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Exact Controllability for a Refined Stochastic Plate
Equation*

Qi Li! Yu Wang?

Abstract The classical stochastic plate equation suffers from a lack of exact controllability,
even with controls that are effective in both the drift and diffusion terms and on the
boundary. To address this issue, a one-dimensional refined stochastic plate equation was
previously proposed and established as exactly controllable in [28]. In this paper, we
establish the exact controllability of the multidimensional refined stochastic plate equation
with two interior controls and two boundary controls by a new global Carleman estimate.
Furthermore, we show that at least one boundary control and the action of two interior
controls are necessary for exact controllability.

Keywords Stochastic plate equation, exact controllability, observability estimate,
Carleman estimate.
2000 MR Subject Classification 93B05, 93B07.

1 Introduction

Let T > 0 and (Q,F,F,P) with F = {F,};>0 be a complete filtered probability space on
which a one-dimensional standard Brownian motion {W(¢)};>¢ is defined and F is the natural
filtration generated by W(:), augmented by all the P null sets in F. Write F for the progressive
o-field with respect to F. Let H be a Banach space. Denote by L%_—t(Q;H) the space of all
Fi-measurable random variables ¢ such that E|¢|% < oo; by L2(0,T; H) the space consisting of
all H-valued F-adapted processes X () such that E(|X(')|%2(O,T;H)) < o0; by Lg°(0,T; H) the
space consisting of all H-valued F-adapted bounded processes; and by Cg([0,T]; L(2; H)) the
space consisting of all H-valued F-adapted processes X () such that X(-) : [0,7] — L% (; H)
is continuous. All these spaces are Banach spaces with the canonical norms (e.g., [24, Section

2.6]).

Let G C R™ (n € N) be a bounded domain with a C* boundary I'. Set Q = (0,T) x G and
¥ = (0,T) x I'. Denote by v(x) = (v*(z), - ,v"(z)) the unit outward normal vector of " at
point x.
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Consider the following refined stochastic plate equation:

dy = gdt + (azy + f)dW(t) in Q,
dj + A%ydt = (a1y + az - Vy + asg)dt + (agy + ¢)dW(t) in Q,

dy (1.1)
y:hlaizhﬂ OHE7

v
(¥(0),4(0)) = (yo, Jo) in G.

Here, (yo,90) € H1(G) x (H3*(G) N H3(G))* (where (H3(G) N H3(G))* is the dual space of
H3(G) N H3(G) with respect to the pivot space L?(G)), the coefficients

a1,as, a4 € L0, T; WH(G)), ap € LF(0,T; W2 (G;R™)), a5 € L0, T; W3(Q)).
and the controls

(f,9,h1,h2) € Lg(0, T3 H-H(G)) x Lg(0, T3 (H*(G) N H3 (G))*) x L§(0,T; L*(I))
x L(0,T; H~H(T)).

Remark 1.1. The influence of the control g on the drift term is reflected by the term asg.
Specifically, if a control g is introduced in the diffusion term, the term asg will appear as a side
effect. This leads to technical difficulties in the study of the exact controllability of (1.1). It is
worth noting that based on the same reasoning, an additional term of ag f could be included in
the drift term of the first equation of (1.1). However, we do not know how to handle this term

now.

The control system (1.1) is a nonhomogeneous boundary value problem. Its solution is
understood in the sense of transposition. For the readers’ convenience, we recall it briefly
below. A systematic introduction to that can be found in [24, Section 7.2].

First, we introduce the following reference equation:

dz = 2dt + (Z — a5z)dW (t) in Q,,
dz + A%zdt = [(a1 — divay — agas)z — ag - Vz — a3 Z + au Z)dt + ZdW (t)  in Q,

(1.2)
z = % =0 on X,
(2(1),2(1)) = (27, 27) in G,

where 7 € (0,7], Q- é(O,T) x G, ETé(O,T) x I, and (27,27) € L% (% H3(G) N HF(G)) %
L3% (€ Hg(G)). By the classical well-posedness result for backward stochastic evolution equa-
tions (e.g.,[24, Section 4.2]), we know that (1.2) admits a unique weak solution

(2,2,2,2) € LE(Q;C([0,7); (H*(G) N HJ(G)))) x L(0,7; (H*(G) N HJ(G)))
x L3(9; C([0,7]; Hy (G))) x Lg(0,7; Hy (G)).
Furthermore, for 0 < s,t < 7, it holds that
|(2(t), 2(t)) |L2Ft (Q:H3(G)NHE(G))x L%, (%HE(G))
< O(|(2(s), 2(5))|L2FS(Q;H3(G)HH§(G))><L§TS (Q;HL (@) (1.3)

+ (2, Z)|L§(o,T;H3(G)mH§(G))ng(o,T;Hg(G)))-
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Here and in what follows, we denote by C' a generic positive constant depending on G, T, T
and a;, 1 =1, -+ 5, whose value may vary from line to line.
Next, we give the following hidden regularity for solutions to (1.2).

Proposition 1.1 Let (27,27) € L3 (Q; H*(G) N H3(G)) x L3 (Q; Hj(G)). Then the solution
(2,2,%,7) of (1.2) satisfies [VAz||r € L2(0,7; L?(T")). Furthermore,

|VAZ|Lg(o,T;L2(r)) <C|(z7,27) |L2fT (H3(G)NHZ(G))x L% (QHE(G)):

Proof of Proposition 1.1 is put in Section 2.
Now we are in a position to give the definition of the transposition solution to (1.1).

Definition 1.1. A pair of stochastic processes (y,9) € Cr([0,T]; L*(Q; H1(G)))x Cr([0,T};
L2(Q; (H3(G)NHE(G))*)) is a transposition solution to (1.1) if for any 7 € (0,77] and (27,27) €
L% (9 H3(G) N HE(G))x L% (4 Hg(G)), we have

EG(7), 27) (3 (@ynmz (@) 13 (@)nm2(@) — (90, 2(0)) (3 (@ynm2(6))*, B3 (G)nHE(G)

—EW(7), 27 m-1(@),m1(¢) + (Y0, 2(0)) m-1(6),HL (@)

= —E/O (f, Z>H—1(G),H5(G)dt+]E/0 (9, 2) (m3(G)nH2(G))* 13 (G)nH2(G) A

T A T
+]E/ / 04z hldth - E/ <h2, AZ>H*1(F) Hl(l")dt.
o Jr v 0 ’

Here, (2, Z, 2, Z) solves (1.2).

Combining Theorem 1.1 and the well-posedness for stochastic evolution equation with an
unbounded control operator in the sense of transposition solution (e.g., [24, Theorem 7.12]), we
immediately get the following well-posedness result for (1.1).

Proposition 1.2 For each (yo,90) € H *(G) x (H3*(G) N H3(Q))*, the system (1.1) admits a
unique transposition solution (y,§). Moreover,
1(Ys D)l e (10,7922 (9 -1 (G))) x Co (10,7112 (93 (H3 (G)NHE(G))*))
< C(lyolg-1(c) + [0l (m3(@)nmz(@) + |f|L§(07T;H—1(G)) + |9\L[g(o,T;(HS(G)mHg(G))*)
+ [Pl 2 0,mL2ry) + |helLzo,rm-1(ry)) -
Now we give the definition of the exact controllability for (1.1).

Definition 1.2. The system (1.1) is called exactly controllable at time T if for any (yo,Jo) €
H=YG) x (H*(G) N H§(G))* and (y1,91) € L%, (4 H™(G)) x L%, (% (H*(G) N HF(G))"),
there exist controls
(f,9: b1, ho) € Lg(0,T; H-H(G)) x LE(0, T; (H*(G) N HF(G))*) x Lg(0, T; L*(T))
x Lg(0,T; H™H())

such that the solution (y,9) to (1.1) satisfies that (y(7T,-),45(T,-)) = (y1,91), P-a.s.
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Remark 1.2. In the definition of exact controllability for (1.1), we set the state space to
be L% (5 HYG)) x L% (Q; (H*(G) N H§(G))*). However, it would be more natural to
choose the state space as L% (€ L*(G)) x L%, (€; H *(G)). Furthermore, the controls g €
L2(0,T; (H*(G)NHZ(G))*) and hy € LZ(0,T; H~1(T')) are highly irregular. It is expected that
more regular controls will be needed to achieve the desired goal, although the method to do so
is currently unknown. Notably, even for the deterministic plate equation, the existing results
(such as [15]) only prove the exact controllability in the space H=1(G) x (H3*(G) N HZ(G))*
with controls in the Dirichlet and Neumann boundary conditions.

The main result of this paper is the following.
Theorem 1.3 The system (1.1) is exactly controllable at any time 7" > 0.

Remark 1.3. Similar to the derivation process in [23, 28], the refined stochastic plate equation
(1.1) can be obtained from the classical stochastic plate equation:

dys + A%ydt = (a1y + ag - Vy + f)dt + (aay + g)dW(t) in Q,
oy
5 =
(©(0),:(0)) = (yo, 1) in G.

y = ha, ha on X, (1.4)

Here, (yo,y1) are the initial data, and f, g, h1, he are controls.

The system (1.4) is widely used in structural engineering for modeling beams, bridges, and
other structures, as demonstrated in various studies such as [2—4, 12]. For instance, (1.4) can
be utilized to describe fluttering or large-amplitude vibration of an elastic panel induced by
aerodynamic forces that are perturbed by random fluctuations, as explored in [3]. However,
as proven in Theorem 4.1 of [28] and Theorem 2.1 of [23], the system (1.4) cannot be exactly
controllable for any T" > 0. Therefore, motivated by the negative controllability result and fol-
lowing a similar derivation process as in [23], we investigate a refined stochastic plate equation,
namely (1.1).

We put four controls in the system (1.1). Similarly to Theorem 2.3 in [23], one can find that
boundary controls hy and hg in (1.1) cannot be dropped simultaneously, and internal controls
f and g must be acted on the whole domain G. More precisely, we have the following result.

Theorem 1.4 The system (1.1) is not exactly controllable at any time T' > 0 provided that
one of the following three conditions is satisfied:

(1). az € Cx([0,T]; L=(Q)), G\Go # 0 and supp f C Go;

(2). aq € Cr([0,T]); L>=(Q)), G\Go # 0 and supp g C Go;

(3). hy =hy=0.

Remark 1.4. It is worth investigating whether one of the boundary controls can be removed

for the system (1.1), as has been done for the deterministic plate equation in [15, 18]. However,
we currently do not have a method for achieving this for the stochastic case.

Remark 1.5. By letting G = (0, 1), we can deduce from Theorem 3.2 that the system (1.1) is
exactly controllable with controls in any nonempty subset of the boundary I'. In fact, thanks
to Remark 1.7, for any (yo, 9o) and (y1, §1) satisfing Definition 1.2, one can find (f, g, h1, he) €
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L2(0,T; HY(G)) x LA(0,T; (H*(G) N HE(G))*) x (LZ(0,T))? such that the solution (y,7) to
(1.1), where the boundary conditions are

y(-,O) = hy, ya:('70) = hao, y('v 1) =0, ya:('7 1) =0, on (OvT)

satisfies that (y(T,-),4(T,-)) = (y1,91), P-a.s. In the multidimensional case, it is worth
to studying whether (1.1) is still exactly controllable under the assumption that (hi,hs) €
L2(0,T; L*(Ty)) x L2(0,T; L*(Ty)), where I'y is a nonempty subset of I.

By a standard duality argument, Theorem 1.3 is equivalent to the following observability
estimate (e.g., [24, Theorem 7.17]).

Theorem 1.5 There exists a constant C' > 0 such that for every (27,27) € L% (€ H3(G) N
H3(G)) x L%, (9% Hi(G)), it holds that

T 2T\|2
(=72 )|L2FT<Q;H3(G>0H3<G>)XL§T(ﬂ;H01<G))
< CE/E(|VAZ|2 + |Az[?)drdt + C|(Z, Z)|2L;(0,T;H3(G)0Hg(c))ng(o,T;Hg(G))7

where (z, Z, 2, Z) is the solution to the equation (1.2) with 7 =T, 2(T) = 27, and 2(T) = 27.

Remark 1.6. In order to estimate |[VAz| on the boundary of the dual system (1.2), we may
need better regularity than H3(G) x L?(G) for the initial data, as suggested by the sharp trace
estimate established for the deterministic plate equation in [17]. Therefore, we choose the final
data of (1.2) in L% (Q; H*(G) N H(G)) x L% (Q; Hy(G)).

Remark 1.7. Let G = (0,1). By choosing zp > 1 in (3.4), from the proof of Theorem 3.2, we
can deduce that

E / 02 (sAE] 02 |? + sPAZEXB]? + Avgaa|? + $2A1€3 vga ? + s2A0EH v, [?
’ + sOASE0|v)?) dadt
S CE/QQZ(SG/\Gé-(Sle +S4)\4§4|f11|2 +52)\2§2‘f1mm‘2 +f22 —‘1-86)\666'9%
+ "N €Y g12* + PN Gran| + |Grame|? + S2A2ER | go|?)dadt
+CE /0 " 6 (57 eluman (O + 55N 0 (0)2) .
In fact, on X, we have

Vi-v = —2s\énrw?,, — 103 \3E3n3vw?
> CS}‘&( xw:p( ) - wx;vw( )) + 083/\353( ( ) - wi:p(o))a

and
Va-v > 0(eM)(wl,, (1) + wl,, (0) + s°0(e“) (w2, (1) + w3, (0)).

The remainder of the proof follows a similar approach to that of Theorem 1.5. Hence, we arrive
the following observability inequality.

T 2T\|2
I(z", 2 )|L3TT(Q;HS(G)mHg(G))xL;T(Q;Hg(G))
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T
< CE/O (Iz22a (0)? + 1200 (0)[*)dt + CN(Z, Z)| 720 115 ()i (@) x 2203113 ()

Remark 1.8. One can also consider the exact controllability of a refined stochastic plate equa-
tion when the boundary controls are as follows:

y=hy and Ay=hy on X.

By the standard duality argument and the technique of transforming the controllability of the
forward stochastic equation into the controllability of a backward equation (e.g., [24, Section
7.5]), we need to prove the observability estimate for the following equation:

dz = 2dt — aszdW (t) in Q,
dz + A%zdt = (a1 — divag)z — as - Vz — agasz]dt  in Q, (5)
z2=Az=0 on X,
(2(0),2(0)) = (20, 20) in G.

Following the idea in [29], sufficiently regular solutions of (1.5) can formally be rewritten as
two coupled stochastic Schrédinger equations. In fact, letting v = i2 + Az, we have

idz + Azdt = udt — iazzdW (),
and
—idu + Audt = [(a1 — divag)z — az - Vz — agas2]dt + iA(as2)dW (¢).

Clearly, it holds that z = v = 0 on X.. This formal reduction does not by itself prove observability
under the coefficients assumed in this paper. Indeed, on the Navier boundary,

Alasz) = 2(9,a5)(0,2),

which need not vanish. Thus the transformed noise need not belong to Hi(G), and multipli-
cation by as need not preserve {n € H3(G) N H}(G) : An € H}(G)}. For example, on (0, 1),
as(x) = x and z(x) = sin(nzx) give (as52)”(0) = 27. Additional boundary compatibility, such
as dya; = 0, and a separate observability argument would therefore be needed for this Navier
extension. No such extension is asserted here.

A plenty of works on exact controllability for deterministic plate equations exist in the
literature, including works such as [1, 5, 9-11, 15, 18, 19, 26, 29] and the references therein.
However, to the best of our knowledge, the work in [28] is the only published study that
investigates the exact controllability of stochastic beam equations. In their study, the authors
demonstrate that the equation given in (1.1) is exactly controllable when G is an interval. In this
article, we employ a stochastic Carleman estimate to prove Theorem 1.5. This type of estimate
is one of the most useful tools in studying the controllability of stochastic partial differential
equations, as evident from previous works such as [6, 8, 20-22, 24, 27] and references therein.
However, we note that [28] is the only published study to use this method for investigating the
exact controllability of stochastic beam equations.

The rest of this paper is organized as follows. In Section 2, we provide some preliminaries.
Section 3 is devoted to establishing a Carleman estimate for the adjoint equation (1.2). By
means of that Carleman estimate, we prove Theorem 1.5 in Section 4. At last, Section 5 is
addressed to the proof of Theorem 1.4.
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2 Some preliminary results

This section provides some preliminary results. In the rest of this paper, the notation y,, =
Yz, (x) = Oy(x)/0x; will be used for simplicity, where z; is the i-th coordinate of a generic point
x = (r1,--- ,r,) in R". In a similar manner, we use notations z,,, v,,, etc. for the partial
derivatives of z and v with respect to x;.

We first prove the hidden regularity for solutions to (1.2).

Proof of Theorem 1.1. For any pé(pl7 oo, pt) € C2(R™TLR™), by 1t6’s formula and (1.2), we
have

Zn:(Zp VAzAzy, — p|[VAZ),, dt

j=1

= —div p|VAz|?dt +2p - VAz [(al —divas —aqas)z —as - Vz+asZ — a;;Z] dt
+2p - VAzZAW (t) + 2V AzDp - VAzdt — 2d(p - VAzE) + 2p; - VAzEL
+2p - VA(Z —as52) Zdt +2p - VA(Z — a52)2dW (t) + 2div(2pV22)dt
—2div(2V2Dp)dt 4+ 2Ap - V22dt + 2V:Dp - Vidt — div(p|V2|?)dt + div p|V 2|2 dt.

(2.1)

Since I' € C3, there exists a vector field ¢ € C?(R™;R") such that ( = v on T (e.g., [13, Lemma
2.1]). Setting p = ¢, integrating (2.1) in @,, and taking expectation on 2, we have

gatis

-

2
- |VAz|2) dldt

= E/ Z(Qp VAzAz,, — p|[VAz) 1/ dldt
= 54

= —ZE/ p-VAZ 2 dx + 2IE/ p-VAz(0)2(0)dx
€] G

+ E/ {— div p|VAz|? +2p - VAZ[(al —divas —agas)z —as - Vz +asZ — aSZ]

.

+2VAzDp - VAz+2p, - VAzE+2p-VA(Z — a52)Z + 2Ap - V22
+2VZ2Dp - V2 +div p|VZ|* }dadt.

This implies

2

O0Az
ov

:

- |VAZ|22 L2
L2(0,75L2(T)) Ls(@.LAT)

< Oz @ctorm@nmon + Flizacwommen T2 ommenme)  (22)
+ |Z|2L§(O,T;L2(G)))
< (=, 2T)|2L}T (H3(G)NHZ(G)) x L3 (HHY(G))"
Denote by V, the tangential gradient on I'. We have

2

A
08z1" L1V, Az,

ov

|VAz|? = ’
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which, together with (2.2), implies that

2

0Az o
‘ < IVol2lla g ey + Ol 2 )‘ig__T(Q;HS(G)HHg(G))xL}T(Q;Hé(G))'

ov

Lg(0,7;L2(T))

Now we are going to prove

Vo AzlLz0m2ry) < CIET 2 msapnmzen «1a, @Hy(@) (2.3)

Using boundary charts and a partition of unity, choose finitely many tangential vector fields
A, spanning the tangent space on each chart. They can be chosen with C2 coefficients on the
C* domain. The estimates below apply to each field; for their derivation we write % for one of
them

a.’IJZ‘
with coefficients b; € C*(G) and such that 2 is tangential to T, i.e., (2.4)

Z bi(z)v' =0onT.
i=1

= 0
B = Z bi(x)=—— = a first-order differential operator (time independent)
i=1

These fields are local pullbacks of tangential coordinate derivatives, multiplied by cutoffs. In
the commutator [AZ% 2], derivatives of the coefficients of order four are interpreted weakly:
integrating one derivative onto the test function gives the continuous map H*(G) — H~(G)
with only C? coefficient bounds.

Define

Y

p2 Bz e Cp(0,7]; LA HA(G))),  p2 Bz € Cp([0,7]; L2(Q LA(G))).

From (1.2), we have

dp = pdt + g1dW (t) in Q-,
dp + A%pdt = fodt + g2dW ()  in Qr,
dp 0 (2.5)
P—Ovay—[ay,e%’}z on ¥,
(p(7),p(1)) = (B=T,BZT) in G,
where
g =B(Z —asz), g2=RBZ,
and
fo= 93[(@1 —divas — aqas)z —as - Vz — asZ + a4Z} + (A% Az,
and [+, -] denotes the commutator of two operators.
From (2.4), we get that
(A%, B2 12(0,m51-1(c)) < Cl(2", 27|12 (ou(H2(G)NH(G)) X L2 (HL(G)) (2.6)

and that

IE/ |VoAz2dD dt < CZE/ | B Az|? dT dt
ol = =,
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2 2
<CZE/ (|A(Ba2)|? + |[Bar Al2[?) dT dt. (2.7)
By (2.4) again, we find that

E/ |[#, A]z|?dTdt < C’E/ |23 (it
s, 0 (2.8)
T 27T\|2
<CI(=", 2 >|L3ET(Q;HB(G)an(G))xL;T(Q;Hg(G))'
Combining (2.7) and (2.8), to show (2.3), it suffices to prove the following estimate for each

field and then sum over the finite family:
E/ET |Ap[*dTdt < CI(=7, 212 (s (@ynm2(@))xLa, (HA(G)" (2.9)

For any pé(pl, ce o p") € C?(R™LR™), by It6’s formula and (2.5), we have

n
Z P Daon Do o, dt

i,k,l=

n
Z Pzipwkwkpwzwz + (20" PaswranPay ) oy — (2p;lpa:w:kpmz)a:k + ZP;;zxkpwwkpzz
k,l=

, 1

+2p;1p$i$kpwlxk - (2pipxzzwkpwz)m + (2pimip$llkp$l)lk - 2p;iwkp$lwkpwl (2.10)
—20% Do Parar + (20" Priera e oy — (205 PavarPe)ar + 20k, 0, Paroy Pa,
2% Duyor Paiay | dt — 2p - Vp(fodt + godW () + d(2p - Vpp) — 2p; - Vppdt

+div pp?dt — 2p - AV pdp — div(pp®)dt — 2p - Vg1 pdW (t).
Setting p = (, integrating (2.10) in @, and taking expectation on €2, we have

/ |Ap|?dTdt
po

- ik, =1
= QE/ p-Vp p dx — 2IEI/ p - Vp(0)p(0)dzx
G €]

B [ (A i~ 2 Vol 200 Vb — 20+ Vorge) dode
T n . . . .
+ E/ Z (plzipzkxkpxm + 2p3mackpwiwkpl‘z + 2p;lplﬂkplzwk - Qp;iwkpl'll'kpwl
Qr i k1

ik,l=1

+ 2E/ Z pxzpaf:[afkpl'l pilpxixkp:czl/k + pipxlxkxkpxi’/l - p;lpxlxkpxl Vk)drdt7
Zr i,k,l=1
(2.11)

which, together with (2.4)—(2.6), implies (2.9). Then we complete the proof. O
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Next, we give a pointwise weighted identity, which will play an important role in the proof
of Theorem 3.2.
We have the following fundamental identity.

Theorem 2.1 Let v be an H*(G)-valued It6 process and & be an H?(G)-valued Ité process
such that

dv = (0 + f1)dt + g1dW (t)
for some f; € L2(0,T; H3(G)) and g1 € L2(0,T; H*(G) N H3(G)). Let n € C5(R x R"). Set
0 =e' 0 =5 &€ =eM w=0v,and © = 00 + f;w. Then, for any ¢t € [0,7] and a.e.
(z,w) € G xQ,

2015 (dd + A%vdt) — 2div(Vy + Va)dt

n n
=20I3dt + 2o I5 + 2(My + Mp)dt +2 Y A7, o we,gydt +2 > AJwe,w, dt (2.12)
i,7,k,01=1 i,j=1
+ 20gwdt + 204 + 2d(Iph) — 2> (PlbdAw),,.

i=1

Here

I = ANwdt + VoAwdt + Y U wep dt + > Vhwy dt+ Y Whw,, dt + Ugwdt + dib, (2.13)
i=1 i=1

i,j=1
with -
Wy = 252022 |Vn2, WY = 482)\25277@77%,
Ul = 1252032 |Vn|?n,, + 4s2X2E2 Ann,.
4 SN § A, ii=1..n (2.14)
WE = 852N, 0 0, W = STAIEN V|,
j=1
L= ®iAw,, + GrAw+ Y O wee, + Y Phwg, + Psw, (2.15)
i=1 i,j=1 i=1
with

O} = —4sAn,,, P2 = —25A%E| V| — 25007 - A,
(I)é,j = 45Nz, — 48/\2577%77177 (I)fl = _433/\3§3|V77|2771'i’ .

| ij=1,--.n  (216)
O3 = —65° N1 V|t — 125°X°€% (V2 Vi Vn)

—25° X33 |V 2 An — s AEE3 VY,

Iy = —85A > Mo, Waya, dt — AVAL - Vwdt + 4(VE - VAL wdt + 2|V wdt

ij=1

— A2wdt + | ALPwdt 4 85 N33 (V2N wdt + s A2 €3 |Vn[*wdt + AMAwdt  (2.17)

- étafldt - (tﬁgldW(t) + (f? - gtt)’LUdt — 2£t’li)dt,
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1 2 1 2
Vl:[Vl7V17"' Vln]> VQ:[VZ7V27"'7V2H]>

) 1< 1 )
J J J
‘/1 - Z [Z q)lwmkwkwlww TiTj 5 Zq)lwlklszwa:ifriwz + §\Il2q)1wwiwiwzkmk

i,k=1 =1

n
1 -
ik 17 F k k
+ E vy (blwmlmkwa:lajj Y E Vs Wy, ), Wayy + (I)4wmwwj-wa:k - q)4w$ija:wck
l

1 ; 1.
k J Kk
¥ q> w?p, + (2080, 2\1/2@ Sie — \pﬁcp{(sik n §\II3J<I>4)wziwmk],
n n
2 = 1 Wasz;0, Wz, T 5 Wz, Waz, + 3 Waz, Wy
i,l,r,m=1 ik, l,r=1 ik, l=1

+ Z @”kww Wy, +Z@5ww i, W+ Z ®1jkwILI,€w+Z@7 Wy, w—l—@%w2 +@g,
i,k=1 i=1 i,k=1 i=1

My = 8sA\2E|VAw - V|2 + 3253 M€3 | V2w VnVn|? 4 4853 X33V 20 (V2w Vn) (V2w V)
n
+165° M (VPWVVN) Y Naya, Waya, — 165°NE% V[ V2w V|
i,j=1
+ 653\ E3 V| V2w]? + 453 X33 (V2 VnVn) | V2w|? + 253 X3¢3| V| ? An| VZw|?
+ 233)\4§3|V77|4|Aw|2 — 453/\353(V277V17V77)\Aw\2 — 233/\3§3|V77|2A77|Aw|2
+ 405° X6 €2V |* | Vw - V| 4 645°\3¢> (V2 Vi V)| Vw - V|2
— 1635/\655|V77|6|Vw|2 + 857)\8§7|V7]\8w2 + )\|VAw\2 — 53/\%53|V77|4|Aw|2
4PN |V Vw - V|2 + 25°A7 & |Vn|f | Vw|? — sTAZ €7V [fw?,

M,y = (_2 Zqﬂlwi T %) ‘VUA)|2 + Z (_ q)zle T (I)?)w"“wwj
i=1

ij=1

2

4,j=1

+ 1 |:Z (q)vlezJa:J - q)iniwi(Sl (bfo)-]],ll + CI)4JC 617) — 295 UA)Q

— Z (Wé@’f)rjwwiwmwj — 452 N2 V2wV |2 — 252 \3¢%| V2| Aw|?
ik =1
+ "NVt [Vl

n

1
ijkl rm
A = q)gimj + (I)Sa" Ty Z ( (I)2$r1r51]5kl (I)3L‘7.L7-6 q)?u,lx,rél.] 2 Z (1)37;,‘1,'7”6“?61]')’
m=1
A - j Lk ik 1 ij
2 = Z |: (I)4a: iTETE + §®4’tl’t]’1'k + (\112(1)3 )lek - 5(\112@3 )Ikﬂck
k=1
ki ik 1 L gii
- Z ‘112(1) 5U wpx; T (\113 (I)?)l‘kl‘j - Z 5(\113 (I)Q(sij)l'sz - 5(\1/3 ‘I)Q)wkwk
=1

n

+ Z \I,qu)]l ackacz i ZJ(I)k:l wsz Z

=1 =1 =1

i 1
\I/qu)‘] wsz + =

1\9\»—*
l\.’)\r—l
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(V@283))a, — (V4R5°)0, + 5 (VERY),,

i ik
+ S (VED26;5)0, — (VEDLY),, +

N | = w\)—l
l\.’)\»—t [\3\)—!

(\I/’gq)éj)iﬂk} - 2(D57Jil'j - (\Ilzlq)Q)l] - (\1125@2)1],

= 1 1 1, 1,
- Z [321 iq)sm’?“z-fxf + 5(‘1’2‘55)17;17; + ; 5(\1’3J‘I)5):cﬂ_7 - 5(\114@5)Ii - 5(‘115@5):“

i=1
n

- %(‘I’G‘Pi)xixm 5 (V6®P2)o, Z

Jj=1

(W60 )a,s, |,

[\D\F—‘

Ay= )" [ ®hwa,n,a; + (= oy — ) w,p, |ibdt — Z B wy, wdt — Pywiddt
i,j=1 i=1

+ En: (@, W+ by, — Potlyj) [(0f1) a0, dt+(091) a0, AW (£)] — P50 (0 f1dt+0g1dW (t))
=

- Z QW [(0f1)0,0,dt + (091)z,0,d Z Oy [(0f1)0,dt + (091)s, dW (1))
,j=1

- Zn: (DY dwy, sz, + P2dijdwy, s, + P dwy,s, + ©40;5dw,, ) did — 5dwdid,
i,j=1

and ]
QU™ — B961;0ymm + BE™01; — BT 61y + BY Gy

n

ijklr 1 T - T 1 jm
GQJM = —§CI)2%. OikO1r — @éziékj (I)3jzk5ﬂ + Z q)3;rin6kj5il 5 Z q)3lm(5zl5kr - q)lgc;i(srﬁ

m=1 m=1

OFM = — @Y 61 — Psdirdyj + WaBFdy; — WodY Syy + WY Doy, — UFdos,; + Wikl

T okl W ok, + wlaks,;,

. . 1 .
@ij = (I){zwiwj - 2(1)313, T + 2@5:1;L6k.] - (I)5$j 6ik7 - (qj?q)%k)wz + i(WQQ)Qk)GJJ
+ D 5 (W@ bt — D (VB2 00y + 5 Z (W5 @2, Gk + 5 (V5 B2)s,
=1 =1 l 1

1o L, i 1
—~ Z (TY k), 52 (il 52(@5{@;}@), 5 (Wa®Y)s, + Wi®ody;
=1 =1

. ) ) 1 . T
- iwicbgém + U — itllicbg’“ + Wi Pa0k; — 5 W Padi + ULps — §\Ifgq>gk,
@5 = q)fn
eir = —®5,, 0k, + VP65,

oY = Z B0, 0ij + WoBs0;; + U5 Dy — (V6P )a, + WeP20y; + TdY

k=1
, 1 < 1 1 <&

J = —_— = By, — — 4 . v J J
68 — 2 ;q)ozlzlz] 2(\112(I>a)a:1 2 ;(\P Dy ) + = \II (PS + = \I’ q)S
1 1 i 1
+ 52 (Y6 (\1/6@2) = 5 2 (W6 ), + 5 We®,

1 i=1

©
I
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= 1
. S S . 02 . .
0} = Z(@ﬁxiw%w + Py, Wy — §<I>1lwﬂjw — 5(1)] — ®F i, + 2(I>§Jl1 )
i=1
- 1 IR Y e
— q)gwwzj + §@er’w — §<I>flw .

Remark 2.1. Since we do not put any further assumptions on v and o, the identity (2.12)
seems to be very complicated. For solutions to (1.2) or (1.5), many terms, such as V; and V4,
will merge or vanish by means of the boundary conditions. Furthermore, compared with energy
terms, such as 8sA2¢|VAw - V|2, 28303 |Vn|*|Aw|?, 4085065 |Vn4|Vw - V|2, AVAw|?,
many terms in (2.12) is of no great importance. We only need to estimate their orders with
respect to s and A\. Hence, an effective way to simplify (2.12) is that we do not write these
terms explicitly and just claim that the order of s and A for them are lower than the terms with
a “good sign”. However, we do not do this since we want to provide the full details for readers,
and particularly for beginners.

Although the form of the identity (2.12) is very complex, its proof follows from some ba-
sic computations. To avoid defocusing the main theme of this paper, we put the proof of
Theorem 2.1 in the appendix.

3 Carleman estimate for the adjoint equation

This section is devoted to establishing a Carleman estimate for a backward stochastic plate
equation. To this end, we first introduce the weight function 7.
For any 6 > 0,7 >0 and 0 < g1 < %, we choose zg € R"\G such that

Roémig|x—xo|2 > 20, (3.1)
zeG

and choose sufficiently large § satisfing

R; 2 max |z — 20]? < Be3T? 6. (3.2)
z€G

We also choose sufficiently small ey with 0 < g9 < &1 such that
Ry — Be2T? > 6. (3.3)
Let
7\ 2
n(t,x) = |x—x0|2—ﬁ<t— 2) . (3.4)
From (3.1)—(3.4), it is easy to see that 7 satisfies the following conditions.
Condition 3.1.

(1) [0t )] cagg) < O

(2). |Vn(t,z)| > Cy >0, V(t,z)€Q.

(3). For all (t,z) in J; = [ (0, T/2—e1T)U(T/2+¢e1T,T)] x G, it holds that n(t,z) < —4.
(4). For all (t,z) in Jo= (T/2 —eoT,T/2+¢0T) x G, it holds that n(t,z) > 4.
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Recall that @ = ef, £ = s and ¢ = €. With 7 given by (3.4), the functions £ and 6 are
also defined.
We also need the following known result.

Lemma 3.1 [7, Theorem 2.1] Let ¢ € H3(G). Then there exists a constant C' > 0 independent
of s and A, and parameter A > 1 and § > 1 such that, for all A > X and s > &,

.94)\6/ 0% (s°N2E%|q|* + |Vq|*)dadt < C/ s3N1E30% Aq|? dxdt.
Q Q

We have the following Carleman estimate.

Theorem 3.2 There exist constants C > 0 and Ay > 0 such that for all A > Ag, one can find
s0 = So(A) > 0 so that for any s > so,

(v,9) € LE(:C([0, T} HY(G) N HE (G))) x L (2 C([0, T1; HF (G)),

and
iy f2092 € LE(0, T3 H3(G)), g1 € LE(0, T HY(G) N H3(G))

satisfying

dv=(0+ fi)dt + dW(t)  inQ,

do + szdt = fgdt + ggdW(t) in Q, (35)

ov

v = Eoi 0 on X,

and
v(0,) =v(T,")=90,-)=0(T,-) =0 inG, Pas, (3.6)

it holds that
]E/ 62 (sAE|VD[2 + s* AT €302 + A VAU + 22X V202 + 2013 | A2
’ + s*N0¢H Vo|? + sOABE0|u|?) dadt
< C]E/ 02 ("N f7 + SNV AP + 2N V2 AP + f5 + 50200 g] (3.7)
¢ + s\ Vg1 |2 + $2A2E4 V2, |2 + VA + $*AN?E|go|?) dadt

+CIE/ 0% (sAE|VA|? + s2AP¢3 | Av|?) dldt.
>

Proof of Theorem 3.2. In what follows, for a positive integer r, we denote by O(A") a function
of order \" for large \. Similarly, we use the notation O(e“?).

In order to shorten the formulae, we define
A2 ]E/ (s°0(e“?) + s°¢5O(NT)) Jw|*dadt,
Q
Ay éJE/ (s0(e“?) + s*¢*O(N)) |[Vw|*dadt,
Q

As é]E/ (s0(e) + s*¢€20(\?)) | V2w|*dadt,
Q
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A
A, :IE/ 0(1)|V Aw[*dudt, (3.8)
Q

BQQE/ (s20(e“?) + s*¢30(N\?)) | V?w|?dldt,
b))

1>

Ay ]E/ (s20(e“?) + s*¢O(N?)) || *dwdt,

Q

A2E [ (O(N) + s£0(1)) |Vid|*dzdt,

S—

and

.Aéfh +A2+A3+A4+A1 -‘r/\z-

Integrating the equality (2.12) on @, taking mathematical expectation in both sides, and
noting (3.6), we obtain

ZE/ 015 (dd + A*vdt)dr — ZE/ div(Vy + Va)dxdt
Q Q

= 2IE/ I3dudt + 2E/ LIsdx + 2E/ (My + My)dadt (3.9)
Q Q Q

n n
+2 Z E/ A’ijklwwijwwldxdt +2 Z E/ Aéjwwiwljdxdt
Q Q

4,4,k =1 ij=1

+2]E/ A3w2dxdt+2E/ Aydz.
Q Q

By Condition 3.1, (2.14), (2.16) and (3.8), we have

> E / A g Wy gy ddt > —CE / sAYE| V2w |2 dzdt > — As, (3.10)
ijkil=1 7@ Q
> IE/ A wgw,, dudt > —CIE/ (s*X0¢% + s?A5¢%) |Vw|*dzdt > — Ay, (3.11)
ij=1 Y@ ' Q
IE/ Asw?dxdt > —C]E/ SPABE (1 + s€ + 5°€%) [w|*dadt > — Ay (3.12)
Q Q

and
E/ Aydz > —CIE/ [[VAw|? + s0(e)|V2w|? + s2°0(e“Y)|Vw|® + s°0(e“) w]?
’ ’ + 520(e“M)|w[* + s> N33 || + (s€ + \)| V|| dadt
—C]E/ 0% (sONSEO 7 + "NV f1]? + 2N V2 f1 2 4 sO00¢Cg7 (3.13)
’ + NV + 2N V21| + [VAG | + s°A2€?|go|?) ddt
> OB [ (0067 + NGV + NV 4 N}

+ s"]€ME V2 + PN V21 + [VAG P + s* A2 go]?) dudt — A.
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It follows from (3.9)—(3.13) that
QE/ 01>(dv + A*vdt)dx — 2E/ div(Vy + Va)dxdt
Q Q

> 2]E/ IZdxdt + 2IE/ Iy Isdx + 2E/ (M + My)dzdt (3.14)
Q Q Q
_ CE/ 92 (86A6§6f12 =+ 34)\4§4‘Vf1‘2 + 82A2€2|v2f1|2 + Sﬁ)\Gé«ﬁg% 4 34)\4£4‘Vg1|2
Q
+ NV + [VAg|? + s2 X2 go|?) dudt — A.
We will estimate the terms in (3.14) one by one. The procedure is divided into three steps.

Step 1. In this step, we consider the divergence terms.
Thanks to the boundary conditions satisfied by v, it is easy to check that

w=0, Vw=0 V?w=60V>* onX. (3.15)
We also have
Owy, Owy. .
Y — _ KA
oy Y = Waiw; = Waye, = —5 05 (3.16)
which implies
n n
2 Owg, 0w, j
|[Aw|® = g Wa o, Wejz; = vV ——y
~ “—~ v v
3,j=1 1,5=1
n n
Owy, 0Wy. .
= Rl Ny pubute By E w? (3.17)
ov v Titi
i,j=1 i,j=1
n 2
ow;
= |VZw|? = g ( 9 . on X.
i=1 v
Thanks to (3.15), we obtain that
n 1 n
_ E l j § J j
‘/1 V= q)lwwkwkwlwa:ia;ia:jyj - 5 (blwwkwkwlwmimimlyj
1,5,k,1=1 1,5,k,1=1
1 n n
j j ik gl j
+ 3 E Vo Wy, z; Wapa, V7 + E U Wy, ) Wy V7 (3.18)
irjk=1 irjiked=1
1 n n
15 Fl j k j
D) Z s DY Way 2y, Wapoy V) — Z (I)4wacmijixkyj
0,4,k =1 i\j k=1
1 n
J, 2 j
+ 3 E Qywy, .V on .
i,5,k=1

By Condition 3.1 and (2.16), we have that

n n
l J 2
E OV Wey 2y.2, Wa iz V) — 3 E DI Wy gy Way iy, > —CSAE|VAwW|®  on X, (3.19)
ik d=1 ik 1=1
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From (2.14) and (2.16), we get that
3 J _ 333¢3 201 2
Z Vol v Wy, g, Way o, = —45°AE7 | V| $|Aw| on X. (3.20)
0,4, k=1

Combining (2.14), (2.16), (3.16) and (3.17), we find that

n
ik 313¢3 j
E v <I>1wmlkazlz]l/ = —16 E s°AYE nzinzknmzl/]wwirkwl’ll’j

i,k l=1 64,k l=1
- Ow,; On
_ 343¢3 ow;
=-16 | gls N30 MoV We, 0, 5 By (3.21)
ij,k=

3133 ’ Ow ?
:‘162 X' (au> (m)

—16s 3)\3§3< >|A| on ¥

and
1 < o
) Z ]q)llwwiwszkzz Z (I)4wm x; W, Iky +* Z CI>4 ziz, V)
1,5,k 1,5,k=1 i,5,k=1
—853>\3£3< > |Aw|? + 253X\3¢3| V|2 ’7|Aw|2 on 3. (3.22)

Hence, combining Condition 3.1 and (3.18)—(3.22), we obtain that
Vi v > —CsA|VAw|? — 853 \3¢3 (gz>3|Aw|2 - 283)\3£3|V77|2%|Aw|2
> —CsA|VAw* — Cs* N3¢ | Aw|*>  on X.
This implies that
E /Q div Vidwdt > —CE /E s3\3¢3| Aw|?dldt — CE /Z SAE|V Aw|?dTdt. (3.23)

Thanks to Condition 3.1, (2.16), (3.8) and (3.15), we have

IE/ div Vodzdt = E/ Vo - vdl'dt

—E / z S OV, b Y OFM " 0, + O )T

i,l,r,m=1 ik, l,r=1

>E / [st(A)|VAw|2 + sO(eC’\)|V2w|2}dth (3.24)
>
> —C’E/ SAE|VAw|?dTdt + By.
>
Combining (3.14), (3.23) and (3.24), we obtain that

2E / 01 (do + A%vdt)dz + CE / sPA3E3 | Aw|?dldt
Q by
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+ CE/ 92 (56)\6£6f12 + S4A4€4|vf1|2 + 52)\2§2‘V2f1|2 + 86)\656‘9% + 84/\4€4|V91 ‘2
Q
+ 2A2E2| V21 |2 + [VAg: | + s N2€%go|?) dadt (3.25)
+ CIE/ SAE|VAw|?dTdt + A + By
by
> 2FE / IZdxdt + 2E / L I3dx + 2E / (My + My)dxdt.
Q Q Q
Step 2. In this step, we study 2E/ (M, + Ms)dxdt via integration by parts.

Q
From Condition 3.1, (3.8) and (3.15), we get that

-E / 165 \¢3| V2| V2wV 2 dadt
Q

n
:—]E/ 1653213 Z niinwknxlw“%wmﬂjdxdt
Q iyg.kyl=1

n

= E/ 853\ Z [=2E°02 Ny My Warw, Wy + (€302 My My )y Wy Wiy V7 ALl (3.26)
) o
i,7,k,l=1

n

"’E/QSSB)‘4 Z [25377;77%77%11”%%%;1”%1 _(537731;77:8;«773:[)xjxijkwxz]dxdt
i,5,k,1=1

> —4E / sAN2E|VAwVn|2dxdt — 16E / s° N85 || Vw V| dedt — As.
Q Q

Thanks to (3.4) and Condition 3.1, we know that there esists Ay > 0 such that for all A > Ay,
it holds that

64 /Q SN E3 (V2 V)| Vw - V|2 dadt
= 128E/Qs5>\5§5|V77|2Vw~V77|2dxdt (3.27)
> —IE/QSE’)\6£5|V77|4VUJ - Vn|?dadt.
Combining Condition 3.1, (3.4), (3.8) and (3.15), we get that
E /Q [4s3 N33 (V2 VnVn) + 283 X283 |V ? An] (IV2w|? — |Aw|?)dzdt
- %IE /Q A[4s* X33 (V2 VnVn) + 25° X3¢V 2 An] [Vw|* dzdt

+E / V[4s* X33 (V2nVnVn) + 25° X3¢ V2 An] - VwAwdzdt (3.28)
Q

Y

—]E/ 52§2O(A3)|V2w|2dxdt—E/ (s0(e“?) + s*¢*O(N)) |[Vw|*dadt
Q Q

Y

—Ay — As,
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and that

32]E/ $3N3E3(V2wVnVn) Z N ja; W ddt
Q

ij=1

n
=32 Y E / I3 E N s ey Wty Wy oy Al
ijkl=1 7@

=32 Z IE/ 53)\35377%@7)“77%(wmiwzkxluj—wmiw%mlz/k)dfdt
igkl=1 7

— 32 Z IE/ 53)\3(§3nxmnminzj)mjwmiwmkmldxdt (3.29)
igkil=1 ‘@

+ 32 Z E/53)‘3(53771w177xi771j):rkwxiwzjmzdmdt
igki=1 7@

+ 32E / sIN3E3IV (V2w Vn) (VEwVn)dodt
Q
> 32E / SSAN3E3VA(V2wVn) (ViwVn)dedt — Ay — As
Q

= 64IE/Q N33 V2wV Pdadt — Ay — As.
From (3.8) and (3.15), we see that
IE/Q[(853>\4£3 — A2€3) |Vt Awl? — 2(853X1e3 — s3A5€%) |V [0s2A2€2 | Vw2
+ (85°M1€% — $222 %) |5 N1E jw| ] dadt
= ]E/Q[(883>\4§3 — AT V[ (Aw + $2A%E% |V Pw)® (3.30)
—2(85°A1E% — $*A3€3) | V|02 A2E2(|Vw|? + wAw)] dadt
> IE/Q (8s°A%¢? — 53)\%53)|V7]|4(Aw + 52)\2£2|V77|2w)2dxdt —A.
Noting that (a + b+ ¢)? < 3(a? + b* + ¢?) for a,b,c € R, we find that
IEJ/ SSAE30% V|t | Av|dedt
Q
= E/Q 33A4§3\V17|4(Aw — 25AEVNVw 4 s2N2E2| V2w — sAZE| V2w — s)\§|An|w)2dajdt

< 3IE/ 33)\4§3|V77\4(Aw+82A2§2\V77|2w)2dxdt+12IE/ sPXN6E5 | V|t | Vw - Vin2dadt + A
Q Q
(3.31)

Combining (3.26)—(3.31), we know there exists Ay > A1 such that for all A > Ag, it holds that

]E/ Mld:cdt+A2E/ )\|VAw|2dxdt+E/ sSAE0? ||t | Av|Adadt. (3.32)
Q Q Q
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Tt follows from Condition 3.1, (2.14), (2.16), (3.4) and (3.8) that
IE/ Moydxdt + A > ]E/ (165X V|2 + s> A3 || *0?) dadt. (3.33)
Q Q
Thanks to (3.25), (3.32) and (3.33), for A > Ag, we have that
2R / 015(dv + APvdt)dx + CE / $3N3€3| Aw|?dldt
Q b
+ CIE/ sAE|VAw|?dTdt + A + By
=
+ C’IE/ 02 ("X 17 + sV AP + 2 W22 V2 ] + 5900 g}
Q
+ "MV 2+ PN V21 + [VAg|? + s A2 go|? ) dadt (3.34)
> 2E / I3dxdt + 2E / L I3dx
Q Q
+]E/ (AIVAw[? + °ME302| Av[? 4 sAE| V|2 + A3 302 dadt.
Q
Step 3. In this step, we get the estimate of v.
From (3.5), we have that
2K / 01, (dd + Avdt)de <E / Idxdt + E / 02 f2dxdt. (3.35)
Q Q Q
Thanks to Condition 3.1, (2.17) and (3.8), we find that
2E / L I3de > -1 / IZdxdt — A — CE / $2N2E20° fidadt. (3.36)
Q Q

Q
Noting that

IVAw[? < CO*([VAv> + $*A**[V?0]?)  on X,

by (3.15) and (3.17), there exists A3 > 0 such that for all A > Ag, there is s; = s1(A) > 0, such
that for all s > sy, we have that

82+1E/ 33/\3§3|Aw|2dth+]E/ SAE|V Aw|?dTdt
b b

(3.37)
< C’]E/Zs/\§92(|VAv|2 + s2A2€2| Av|?)dldt.
Thanks to (3.34)-(3.37), for A > A3 and s > s1, we get that
CIE/E SAEO? (VAU + s°A2E2| Av|?)dldt + A
+CE /Q 62 (SO0 2 4 SINELV 12 4 2AZE|V2f[2 4 f2 4 000652 (3.38)

+ SNV 2+ X2V + [VAG P + A2 gol) dadt
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> IE/ (AVAw[? + > X302 | Av|? + sAE| V| + s°A2¢30?) dadt.
Q
By Theorem 3.1, for A > max{\s, A} and s > max{s;, 3}, we obtain that
IE/ (s5X8€80%|v|? + sTA0¢ 02| Vw|?)dadt < C]E/ SAE30%| Av| dadt,
Q Q
which, together with (3.38), implies that
C’E/ SAEO? (VAU + s°A2E2| Av|?)dldt + A
p
+CE / 0% (sSACEO T + s*NENV A2 + 2N V2112 + f3 + s°A5¢5 g3 (3.39)
Q
+ 84)\4£4|Vgl|2 + 82)\2£2|V291‘2 + ‘vAgl‘Q + 82>\2§2|92|2)df£dt
> IE/ (AMVAw[* + s°A1E30% | Av|? + s*]A¢10% | Vol* + sOA3¢00%|v|?
Q
+ SAE|VD|? + s°AEE30?) dadt.
Let © = sA?¢e*v. Then, we have that
IE/ s2 M\ E202 |\ V20 dxdt
Q
:E/ S2NE20% V2 (sTINT2ET0 7)) P dadt
Q
< C]E/ SENE2 (52N VD2 + A2V + s%E30)?) dadt
Q
< C\ﬁﬁg(mm(c)) +CE /Q $2\2€2|Vo|?dxdt + CE /Q s\ o2 dadt (3.40)
< C\mi%(mm@) +CE /Q S2N2E2(sMN\0€10%0? + s NE20? | Vo)) dadt
—I—C’E/ sONBEOH2 v |2 dadt
Q
< Clofi200mim26y) T C]E/Q(56A85692|v|2 + s*\0¢10% Vo |? ) dadt.
It follows from o = 0 on X that
Wig(o,T;Hz(G))
< ClA Lz 0 i) (3.41)
< OIE/ (s°ABE0502 0|2 + s*ACE0% | Vo|® + s*ATE20%| Av|?) dadt.
Q
Combining (3.40) and (3.41), we obtain that

]E/ sZNE20% V20 dedt < CIEJ/ (sOA3E0502 0] + s*A0E10% | Vol® + s A1E20%| Av|?) dadt.
Q Q
(3.42)
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From (3.39) and (3.42), there exists Ay > max{As, A} such that for all A > A4, there is an
$2 = $2(A\) > max{sy, S}, such that for all s > so, we have that

CIE/ES/\EHQ(WAUF + 822262 Av[?)dTdt + A
+CE [ @SN+ SNCITAP + SXSITAP + 1 + 0]
’ + €MV 2+ N3 V212 + VA ? + s°A2E2|go|? ) dadt (3.43)
> E/Q (AVAw[® + s*A1E30% | Av|? + s* X207 |V20|* + s*AOE10?| V| + sOA3¢00° v
+ SAE| VD)2 + s°AEE30?) dudt.
Recalling v = 0~ 1w and © = 0~ (0 — fyw), we get that
E/Qa2(A|VAv|2+sA5|V@|2+s3A§g3|@|2)dxdt
_E /Q 62 (AIVA(B ™ w)[2 + SAEIV IO (1 — Lew)][2 + S*AFE3072 [0 — byw|?) dudt (3.44)
< CE/Q A(VAW[ 4520262 V2w [+ s A V|2 + 55000 w]?) + 5302 €3 ([ + 52 A\ 2¢2 |w ?)
+ SAL(| VD + $2A%8% 0] + s N2 Vw|® + s"AN ¢ w]?) | dadt
< CE/Q (AVAw[? + sAE|Va|? + s* A2 63w [?) dadt + A.

Thanks to (3.8) and Condition 3.1, there exists A5 > 0 such that for all A > X5, there is an
s3 = s3(A) > 0, such that for all s > s3, we have

1
A< alEi/ 62 (AIV AU + sAE|VH + SATES 02 4 s2ALE2W20[2 + PALEY | Au?
Q
+ s*NEHVol? + sONBEO|u)?) dadt. (3.45)
Let us choose A\g > max{A4, As}. Combining (3.43)-(3.45), for all A > Ao, one can find
so = So(A\) > max{sg, s3} so that for any s > sg, inequality (3.7) holds. O
4 Proof of the observability estimate
Proof of Theorem 1.5. Let x € C§°([0,T]) satisfy
. T T
x =1in (2 slT,2+€1T).

Put v = xz and © = xZ + x:z for (2, 2) satisfying (1.2), then (v,d) fulfills v(0,-) = v(T,-) =
0(0,+) = o(T,-) = 0 in G, and solves

dv =0dt + x(Z — a52)dW(t) in Q,

di + A%vdt = fodt + GodW (t) in Q, (4.1)

0
:6—220 on X,

v
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where
fo= x[(a1 — divas — aqas)z —asVz — asZ + a4 Z] 4 2xt2 + X1tz
and
G2 = XZ + xt(Z — as2).

We justify applying the estimate at the regularity of the adjoint solution. Let A = A2 with
D(A) = H*(G) N HZ(G) be the positive clamped realization, and let Py be its first N spectral
projections. Its fractional domains are D(A%/4) = H3(G)N HZ(G) and D(AY*) = H}(G), with
equivalent norms. For g1 = x(Z — asz), the coefficient assumptions give g; € L2(0, T} D(A3/%))
and fa,§s € L3(0,T; D(AY%)). Apply Py to both equations in (4.1). The resulting processes
(vn,0n) = (Pnv, Py0), with the three projected sources, satisfy the hypotheses and end-
point conditions of Theorem 3.2. They converge in the state spaces L?(€; C([0, T]; D(A%/*) x
D(A'%))), and the sources converge in the spaces just displayed.

Boundary convergence follows from the same multiplier proof used for Theorem 1.1, before

substituting the particular lower order terms. More precisely, for the clamped system du =
adt + G1dW, di+ Audt = F dt + Gy dW, it gives

E/ VAudU dt < CE sup (|u(®) s + [a(t) %)
) 0<t<T

2 2 2
+ C(|F|L§(0,T;H1) + |G1\L§(0,T;H3) + |G2|L§(0,T;H1))-

Indeed, in (2.1) the new drift is paired with p - VAw, while the quadratic variation is 2p -
VAG; Gy; both have the displayed bounds. For each tangential field %,, (2.10) has drift
BoF + [A, BoJu € H™! paired with p - V(B,u) € H}, and noise B,G1 € H?, B,Gy € L.
Thus the tangential and normal estimates close exactly as above, with constants independent of
N. Applying this bound to spectral differences proves convergence of VAvy in L?(2 x ¥); the
trace theorem gives convergence of Avy there. For fixed s, A, the smooth weights are bounded
on @, so passing to the limit in (3.7) is justified.
By Theorem 3.2, for A > A\g and s > sg, we have

E/Q 02 (AVAZP + A2V + $PAE Az + s\ V2 [* + sOA3¢0 22 dadt
< IE/Q€2 (sAEVD)? + P A3E300)2 + A VA0 + $2X12 V20| + A3 | Av)?
+ "2 Vo|? + sONBEC v |?) dadt
< C’E/Q 022 (sON0E022 + TNV 2 + SN2 V22 + [ VA2 + 2?4 |V2|?) ddt
+ CE /J 0% (1217 + 2° + $°A2€22% ) dwdt + C (s, N(Z, 2) 720 1,156y x L2 (01522(@)
+ OIE/Z 0% (SAE|VAZ|? + sPX3¢3|Az|?)dldt.

This, together with Condition 3.1, implies that there exists A1 > Ao such that for all A > ;\17
there is §1 = §1(\) > so, so that for any s > 7, it holds that

E/ 62 (sAE|VD[2 + $*AT €3]0 + AV A2 + $2X12| V202 + 2 A1e3| Auf?
Q
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+ "MV + N8| |?) dadt (4.2)
< C’E/J 0% (|27 + 2% + $2A\2¢%2%) dadt + CE/202(5A5|VA2\2 + $3N3E3 | Az|?)dTdt
A
+C(s,M)[(Z, Z)|2L§(0,T;H3(G))xL§(o,T;H1(G))~
Thanks to Condition 3.1, we obtain
eQSEM—CA—fi‘M]EL (VA2 + V222 + | V2|2 + 22 + | V22 + |2]?) dwdt
>
< e%e“E/J (AEIVD[? + S ATE2[0[% + AV AV + A2 V202 + A% | Av?
2
+ ')A Vo? + sOABEC v |?) dadt (4.3)
< E/Q 62 (sAE|VH[? + $*A3 €302 + AV AU + $2X42| V202 + 2 X463 | Auf?
+ "MV + N30 ]?) dadt.
From (1.3) and Condition 3.1, we see that
(=", 27) \i;T (QH3(@)NHE(G)x L3, (%HL(G))
< CIE/J (VAP + (V22| + [Vaf? + 22 + [V + |2?) dedt (4.4)
A

+C(s,M)|(Z, Z)\ig(o,T;HS(G)mHg(G))ng(o,T;Hg(G))v
and that

E/ 0% (217 + 2° + s*N?¢%2%) dadt
J1

< 62567M+C)‘+QIHSE/ (|2 + 2%)dzdt (4.5)
J1

2se M pOA+2Ins T T2
<
< Ce (7,2 )|L§_.T(Q;H3(G)HH§(G))><L§TT(Q;Hé(G))

+C(s,M)|(Z, Z)\QLg(o,T;Hs(G)an(G))ng(o,T;Hg(G))-
Combining (4.2)-(4.5) choosing A > A; and s > 5; such that

1
Cexp (236_>‘5 —2se™ + C\+81In s) < 2’

we get the desired observability estimate. O

5 Proof of Theorem 1.4

The proof of Theorem 1.4 is similar to that for [23, Theorem 2.3]. We provide it here for the
convenience of the readers. To begin with, we recall the following result.

Lemma 5.1 [25, Lemma 2.1] There exists a random variable ¢ € L% () such that it is
impossible to find 1,63 € L2(0,T) x Cr([0,T]; L*(Q)) and « € R satisfying

T T
C=a+/0 cl(t)dt+/0 G (t)dW (1).
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Proof of Theorem 1.4. We employ a contradiction argument and divide the proof into three
cases.

Case 1: az € Cg([0,T]; L=(R)), G\Go # 0 and supp f C Go.

Let p € C§°(G\Go) satisfying |p|r2(q) = 1. Suppose that (1.1) was exactly controllable.
By Definition 1.2, for (yo,90) = (0,0), there exist controls (f, g, h1,he) with supp f C Gy a.e.
(t,w) € (0,T) x 2 such that the solution to (1.1) fulfills (y(7),y(T)) = (p¢,0), where ( is given
in Theorem 5.1. Hence,

T T
o= / gt + / (asy + F)W (). (5.1)

Multiplying (5.1) by p and integrating it in G, we arrive that

T T
CZ/ <:‘)a/0>(H3(G)OH§(G))*,H3(G)ﬂH§(G)dt+/ (asy, p) -1 (cy,m2 (@) AW (1),
0 0
which contradicts Theorem 5.1.
Case 2: aq € Cp([0,T); L=(Q)), G\Go # 0 and supp g C Gy.
Choose p € C*(G \ Go) as in Case 1, normalized by [, p*dx = 1. Suppose that (1.1)
is exactly controllable. From zero initial data choose controls with suppg C Gy so that

(y(T),9(T)) = (0, p¢), where ( is given by Theorem 5.1. Pairing the second equation directly
with p gives

T T
‘= / [—(y, A%p) + (ary + az - Vy, p)], dt + / as(t)(y, p) AW (t).
0 0

All pairings are distributional pairings against smooth compactly supported functions. The
terms containing g and asg vanish because their supports are disjoint from that of p. The
drift integrand is square integrable, and the diffusion integrand is mean-square continuous
because ayq € Cr([0,T]; L°°(2)) and y is mean-square continuous in H~1(G). This contradicts
Theorem 5.1.

Case 3: hi = ha = 0.

Assume that (1.1) was exactly controllable. Then, from the equivalence between the exact
controllability of (1.1) and the observability estimate of (1.2), we get that for any (27,27) €
L3 (9 H3(G) N HF(G)) x L%, (4 Hy(G)), the solution (z, Z, 2, Z) to (1.2) ( with 7 = T and
(2(T), 2(T)) = (27, 2T)) satisfies

(", Z?T)\LﬁTT(Q;HS(G)an(G))xL;T(Q;Hg(c)) < C(Zrz20,1:m3)nm2(@) + 1 Z 20181 (0))-

(5.2)
For any nonzero (&g, ®;) € (H3(G) N HZ(G)) x H}(G), let (®,P) solve the equation

d® = ddt — azDAW (t) inQ,
d® + A2®dt = [(ay — divay — asas)® —ag - VO]dt  in Q,

oo
(b = — =

e 0 on X,
(2(0), 2(0)) = (o, P1) in G.

Clearly, (®,0,®,0) solves (1.2) with the final datum (27, 27) = (®(T), ®(T)), a contradiction
to the inequality (5.2). O
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Appendix A Proof of the weighted identity
Proof of Theorem 2.1. It is clear that
dw = d(6v) = 0dv + ¢,0vdt = wdt + 0 f1dt + 0g1dW (),
and

0dt = 0d[0~" (i — Lyw)] = dib — Lydw — Lypwdt — Liabdt + (2wdt
= di — 20pbdt + (67 — Ly )wdt — 60 frdt — £,0g1dW (). (A1)

We also have
OA%0 = A%w — 4sAEV - VAw — 4sA\2E(V2wVnVn) — 4sAE zn: Nesa; Wasa,
i,j=1

+ 252 X2%| V2 Aw — 2s0%¢| V2 Aw — 2sAEARAw +J4S2A2§2(v2wvnvn)

—AVAL - Vw + 1252 X33 | V|2V Vw + 852 \262 (V2 VnVw) (A.2)

—4s3N\3E3 |\ V|2V Vw + 42 N2 AnVnVw + 4(VE - VA w + 2|V 2w — A?w

—65° M3 V[ w—4s3 N33 (V2nVnVn)w+s* N EH V| fw — 252 N33 Vi |2 Anw+ | Al w
From (A.1), (A.2) and (2.13)—(2.17), we have

7
We will compute I; I5 under the form Z I;j, where I;; is the product of the i-th term of

i=1j=1

I, with the j-th term of I. Note that I;; are the same as Appendix A in [22] fori =1,---,6
and j =1,---,5, except for I3.

‘We have

n
Z Kl
Il3 - (b3 w‘rl‘tll].LJw.Lk.let
i,k =1
n
Kl kj Kl Kl
= E , <(I)3 Waz,2; Waya, — P3" Weyo,0 Wayz, + Pg Wa o0, Wayay — ‘I)3Iiw:ci:cijkxl
1,5,k l=1
+ P4 + @b ez, e dt
BwLwl"iIlwxixk BIlwinijixk 2 3, wxixk SIiijIlwxiwk
z;
E PE Wy, 0y Wy, AL+ E oL w2, Waya; Wz, & E <I>3m,w Weyz; Wy, AL
i,7,k,l=1 i,7,k,l=1 7]kll
§ : (I)Sw wlwx’ta:_] wwkx‘] dt + : ¢3$ Tj ww1wlw$k$1 z @313)6@ x4 d
i,7,k,l=1 i,7,k,l=1 i,7,k,l=1
We have

n
i N
I = § q)lwwixjwjdw

ij=1
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n n
A R S 1_. . i
- E ((bﬁmwwwj — 2<I>11I oy 0?4 Oy, by, — 2<I>31w§i) dt — E (P dwe, e, ),
hi=1 Lz ij=1
n
AQ AQ i A A
+ E (P W0, W g @111%% dt— = g P, Wy dt — g DY, Wa, Wy, di
b=l 2 ij=1 ij=1

= > Vlwa e, dt+ Y (R, 0+ P, ) [(0f1) 0,0, At + (091)x,2, AW (1))

i,j=1 i,5=1

n .
— Z Ol dwy, ;o d0

i,j=1

I72 = Z Cbgw%%dw
=1
n 1 n
- (_%ww% + 2<1>2$jw2> dt + Zd Doy, 2, ) — > Dopty, 4, et

1 7 =1 =1

1 n

-5 > oy 0 i?dt + zn: o2 dt — Z Bodwy, ,, did
i=1 =1 i=1

- Z (PZUA}[(Hfl)Ilridt + (egl)IﬂldW(t)L

J

i=1
Izs = Z <I>gjwzﬂjdw
i,j=1
= Z ( % iy <I>§,]m m2> dt + Z d(@éﬁ'wmjw) - Z <I>§,];wm].wdt
i,j=1 x; ij=1 =
) Z O, , WPt — Y B dwg did + Y Oty iy, dt
1,j=1 i,j=1 ij=1
_ Z ST W[(Of1) 010, dt + (0g1) 2,0, dW (1)),
4,j=1
Iy = Z DY w,, dib
i=1
n 1 . n . A 1 n i )
= Zl (Q@iwz) dt + Zld Py, b) — Zl O, w,, wdt + 3 2¢4Iiw2dt
J= Ty i i— i

72@ dw,, di — Z@ [(0f1)a,dt + (Bg1)a, dW (1)),
I75 = <I>5wdw = d(<I>5ww) — (I>5twwdt — <I)51f)2dt — <I>5dwd1I1 — @51@(9f1dt + 991dW(t))
By summing all the I;;, we get (2.12). O
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