-positive terms. Such a form of
weight function is difficult to apply to general second-order operators with variable
coefficients, which is the reason why the hyperbolic case is more challenging.

The rest of this chapter is organized as follows. In Subsection 4.2.1, we present
some preliminaries, including a fundamental pointwise weighted identity for sec-
ond order stochastic hyperbolic-like operators, which is used to derive Carleman
estimates for stochastic hyperbolic equations, a hidden regularity property of so-
lutions to stochastic hyperbolic equations and an energy estimate for stochastic
hyperbolic equations. Sections 4.3–4.4 are devoted to studying Problems 4.1–4.2,
respectively. At last, in Section 4.8, we give some comments for the content in
this chapter and some related open problems.
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4.2 Some preliminaries
To obtain Carleman estimates for stochastic hyperbolic equations, this section
presents a fundamental weighted identity for second order hyperbolic-like opera-
tors. Furthermore, we establish the hidden regularity of the stochastic hyperbolic
equation (Theorem 4.2.3), as well as energy estimates (Theorem 4.2.5).

4.2.1 A fundamental weighted identity
In this subsection, we prove the following result.

Theorem 4.2.1. Let φ ∈ C2((0, T ) × Rn), bjk = bkj ∈ C2(Rn) for j, k =
1, 2, · · · , n, and ` ∈ C3((0, T ) × Rn), Ψ ∈ C2((0, T ) × Rn). Let u be an H2(G)-
valued, F-adapted process such that ut is an L2(G)-valued Itô process. Set θ = eℓ

and w = θu. Then, for a.e. x ∈ G and P-a.s. ω ∈ Ω,

θ
(
− 2φ`twt + 2

n∑
j,k=1

bjk`xjwxk +Ψw
)[
φdut −

n∑
j,k=1

(bjkuxj )xkdt
]

+
n∑

j,k=1

[ n∑
j′,k′=1

(
2bjkbj

′k′`xj′wxjwxk′ − bjkbj
′k′`xjwxj′wxk′

)
− 2φbjk`twxjwt + φbjk`xjw

2
t +Ψbjkwxjw −

(
A`xj +

Ψxj

2

)
bjkw2

]
xk
dt

+ d
{
φ

n∑
j,k=1

bjk`twxjwxk − 2φ
n∑

j,k=1

bjk`xjwxkwt + φ2`tw
2
t − φΨwtw

+
[
φA`t +

1

2
(φΨ)t

]
w2
}

=
[
(φ2`t)t +

n∑
j,k=1

(φbjk`xj )xk − φΨ
]
w2
t dt

− 2
n∑

j,k=1

[
(φbjk`xk)t + bjk(φ`t)xk

]
wxjwtdt+

n∑
j,k=1

cjkwxjwxkdt+ Bw2dt

+
(
− 2φ`twt + 2

n∑
j,k=1

bjk`xjwxk +Ψw
)2
dt+ φ2θ2`t(dut)

2, (4.2.1)

where

A ∆
=φ(`2t − `tt)−

n∑
j,k=1

(bjk`xj`xk − bjkxk`xj − bjk`xjxk)−Ψ,

B ∆
=AΨ+ (φA`t)t −

n∑
j,k=1

(Abjk`xj )xk +
1

2

[(
φΨ
)
tt
−

n∑
j,k=1

(
bjkΨxj

)
xk

]
,
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cjk
∆
=
(
φbjk`t

)
t
+

n∑
j′,k′=1

[
2bjk

′
(bj

′k`xj′ )xk′ −
(
bjkbj

′k′`xj′
)
xk′

]
+Ψbjk. (4.2.2)

Proof. By θ = eℓ, w = θu, we derive that

θdut = dwt − 2`twtdt+ (`2t − `tt)wdt. (4.2.3)

Let 
I = −2φ`twt + 2

n∑
j,k=1

bjk`xjwxk +Ψw,

I2 = φdwt −
n∑

j,k=1

(bjkwxj )xkdt+Awdt.
(4.2.4)

From (3.2.6), (4.2.3) and (4.2.4), we obtain

θI
[
φdut −

n∑
j,k=1

(bjkuxj )xkdt
]
= I2dt+ II2. (4.2.5)

Let us compute the terms in II2 one by one.
Thanks to Itô’s formula, we obtain that

−2φ2`twtdwt = −d(φ2`tw2
t ) + φ2`t(dwt)

2 + (φ2`t)tw
2
t dt, (4.2.6)

2
n∑

j,k=1

bjk`xjwxkφdwt

= d

(
2φ

n∑
j,k=1

bjk`xjwxkwt

)
− 2

n∑
j,k=1

(φbjk`xj )twtwxkdt (4.2.7)

−
n∑

j,k=1

(φbjk`xjw
2
t )xkdt+

n∑
j,k=1

(φbjk`xj )xkw
2
t dt,

and that

Ψwφdwt = d(φΨwwt)− φΨw2
t dt−

1

2
d
[
(φΨ)tw

2
]
+

1

2
(φΨ)ttw

2dt. (4.2.8)

By direct computations, we get that

2
n∑

j,k=1

φ`twt(b
jkwxj )xkdt

=
n∑

j,k=1

[
2(φ`tb

jkwtwxj )xk − 2bjk(φ`t)xkwtwxj − (bjkφ`twxkwxj )t
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+ (bjkφ`t)twxkwxj
]
dt, (4.2.9)

2

n∑
j,k=1

n∑
j′,k′=1

bjk`xjwxk(−b
j′k′wxj′ )xk′dt

=
n∑

j,k=1

n∑
j′,k′=1

[
− 2(bjkbj

′k′`xjwxkwxj′ )xk′ + 2(bjk`xj )xk′ b
j′k′wxkwxj′

+ (bjkbj
′k′`xjwxk′wxj′ )xk − (bjkbj

′k′`xj )xkwxk′wxj′
]
dt, (4.2.10)

and
n∑

j,k=1

Ψw(−bjkwxj )xkdt (4.2.11)

=
n∑

j,k=1

[
− (bjkΨwwxj )xk + bjkΨwxkwxj +

1

2
(bjkΨxkw

2)xj −
1

2
(bjkΨxk)xjw

2

]
dt.

Similarly, from (4.2.4) and Itô’s formula, we have

IAwdt =
n∑

j,k=1

(bjk`xjAw2)xkdt− d(φ`tAw2) + (φA`t)tw2dt (4.2.12)

−
n∑

j,k=1

(bjk`xjA)xkw
2dt+ΨAw2dt.

Combining (4.2.5)–(4.2.12), we get (4.2.1).

4.2.2 Hidden regularity property of solutions to stochastic hyper-
bolic equations

In this subsection, we derive a hidden regularity property of solutions to the
equation (4.1.2).

Lemma 4.2.2. [50, Lemma 3.1] There exists a vector field ξ = (ξ1, · · · , ξn) ∈
C1(Rn;Rn) such that ξ = ν on Γ.

Proof. Since the boundary Γ is of class C2, for any fixed point x0 ∈ Γ, there exists
an open neighborhood V of x0 in Rn and a function ϕ : V → R of class C2 such
that the gradient ∇ϕ(x) is non-zero for all x in V and ϕ(x) = 0 for x in V ∩ Γ.
If necessary, we can consider −ϕ instead of ϕ to ensure that ν(x0) · ∇ϕ(x0) > 0.
By choosing V sufficiently small, we can also assume that V ∩ Γ is a connected
set. The function ψ : V → Rn defined by unit vector η = ∇ϕ/|∇ϕ| is of class C1

and equals the normal vector ν on V ∩ Γ.
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Given that Γ is compact, it can be covered by a finite number of neighborhoods
V1, · · · , Vm of this type. Let η1, · · · , ηm denote the corresponding functions. We
then have the following conditions:

Γ ⊂
m⋃
j=1

Vj , ηj = ν on Vj ∩ Γ, for j = 1, · · · ,m.

We select an open subset V0 ⋐ G such that G ⊂
⋃m
j=0 Vj and define η0 :

V0 → Rn by setting η0(x) = 0 for x ∈ V0. Let α0, · · · , αm be a C2 partition
of unity corresponding to the covering V0, · · · , Vm of G. Then, the vector field
ζ =

m∑
j=0

αjηj agrees with ν on Γ. Choose the partition on an open neighborhood of

G and multiply ζ by a compactly supported cutoff equal to one near G. Extending
by zero gives the required field on Rn.

Proposition 4.2.3. For any solution to the equation (4.1.2), we have∣∣∣∂y
∂ν

∣∣∣
L2
F(0,T ;L

2(Γ0))

≤ eC(L
2+1)

(
|(y0, y1)|L2

F0
(Ω;H1

0 (G)×L2(G)) + |F (·, ·, 0, 0, 0)|L2
F(0,T ;L

2(G))

+ |K(·, ·, 0)|L2
F(0,T ;L

2(G))

)
. (4.2.13)

Proof. For any ρ = (ρ1, · · · , ρn) ∈ C1(R1+n;Rn), by a direct computation, we
obtain

n∑
j,k=1

(
2ρ · ∇ybjkyxj −

n∑
i=1

ρkbijyxiyxj

)
xk

= 2

n∑
j,k=1

(
ρ · ∇y(bjkyxj )xk +

n∑
i=1

ρixkb
jkyxiyxj

)
−

n∑
i,j,k=1

(ρkbij)xkyxiyxj . (4.2.14)

Thanks to Itô’s formula, it holds that

2ρ · ∇ydyt = 2d(ytρ · ∇y)− 2ytρt · ∇ydt− 2ρ · ∇yt ytdt

= 2d(ytρ · ∇y)− 2ytρt · ∇ydt−
n∑
j=1

(ρjy2t )xjdt+
n∑
j=1

ρjxjy
2
t dt. (4.2.15)

From (4.2.14) and (4.2.15), we get
n∑
k=1

(
2ρ · ∇y

n∑
j=1

bjkyxj + ρky2t −
n∑

i,j=1

ρkbijyxiyxj

)
xk
dt

= 2ρ · ∇y
[ n∑
j,k=1

(bjkyxj )xkdt− dyt

]
+ 2d(ytρ · ∇y)− 2ytρt · ∇ydt
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+

n∑
j=1

ρjxjy
2
t dt+

n∑
i,j,k=1

(
2bjkρixkyxjyxi − (bijρk)xkyxjyxi

)
dt. (4.2.16)

Since Γ ∈ C2, by Theorem 4.2.2, there exists a vector field ζ ∈ C1(Rn;Rn) such
that ζ = ν on Γ. Letting ρ = ζ, integrating (4.2.16) in Q, and taking expectation
on Ω, recalling (4.1.2), we deduce that

E
∫
Σ

n∑
k=1

(
2ρ · ∇y

n∑
j=1

bjkyxj + ρky2t −
n∑

i,j=1

ρkbijyxiyxj

)
νkdΓdt

= 2E
∫
G
yt(T )ρ(T ) · ∇y(T )dx− 2E

∫
G
y1ρ(0) · ∇y0dx

+ E
∫
Q

[
− 2ρ · ∇yF (y, yt,∇y)− 2ytρt · ∇y +

n∑
j=1

ρjxjy
2
t

+

n∑
i,j,k=1

(
2bjkρixkyxjyxi − (bijρk)xkyxjyxi

)]
dxdt. (4.2.17)

Noting that y = 0 and ρ = ν on Γ, we have

E
∫
Σ

n∑
k=1

(
2ρ · ∇y

n∑
j=1

bjkyxj + ρky2t −
n∑

i,j=1

ρkbijyxiyxj

)
νkdΓdt

= E
∫
Σ

n∑
j,k=1

bjkνjνk
∣∣∣∣∂y∂ν

∣∣∣∣2dΓdt ≥ s0E
∫
Σ

∣∣∣∣∂y∂ν
∣∣∣∣2dΓdt. (4.2.18)

Combining (4.1.3), (4.2.17) and (4.2.18), the desired estimate (4.2.13) holds.

Let{
r1

∆
= |b1|L∞

F (0,T ;L∞(G)) + |b2|L∞
F (0,T ;L∞(G;Rn)) + |b4|L∞

F (0,T ;L∞(G)),

r2
∆
= |b3|L∞

F (0,T ;Lp(G)).
(4.2.19)

Repeating the multiplier argument for Theorem 4.2.3, using

‖b3z‖L2(G) ≤ C‖b3‖Lp(G)‖z‖H1
0 (G),

gives the following result.

Corollary 4.2.4. For any solution to the equation (4.1.5), it holds that∣∣∣∂z
∂ν

∣∣∣
L2
F(0,T ;L

2(Γ0))
≤ eC(r

2
1+r

2
2+1)

(
|(z0, z1)|L2

F0
(Ω;H1

0 (G)×L2(G))

+ |f |L2
F(0,T ;L

2(G)) + |g|L2
F(0,T ;L

2(G))

)
. (4.2.20)
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4.2.3 An energy estimate for stochastic hyperbolic equations
In this subsection, we derive an energy estimate for (4.1.5).

Proposition 4.2.5. For any solution z to (4.1.5) and s, t ∈ [0, T ], it holds that

E
∫
G

(
|zt(t)|2 + |∇z(t)|2

)
dx

≤ CeC(r21+r
1/(2−n/p)
2 +1)T

[
E
∫
G

(
|zt(s)|2 + |∇z(s)|2

)
dx+ E

∫
Q
(f2 + g2)dxdt

]
.

(4.2.21)

The constant C may depend on G,T and (bjk), but not on r1, r2, f, g or z.

Proof. Put α = n/p, with α = 0 when p = ∞, and a = 1 + r
1/(2−α)
2 . Define

E(t) = E
∫
G

z2t + n∑
j,k=1

bjkzxjzxk + a2z2

 dx.
The Gagliardo–Nirenberg inequality gives

‖z‖L2p/(p−2)(G) ≤ C‖∇z‖αL2(G)‖z‖
1−α
L2(G)

.

This includes p = n > 2 by the Sobolev inequality and p = ∞ by the identity in
L2(G). Thus Hölder’s inequality and ellipticity yield∣∣∣∣E ∫

G
b3zztdx

∣∣∣∣ ≤ Cr2a
−(1−α)E(t) ≤ CaE(t), a2

∣∣∣∣E ∫
G
zztdx

∣∣∣∣ ≤ CaE(t).

Itô’s formula and integration by parts give, for a.e. t,

E′(t) = E
∫
G

[
2zt(b1zt + b2 · ∇z + b3z + f) + (b4z + g)2 + 2a2zzt

]
dx.

Consequently,

|E′(t)| ≤ C(r21 + a+ 1)E(t) + CE
∫
G
(f2 + g2)dx.

Forward or backward Gronwall’s inequality therefore implies

E(t) ≤ CeC(r21+a+1)T

[
E(s) + E

∫
Q
(f2 + g2)dxdt

]
.

By ellipticity and Poincaré’s inequality, E(t) controls the energy on the left of
(4.2.21), while E(s) ≤ C(1 + a2)E

∫
G(|zt(s)|

2 + |∇z(s)|2)dx. Absorbing this poly-
nomial factor into the exponential proves the assertion. The calculation for energy
solutions follows by the usual Galerkin approximation.
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4.3 Solution to inverse state problem with the bo-
undary measurement

This section focuses on the following problem:

• Problem 4.1: Does there exist a constant C > 0 such that for any initial
data (y0, y1), (ŷ0, ŷ1) ∈ L2

F0
(Ω;H1

0 (G)×L2(G)), the inequality (4.1.4) holds?

Prior to unveiling the solution to this problem, certain assumptions regarding
(bjk)1≤j,k≤n, T , and Γ0 are required.
Condition 4.3.1. There exists a positive function ψ(·) ∈ C2(G) satisfying the
following:

(1) For some constant µ0 > 0 and any (x, ξ) ∈ G× Rn, it holds that
n∑

j,k=1

{ n∑
j′,k′=1

[
2bjk

′
(bj

′kψxj′ )xk′ − bjkxk′ b
j′k′ψxj′

]}
ξjξk ≥ µ0

n∑
j,k=1

bjkξjξk.

(2) There is no critical point of ψ(·) in G, i.e.,

min
x∈G

|∇ψ(x)| > 0.

Remark 4.3.1. Condition 4.3.1 can be viewed as a form of pseudo-convex con-
dition (e.g., [34, Section 28.3]). Further exploration on this subject can be found
in [52]. It is worth noting that if (bjk)1≤j,k≤n is the identity matrix, then ψ(x) =
|x − x0|2 satisfies Condition 4.3.1, where x0 is any point belongs to Rn \ G. If
c ∈ C1(G) has no zeros, put a = c2 and q = 2(x − x0). For bjk = aδjk and
ψ(x) = |x− x0|2, the quadratic form in Condition 4.3.1 is

a
[
4a|ξ|2 + 2(∇a · ξ)(q · ξ)− (∇a · q)|ξ|2

]
.

Consequently, this choice of ψ satisfies Condition 4.3.1 if and only if there is a
constant µ1 > 0 such that

4a|ξ|2 + 2(∇a · ξ)(q · ξ)− (∇a · q)|ξ|2 ≥ µ1|ξ|2, (x, ξ) ∈ G× Rn.

One can verify that if ψ(·) satisfies Condition 4.3.1, then for any constants
a ≥ 1 and b ∈ R such that aψ+ b > 0 on G, the function ψ̃ = aψ+ b also satisfies
this condition with µ0 replaced by aµ0. Therefore, we can choose ψ, µ0, c0 > 0,
c1 > 0 and T such that the following condition holds:
Condition 4.3.2.

1

4

n∑
j,k=1

bjk(x)ψxj (x)ψxk(x) ≥ R2
1
∆
=max

x∈G
ψ(x) ≥ R2

0
∆
=min
x∈G

ψ(x), ∀x ∈ G,

T > T0
∆
=2R1,

(2R1

T

)2
< c1 <

2R1

T
, µ0 − 4c1 − c0 > 0.
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Put

Γ0
∆
=
{
x ∈ Γ

∣∣∣ n∑
j,k=1

bjk(x)ψxj (x)ν
k(x) > 0

}
. (4.3.1)

We have the following positive answer to Problem 4.1.

Theorem 4.3.1. Assume Condition 4.3.1 and Condition 4.3.2 are satisfied. Then
there exists a constant C > 0 such that for any initial data (y0, y1), (ŷ0, ŷ1) ∈
L2
F0
(Ω;H1

0 (G)× L2(G)), the inequality (4.1.4) holds for Γ0 given by (4.3.1).

Remark 4.3.2. Theorem 4.3.1 shows that the state y(t) of (4.1.2) (for t ∈ [0, T ])
can be uniquely determined by the measurement ∂y

∂ν

∣∣∣
Σ0

, P-a.s., and continuously
depends on it. Therefore, it provides an affirmative answer to the inverse state
problem of the system (4.1.2).

In what follows, for λ ∈ R and r ∈ N, we use O(λr) to denote a function of
order λr for large λ.

First, we derive a boundary observability estimate for the equation (4.1.5).

Theorem 4.3.2. Assume Condition 4.3.1 and Condition 4.3.2 are satisfied. For
any solution z to the equation (4.1.5), it holds that

|(z0, z1)|L2
F0

(Ω;H1
0 (G)×L2(G))

≤ eC
(
r21+r

1
3/2−n/p
2 +1

)(∣∣∣∂z
∂ν

∣∣∣
L2
F(0,T ;L

2(Γ0))
+ |f |L2

F(0,T ;L
2(G)) + |g|L2

F(0,T ;L
2(G))

)
.

(4.3.2)

Proof. The proof is divided into four steps.
Step 1. In this step, we introduce a cut-off function and reduce the equation

(4.1.5) to an equation with both initial and final data equal zero.
Put

`(t, x) = λ
[
ψ(x)− c1

(
t− T

2

)2]
, (t, x) ∈ Q.

From Condition 4.3.2, there exists ε1 ∈ (0, 1/2) such that for all (t, x) ∈
[(
0, T2 −

ε1T
)⋃ (T

2 + ε1T, T
)]

×G, it holds that

`(t, x) ≤ λ[R2
1 − c1(ε1T )

2] < 0. (4.3.3)

Thanks to Condition 4.3.2 again, noting that

`
(T
2
, x
)
= λψ(x) ≥ λR2

0, ∀ x ∈ G,

there exists ε0 ∈ (0, ε1) such that

`(t, x) ≥ λR2
0

2
, ∀ (t, x) ∈

(T
2
− ε0T,

T

2
+ ε0T

)
×G. (4.3.4)



4. Inverse problems for stochastic hyperbolic equations 94

Choose a cut-off function χ ∈ C∞
0 [0, T ] satisfying

χ(t) = 1, ∀ t ∈
(T
2
− ε1T,

T

2
+ ε1T

)
. (4.3.5)

Put u = χz. Then, u solves the following equation:

dut −
n∑

j,k=1

(bjkuxj )xkdt =
(
b1ut + b2 · ∇u+ b3u+ f̃

)
dt

+
(
b4u+ χg

)
dW (t) in Q,

u = 0 on Σ,

u(0) = u(T ) = 0, ut(0) = ut(T ) = 0 in G,

(4.3.6)

where f̃ = χf + χttz + 2χtzt − b1χtz.
Step 2. We choose the multiplier and estimate its coefficients. Write b = (bjk),

V = b∇ψ, k = ∇ψ · b∇ψ, q(t) = −c1(2t− T ) and D = q2 − k. Then

`t = λq, `tt = −2c1λ, ∇` = λ∇ψ, ∇`t = 0. (4.3.7)

Set d = −2c1+∇·V−c0. For ε > 0, choose a smooth function dε on a neighborhood
of G with |dε − d|C(G) ≤ ε, and put

Ψ = λdε. (4.3.8)

Put e = dε − d, w = θu, A0 = λ2D and r = 4c1 + c0 − e. Define

I = −2`twt + 2b∇` · ∇w +Ψw. (4.3.9)

The conjugated equation has the exact decomposition

θ
[
dut −∇ · (b∇u)dt

]
= I dt+ dwt −∇ · (b∇w)dt

+A0w dt+ λrw dt. (4.3.10)

Multiply (4.3.10) by I and integrate by parts as in the proof of Theorem 4.2.1.
The resulting integrated identity has A0 in place of A and the additional term
λrIw on its right-hand side. Only first derivatives of b,A0, second derivatives of
`, and second derivatives of the smooth function Ψ occur; thus these product rules
apply with b ∈ C1(G) and ψ ∈ C2(G).

The coefficient of w2
t is[
`tt +∇ · (b∇`)−Ψ

]
w2
t = λ(c0 − e)w2

t , (4.3.11)

and the mixed term vanishes:[
(b∇`)t + b∇`t

]
· ∇wwt = 0. (4.3.12)
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Writing cjk for the spatial coefficients in the integrated identity, Condition 4.3.1
gives

n∑
j,k=1

cjkwxjwxk ≥ λ(µ0 − 4c1 − c0 − ε)
n∑

j,k=1

bjkwxjwxk . (4.3.13)

The zeroth-order coefficient is

B0 = A0Ψ+ (A0`t)t −∇ · (A0b∇`)−
1

2
∇ · (b∇Ψ)

= λ3
[
(4c1 + c0)k + V · ∇k − (8c1 + c0)q

2 +De
]
− λ

2
∇ · (b∇dε). (4.3.14)

From Condition 4.3.1, we get that
n∑

j,k=1

n∑
j′,k′=1

bjkψxj
(
bj

′k′ψxj′ψxk′
)
xk

=

n∑
j,k=1

n∑
j′,k′=1

(bjkbj
′k′
xk

ψxjψxj′ψxk′ + 2bjkbj
′k′ψxjψxkxj′ψxk′ )

=

n∑
j,k=1

n∑
j′,k′=1

(bjkbj
′k′
xk

ψxjψxj′ψxk′ − 2bj
′k′bjkxj′ψxjψxkψxk′

+ 2bj
′k′(bjkψxk)xj′ψxjψxk′ )

=

n∑
j,k=1

{ n∑
j′,k′=1

[
2bjk

′
(bj

′kψxj′ )xk′ − bjkxk′ b
j′k′ψxj′

]}
ψxjψxk

≥ µ0

n∑
j,k=1

bjkψxjψxk . (4.3.15)

At e = 0, (4.3.15) and Condition 4.3.2 give

(4c1 + c0)k + V · ∇k − (8c1 + c0)q
2 ≥ 2(4c1 + c0)(4R

2
1 − c21T

2) > 0.

We first fix ε small enough to preserve this lower bound and the positive coeffi-
cients in (4.3.11) and (4.3.13), and then fix dε. The last term in (4.3.14) is now
O(λ), so there is λ1 > 0 such that

B0 ≥ Cλ3 for all λ ≥ λ1. (4.3.16)

The remaining term in (4.3.10) satisfies

|λrIw| ≤ 1

4
I2 + Cλ2w2. (4.3.17)

Increasing λ1 absorbs the last term into (4.3.16). All choices in this step depend
only on the fixed principal coefficients, weight, and geometric constants. The
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calculation is first performed for regular solutions and then extended by energy
approximation; Theorem 4.2.4 gives convergence of the observed normal traces.

Step 3. We integrate the multiplier identity for (4.3.6).
Integrating the identity obtained from (4.3.10) in Q, taking mathematical

expectation, and using (4.3.11)–(4.3.13), (4.3.16) and (4.3.17), we note that

E
∫ T

0

∫
G
d
[ n∑
j,k=1

bjk`twxjwxk − 2

n∑
j,k=1

bjk`xjwxkwt + `tw
2
t −Ψwtw

+
(
A0`t +

1

2
Ψt

)
w2
]
dx = 0, (4.3.18)

where the time cutoff gives w(0) = wt(0) = w(T ) = wt(T ) = 0. The spatial
boundary terms containing w or wt vanish because u = 0 on Σ. We obtain

E
∫
Q
θ
{(

− 2`twt + 2

n∑
j,k=1

bjk`xjwxk +Ψw
)[
dut −

n∑
j,k=1

(
bjkuxj

)
xk
dt
]}
dx

+ λE
∫
Σ

n∑
j,k=1

n∑
j′,k′=1

(
2bjkbj

′k′ψxj′wxjwxk′ − bjkbj
′k′ψxjwxj′wxk′

)
νkdΓdt

− E
∫
Q
θ2`t|dut|2dx

≥ CE
∫
Q
θ2
[(
λu2t + λ|∇u|2

)
+ λ3u2

]
dxdt

+
3

4
E
∫
Q

(
− 2`twt + 2

n∑
j,k=1

bjk`xjwxk +Ψw
)2
dxdt. (4.3.19)

Noting that u = 0 on Σ, P-a.s., from (4.3.1), we deduce that

E
∫
Σ

n∑
j,k=1

n∑
j′,k′=1

(
2bjkbj

′k′ψxj′wxjwxk′ − bjkbj
′k′ψxjwxj′wxk′

)
νkdΓdt

= E
∫
Σ

( n∑
j,k=1

bjkνjνk
)( n∑

j′,k′=1

bj
′k′ψxj′ν

k′
)
θ2
∣∣∣∂u
∂ν

∣∣∣2dΓdt
≤ E

∫
Σ0

( n∑
j,k=1

bjkνjνk
)( n∑

j′,k′=1

bj
′k′ψxj′ν

k′
)
θ2
∣∣∣∂u
∂ν

∣∣∣2dΓdt. (4.3.20)

Thanks to (4.3.6), it holds that

E
∫
Q
θ
{(

− 2`twt + 2

n∑
j,k=1

bjk`xjwxk +Ψw
)[
dut −

n∑
j,k=1

(
bjkuxj

)
xk
dt
]}
dx

≤ C
[
E
∫
Q
θ2
(
|f̃ |2 + |g|2

)
dxdt+ |b1|2L∞

F (0,T ;L∞(G))E
∫
Q
θ2u2tdxdt
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+ |b2|2L∞
F (0,T ;L∞(G,Rn))E

∫
Q
θ2|∇u|2dxdt+ E

∫
Q
θ2b23u

2dxdt

+ |b4|2L∞
F (0,T ;L∞(G))E

∫
Q
θ2u2dxdt

]
+

1

2
E
∫
Q

(
− 2`twt + 2

n∑
j,k=1

bjk`xjwxk +Ψw
)2
dxdt, (4.3.21)

and

−E
∫
Q
θ2`t|dut|2dx ≤ Cλ|b4|2L∞

F (0,T ;L∞(G))E
∫
Q
θ2u2dxdt+ CλE

∫
Q
θ2|g|2dxdt.

(4.3.22)

Step 4. In this step, we handle the terms in (4.3.21) and (4.3.22).
Choosing s = 2p/(p − 2), we have 2

p +
2
s = 1, which, combined with Hölder’s

inequality and (4.2.19), implies that

|b3θu|2L2
F(0,T ;L

2(G)) ≤ r22|θu|2L2
F(0,T ;L

s(G)). (4.3.23)

Since 1
s = 1

2 − 1
p , by Sobolev’s inequality, we get

|θu|2L2
F(0,T ;L

s(G)) ≤ C|θu|2
L2
F(0,T ;H

n/p(G))
. (4.3.24)

For any ρ ∈ L2
FT

(Ω;H1(Rn)), by Hölder’s inequality again, we obtain

|ρ|2
L2
FT

(Ω;Hn/p(Rn))
= E

∫
Rn

(1 + |ξ|2)n/p|ρ̂(ξ)|2n/p|ρ̂(ξ)|2(1−n/p)dξ

≤ |ρ|2n/p
L2
FT

(Ω;H1(Rn))
|ρ|2(1−n/p)

L2
FT

(Ω;L2(Rn))
. (4.3.25)

Hence, it holds that

|ρ̃|2
L2
FT

(Ω;Hn/p(G))
≤ C|ρ̃|2n/p

L2
FT

(Ω;H1
0 (G))

|ρ̃|2(1−n/p)
L2
FT

(Ω;L2(G))
, ∀ ρ̃ ∈ L2

FT
(Ω;H1

0 (G)),

(4.3.26)

and

|ρ|2
L2
F(0,T ;H

n/p(G))
≤ C|ρ|2n/p

L2
F(0,T ;H

1
0 (G))

|ρ|2(1−n/p)
L2
F(0,T ;L

2(G))
, ∀ ρ ∈ L2

F(0, T ;H
1
0 (G)).

(4.3.27)

For n < p < ∞, combining (4.3.23)–(4.3.27) and Young’s inequality, for every
ε > 0 we obtain

|b3θu|2L2
F(0,T ;L

2(G))

≤ Cr22|θu|
2n/p

L2
F(0,T ;H

1
0 (G))

|θu|2(1−n/p)
L2
F(0,T ;L

2(G))
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≤ ελ|θu|2L2
F(0,T ;H

1
0 (G)) + C(ε)r2p/(p−n)2 λ−n/(p−n)|θu|2L2

F(0,T ;L
2(G)). (4.3.28)

For p = n > 2, use instead ‖b3θu‖2L2
F(0,T ;L

2(G))
≤ Cr22‖θu‖2L2

F(0,T ;H
1
0 (G))

; for
p = ∞, use r22‖θu‖2L2

F(0,T ;L
2(G))

. These bounds give the same parameter choice
below, with n/p = 0 when p = ∞. Choosing

λ2 = max
{
λ1, C

(
r21 + r

1
3/2−n/p

2 + 1
)}
,

from (4.3.19)–(4.3.22) and (4.3.28), for all λ ≥ λ2, it holds that

CλE
∫
Σ0

θ2
( n∑
j,k=1

bjkνjνk
)( n∑

j′,k′=1

bj
′k′ψxj′ν

k′
)∣∣∣∂u
∂ν

∣∣∣2dΓdt
+ CE

∫
Q
θ2(|f̃ |2 + λ|g|2)dxdt

≥ E
∫
Q
θ2
(
λu2t + λ|∇u|2 + λ3u2

)
dxdt. (4.3.29)

Noting that (4.3.5) and u = χz, by (4.3.29), we get

CλE
∫
Σ0

θ2
( n∑
j,k=1

bjkνjνk
)( n∑

j′,k′=1

bj
′k′ψxj′ν

k′
)∣∣∣∂z
∂ν

∣∣∣2dΓdt
+ C(1 + r21)E

∫
(0,T

2
−ε1T )∪(T2 +ε1T,T )

∫
G
θ2
(
z2t + |∇z|2 + z2

)
dxdt

+ CE
∫
Q
θ2(|f |2 + λ|g|2)dxdt

≥ E
∫ T

2
+ε0T

T
2
−ε0T

∫
G
θ2
(
λz2t + λ|∇z|2 + λ3z2

)
dxdt. (4.3.30)

From (4.2.21), (4.3.3) and (4.3.4), we obtain that

E
∫
(0,T

2
−ε1T )∪(T2 +ε1T,T )

∫
G
θ2
(
z2t + |∇z|2 + z2

)
dxdt

≤ Ceλ[R2
1−c1(ε1T )2]E

∫
(0,T

2
−ε1T )∪(T2 +ε1T,T )

∫
G

(
z2t + |∇z|2

)
dxdt

≤ CeC
(
r21+r

1
2−n/p
2 +1

)
T eλ[R

2
1−c1(ε1T )2]E

∫
G

(
z21 + |∇z0|2

)
dx

+ CeCλE
∫
Q
(|f |2 + |g|2)dxdt, (4.3.31)

and that

E
∫ T

2
+ε0T

T
2
−ε0T

∫
G
θ2
(
λz2t + λ|∇z|2 + λ3z2

)
dxdt
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≥ Ce
R2
0
2
λE
∫ T

2
+ε0T

T
2
−ε0T

∫
G

(
z2t + |∇z|2

)
dxdt

≥ Ce
R2
0
2
λe−C

(
r21+r

1
2−n/p
2 +1

)
TE
∫
G

(
z21 + |∇z0|2

)
dx

− Ce
R2
0
2
λE
∫
Q
(|f |2 + |g|2)dxdt. (4.3.32)

Combining (4.3.30)–(4.3.32), noting that R2
1 − c1(ε1T )

2 < 0, there exists a

λ3 = C
(
r21 + r

1
3/2−n/p

2 + 1
)
≥ λ2

such that for all λ ≥ λ3, it holds that

CλE
∫
Σ0

θ2
( n∑
j,k=1

bjkνjνk

)( n∑
j′,k′=1

bj
′k′ψxj′νk′

)∣∣∣∂z
∂ν

∣∣∣2dΓdt
+ CeCλE

∫
Q

(
|f |2 + |g|2

)
dxdt

≥ E
∫
G

(
z21 + |∇z0|2

)
dx. (4.3.33)

Taking λ = λ3, we deduce that

CeCλ3
[
E
∫
Σ0

∣∣∣∂z
∂ν

∣∣∣2dΓdt+ E
∫
Q

(
|f |2 + |g|2

)
dxdt

]
≥ E

∫
G

(
z21 + |∇z0|2

)
dx,

which gives the desired inequality (4.3.2).

We are in a position to prove Theorem 4.3.1.

Proof of Theorem 4.3.1. Let ŷ solve (4.1.2) with the initial datum (ŷ0, ŷ1). Put
z = y − ŷ. Then z fulfills (4.1.5) with f = g = 0, z0 = y0 − ŷ0, z1 = y1 − ŷ1, and
the following bounded progressively measurable coefficients:

b1 =


F (y, yt,∇y)− F (y, ŷt,∇y)

yt − ŷt
, yt 6= ŷt,

0, yt = ŷt,

b2 =


F (ŷ, ŷt,∇y)− F (ŷ, ŷt,∇ŷ)

|∇z|2
∇z, |∇z| 6= 0,

0, |∇z| = 0,

b3 =


F (y, ŷt,∇y)− F (ŷ, ŷt,∇y)

y − ŷ
, y 6= ŷ,

0, y = ŷ,
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b4 =


K(y)−K(ŷ)

y − ŷ
, y 6= ŷ,

0, y = ŷ.

Indeed, the three differences defining b1, b3, b2 telescope to F (y, yt,∇y)−F (ŷ, ŷt,∇ŷ),
and (4.1.1) bounds each coefficient by L. The proof is completed directly by
(4.3.2).

4.4 Reconstruct the unknown state with a boundary
measurement

This section focuses on the following problem:

• Problem 4.2: Find a function z with ∂z

∂ν
= h on Σ0 for a given h ∈

L2
F(0, T ;L

2(Γ0)), where z solves (4.1.5) with g = 0.

Recall that the reconstruction problem means to reconstruct the solution z from
some observation or measurement.

Similar to Section 3.5, to solve Problem 4.2, we use Tikhonov regularization
strategy. To begin with, we give the following immediate corollary of Theo-
rems 4.2.5 and 4.3.2.

Consider the following stochastic hyperbolic equation:
dzt −

n∑
j,k=1

(bjkzxj )xkdt =
(
b1zt + b2 · ∇z + b3z + f

)
dt+ b4zdW (t) in Q,

z = 0 on Σ,
(4.4.1)

where coefficients bj (1 ≤ j ≤ 4) satisfy (4.1.6).

Proposition 4.4.1. Assume Condition 4.3.1 and Condition 4.3.2 are satisfied.
For any solution z to the equation (4.4.1), it holds that

|(z, zt)|L2
F(0,T ;H

1(G))×L2
F(0,T ;L

2(G))

≤ eC
(
r21+r

1
3/2−n/p
2 +1

)(∣∣∣∂z
∂ν

∣∣∣
L2
F(0,T ;L

2(Γ0))
+ |f |L2

F(0,T ;L
2(G))

)
, (4.4.2)

where Γ0 ⊂ Γ is defined in (4.3.1).

Denote H = L2
F(0, T ;H

2(G)) ∩ L2
F(Ω;H

1(0, T ;L2(G))). For u ∈ H, set

Vu(t) = ut(t)−
∫ t

0

 n∑
j,k=1

(bjkuxj )xk + b1ut + b2 · ∇u+ b3u

 ds− ∫ t

0
b4u dW (s),

D =
{
u ∈ H : Vu ∈ L2

F(Ω;H
1(0, T ;L2(G)))

}
.
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Define Pu = Vu − Vu(0) for u ∈ D. Here Vu(0) is a well-defined trace. Moreover,
ut has a continuous L2(G)-valued version on this domain and Vu(0) = ut(0). Put

U = {u ∈ D : u|Σ = 0, ∂νu|Σ0 = h}.

We assume that h admits such a lift, so that U 6= ∅. In particular, this holds
for the exact observation of a solution belonging to H. For such a solution,
Pu(t) =

∫ t
0 f(s)ds.

Denote If(t) =
∫ t
0 f(s)ds for t ∈ [0, T ]. Fixing a function F ∈ U , we construct

the Tikhonov functional as follows:

Jγ(u) = |Pu− If |2L2
F(Ω;H1(0,T ;L2(G))) + γ|u− F |2H, (4.4.3)

where u ∈ U and γ ∈ (0, 1).
We have the following result regarding the existence of the minimizer.

Proposition 4.4.2. For γ ∈ (0, 1), there exists a unique minimizer uγ ∈ U of the
functional Jγ(u).

Proof. Let

U0
∆
={u ∈ D | Pu ∈ L2

F(Ω;H
1(0, T ;L2(G))), u|Σ = 0, ∂νu|Σ0 = 0}.

Fix γ ∈ (0, 1). We define the inner product as follows:

〈ϕ,ψ〉U0 = 〈Pϕ,Pψ〉L2
F(Ω;H1(0,T ;L2(G))) + γ〈ϕ,ψ〉H, (4.4.4)

where ϕ,ψ ∈ U0. The space U0 is complete for this inner product. Indeed,
if um → u in H and Pum → q in L2

F(Ω;H
1(0, T ;L2(G))), then Vum → Vu in

L2
F(0, T ;L

2(G)). The time-constant functions Vum(0) = Vum − Pum therefore
converge in L2(Ω;L2(G)) to a time-constant function c. It follows that Vu = q+ c
belongs to H1 in time, q(0) = 0, and Pu = q. The boundary traces pass to the
limit by the continuity of the H2(G) trace maps. Thus the limit remains in U0.

For u ∈ U , let v = u− F . Then v ∈ U0. Consider the following functional

J γ(v) = |Pv + PF − If |2L2
F(Ω;H1(0,T ;L2(G))) + γ|v|2H,

where v ∈ U0 and γ ∈ (0, 1). Clearly, uγ minimizes Jγ(u) if and only if vγ = uγ−F
is the minimizer of the functional J γ(v).

By the variational principle, the minimizer vγ of the functional J γ(v) satisfy
the following equation

〈Pvγ + PF − If,Pρ〉L2
F(Ω;H1(0,T ;L2(G))) + γ〈vγ , ρ〉H = 0, ∀ ρ ∈ U0. (4.4.5)

Conversely, the solution vγ of equation (4.4.5) is the minimizer of the functional
J γ(v). In fact, if vγ solves (4.4.5), then for each v ∈ U0, it holds that

J γ(v)− J γ(vγ)
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= |Pv + PF − If |2L2
F(Ω;H1(0,T ;L2(G))) + γ|v|2H

− |Pvγ + PF − If |2L2
F(Ω;H1(0,T ;L2(G))) − γ|vγ |2H

= |Pvγ + PF − If + P(v − vγ)|2L2
F(Ω;H1(0,T ;L2(G)))

+ γ|vγ + (v − vγ)|2H − |Pvγ + PF − If |2L2
F(Ω;H1(0,T ;L2(G))) − γ|vγ |2H

= 2〈Pvγ + PF − If,P(v − vγ)〉L2
F(Ω;H1(0,T ;L2(G)))

+ 2γ〈vγ , v − vγ〉H + |P(v − vγ)|2L2
F(Ω;H1(0,T ;L2(G))) + γ|v − vγ |2H

= |P(v − vγ)|2L2
F(Ω;H1(0,T ;L2(G))) + γ|v − vγ |2H

≥ 0,

which means vγ is a minimizer of the functional J γ(v).
From (4.4.4), equation (4.4.5) is equivalent to

〈vγ , ρ〉U0 = 〈If − PF,Pρ〉L2
F(Ω;H1(0,T ;L2(G))), ∀ ρ ∈ U0. (4.4.6)

Thanks to Cauchy-Schwarz inequality and (4.4.4), for all ρ ∈ U0, we have∣∣〈If − PF,Pρ〉L2
F(Ω;H1(0,T ;L2(G)))

∣∣
≤ C(|PF |L2

F(Ω;H1(0,T ;L2(G))) + |f |L2
F(0,T ;L

2(G)))|ρ|U0 .

By the Riesz representation theorem, there exists a unique wγ ∈ U0 such that, for
every ρ ∈ U0,

〈wγ , ρ〉U0 = 〈If − PF,Pρ〉L2
F(Ω;H1(0,T ;L2(G))).

Hence wγ solves (4.4.6), which means wγ is the minimizer of the functional J γ(·).

Assume that z∗ is the true solution to the equation (4.4.1) with the exact data

f∗ ∈ L2
F(0, T ;L

2(G)), z∗|Γ = 0, ∂νz
∗|Γ0 = h∗ ∈ L2

F(0, T ;L
2(Γ0)).

From Theorem 4.4.1, the solution z∗ is unique. Assume z∗ ∈ D. Define U∗ =
{u ∈ D : u|Σ = 0, ∂νu|Σ0 = h∗}. There exists F ∗ ∈ U∗ (for instance F ∗ = z∗)
such that

|F ∗|H ≤ C|z∗|H. (4.4.7)

We assume that

|f∗ − f |L2
F(0,T ;L

2(G)) ≤ δ, |h∗ − h|L2
F(0,T ;L

2(Γ0)) ≤ δ, (4.4.8)

and

|PF ∗ − PF |L2
F(Ω;H1(0,T ;L2(G))) + |F ∗ − F |H ≤ δ. (4.4.9)

Set X = L2
F(0, T ;H

1(G)) ∩ L2
F(Ω;H

1(0, T ;L2(G))), with its natural Hilbert
norm. We now establish the estimate for the error between the minimizer zγ for
the functional Jγ(·) and the exact solution z∗.
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Theorem 4.4.3. Assume (4.4.8), (4.4.9), and Conditions 4.3.1 and 4.3.2 hold.
Then there exists a constant C > 0 such that for all 0 < δ < 1,

|zγ − z∗|X ≤ C(1 + |z∗|H)δ

where zγ is the minimizer of the functional (4.4.3) with the regularization param-
eter γ = δ2.

Proof. Let v∗ = z∗ − F ∗. Then v∗ ∈ U0 and Pv∗ = If∗ − PF ∗. Hence, for all
ρ ∈ U0, it holds that

〈Pv∗ + PF ∗ − If∗,Pρ〉L2
F(Ω;H1(0,T ;L2(G))) = 0. (4.4.10)

Subtracting (4.4.10) from (4.4.5) and denoting ṽγ = v∗ − vγ , f̃ = If∗ − If and
F̃ = F ∗ − F , for all ρ ∈ U0, we obtain

〈P ṽγ ,Pρ〉L2
F(Ω;H1(0,T ;L2(G))) + γ〈ṽγ , ρ〉H

= 〈f̃ − PF̃ ,Pρ〉L2
F(Ω;H1(0,T ;L2(G))) + γ〈v∗, ρ〉H. (4.4.11)

Choose ρ = ṽγ in (4.4.11). Then we have

|P ṽγ |2L2
F(Ω;H1(0,T ;L2(G))) + γ|ṽγ |2H ≤ |f̃ − PF̃ |2L2

F(Ω;H1(0,T ;L2(G))) + γ|v∗|2H. (4.4.12)

Since γ = δ2, from (4.4.8), (4.4.9) and (4.4.12), we obtain

|ṽγ |2H ≤ C(1 + |v∗|2H), (4.4.13)

and

|P ṽγ |2L2
F(Ω;H1(0,T ;L2(G))) ≤ C(1 + |v∗|2H)δ2. (4.4.14)

The embedding L2(0, T ;H2(G) ∩H1
0 (G)) ∩H1(0, T ;L2(G)) ↪→ C([0, T ];H1

0 (G)),
together with the continuous velocity supplied by the graph domain, places every
element of U0 in HT . Since ṽγ ∈ U0, it solves (4.4.1) with zero observed normal
derivative and forcing (P ṽγ)t. By Theorem 4.4.1 and (4.4.14),

‖ṽγ‖X ≤ C‖P ṽγ‖L2
F(Ω;H1(0,T ;L2(G))) ≤ C(1 + ‖z∗‖H)δ. (4.4.15)

Here we also used (4.4.7). Because z∗ − zγ = ṽγ + F ∗ − F and the embedding
H ↪→ X is continuous, (4.4.9) gives

‖z∗ − zγ‖X ≤ ‖ṽγ‖X + C‖F ∗ − F‖H ≤ C(1 + ‖z∗‖H)δ. (4.4.16)
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4.5 Solution to inverse state problem with the internal
measurement

This section focuses on the following problem:

• Problem 4.3: Can z̃ in D+
ρ × (ε, T − ε) be uniquely determined by the

values of z̃ in D−
ρ × (0, T ), where z̃ solves (4.1.7)?

To this end, we need the following definition.

Definition 4.5.1. Assume x0 ∈ S and K is a nonnegative number. Given the
hypersurface S, it is said to satisfy the outer paraboloid condition with K at x0
if there exists a neighborhood V of x0 and a paraboloid P tangential to S at x0

such that P ∩ V ⊂ D−
ρ with P being congruent to x1 = −K

n∑
j=2

x2j .

The following theorem gives a positive answer to Problem 4.3.

Theorem 4.5.1. Assume additionally that b̃3 ∈ L∞
F (0, T ;Lploc(G)) for some p ≥

max{n, 2}, with p > 2 when n = 2. Let x0 ∈ S \ ∂S satisfy ∂σ(T/2,x0)
∂ν < 0, and S

satisfy the outer paraboloid condition with

K <
−∂σ
∂ν (T/2, x0)

4(|σ|L∞(Bρ(T/2,x0)) + 1)
. (4.5.1)

If z ∈ L2
F(Ω;C([0, T ];H

1
loc(G))) ∩ L2

F(Ω;C
1([0, T ];L2

loc(G))) is a solution to the
equation (4.1.7) satisfying that

z =
∂z

∂ν
= 0 on (0, T )× S, P-a.s., (4.5.2)

then for a sufficiently small neighborhood V of x0 and some ε ∈ (0, T/2), it holds
that

z = 0 in (V ∩ D+
ρ )× (ε, T − ε), P-a.s. (4.5.3)

The normal trace in (4.5.2) is understood in the weak Green formula sense.
Remark 4.5.1. Noting that in Theorem 4.5.1, we assume that ∂σ(T/2,x0)

∂ν < 0,
which can be regarded as a kind of pseudoconvex conditions (e.g., [34, Chapter
XXVII]). This assumption is reasonable . In fact, even in the deterministic setting,
without such an assumption, it may lead to the involved (local) uniqueness failing
(e.g., [1]).

We first give the weight function which will be used to establish a Carleman
estimate for the equation (4.1.7).

Without loss of generality, we assume that x0 = 0 ∈ S \ ∂S and ν(0) =
(1, 0, · · · , 0). Since S is C2, for some r > 0 and γ(·) ∈ C2(Rn−1), we can parame-
terize S in a neighborhood of the origin by{

(x1, x2, · · · , xn) ∈ Rn
∣∣ x1 = γ(x2, · · · , xn), |x2|2 + · · ·+ |xn|2 < r

}
. (4.5.4)
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We putBr
(T
2
, 0
)
=

{
(t, x) ∈ Rn+1

∣∣∣ |x|2 + (t− T

2

)2
< r2

}
,

Br(0) =
{
x ∈ Rn

∣∣ |x| < r
}
.

(4.5.5)

Then, it follows from (4.5.1) that
− α0

∆
=
∂σ

∂ν

(T
2
, 0
)
< 0,

K <
α0

4(|σ|L∞(Br(T/2,0)) + 1)
.

(4.5.6)

Thanks to Definition 4.5.1 and (4.5.4), we get

−K
n∑
j=2

x2j ≤ γ(x2, · · · , xn), if
n∑
j=2

x2j < r. (4.5.7)

Denote

D−
r =

{
x ∈ Br(0)

∣∣ x1 < γ(x2, · · · , xn)
}
, D+

r = Br(0) \ D−
r .

Since σ ∈ C1(Q), for any α ∈ (0, α0), we can find a sufficiently small δ0 > 0 such
that δ0 < min{1, r2} and

σx1(t, x) < −α, if |x|2 +
(
t− T

2

)2
≤ δ0. (4.5.8)

Put

M0 = |σ|L∞(Br(T/2,0)), M1 = max
{
|σ|C1(Br(T/2,0)), 1

}
. (4.5.9)

From (4.5.6), we can choose α > 0 and h > 0 such that

K <
1

2h
<

α

4(M0 + 1)
. (4.5.10)

Put β0 = [4(M0 + 1)2]−1 and κ = 2 + (M0 + 1)−1. For τ ∈ (0, 1), define the
weight function

ϕ(t, x) = hx1 +
1

2

n∑
j=2

x2j +
β0
2

(
t− T

2

)2
+

1

2
τ. (4.5.11)

For any positive number µ with τ ≥ µ > τ
2 , put

Qµ =
{
(t, x) ∈ Rn+1

∣∣∣x1 > γ(x2, x3, · · · , xn),
n∑
j=2

x2j < δ0, ϕ(t, x) < µ
}
. (4.5.12)



4. Inverse problems for stochastic hyperbolic equations 106

The set Qµ is nonempty: since γ(0) = 0, the point (T/2, ε, 0, . . . , 0) belongs to Qµ
when 0 < ε < (µ − τ/2)/h is sufficiently small. Moreover, x1 > γ(x′) ≥ −K|x′|2
gives

ϕ(t, x) >

(
1

2
− hK

)
|x′|2 + β0

2
(t− T/2)2 +

τ

2
≥ τ

2
((t, x) ∈ Qµ).

Next, we show that there exists τ1 > 0 such that for all τ ≤ τ1 and µ ≤ τ , we
have

|x|2 +
(
t− T

2

)2

≤ δ0, ∀ (t, x) ∈ Qµ. (4.5.13)

Since ϕ < µ ≤ τ , from (4.5.11), we get

x1 < − 1

2h

n∑
j=2

x2j −
β0
2h

(
t− T

2

)2
+

1

2h
τ ≤ τ

2h
. (4.5.14)

By (4.5.14) and

−K
n∑
j=2

x2j ≤ γ(x2, · · · , xn) < x1,

we get
n∑
j=2

x2j ≤
τ

1− 2Kh
, (4.5.15)

which implies

−x1 ≤
Kτ

1− 2Kh
. (4.5.16)

From (4.5.14) and (4.5.16), we deduce that

|x1| ≤ max

{
K

1− 2Kh
,
1

2h

}
τ. (4.5.17)

Combining (4.5.15) and (4.5.17), noting that ϕ < τ , we obtain that

− Khτ

1− 2Kh
+

1

2

n∑
j=2

x2j +
β0
2

(
t− T

2

)2

+
τ

2
≤ ϕ < τ,

which implies (
t− T

2

)2

≤ τ

β0(1− 2Kh)
. (4.5.18)

From (4.5.17) and (4.5.18), for (t, x) ∈ Qµ, we have

|x|2 +
(
t− T

2

)2

≤ µ0(τ)
∆
=
∣∣∣max

{
K

1− 2Kh
,
1

2h

} ∣∣∣2τ2 + (1 + β−1
0 )τ

1− 2Kh
. (4.5.19)

Choosing τ1 > 0 such that µ0(τ1) ≤ δ0, for all τ ≤ τ1, we obtain (4.5.13).
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Theorem 4.5.2. Let ϕ, β0, κ be as above. Let u be an H2
loc(G)-valued adapted

process such that ut is an L2
loc(G)-valued Itô process. Put

` = sϕ−λ, θ = eℓ, w = θu, a = sλϕ−λ−1, Ψ = ∆`− σ`tt + κa,

I = −2σ`twt + 2∇` · ∇w +Ψw.

There exists τ0 > 0 such that, for each 0 < τ ≤ τ0, there are positive constants
C, λ0, s0 for which

E
∫
Qτ

θI(σdut −∆u dt)dx

≥ CE
∫
Qτ

[
a(|∇w|2 + w2

t ) + s3λ4ϕ−3λ−4w2
]
dxdt+ E

∫
Qτ

I2dxdt

+ E
∫
Qτ

σ2θ2`t(dut)
2dx (4.5.20)

for all λ ≥ λ0, s ≥ s0, and u compactly supported in Qτ . The same estimate holds
when u and its first derivatives have zero traces on ∂Qτ .

Proof. Write r = ϕt = β0(t−T/2), q = ∇ϕ = (h, x′), H = D2
xϕ = diag(0, 1, . . . , 1),

and D = σr2 − |q|2. Direct differentiation gives

`t = −ar, ∇` = −aq, `tt =
a(λ+ 1)

ϕ
r2 − aβ0,

D2
x` =

a(λ+ 1)

ϕ
q ⊗ q − aH, ∇`t =

a(λ+ 1)

ϕ
rq. (4.5.21)

Multiply the conjugated equation by I and integrate by parts on Qτ . In the term
containing σΨw dwt and the spatial term containing −Ψw∆w, we leave the first
derivatives of σΨ and Ψ on the coefficients. The resulting identity is

E
∫
Qτ

θI(σdut −∆u dt)dx = E
∫
Qτ

(Q+ B0w
2 +R+ I2)dxdt

+ E
∫
Qτ

σ2θ2`t(dut)
2dx, (4.5.22)

where R = −(σΨ)twwt + w∇Ψ · ∇w and

B0 = AΨ+ (σA`t)t −∇ · (A∇`).

The boundary terms vanish by the support or zero-trace assumptions. These
product rules involve only first derivatives of σ and Ψ. The quadratic form in
wt,∇w is

Q = [(σ2`t)t +∇ · (σ∇`)− σΨ]w2
t − 2[(σ∇`)t +∇(σ`t)] · ∇wwt

+ [(σ`t)t −∆`+Ψ]|∇w|2 + 2D2
x`[∇w,∇w]. (4.5.23)
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Set J = σrwt − q · ∇w. Substitution in (4.5.23) gives the exact expression

Q =
2a(λ+ 1)

ϕ
J2 − 2aσtJwt

+ a
[
(−2σ2β0 − q · ∇σ − σκ)w2

t + (κ− σtr)|∇w|2

− 2H[∇w,∇w] + 2r∇σ · ∇wwt
]
.

By (4.5.10), hα > 2(M0 +1), whereas 2M2
0β0 + κM0 < 2M0 +3/2 and κ− 2 > 0.

After decreasing τ0 so that Qτ ⊂ (0, T ) × G, the bounds (4.5.8) and (4.5.19)
therefore make the coefficients of w2

t and |∇w|2 strictly positive, after absorbing
the term containing r∇σ. The remaining mixed term satisfies

2|σtJwt| ≤
λ+ 1

ϕ
J2 +

ϕσ2t
λ+ 1

w2
t .

Hence, for sufficiently large λ0,

Q ≥ Ca(|∇w|2 + w2
t ). (4.5.24)

Substituting A = a2D − κa gives

B0 = a3
[
2(λ+ 1)

ϕ
D2 + κD + q · ∇D − σrDt − σtrD

]
+ κa2

[
σtr − κ− λ+ 1

ϕ
D

]
.

We first shrink τ0 so that |D| ≥ h2/2 and τ/2 < ϕ < τ < 1 on Qτ . We then
increase λ0 to absorb the other cubic terms into 2a3(λ + 1)D2/ϕ, and increase
s0 to absorb the quadratic terms, whose ratio to this leading term is bounded by
C/a. Thus

B0 ≥ Ca3λ/ϕ = Cs3λ4ϕ−3λ−4. (4.5.25)

The C1 regularity of σ and (4.5.21) give

|(σΨ)t|+ |∇Ψ| ≤ Caλ2ϕ−2.

For any η > 0, it follows that

|R| ≤ ηa(w2
t + |∇w|2) + C(η)aλ4ϕ−4w2.

Fix η small enough to absorb the first term by (4.5.24). The ratio of the last
term to a3λ/ϕ is C(η)λϕ2λ−1/s2, which is bounded by C(η)/s2 for λ ≥ 1 and ϕ ≤
τ0 < 1. Increasing s0 once more and using (4.5.22), (4.5.24) and (4.5.25) proves
(4.5.20). The identity is first applied to smooth processes and then extended by
approximation at fixed s, λ; its coefficients require only σ ∈ C1(Q).
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With the help of the Carleman estimate, we are in a position to prove Theo-
rem 4.5.1.

Proof of Theorem 4.5.1. Use the coordinates and weights above and fix a suffi-
ciently small τ > 0. Choose 0 < τ̃ < τ/8, and set

Q1 = Qτ , Qk+1 = Qτ−kτ̃ , k = 1, 2, 3. (4.5.26)

By (4.5.15) and (4.5.19), the artificial boundary |x′|2 = δ0 does not meet Q1 after
decreasing τ . Choose a smooth function χ = χ(ϕ) with 0 ≤ χ ≤ 1, χ = 1 for
ϕ ≤ τ − 2τ̃ and χ = 0 for ϕ ≥ τ − τ̃ . Set u = χz. The zero Cauchy data on
S ensure that u and its first derivatives have zero boundary traces on ∂Q1. It
satisfies

σdut −∆u dt = (b̃1ut + b̃2 · ∇u+ b̃3u+ f)dt+ b̃4u dW (t), (4.5.27)

where

f = σχttz + 2σχtzt − 2∇χ · ∇z − z∆χ− b̃1χtz − b̃2 · ∇χ z.

The function f is supported in Q2 \Q3 and |f |2 ≤ C(|zt|2+ |∇z|2+z2) there. Ap-
ply (4.5.20) to u, initially by smooth approximation. More precisely, extend u by
zero across S; its zero Cauchy traces produce no surface terms in the weak equa-
tion. Divide the weak equation by σ before spatial mollification, which preserves
adaptedness. The principal commutators [σ−1, Jε]∆u are first-order Friedrichs
commutators acting on ∇u; they converge in L2 locally under the C1 regularity
of σ. The lower-order and noise terms also converge by approximation. The mol-
lified zero extension can cross S, so integrate the weighted identity on a slightly
larger neighborhood where the same coefficient bounds hold, and then pass to
the limit to obtain the estimate on Q1, for each fixed s, λ. The expectation of
the Itô integral is zero, and Young’s inequality bounds the drift multiplier by
1
2E
∫
I2 + CE

∫
θ2(|ut|2 + |∇u|2 + |b̃3u|2 + |f |2). Moreover,∣∣∣∣E ∫

Q1

σ2θ2`t(dut)
2dx

∣∣∣∣ = ∣∣∣∣E ∫
Q1

`tb̃
2
4w

2dxdt

∣∣∣∣ ≤ CE
∫
Q1

aw2dxdt.

Sobolev’s inequality, applied to the zero extension of w, gives ‖b̃3w‖L2(G) ≤
C‖w‖H1(G) locally under the stated condition on p. Use also θ2(|ut|2 + |∇u|2) ≤
C(|wt|2 + |∇w|2 + a2w2). All these lower-order terms are absorbed for large λ, s,
so that

E
∫
Q1

[
a(|∇w|2 + w2

t ) + a3λϕ−1w2
]
dxdt

≤ CE
∫
Q2\Q3

θ2(|zt|2 + |∇z|2 + z2)dxdt. (4.5.28)
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The combined expression on the left, including its zeroth-order term, controls
Cθ2[a(|∇u|2 + u2t ) + a3λϕ−1u2]. Since u = z on Q3, fixing a sufficiently large λ
gives, for all large s,

E
∫
Q4

(|∇z|2 + z2t + z2)dxdt

≤ C exp
{
2s
[
(τ − 2τ̃)−λ − (τ − 3τ̃)−λ

]}
E
∫
Q1

(|zt|2 + |∇z|2 + z2)dxdt.

(4.5.29)

The final integral is independent of s. Letting s → ∞ proves z = 0 in Q4. This
set contains (V ∩ D+

ρ ) × (ε, T − ε) for a sufficiently small neighborhood V of x0
and some ε ∈ (0, T/2).

4.6 Solution to inverse source problem with the bound-
ary measurement and the final time measurement.
I

This section focuses on the following problem:

• Problem 4.4: Does M2(z0, z1, g) uniquely determine (z0, z1, g)?

Since the random source g(·) appears in the right hand side of (4.3.2), we cannot
use Theorem 4.3.2 directly to solve to solve Problem 4.4. To address this, we
must develop a new Carleman estimate for (4.1.5) in which the source term g and
the initial data are bounded by the measurement. To this end, for ψ satisfying
Condition 4.3.1, we assume the following condition:
Condition 4.6.1.

µ0 − 4c1 − c0 > 0,

µ0
(8c1 + c0)

n∑
j,k=1

bjkψxjψxk > 4c21T
2 >

n∑
j,k=1

bjkψxjψxk .

Given that Γ0 is defined in (4.3.1), the following is a positive answer to Prob-
lem 4.4.

Theorem 4.6.1. Let Conditions 4.3.1 and 4.6.1 hold. If the solution z ∈ HT to
(4.1.5) satisfies that z(T ) = 0 in G, P-a.s., then

|(z0, z1)|L2
F0

(Ω;H1
0 (G)×L2(G)) + |

√
T − tg|L2

F(0,T ;L
2(G))

≤ CeC
(
r21+r

1
3/2−n/p
2 +1

)( ∣∣∣∣∂z∂ν
∣∣∣∣
L2
F(0,T ;L

2(Γ0))

+ |f |L2
F(0,T ;L

2(G))

)
,

where r1 and r2 are defined in (4.2.19).
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Similar to the proof in Theorem 4.3.2, Theorem 4.6.1 can be directly derived
by the following global Carleman estimate for (4.1.5).

Theorem 4.6.2. Assume Conditions 4.3.1 and 4.6.1 are satisfied. Then, there
exists a constant λ̃ > 0 such that for any λ ≥ λ̃ and each solution z ∈ HT to the
equation (4.1.5) satisfying z(T ) = 0 in G, P-a.s., it holds, with θ = exp{λ[ψ(x)−
c1(t− T )2]}, that

E
∫
G
θ2(0)

(
λ|z1|2 + λ|∇z0|2 + λ3|z0|2

)
dx+ λE

∫
Q
(T − t)θ2g2dxdt

≤ C
(
λE
∫
Σ0

θ2
∣∣∣∂z
∂ν

∣∣∣2dΓdt+ E
∫
Q
θ2f2dxdt

)
. (4.6.1)

Proof. The proof is divided into three steps.
Step 1. In this step, we give the weight function of the Carleman estimate and

compute the order of the terms in the equality (4.2.1) with respect to λ.
We choose

θ = eℓ, ` = λ
[
ψ(x)− c1(t− T )2

]
,

where λ > 0 is a parameter, ψ(·) fulfills Conditions 4.3.1 and 4.6.1, and c1 is the
constant in Condition 4.6.1.

We use the multiplier construction in the proof of Theorem 4.3.2. Put V =
b∇ψ, k = ∇ψ · b∇ψ and d = −2c1 + ∇ · V − c0. Choose a smooth dε with
|dε − d|C(G) ≤ ε, and set

Ψ = λdε. (4.6.2)

Here ε is fixed sufficiently small below. Let e = dε − d, w = θz and q(t) =
−2c1(t− T ). Then

`t = λq, `tt = −2c1λ, ∇` = λ∇ψ, ∇`t = 0. (4.6.3)

The coefficients in (4.3.11)–(4.3.13) are unchanged. With

A0 = λ2D, D = q2 − k, r = 4c1 + c0 − e, (4.6.4)

the decomposition (4.3.10) holds with u = z. Its zeroth-order coefficient is

B0 = λ3
[
(4c1 + c0)k + V · ∇k − (8c1 + c0)q

2 +De
]

− λ

2
∇ · (b∇dε). (4.6.5)

By Condition 4.3.1,

V · ∇k ≥ µ0k. (4.6.6)
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The strict inequalities in Condition 4.6.1 give a positive lower bound for the cubic
coefficient when e = 0. We first fix ε small enough to preserve this lower bound
and those in (4.3.11) and (4.3.13), and then fix dε. For sufficiently large λ1,

B0 ≥ Cλ3 (λ ≥ λ1). (4.6.7)

As in (4.3.17), the term λrIw is absorbed into a quarter of I2 and the positive
zeroth-order term by increasing λ1.

Step 2. We estimate the time-boundary terms. Since Ψt = 0, the time-
boundary expression from the identity for (4.3.10) is

M(t) = `t
(
∇w · b∇w + w2

t

)
− 2b∇` · ∇wwt −Ψwtw +A0`tw

2. (4.6.8)

At t = 0, Condition 4.6.1 gives

2c1T −
√
k > 0, D(0) = 4c21T

2 − k > 0. (4.6.9)

The Cauchy–Schwarz inequality therefore yields

M(0) ≥ λ(2c1T −
√
k)
(
∇w · b∇w + w2

t

)
− λdεwtw + 2c1Tλ

3D(0)w2.

Young’s inequality absorbs the mixed term for sufficiently large λ2, and hence

M(0) ≥ C
[
λ(w2

t + |∇w|2) + λ3w2
]

(λ ≥ λ2). (4.6.10)

At t = T , `t(T ) = 0 and w(T ) = ∇w(T ) = 0, so

M(T ) = 0. (4.6.11)

Step 3. We integrate the multiplier identity for (4.1.5).
Integrating the identity for (4.3.10) with u = z, taking mathematical expecta-

tion, and using (4.3.11)–(4.3.13), (4.3.20), (4.6.7), (4.6.10) and (4.6.11), we obtain

E
∫
Q
θ
{(

− 2`twt + 2

n∑
j,k=1

bjk`xjwxk +Ψw
)[
dzt −

n∑
j,k=1

(bjkzxj )xkdt
]}
dx

+ λE
∫
Σ0

( n∑
j,k=1

bjkνjνk

)( n∑
j′,k′=1

bj
′k′ψxj′νk′

)∣∣∣∂w
∂ν

∣∣∣2dΓdt
≥ CE

∫
Q
θ2
(
λz2t + λ|∇z|2 + λ3z2

)
dxdt

+
3

4
E
∫
Q

(
− 2`twt + 2

n∑
j,k=1

bjk`xjwxk +Ψw
)2
dxdt

+ CE
∫
G
θ2(0)

[
λ(|∇z0|2 + |z1|2) + λ3|z0|2

]
dx

+ CλE
∫
Q
(T − t)θ2|b4z + g|2dxdt,
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for λ ≥ max{λ1, λ2}.
Since |b4z + g|2 ≥ 1

2 |g|
2 − 2|b4z|2, we deduce that

λE
∫
Q
(T − t)θ2|b4z + g|2dxdt ≥ 1

2
λE
∫
Q
(T − t)θ2g2dxdt− 2λTE

∫
Q
θ2b24z

2dxdt.

(4.6.12)

Similar to the proof of (4.3.29), taking λ̃ = max{λ1, λ2, C(r21 + r
1

3/2−n/p

2 + 1)} in
(4.6.12), for any λ ≥ λ̃, we deduce (4.6.1).

Remark 4.6.1. In contrast to the inverse source problem (Problem 3.10) for the
stochastic parabolic equation in Chapter 3, here we can determine not only the
source term g but also simultaneously determine the initial datum of the system.
Further, we do not need assumptions on g as the one in Theorem 3.11.1.
Remark 4.6.2. An interesting question arises: Can we determine f that is in
the drift term and (z0, z1) through the measurement

(∂z
∂ν

∣∣∣
Σ0

, z(T )
)

? To be more
specific, we consider the following stochastic hyperbolic equation:

dzt −
n∑

j,k=1

(bjkzxj )xkdt = (b1zt + b2 · ∇z + b3z + f) dt+ b4zdW (t) in Q,

z = 0 on Σ,

z(0) = z0, zt(0) = z1 in G,

in which z0, z1 and f are unknowns. From Example 1.1.2, we see that the answer
is no even for deterministic wave equations.

4.7 Solution to inverse source problem with the bound-
ary measurement and the final time measurement.
II

This section focuses on the following problem:

• Problem 4.5: For a given R, determine the source function h and g by
means of the measurement

(∂z
∂ν

∣∣∣
Σ
,
∂zx1
∂ν

∣∣∣
Σ
, z(T ), zt(T )

)
.

This problem involves simultaneously determining the two unknown source terms
for (4.1.10). Boundary measurements in this section are understood as weak
normal traces defined by Green’s formula. The zero Cauchy and terminal data
give the following spatial regularity.

Lemma 4.7.1. Under the coefficient and source assumptions in (4.1.10), let
z ∈ HT satisfy that equation. If ∂νz = 0 on Σ and z(T ) = zt(T ) = 0 in G, then
zx1 ∈ HT .
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Proof. Let A = −∆D be the positive Dirichlet Laplacian, and set

E+ = H1
0 (G)× L2(G), E− = L2(G)×H−1(G).

The Dirichlet wave group S(t) acts continuously on both spaces. Initially, q = zx1
and qt = ∂x1zt give X = (q, qt) ∈ L2(Ω;C([0, T ];E−)), with X(T ) = 0.

We first verify the Dirichlet equation for q in the transposition sense. Take a
finite linear combination v of tensor products of Dirichlet eigenfunctions on (0, l)
and G′. Such functions form a core for A, belong to H2(G) ∩ H1

0 (G), and have
∂x1∆v ∈ L2(G). Apply the Green formula for z with the spatial test function
−vx1 . The zero normal trace permits this test, although vx1 need not vanish on
the boundary. Since z|Σ = 0,

−
∫
G
∇z · ∇vx1 dx =

∫
G
z ∂x1∆v dx = −

∫
G
q∆v dx.

The zero trace of v also removes the boundary terms when differentiating the
lower-order terms and the noise. Since h is independent of x1, this yields the
weak Dirichlet evolution equation on E−,

dX =
[
ADX + B(t)X + (0, F0)

]
dt+ (0, G0)dW (t), (4.7.1)

where AD(q, p) = (p,−Aq) and B(t)(q, p) = (0, b1p + b2 · ∇q + b3q). The forcing
terms are

F0 = (b1)x1zt + (b2)x1 · ∇z + (b3)x1z + hRx1

and G0 = (b4z+g)x1 , both in L2
F(0, T ;L

2(G)). Multiplication by a W 1,∞ function
is bounded on H−1(G), by duality with H1

0 (G), and b2 · ∇ : L2(G) → H−1(G)
is bounded. Thus B(t) is uniformly bounded on both E− and E+. Applying
variation of constants to finite spectral projections of this weak equation and
passing to the limit gives its mild formulation in E−.

Define the forward stochastic convolution

Y (t) =

∫ t

0
S(t− s)(0, G0(s)) dW (s).

Writing Y (t) = S(t)
∫ t
0 S(−s)(0, G0(s)) dW (s) and applying the martingale max-

imal inequality gives

E sup
0≤t≤T

|Y (t)|2E+
≤ CE

∫ T

0
|G0(s)|2L2(G)ds.

The process V = X − Y satisfies, pathwise,

V ′ = ADV + B(t)V + B(t)Y + (0, F0), V (T ) = −Y (T ).



115 4. Inverse problems for stochastic hyperbolic equations

The variation-of-constants formula, solved backwards from T , and Gronwall’s in-
equality give a unique solution in C([0, T ];E+) with

E sup
0≤t≤T

|V (t)|2E+
≤ C

(
E sup

0≤t≤T
|Y (t)|2E+

+ E
∫ T

0
|F0(t)|2L2(G)dt

)
.

Uniqueness of the same deterministic integral equation in E− identifies this solu-
tion with X − Y . Hence X ∈ L2(Ω;C([0, T ];E+)). Its adaptedness is inherited
from q = zx1 and qt = ∂x1zt, so q ∈ HT .

Theorem 4.7.2. Let h ∈ L2
F(0, T ;H

1(G′)), g ∈ L2
F(0, T ;H

1(G)) and R ∈ C3(Q)
satisfy

|R(t, x)| 6= 0 for all (t, x) ∈ [0, T ]×G. (4.7.2)
If z ∈ HT satisfies (4.1.10) and

∂z

∂ν
=
∂zx1
∂ν

= 0 on (0, T )× ∂G, P-a.s.,

z(T ) = zt(T ) = 0 in G, P-a.s.,

then

h(t, x′) = 0 for a.e. (t, x′) ∈ (0, T )×G′, P-a.s.
g(t, x) = 0 for a.e. (t, x) ∈ (0, T )×G, P-a.s.

To prove Theorem 4.7.2, we need a new global Carleman estimate for the
special case of (4.1.5), where (bjk)1≤j,k≤n is the identity matrix and G = (0, l)×G′.

For any x′0 ∈ Rn−1\G′, let

θ = eℓ, ` = λϕ, ϕ(t, x) = |x′ − x′0|2 − β|x1|2 + |t+m|2, (4.7.3)

where constants β and m satisfy

β ∈
(
0,

4

5

)
and m > max

x′∈G′
|x′ − x′0|+ βl. (4.7.4)

We have the following global Carleman estimate:

Theorem 4.7.3. Let (bjk)1≤j,k≤n be the identity matrix and ϕ, θ be given in
(4.7.3). Then there exist constants C > 0 and λ0 > 0 such that for all λ ≥ λ0, for
any solution z ∈ HT to the equation (4.1.5), it holds that

λE
∫
Q
θ2(g2 + z2t + |∇z|2 + λ2z2)dxdt

+ λE
∫
G
θ2(0)(z2t (0) + |∇z(0)|2 + λ2z2(0))dx

≤ CE
(
λ

∫
Σ
θ2
∣∣∣∂z
∂ν

∣∣∣2dΓdt+ ∫
Q
θ2f2dxdt

)
+ CλE

∫
G
θ2(T )

(
z2t (T ) + |∇z(T )|2 + λ2z2(T )

)
dx. (4.7.5)



4. Inverse problems for stochastic hyperbolic equations 116

Proof. The proof is divided into two steps.
Step 1. In this step, we compute the order of the terms in the equality (4.2.1)

with respect to λ.
Choosing

φ ≡ 1, u = z, bjk = δjk, Ψ = `tt +∆`− c0λ, (4.7.6)

in Theorem 4.2.1, we will estimate the terms in (4.2.1) one by one. For j =
1, · · · , n, it is straightforward to verify that

`t = 2λ(t+m), `tt = 2λ, `x1 = −2βλx1, `txj = 0, (4.7.7)

and for k = 2, · · · , n,

`xk = 2λ(xk − x′0,k). (4.7.8)

Combining (4.7.6)–(4.7.8), we obtain(
`tt +∆`−Ψ

)
w2
t = c0λw

2
t , (4.7.9)

and

2
n∑
j=1

`txjwxjwt = 0. (4.7.10)

Choose 0 < c0 < min{4(1 − β), 1} and 0 < c1 < min{8 − c0, 4(1 − β) − c0}. By
(4.2.2) and (4.7.6)–(4.7.8), it holds that

n∑
j,k=1

cjkwxjwxk =
n∑
j=1

(`tt + 2`xjxj −∆`+Ψ)w2
xj

=
n∑
j=2

(8− c0)λw
2
xj + [4(1− β)− c0]λw

2
x1

≥ c1λ|∇w|2. (4.7.11)

Now we compute the coefficient of w2. Thanks to (4.2.2) and (4.7.6)–(4.7.8), we
have

A = `2t − `tt − |∇`|2 +∆`−Ψ

= 4λ2[(t+m)2 − |x′ − x′0|2 − β2x21] + (c0 − 4)λ. (4.7.12)

From (4.7.7)–(4.7.9) and (4.7.12), we obtain

(A`t)t = 8λ3[3(t+m)2 − |x′ − x′0|2 − β2x21] +O(λ2), (4.7.13)
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and

−
n∑
j=1

(A`xj )xj = −8(n− 1− β)λ3[(t+m)2 − |x′ − x′0|2 − β2x21]

+ 16λ3|x′ − x′0|2 − 16β3λ3x21 +O(λ2). (4.7.14)

Combining (4.2.2), (4.7.4), (4.7.6) and (4.7.12)–(4.7.14), for c2 ≤ m2 − β2l2, we
conclude that

B = 4λ3[(8− c0)(t+m)2 + c0|x′ − x′0|2 + β2(−4− 4β + c0)x
2
1] +O(λ2)

≥ 28λ3(m2 − β2l2) +O(λ2)

≥ c2λ
3 +O(λ2).

Hence, there exists λ1 > 0 so that for any λ > λ1,

Bw2 ≥ c2λ
3w2. (4.7.15)

Step 2. In this step, we apply Theorem 4.2.1 to the equation (4.1.5).
Put

M(t, x) = `t|∇w|2 − 2∇` · ∇wwt + `tw
2
t −Ψwtw +A`tw2.

Noting that z = 0 on Σ, integrating (4.2.1) in Q, taking expectation and using
(4.7.9)–(4.7.11) and (4.7.15), for λ ≥ λ1 we obtain

E
∫
Q
θ
[
(−2`twt + 2∇`∇w +Ψw)(dzt −∆zdt)

]
dx+ CλE

∫
Σ
θ2
∣∣∣∣∂z∂ν

∣∣∣∣2dΓdt
+ E

∫
G

[
M(T, x)−M(0, x)

]
dx

≥ CλE
∫
Q
θ2(z2t + |∇z|2 + λ2z2)dxdt+ E

∫
Q
θ2`t|dzt|2dx

+ E
∫
Q
(−2`twt + 2∇` · ∇w +Ψw)2dxdt. (4.7.16)

At t = 0, from (4.7.3), (4.7.4), (4.7.6) and (4.7.12), there exists λ2 > 0 such
that for all λ ≥ λ2, we have

`t|∇w|2 − 2∇` · ∇wwt + `tw
2
t −Ψwtw +A`tw2

≥ 2λm(|∇w|2 + w2
t )− 4λ(|x′ − x′0|+ βl)|∇w||wt| − Cλ|wt||w|

+ 8λ3m(m2 − |x′ − x′0|2 − β2l2)w2 +O(λ2)w2

≥ Cλ(w2
t + |∇w|2 + λ2w2)

≥ Cλθ2(z2t + |∇z|2 + λ2z2). (4.7.17)
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At t = T , the same formulas give

|M(T, x)| ≤ Cλθ2(T, x)
(
z2t (T, x) + |∇z(T, x)|2 + λ2z2(T, x)

)
. (4.7.18)

It follows from (4.7.3) that

E
∫
Q
θ2`t|dzt|2dx ≥ cλE

∫
Q
θ2g2dxdt− Cλ‖b4‖2L∞

F (0,T ;L∞(G))E
∫
Q
θ2z2dxdt.

(4.7.19)

By (4.1.5), we get that

E
∫
Q
θ
[
(−2`twt + 2∇`∇w +Ψw)(dzt −∆zdt)

]
dx

≤ C
[
E
∫
Q
θ2
(
|f |2 + |g|2

)
dxdt+ |b1|2L∞

F (0,T ;L∞(G))E
∫
Q
θ2z2t dxdt

+ |b2|2L∞
F (0,T ;L∞(G,Rn))E

∫
Q
θ2|∇z|2dxdt+ E

∫
Q
θ2b23z

2dxdt

+ |b4|2L∞
F (0,T ;L∞(G))E

∫
Q
θ2z2dxdt

]
+ E

∫
Q

(
− 2`twt + 2∇` · ∇w +Ψw

)2
dxdt. (4.7.20)

Combining (4.7.16)–(4.7.20) and absorbing the lower-order terms as in (4.3.29),
we obtain (4.7.5) for all λ ≥ λ0, with λ0 ≥ max{λ1, λ2} sufficiently large.

Proof of Theorem 4.7.2. By Theorem 4.7.1, zx1 ∈ HT . Set z = Ru. Then u, ux1 ∈
HT , and their displacements and velocities vanish at T . Moreover, since z = zx1 =
0 on Σ, the product rule for weak normal traces gives

∂νu = R−1∂νz = 0, ∂νux1 = R−1∂νzx1 −R−2Rx1∂νz = 0.

From (4.1.10), we have

dut −∆udt = [(b1 − 2R−1Rt)ut + (2R−1∇R+ b2) · ∇u
+R−1(−Rtt +∆R+ b1Rt + b2 · ∇R+ b3R)u]dt

+ h(t, x′)dt+ (R−1g + b4u)dW (t) in Q,

u =
∂u

∂ν
= 0 on Σ.

(4.7.21)

Differentiate both side of (4.7.21) with respect to x1, and set w = ux1 . Noting
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that ∇u =
∂u

∂ν
ν = 0 on Σ, we obtain that

dwt −∆wdt = [(b1 − 2R−1Rt)wt + (2R−1∇R+ b2) · ∇w
+R−1(−Rtt +∆R+ b1Rt + b2 · ∇R+ b3R)w]dt

+ {(b1 − 2R−1Rt)x1ut + (2R−1∇R+ b2)x1 · ∇u
+ [R−1(−Rtt +∆R+ b1Rt + b2 · ∇R+ b3R)]x1u}dt

+ ((R−1g)x1 + b4w + b4,x1u)dW (t) in Q,

w = 0 on Σ.

(4.7.22)

Apply Theorem 4.7.3 to w = ux1 . Its terminal term vanishes because w(T ) =
wt(T ) = 0. Thus, for some λ1 > λ0 and all λ ≥ λ1, it holds that

λE
∫
Q
θ2(|(R−1g)x1 + b4,x1u|2 + w2

t + |∇w|2 + λ2w2)dxdt

≤ CE
{
λ

∫
Σ
θ2
∣∣∣∣∂w∂ν

∣∣∣∣2dΓdt+ ∫
Q
θ2f̃2dxdt

}
, (4.7.23)

where

f̃ = (b1 − 2R−1Rt)x1ut + (2R−1∇R+ b2)x1 · ∇u
+ [R−1(−Rtt +∆R+ b1Rt + b2 · ∇R+ b3R)]x1u. (4.7.24)

Since w = ux1 , and u(t, 0, x′) = z(t, 0, x′) = 0 for (t, x′) ∈ (0, T )×G′, we have

u(t, x1, x
′) =

∫ x1

0
w(t, η, x′)dη. (4.7.25)

For 0 ≤ η ≤ x1 ≤ l, the weight in (4.7.3) satisfies θ(t, x1, x′) ≤ θ(t, η, x′). Thus
the Cauchy–Schwarz argument in (3.11.5) and (3.11.6) applies also to this weight.
Using (4.7.24) and (4.7.25), we obtain

E
∫
Q
θ2f̃2dxdt ≤ CE

∫
Q
θ2(w2

t + |∇w|2 + w2)dxdt, (4.7.26)

and

λE
∫
Q
θ2|(R−1g)x1 + b4,x1u|2dxdt

≥ 1

2
λE
∫
Q
θ2|(R−1g)x1 |2dxdt− CλE

∫
Q
θ2w2dxdt. (4.7.27)

From (4.7.23), (4.7.26) and (4.7.27), we know there exists λ2 ≥ λ1 such that for
all λ ≥ λ2, it holds that

λE
∫
Q
θ2(|(R−1g)x1 |2 + w2

t + |∇w|2 + λ2w2)dxdt ≤ CEλ
∫
Σ
θ2
∣∣∣∣∂w∂ν

∣∣∣∣2dΓdt.
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Since ∂w

∂ν
=
∂ux1
∂ν

= 0 on Σ, for λ ≥ λ2, we have

λE
∫
Q
θ2
(
|(R−1g)x1 |2 + w2

t + |∇w|2 + λ2w2
)
dxdt ≤ 0.

This yields that

w = 0 in (0, T )×G, P-a.s.,

which, together with (4.7.25), implies that

u = 0 in (0, T )×G, P-a.s.

Consequently,

z = 0 in (0, T )×G, P-a.s. (4.7.28)

From (4.1.10) and (4.7.28), for any t ∈ (0, T ), we have∫ t

0
h(s, x′)R(s, x)ds+

∫ t

0
g(s, x)dW (s) = 0. (4.7.29)

Noting that
∫ t
0 h(s, x

′)R(s, x)ds is absolutely continuous with respect to t, we get
from (4.7.29) that

∫ t
0 g(s, x)dW (s) is also absolutely continuous with respect to t.

Consequently, its quadratic variation is zero, which concludes that

g = 0 in (0, T )×G, P-a.s.

This, together with (4.7.29), implies that∫ t

0
h(s, x′)R(s, x)ds = 0, ∀t ∈ (0, T ).

Therefore,

h(s, x′) = 0 in (0, T )×G, P-a.s.

4.8 Further comments
To the best of our knowledge, [79] is the pioneering work that utilized Carleman
estimates in investigating inverse problems for stochastic hyperbolic equations.
Subsequently, multiple studies have delved into the realm of inverse problems for
stochastic hyperbolic equations using Carleman estimates, such as [54, 58, 59,
74, 77]. Several of these works are introduced in this chapter. Theorem 4.2.1 is
first established in [58], while Theorem 4.2.3 make its debut in [79]. The energy
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estimate in Theorem 4.2.5 is established in [54]. Theorem 4.3.1 is proved in [54],
and the primary content of Section 4.6 is taken from [59]. Theorem 4.7.2 is taken
from [77], and the core material of Section 4.4 is referenced from [21].

In this chapter, we focus on the inverse state problems and inverse source
problems for stochastic hyperbolic equations. However, there are still many open
problems related to inverse problems for that equation.

• Inverse problems for stochastic hyperbolic equations with less restrictions
To prove inequality (4.3.2), we assume Conditions 4.3.1 and 4.3.2 hold.
However, for deterministic hyperbolic equations, the time T does not need
to be that large. It is an interest question to weaken the condition on time
T for Theorem 4.3.2 holds.

• Inverse problems for stochastic hyperbolic equations with general coefficients

Replacing ∆z̃ in (4.1.7) and (4.1.10) with
n∑

j,k=1

(
bjkz̃xj

)
xk

, it is also quite

interesting to consider Problems 4.5 and 4.3. In this case, the main challenge
lies in constructing an appropriate weight function for Carleman estimates
to ensure the validity of Theorems 4.5.1 and 4.7.3.

• Inverse state and source problems for semilinear stochastic hyperbolic equa-
tions
For a general semilinear stochastic hyperbolic equation (4.1.2), can we in-
vestigate its inverse source problem with both boundary and final time mea-
surements, for instance, Problem 4.4?

• Reconstruct problem for the unknown state and source term
For the equation (4.1.5), we obtain an estimate of the initial values (z0, z1)
and the diffusion term g in Theorem 4.6.1. Analogous to Section 4.4, can
we reconstruct the unknown state and source problem with a boundary
measurement and a final time measurement?

• Efficient algorithm for the construction of unknowns
In Section 4.4, we discuss reconstructing the solution from boundary mea-
surement using the Tikhonov regularization approach. When applying gra-
dient methods to solve these optimization problems, challenges arise in solv-
ing backward stochastic partial differential equations numerically, similar
to stochastic parabolic equations (see Section 3.12). However, it is highly
challenging to solve backward stochastic partial differential equations nu-
merically. Therefore, novel numerical algorithms must be developed for
stochastic problems.
An interesting direction for future research might be the adaptation of meth-
ods from the deterministic setting. For instance, in [3, 4], Carleman estimate
methods are applied to reconstruct the potential or the wave speed in wave
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equations. A key feature is that the Carleman approach is used only for the
forward equation. It would be interesting to investigate whether these ideas
could be extended to the stochastic case, potentially leading to a convergent
algorithm that avoids the numerical difficulties associated with backward
SPDEs.

• The strategy for selecting the prior information F

In the reconstruct problem (Section 4.4), our objective is to minimize the
Tikhonov functional (4.4.3), which requires selecting a function F . How does
the selection of different prior information F affect the efficacy of numerically
solving the approximate solution? Can a suitable method be proposed to
find a better F?

• The strategy for quantitatively selecting the regularization parameter
In the Tikhonov functional (4.4.3), we introduce a regularization parame-
ter γ. In general, the regularization parameter γ has a certain impact on
the numerical error. In Theorem 4.4.3, we set a prior selection of the reg-
ularization parameter as δ2. Can a method be provided for selecting the
regularization parameter based on the input data?

• The optimal measurement method
In practical problems, measurements are typically made through the de-
ployment of costly sensors. Numerous instances in engineering applications
emphasize the significant impact of sensor placement on the achievable ac-
curacy of inverse problems. Therefore, determining where to locate the
observation becomes an important problem. Some interesting findings al-
ready exist in PDEs [69]. However, as far as we know, there has been no
published work on this problem for SPDEs.

• What can we benefit from uncertainties?
In Example 1.1.2, we mention that Problem 4.4 is essentially stochastic.
It can be observed that the uncertainty in SPDEs benefits certain inverse
problems. What benefits can we derive from uncertainties in solving inverse
problems for SPDEs remains a largely unresolved puzzle. We believe that
studying this problem can lead to new insights into uncertainty.
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