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Abstract The classical stochastic plate equation suffers from a lack of exact controllability,
even with controls that are effective in both the drift and diffusion terms and on the
boundary. To address this issue, a one-dimensional refined stochastic plate equation was
previously proposed and established as exactly controllable in [28]. In this paper, we
establish the exact controllability of the multidimensional refined stochastic plate equation
with two interior controls and two boundary controls by a new global Carleman estimate.
Furthermore, we show that at least one boundary control and the action of two interior
controls are necessary for exact controllability.
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1 Introduction

Let T > 0 and (Ω,F ,F,P) with F = {Ft}t≥0 be a complete filtered probability space on

which a one-dimensional standard Brownian motion {W (t)}t≥0 is defined and F is the natural

filtration generated by W (·), augmented by all the P null sets in F . Write F for the progressive

σ-field with respect to F. Let H be a Banach space. Denote by L2
Ft
(Ω;H) the space of all

Ft-measurable random variables ξ such that E|ξ|2H < ∞; by L2
F(0, T ;H) the space consisting of

all H-valued F-adapted processes X(·) such that E
(
|X(·)|2L2(0,T ;H)

)
< ∞; by L∞

F (0, T ;H) the

space consisting of all H-valued F-adapted bounded processes; and by CF([0, T ];L
2(Ω;H)) the

space consisting of all H-valued F-adapted processes X(·) such that X(·) : [0, T ] → L2
F·
(Ω;H)

is continuous. All these spaces are Banach spaces with the canonical norms (e.g., [24, Section

2.6]).

Let G ⊂ Rn (n ∈ N) be a bounded domain with a C4 boundary Γ. Set Q = (0, T )×G and

Σ = (0, T ) × Γ. Denote by ν(x) = (ν1(x), · · · , νn(x)) the unit outward normal vector of Γ at

point x.
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Consider the following refined stochastic plate equation:

dy = ŷdt+ (a3y + f)dW (t) in Q,

dŷ +∆2ydt = (a1y + a2 · ∇y + a5g)dt+ (a4y + g)dW (t) in Q,

y = h1,
∂y

∂ν
= h2 on Σ,

(y(0), ŷ(0)) = (y0, ŷ0) in G.

(1.1)

Here, (y0, ŷ0) ∈ H−1(G) × (H3(G) ∩ H2
0 (G))∗ (where (H3(G) ∩ H2

0 (G))∗ is the dual space of

H3(G) ∩H2
0 (G) with respect to the pivot space L2(G)), the coefficients

a1, a3, a4 ∈ L∞
F (0, T ;W 1,∞(G)), a2 ∈ L∞

F (0, T ;W 2,∞(G;Rn)), a5 ∈ L∞
F (0, T ;W 3,∞(G)).

and the controls

(f, g, h1, h2) ∈ L2
F(0, T ;H

−1(G))× L2
F(0, T ; (H

3(G) ∩H2
0 (G))∗)× L2

F(0, T ;L
2(Γ))

× L2
F(0, T ;H

−1(Γ)).

Remark 1.1. The influence of the control g on the drift term is reflected by the term a5g.

Specifically, if a control g is introduced in the diffusion term, the term a5g will appear as a side

effect. This leads to technical difficulties in the study of the exact controllability of (1.1). It is

worth noting that based on the same reasoning, an additional term of a6f could be included in

the drift term of the first equation of (1.1). However, we do not know how to handle this term

now.

The control system (1.1) is a nonhomogeneous boundary value problem. Its solution is

understood in the sense of transposition. For the readers’ convenience, we recall it briefly

below. A systematic introduction to that can be found in [24, Section 7.2].

First, we introduce the following reference equation:

dz = ẑdt+ (Z − a5z)dW (t) in Qτ ,

dẑ +∆2zdt = [(a1 − div a2 − a4a5)z − a2 · ∇z − a3Ẑ + a4Z]dt+ ẐdW (t) in Qτ ,

z =
∂z

∂ν
= 0 on Στ ,

(z(τ), ẑ(τ)) = (zτ , ẑτ ) in G,

(1.2)

where τ ∈ (0, T ], Qτ
∆
=(0, τ) × G, Στ

∆
=(0, τ) × Γ, and (zτ , ẑτ ) ∈ L2

Fτ
(Ω;H3(G) ∩ H2

0 (G)) ×
L2
Fτ

(Ω;H1
0 (G)). By the classical well-posedness result for backward stochastic evolution equa-

tions (e.g.,[24, Section 4.2]), we know that (1.2) admits a unique weak solution

(z, Z, ẑ, Ẑ) ∈ L2
F(Ω;C([0, τ ]; (H3(G) ∩H2

0 (G))))× L2
F(0, τ ; (H

3(G) ∩H2
0 (G)))

× L2
F(Ω;C([0, τ ];H1

0 (G)))× L2
F(0, τ ;H

1
0 (G)).

Furthermore, for 0 ≤ s, t ≤ τ , it holds that

|(z(t), ẑ(t))|L2
Ft

(Ω;H3(G)∩H2
0 (G))×L2

Ft
(Ω;H1

0 (G))

≤ C(|(z(s), ẑ(s))|L2
Fs

(Ω;H3(G)∩H2
0 (G))×L2

Fs
(Ω;H1

0 (G))

+ |(Z, Ẑ)|L2
F(0,τ ;H

3(G)∩H2
0 (G))×L2

F(0,τ ;H
1
0 (G))).

(1.3)
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Here and in what follows, we denote by C a generic positive constant depending on G, T , τ

and ai, i = 1, · · · , 5, whose value may vary from line to line.

Next, we give the following hidden regularity for solutions to (1.2).

Proposition 1.1 Let (zτ , ẑτ ) ∈ L2
Fτ

(Ω;H3(G)∩H2
0 (G))×L2

Fτ
(Ω;H1

0 (G)). Then the solution

(z, Z, ẑ, Ẑ) of (1.2) satisfies |∇∆z||Γ ∈ L2
F(0, τ ;L

2(Γ)). Furthermore,

|∇∆z|L2
F(0,τ ;L

2(Γ)) ≤ C|(zτ , ẑτ )|L2
Fτ

(Ω;H3(G)∩H2
0 (G))×L2

Fτ
(Ω;H1

0 (G)).

Proof of Proposition 1.1 is put in Section 2.

Now we are in a position to give the definition of the transposition solution to (1.1).

Definition 1.1. A pair of stochastic processes (y, ŷ) ∈ CF([0, T ];L
2(Ω;H−1(G)))× CF([0, T ];

L2(Ω; (H3(G)∩H2
0 (G))∗)) is a transposition solution to (1.1) if for any τ ∈ (0, T ] and (zτ , ẑτ ) ∈

L2
Fτ

(Ω;H3(G) ∩H2
0 (G))× L2

Fτ
(Ω;H1

0 (G)), we have

E⟨ŷ(τ), zτ ⟩(H3(G)∩H2
0 (G))∗,H3(G)∩H2

0 (G) − ⟨ŷ0, z(0)⟩(H3(G)∩H2
0 (G))∗,H3(G)∩H2

0 (G)

−E⟨y(τ), ẑτ ⟩H−1(G),H1
0 (G) + ⟨y0, ẑ(0)⟩H−1(G),H1

0 (G)

= −E
∫ τ

0

⟨f, Ẑ⟩H−1(G),H1
0 (G)dt+ E

∫ τ

0

⟨g, Z⟩(H3(G)∩H2
0 (G))∗,H3(G)∩H2

0 (G)dt

+E
∫ τ

0

∫
Γ

∂∆z

∂ν
h1dΓdt− E

∫ τ

0

⟨h2,∆z⟩H−1(Γ),H1(Γ)dt.

Here, (z, Z, ẑ, Ẑ) solves (1.2).

Combining Theorem 1.1 and the well-posedness for stochastic evolution equation with an

unbounded control operator in the sense of transposition solution (e.g., [24, Theorem 7.12]), we

immediately get the following well-posedness result for (1.1).

Proposition 1.2 For each (y0, ŷ0) ∈ H−1(G)× (H3(G) ∩H2
0 (G))∗, the system (1.1) admits a

unique transposition solution (y, ŷ). Moreover,

|(y, ŷ)|CF([0,T ];L2(Ω;H−1(G)))×CF([0,T ];L2(Ω;(H3(G)∩H2
0 (G))∗))

≤ C
(
|y0|H−1(G) + |ŷ0|(H3(G)∩H2

0 (G))∗ + |f |L2
F(0,T ;H−1(G)) + |g|L2

F(0,T ;(H3(G)∩H2
0 (G))∗)

+ |h1|L2
F(0,T ;L2(Γ)) + |h2|L2

F(0,T ;H−1(Γ))

)
.

Now we give the definition of the exact controllability for (1.1).

Definition 1.2. The system (1.1) is called exactly controllable at time T if for any (y0, ŷ0) ∈
H−1(G) × (H3(G) ∩ H2

0 (G))∗ and (y1, ŷ1) ∈ L2
FT

(Ω;H−1(G)) × L2
FT

(Ω; (H3(G) ∩ H2
0 (G))∗),

there exist controls

(f, g, h1, h2) ∈ L2
F(0, T ;H

−1(G))× L2
F(0, T ; (H

3(G) ∩H2
0 (G))∗)× L2

F(0, T ;L
2(Γ))

× L2
F(0, T ;H

−1(Γ))

such that the solution (y, ŷ) to (1.1) satisfies that (y(T, ·), ŷ(T, ·)) = (y1, ŷ1), P-a.s.
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Remark 1.2. In the definition of exact controllability for (1.1), we set the state space to

be L2
FT

(Ω;H−1(G)) × L2
FT

(Ω; (H3(G) ∩ H2
0 (G))∗). However, it would be more natural to

choose the state space as L2
FT

(Ω;L2(G)) × L2
FT

(Ω;H−2(G)). Furthermore, the controls g ∈
L2
F(0, T ; (H

3(G)∩H2
0 (G))∗) and h2 ∈ L2

F(0, T ;H
−1(Γ)) are highly irregular. It is expected that

more regular controls will be needed to achieve the desired goal, although the method to do so

is currently unknown. Notably, even for the deterministic plate equation, the existing results

(such as [15]) only prove the exact controllability in the space H−1(G) × (H3(G) ∩ H2
0 (G))∗

with controls in the Dirichlet and Neumann boundary conditions.

The main result of this paper is the following.

Theorem 1.3 The system (1.1) is exactly controllable at any time T > 0.

Remark 1.3. Similar to the derivation process in [23, 28], the refined stochastic plate equation

(1.1) can be obtained from the classical stochastic plate equation:
dyt +∆2ydt = (a1y + a2 · ∇y + f)dt+ (a4y + g)dW (t) in Q,

y = h1,
∂y

∂ν
= h2 on Σ,

(y(0), yt(0)) = (y0, y1) in G.

(1.4)

Here, (y0, y1) are the initial data, and f, g, h1, h2 are controls.

The system (1.4) is widely used in structural engineering for modeling beams, bridges, and

other structures, as demonstrated in various studies such as [2–4, 12]. For instance, (1.4) can

be utilized to describe fluttering or large-amplitude vibration of an elastic panel induced by

aerodynamic forces that are perturbed by random fluctuations, as explored in [3]. However,

as proven in Theorem 4.1 of [28] and Theorem 2.1 of [23], the system (1.4) cannot be exactly

controllable for any T > 0. Therefore, motivated by the negative controllability result and fol-

lowing a similar derivation process as in [23], we investigate a refined stochastic plate equation,

namely (1.1).

We put four controls in the system (1.1). Similarly to Theorem 2.3 in [23], one can find that

boundary controls h1 and h2 in (1.1) cannot be dropped simultaneously, and internal controls

f and g must be acted on the whole domain G. More precisely, we have the following result.

Theorem 1.4 The system (1.1) is not exactly controllable at any time T > 0 provided that

one of the following three conditions is satisfied:

(1). a3 ∈ CF([0, T ];L
∞(Ω)), G\G0 ̸= ∅ and supp f ⊂ G0;

(2). a4 ∈ CF([0, T ];L
∞(Ω)), G\G0 ̸= ∅ and supp g ⊂ G0;

(3). h1 = h2 = 0.

Remark 1.4. It is worth investigating whether one of the boundary controls can be removed

for the system (1.1), as has been done for the deterministic plate equation in [15, 18]. However,

we currently do not have a method for achieving this for the stochastic case.

Remark 1.5. By letting G = (0, 1), we can deduce from Theorem 3.2 that the system (1.1) is

exactly controllable with controls in any nonempty subset of the boundary Γ. In fact, thanks

to Remark 1.7, for any (y0, ŷ0) and (y1, ŷ1) satisfing Definition 1.2, one can find (f, g, h1, h2) ∈
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L2
F(0, T ;H

−1(G)) × L2
F(0, T ; (H

3(G) ∩H2
0 (G))∗) × (L2

F(0, T ))
2 such that the solution (y, ŷ) to

(1.1), where the boundary conditions are

y(·, 0) = h1, yx(·, 0) = h2, y(·, 1) = 0, yx(·, 1) = 0, on (0, T )

satisfies that (y(T, ·), ŷ(T, ·)) = (y1, ŷ1), P-a.s. In the multidimensional case, it is worth

to studying whether (1.1) is still exactly controllable under the assumption that (h1, h2) ∈
L2
F(0, T ;L

2(Γ0))× L2
F(0, T ;L

2(Γ0)), where Γ0 is a nonempty subset of Γ.

By a standard duality argument, Theorem 1.3 is equivalent to the following observability

estimate (e.g., [24, Theorem 7.17]).

Theorem 1.5 There exists a constant C > 0 such that for every (zT , ẑT ) ∈ L2
FT

(Ω;H3(G) ∩
H2

0 (G))× L2
FT

(Ω;H1
0 (G)), it holds that

|(zT , ẑT )|2L2
FT

(Ω;H3(G)∩H2
0 (G))×L2

FT
(Ω;H1

0 (G))

≤ CE
∫
Σ

(|∇∆z|2 + |∆z|2)dΓdt+ C|(Z, Ẑ)|2L2
F(0,T ;H3(G)∩H2

0 (G))×L2
F(0,T ;H1

0 (G)),

where (z, Z, ẑ, Ẑ) is the solution to the equation (1.2) with τ = T , z(T ) = zT , and ẑ(T ) = ẑT .

Remark 1.6. In order to estimate |∇∆z| on the boundary of the dual system (1.2), we may

need better regularity than H2
0 (G)×L2(G) for the initial data, as suggested by the sharp trace

estimate established for the deterministic plate equation in [17]. Therefore, we choose the final

data of (1.2) in L2
FT

(Ω;H3(G) ∩H2
0 (G))× L2

FT
(Ω;H1

0 (G)).

Remark 1.7. Let G = (0, 1). By choosing x0 > 1 in (3.4), from the proof of Theorem 3.2, we

can deduce that

E
∫
Q

θ2
(
sλξ|v̂x|2 + s3λ

7
2 ξ3|v̂|2 + λ|vxxx|2 + s3λ4ξ3|vxx|2 + s4λ6ξ4|vx|2

+ s6λ8ξ6|v|2
)
dxdt

≤ CE
∫
Q

θ2(s6λ6ξ6f2
1 + s4λ4ξ4|f1x|2 + s2λ2ξ2|f1xx|2 + f2

2 + s6λ6ξ6g21

+ s4λ4ξ4|g1x|2 + s2λ2ξ2|g1xx|2 + |g1xxx|2 + s2λ2ξ2|g2|2)dxdt

+ CE
∫ T

0

θ2
(
sλξ|vxxx(0)|2 + s3λ3ξ3|vxx(0)|2

)
dt.

In fact, on Σ, we have

V1 · ν = −2sλξηxνw
2
xxx − 10s3λ3ξ3η3xνw

2
xx

≥ Csλξ(w2
xxx(1)− w2

xxx(0)) + Cs3λ3ξ3(w2
xx(1)− w2

xx(0)),

and

V2 · ν ≥ O(eCλ)(w2
xxx(1) + w2

xxx(0)) + s2O(eCλ)(w2
xx(1) + w2

xx(0)).

The remainder of the proof follows a similar approach to that of Theorem 1.5. Hence, we arrive

the following observability inequality.

|(zT , ẑT )|2L2
FT

(Ω;H3(G)∩H2
0 (G))×L2

FT
(Ω;H1

0 (G))
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≤ CE
∫ T

0

(
|zxxx(0)|2 + |zxx(0)|2

)
dt+ C|(Z, Ẑ)|2L2

F(0,T ;H3(G)∩H2
0 (G))×L2

F(0,T ;H1
0 (G)).

Remark 1.8. One can also consider the exact controllability of a refined stochastic plate equa-

tion when the boundary controls are as follows:

y = h1 and ∆y = h2 on Σ.

By the standard duality argument and the technique of transforming the controllability of the

forward stochastic equation into the controllability of a backward equation (e.g., [24, Section

7.5]), we need to prove the observability estimate for the following equation:
dz = ẑdt− a5zdW (t) in Q,

dẑ +∆2zdt = [(a1 − div a2)z − a2 · ∇z − a4a5z]dt in Q,

z = ∆z = 0 on Σ,

(z(0), ẑ(0)) = (z0, ẑ0) in G.

(1.5)

Following the idea in [29], sufficiently regular solutions of (1.5) can formally be rewritten as

two coupled stochastic Schrödinger equations. In fact, letting u = iẑ +∆z, we have

idz +∆zdt = udt− ia5zdW (t),

and

−idu+∆udt = [(a1 − div a2)z − a2 · ∇z − a4a5z]dt+ i∆(a5z)dW (t).

Clearly, it holds that z = u = 0 on Σ. This formal reduction does not by itself prove observability

under the coefficients assumed in this paper. Indeed, on the Navier boundary,

∆(a5z) = 2(∂νa5)(∂νz),

which need not vanish. Thus the transformed noise need not belong to H1
0 (G), and multipli-

cation by a5 need not preserve {η ∈ H3(G) ∩H1
0 (G) : ∆η ∈ H1

0 (G)}. For example, on (0, 1),

a5(x) = x and z(x) = sin(πx) give (a5z)
′′(0) = 2π. Additional boundary compatibility, such

as ∂νa5 = 0, and a separate observability argument would therefore be needed for this Navier

extension. No such extension is asserted here.

A plenty of works on exact controllability for deterministic plate equations exist in the

literature, including works such as [1, 5, 9–11, 15, 18, 19, 26, 29] and the references therein.

However, to the best of our knowledge, the work in [28] is the only published study that

investigates the exact controllability of stochastic beam equations. In their study, the authors

demonstrate that the equation given in (1.1) is exactly controllable when G is an interval. In this

article, we employ a stochastic Carleman estimate to prove Theorem 1.5. This type of estimate

is one of the most useful tools in studying the controllability of stochastic partial differential

equations, as evident from previous works such as [6, 8, 20–22, 24, 27] and references therein.

However, we note that [28] is the only published study to use this method for investigating the

exact controllability of stochastic beam equations.

The rest of this paper is organized as follows. In Section 2, we provide some preliminaries.

Section 3 is devoted to establishing a Carleman estimate for the adjoint equation (1.2). By

means of that Carleman estimate, we prove Theorem 1.5 in Section 4. At last, Section 5 is

addressed to the proof of Theorem 1.4.
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2 Some preliminary results

This section provides some preliminary results. In the rest of this paper, the notation yxi ≡
yxi

(x) = ∂y(x)/∂xi will be used for simplicity, where xi is the i-th coordinate of a generic point

x = (x1, · · · , xn) in Rn. In a similar manner, we use notations zxj
, vxj

, etc. for the partial

derivatives of z and v with respect to xj .

We first prove the hidden regularity for solutions to (1.2).

Proof of Theorem 1.1. For any ρ
∆
=(ρ1, · · · , ρn) ∈ C2(Rn+1;Rn), by Itô’s formula and (1.2), we

have

n∑
j=1

(2ρ · ∇∆z∆zxj
− ρj |∇∆z|2)xj

dt

= −div ρ|∇∆z|2dt+ 2ρ · ∇∆z
[
(a1 − div a2 − a4a5)z − a2 · ∇z + a4Z − a3Ẑ

]
dt

+2ρ · ∇∆zẐdW (t) + 2∇∆zDρ · ∇∆zdt− 2d(ρ · ∇∆zẑ) + 2ρt · ∇∆zẑdt

+2ρ · ∇∆(Z − a5z)Ẑdt+ 2ρ · ∇∆(Z − a5z)ẑdW (t) + 2 div(ẑρ∇2ẑ)dt

−2 div(ẑ∇ẑDρ)dt+ 2∆ρ · ∇ẑẑdt+ 2∇ẑDρ · ∇ẑdt− div(ρ|∇ẑ|2)dt+ div ρ|∇ẑ|2dt.

(2.1)

Since Γ ∈ C3, there exists a vector field ζ ∈ C2(Rn;Rn) such that ζ = ν on Γ (e.g., [13, Lemma

2.1]). Setting ρ = ζ, integrating (2.1) in Qτ , and taking expectation on Ω, we have

E
∫
Στ

(
2

∣∣∣∣∂∆z

∂ν

∣∣∣∣2 − |∇∆z|2
)
dΓdt

= E
∫
Στ

n∑
j=1

(2ρ · ∇∆z∆zxj − ρj |∇∆z|2)νjdΓdt

= −2E
∫
G

ρ · ∇∆zτ ẑτdx+ 2E
∫
G

ρ · ∇∆z(0)ẑ(0)dx

+ E
∫
Qτ

{
− div ρ|∇∆z|2 + 2ρ · ∇∆z

[
(a1 − div a2 − a4a5)z − a2 · ∇z + a4Z − a3Ẑ

]
+ 2∇∆zDρ · ∇∆z + 2ρt · ∇∆zẑ + 2ρ · ∇∆(Z − a5z)Ẑ + 2∆ρ · ∇ẑẑ

+ 2∇ẑDρ · ∇ẑ + div ρ|∇ẑ|2
}
dxdt.

This implies

2

∣∣∣∣∂∆z

∂ν

∣∣∣∣2
L2

F(0,τ ;L
2(Γ))

− |∇∆z|2L2
F(0,τ ;L

2(Γ))

≤ C(|z|2L2
F(Ω;C([0,τ ];H3(G)∩H2

0 (G))) + |ẑ|2L2
F(Ω;C([0,τ ];H1

0 (G))) + |Z|2L2
F(0,τ ;H

3(G)∩H2
0 (G)) (2.2)

+ |Ẑ|2L2
F(0,τ ;L

2(G)))

≤ C|(zτ , ẑτ )|2L2
Fτ

(Ω;H3(G)∩H2
0 (G))×L2

Fτ
(Ω;H1

0 (G)).

Denote by ∇σ the tangential gradient on Γ. We have

|∇∆z|2 =

∣∣∣∣∂∆z

∂ν

∣∣∣∣2 + |∇σ∆z|2,
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which, together with (2.2), implies that∣∣∣∣∂∆z

∂ν

∣∣∣∣2
L2

F(0,τ ;L
2(Γ))

≤ |∇σ∆z|2L2
F(0,τ ;L

2(Γ)) + C|(zτ , ẑτ )|2L2
Fτ

(Ω;H3(G)∩H2
0 (G))×L2

Fτ
(Ω;H1

0 (G)).

Now we are going to prove

|∇σ∆z|2L2
F(0,τ ;L

2(Γ)) ≤ C|(zτ , ẑτ )|2L2
Fτ

(Ω;H3(G)∩H2
0 (G))×L2

Fτ
(Ω;H1

0 (G)). (2.3)

Using boundary charts and a partition of unity, choose finitely many tangential vector fields

Bα spanning the tangent space on each chart. They can be chosen with C3 coefficients on the

C4 domain. The estimates below apply to each field; for their derivation we write B for one of

them 

B =

n∑
i=1

bi(x)
∂

∂xi
= a first-order differential operator (time independent)

with coefficients bi ∈ C3(G) and such that B is tangential to Γ, i.e.,
n∑

i=1

bi(x)ν
i = 0 on Γ.

(2.4)

These fields are local pullbacks of tangential coordinate derivatives, multiplied by cutoffs. In

the commutator [∆2,B], derivatives of the coefficients of order four are interpreted weakly:

integrating one derivative onto the test function gives the continuous map H3(G) → H−1(G)

with only C3 coefficient bounds.

Define

p
∆
=Bz ∈ CF([0, τ ];L

2(Ω;H2(G))), p̂
∆
=Bẑ ∈ CF([0, τ ];L

2(Ω;L2(G))).

From (1.2), we have 

dp = p̂dt+ g1dW (t) in Qτ ,

dp̂+∆2pdt = f2dt+ g2dW (t) in Qτ ,

p = 0,
∂p

∂ν
=

[
∂

∂ν
,B

]
z on Στ ,

(p(τ), p̂(τ)) = (Bzτ ,Bẑτ ) in G,

(2.5)

where

g1 = B(Z − a5z), g2 = BẐ,

and

f2 = B
[
(a1 − div a2 − a4a5)z − a2 · ∇z − a3Ẑ + a4Z

]
+ [∆2,B]z,

and [·, ·] denotes the commutator of two operators.

From (2.4), we get that

|[∆2,B]z|L2
F(0,τ ;H

−1(G)) ≤ C|(zτ , ẑτ )|L2
Fτ

(Ω;(H3(G)∩H2
0 (G)))×L2

Fτ
(Ω;H1

0 (G)) (2.6)

and that

E
∫
Στ

|∇σ∆z|2 dΓ dt ≤ C
∑
α

E
∫
Στ

|Bα∆z|2 dΓ dt
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≤ C
∑
α

E
∫
Στ

(
|∆(Bαz)|2 + |[Bα,∆]z|2

)
dΓ dt. (2.7)

By (2.4) again, we find that

E
∫
Στ

|[B,∆]z|2dΓdt ≤ CE
∫ τ

0

|z|2H3(G)dt

≤ C|(zτ , ẑτ )|2L2
Fτ

(Ω;H3(G)∩H2
0 (G))×L2

Fτ
(Ω;H1

0 (G)).

(2.8)

Combining (2.7) and (2.8), to show (2.3), it suffices to prove the following estimate for each

field and then sum over the finite family:

E
∫
Στ

|∆p|2dΓdt ≤ C|(zτ , ẑτ )|2L2
Fτ

(Ω;(H3(G)∩H2
0 (G)))×L2

Fτ
(Ω;H1

0 (G)). (2.9)

For any ρ
∆
=(ρ1, · · · , ρn) ∈ C2(Rn+1;Rn), by Itô’s formula and (2.5), we have

n∑
i,k,l=1

(ρipxkxk
pxlxl

)xidt

=

n∑
i,k,l=1

[
ρixi

pxkxk
pxlxl

+ (2ρipxixkxk
pxl

)xl
− (2ρixl

pxixk
pxl

)xk
+ 2ρixlxk

pxixk
pxl

+2ρixl
pxixk

pxlxk
− (2ρipxlxkxk

pxl
)xi

+ (2ρixi
pxlxk

pxl
)xk

− 2ρixixk
pxlxk

pxl

−2ρixi
pxlxk

pxlxk
+ (2ρipxlxkxk

pxi
)xl

− (2ρixl
pxlxk

pxi
)xk

+ 2ρixlxk
pxlxk

pxi

+2ρixl
pxlxk

pxixk

]
dt− 2ρ · ∇p(f2dt+ g2dW (t)) + d(2ρ · ∇pp̂)− 2ρt · ∇pp̂dt

+div ρp̂2dt− 2ρ · d∇pdp̂− div(ρp̂2)dt− 2ρ · ∇g1p̂dW (t).

(2.10)

Setting ρ = ζ, integrating (2.10) in Qτ , and taking expectation on Ω, we have

E
∫
Στ

|∆p|2dΓdt

= E
∫
Στ

n∑
i,k,l=1

ρiνipxkxk
pxlxl

dΓdt

= 2E
∫
G

ρ · ∇pτ p̂τdx− 2E
∫
G

ρ · ∇p(0)p̂(0)dx

+ E
∫
Qτ

(
div ρp̂2 − 2ρ · ∇pf2 − 2ρt · ∇pp̂− 2ρ · ∇g1g2

)
dxdt

+ E
∫
Qτ

n∑
i,k,l=1

(
ρixi

pxkxk
pxlxl

+ 2ρixlxk
pxixk

pxl
+ 2ρixl

pxixk
pxlxk

− 2ρixixk
pxlxk

pxl

− 2ρixi
pxlxk

pxlxk
+ 2ρixlxk

pxlxk
pxi + 2ρixl

pxlxk
pxixk

)
dxdt

+ 2E
∫
Στ

n∑
i,k,l=1

(
ρixi

pxlxk
pxl

νk − ρixl
pxixk

pxl
νk + ρipxlxkxk

pxi
νl − ρixl

pxlxk
pxi

νk
)
dΓdt,

(2.11)

which, together with (2.4)–(2.6), implies (2.9). Then we complete the proof.
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Next, we give a pointwise weighted identity, which will play an important role in the proof

of Theorem 3.2.

We have the following fundamental identity.

Theorem 2.1 Let v be an H4(G)-valued Itô process and v̂ be an H2(G)-valued Itô process

such that

dv = (v̂ + f1)dt+ g1dW (t)

for some f1 ∈ L2
F(0, T ;H

2
0 (G)) and g1 ∈ L2

F(0, T ;H
4(G) ∩ H2

0 (G)). Let η ∈ C6(R × Rn). Set

θ = eℓ, ℓ = sξ, ξ = eλη, w = θv, and ŵ = θv̂ + ℓtw. Then, for any t ∈ [0, T ] and a.e.

(x, ω) ∈ G× Ω,

2θI2(dv̂ +∆2vdt)− 2 div(V1 + V2)dt

= 2I22dt+ 2I2I3 + 2(M1 +M2)dt+ 2

n∑
i,j,k,l=1

Λijkl
1 wxixj

wxkxl
dt+ 2

n∑
i,j=1

Λij
2 wxi

wxj
dt (2.12)

+ 2Λ3w
2dt+ 2Λ4 + 2d(I2ŵ)− 2

n∑
i=1

(Φi
1ŵd∆w)xi

.

Here

I1 = ∆2wdt+Ψ2∆wdt+

n∑
i,j=1

Ψij
3 wxixj

dt+

n∑
i=1

Ψi
4wxi

dt+

n∑
i=1

Ψi
5wxi

dt+Ψ6wdt+ dŵ, (2.13)

with 

Ψ2 = 2s2λ2ξ2|∇η|2, Ψij
3 = 4s2λ2ξ2ηxiηxj ,

Ψi
4 = 12s2λ3ξ2|∇η|2ηxi

+ 4s2λ2ξ2∆ηηxi
,

Ψi
5 =

n∑
j=1

8s2λ2ξ2ηxixj
ηxj

, Ψ6 = s4λ4ξ4|∇η|4,

i, j = 1, · · · , n (2.14)

I2 =

n∑
i=1

Φi
1∆wxi +Φ2∆w +

n∑
i,j=1

Φij
3 wxixj +

n∑
i=1

Φi
4wxi +Φ5w, (2.15)

with 

Φi
1 = −4sλξηxi

, Φ2 = −2sλ2ξ|∇η|2 − 2sλξ∆η − λ,

Φij
3 = 4sλξηxixj − 4sλ2ξηxiηxj , Φi

4 = −4s3λ3ξ3|∇η|2ηxi ,

Φ5 = −6s3λ4ξ3|∇η|4 − 12s3λ3ξ3(∇2η∇η∇η)

−2s3λ3ξ3|∇η|2∆η − s3λ
7
2 ξ3|∇η|4,

i, j = 1, · · · , n (2.16)

I3 = −8sλξ

n∑
i,j=1

ηxixj
wxixj

dt− 4∇∆ℓ · ∇wdt+ 4(∇ℓ · ∇∆ℓ)wdt+ 2|∇2ℓ|2wdt

−∆2ℓwdt+ |∆ℓ|2wdt+ 8s3λ3ξ3(∇2η∇η∇η)wdt+ s3λ
7
2 ξ3|∇η|4wdt+ λ∆wdt (2.17)

− ℓtθf1dt− ℓtθg1dW (t) + (ℓ2t − ℓtt)wdt− 2ℓtŵdt,
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V1 = [V 1
1 , V

2
1 , · · · , V n

1 ], V2 = [V 1
2 , V

2
2 , · · · , V n

2 ],

V j
1 =

n∑
i,k=1

[ n∑
l=1

Φl
1wxkxkxl

wxixixj
− 1

2

n∑
l=1

Φj
1wxkxkxl

wxixixl
+

1

2
Ψ2Φ

j
1wxixi

wxkxk

+

n∑
l=1

Ψik
3 Φl

1wxixk
wxlxj −

1

2

n∑
l=1

Ψij
3 Φ

l
1wxixk

wxkxl
+Φk

4wxixixjwxk
− Φk

4wxixjwxixk

+
1

2
Φj

4w
2
xixk

+
(
Ψ2Φ

k
4δij −

1

2
Ψ2Φ

j
4δik − 1

2
Ψ6Φ

j
1δik +

1

2
Ψij

3 Φ
k
4

)
wxi

wxk

]
,

V j
2 =

n∑
i,l,r,m=1

Θijlrm
1 wxixixl

wxrxm
+

n∑
i,k,l,r=1

Θijklr
2 wxixk

wxlxr
+

n∑
i,k,l=1

Θijkl
3 wxixk

wxl

+

n∑
i,k=1

Θijk
4 wxiwxk

+

n∑
i=1

Θ5wxixixjw +

n∑
i,k=1

Θijk
6 wxixk

w +

n∑
i=1

Θij
7 wxiw +Θj

8w
2 +Θj

9,

M1 = 8sλ2ξ|∇∆w · ∇η|2 + 32s3λ4ξ3|∇2w∇η∇η|2 + 48s3λ3ξ3∇2η(∇2w∇η)(∇2w∇η)

+ 16s3λ3ξ3(∇2w∇η∇η)

n∑
i,j=1

ηxixj
wxixj

− 16s3λ4ξ3|∇η|2|∇2w∇η|2

+ 6s3λ4ξ3|∇η|4|∇2w|2 + 4s3λ3ξ3(∇2η∇η∇η)|∇2w|2 + 2s3λ3ξ3|∇η|2∆η|∇2w|2

+ 2s3λ4ξ3|∇η|4|∆w|2 − 4s3λ3ξ3(∇2η∇η∇η)|∆w|2 − 2s3λ3ξ3|∇η|2∆η|∆w|2

+ 40s5λ6ξ5|∇η|4|∇w · ∇η|2 + 64s5λ5ξ5(∇2η∇η∇η)|∇w · ∇η|2

− 16s5λ6ξ5|∇η|6|∇w|2 + 8s7λ8ξ7|∇η|8w2 + λ|∇∆w|2 − s3λ
7
2 ξ3|∇η|4|∆w|2

+ 4s5λ
11
2 ξ5|∇η|4|∇w · ∇η|2 + 2s5λ

11
2 ξ5|∇η|6|∇w|2 − s7λ

15
2 ξ7|∇η|8w2,

M2 =

(
−1

2

n∑
i=1

Φi
1xi

+Φ2

)
|∇ŵ|2 +

n∑
i,j=1

(
− Φi

1xj
+Φij

3

)
ŵxi

ŵxj

+
1

2

[ n∑
i,j=1

(
Φi

1xixjxj
− Φ2xixi

δij − Φij
3xixj

+Φi
4xi

δij
)
− 2Φ5

]
ŵ2

−
n∑

i,k,j=1

(
Ψi

5Φ
k
1

)
xj
wxi

wxkxj
− 4s2λ3ξ2|∇2w∇η|2 − 2s2λ3ξ2|∇η|2|∆w|2

+ s4λ5ξ4|∇η|4|∇w|2,

Λijkl
1 = Φkl

3xixj
+Φkj

3xixl
+

n∑
r=1

(1
2
Φ2xrxr

δijδkl − Φkr
3xjxr

δil − Φkr
3xixr

δlj +
1

2

n∑
m=1

Φrm
3xrxm

δikδlj

)
,

Λij
2 =

n∑
k=1

[
− Φj

4xixkxk
+

1

2
Φk

4xixjxk
+ (Ψ2Φ

jk
3 )xixk

− 1

2
(Ψ2Φ

ij
3 )xkxk

−
n∑

l=1

1

2
(Ψ2Φ

kl
3 δij)xkxl

+ (Ψik
3 Φ2)xkxj −

n∑
l=1

1

2
(Ψkl

3 Φ2δij)xkxl
− 1

2
(Ψij

3 Φ2)xkxk

+

n∑
l=1

(Ψik
3 Φjl

3 )xkxl
−

n∑
l=1

1

2
(Ψij

3 Φ
kl
3 )xkxl

−
n∑

l=1

1

2
(Ψkl

3 Φij
3 )xkxl

+
1

2
(Ψi

4Φ
j
1)xkxk



12 Q. Lü and Y. Wang

+
1

2
(Ψk

4Φ2δij)xk
− (Ψi

4Φ
jk
3 )xk

+
1

2
(Ψk

4Φ
ij
3 )xk

+
1

2
(Ψk

5Φ2δij)xk
− (Ψi

5Φ
jk
3 )xk

+
1

2
(Ψk

5Φ
ij
3 )xk

]
− 2Φ5xixj

− (Ψi
4Φ2)xj

− (Ψi
5Φ2)xj

,

Λ3 =

n∑
i=1

[ n∑
j=1

1

2
Φ5xixixjxj

+
1

2
(Ψ2Φ5)xixi

+

n∑
j=1

1

2
(Ψij

3 Φ5)xixj
− 1

2
(Ψi

4Φ5)xi
− 1

2
(Ψi

5Φ5)xi

−
n∑

j=1

1

2
(Ψ6Φ

i
1)xixjxj

+
1

2
(Ψ6Φ2)xixi

+

n∑
j=1

1

2
(Ψ6Φ

ij
3 )xixj

]
,

Λ4 =

n∑
i,j=1

[
− Φi

1twxixjxj +
(
− Φ2tδij − Φij

3t

)
wxixj

]
ŵdt−

n∑
i=1

Φi
4twxiŵdt− Φ5twŵdt

+

n∑
i,j=1

(
Φi

1xi
ŵ+Φi

1ŵxi−Φ2ŵδij
)[
(θf1)xjxjdt+(θg1)xjxjdW (t)

]
−Φ5ŵ

(
θf1dt+θg1dW (t)

)
−

n∑
i,j=1

Φij
3 ŵ

[
(θf1)xixj

dt+ (θg1)xixj
dW (t)

]
−

n∑
i=1

Φi
4ŵ

[
(θf1)xi

dt+ (θg1)xi
dW (t)

]
−

n∑
i,j=1

(
Φi

1dwxixjxj
+Φ2δijdwxixi

+Φij
3 dwxixj

+Φi
4δijdwxi

)
dŵ − Φ5dwdŵ,

and

Θijlrm
1 = Φ2δljδrm +Φrm

3 δlj − Φmj
3 δlr +Φlr

3 δmj ,

Θijklr
2 = −1

2
Φ2xj

δikδlr − Φlr
3xi

δkj +Φrj
3xk

δil +

n∑
m=1

Φrm
3xm

δkjδil −
1

2

n∑
m=1

Φjm
3xm

δilδkr − Φkl
3xi

δrj ,

Θijkl
3 = −Φl

4xi
δkj − Φ5δikδlj +Ψ2Φ

ik
3 δlj −Ψ2Φ

ij
3 δkl +Ψlj

3 Φ2δik −Ψlk
3 Φ2δij +Ψik

3 Φlj
3

−Ψij
3 Φ

kl
3 +Ψl

4Φ
k
1δij +Ψl

5Φ
k
1δij ,

Θijk
4 = Φk

4xixj
− 1

2
Φj

4xixk
+ 2Φ5xi

δkj − Φ5xj
δik − (Ψ2Φ

jk
3 )xi

+
1

2
(Ψ2Φ

ik
3 )xj

+

n∑
l=1

1

2
(Ψ2Φ

jl
3 )xl

δik −
n∑

l=1

(Ψil
3Φ2)xl

δkj +
1

2

n∑
l=1

(Ψlj
3 Φ2)xl

δik +
1

2
(Ψik

3 Φ2)xj

−
n∑

l=1

(Ψij
3 Φ

kl
3 )xl

+
1

2

n∑
l=1

(Ψik
3 Φjl

3 )xl
+

1

2

n∑
l=1

(Ψlj
3 Φ

ik
3 )xl

− 1

2
(Ψi

4Φ
k
1)xj

+Ψi
4Φ2δkj

− 1

2
Ψj

4Φ2δik +Ψi
4Φ

kj
3 − 1

2
Ψj

4Φ
ik
3 +Ψi

5Φ2δkj −
1

2
Ψj

5Φ2δik +Ψi
5Φ

kj
3 − 1

2
Ψj

5Φ
ik
3 ,

Θ5 = Φ5,

Θijk
6 = −Φ5xj

δik +Ψ6Φ
k
1δij ,

Θij
7 =

n∑
k=1

Φ5xkxk
δij +Ψ2Φ5δij +Ψij

3 Φ5 − (Ψ6Φ
i
1)xj

+Ψ6Φ2δij +Ψ6Φ
ij
3 ,

Θj
8 = −1

2

n∑
i=1

Φ5xixixj −
1

2
(Ψ2Φ5)xj −

1

2

n∑
i=1

(Ψij
3 Φ5)xi +

1

2
Ψj

4Φ5 +
1

2
Ψj

5Φ5

+
1

2

n∑
i=1

(Ψ6Φ
j
1)xixi

− 1

2
(Ψ6Φ2)xj

− 1

2

n∑
i=1

(Ψ6Φ
ij
3 )xi

+
1

2
Ψ6Φ

j
4,
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Θj
9 =

n∑
i=1

(
Φi

1xi
ŵxj ŵ +Φi

1ŵxiŵxj −
1

2
Φi

1xixj
ŵ2 − 1

2
Φj

1ŵ
2
xi

− Φij
3 ŵŵxi +

1

2
Φij

3xi
ŵ2

)
− Φ2ŵŵxj

+
1

2
Φ2xj

ŵ2 − 1

2
Φj

4ŵ
2.

Remark 2.1. Since we do not put any further assumptions on v and v̂, the identity (2.12)

seems to be very complicated. For solutions to (1.2) or (1.5), many terms, such as V1 and V2,

will merge or vanish by means of the boundary conditions. Furthermore, compared with energy

terms, such as 8sλ2ξ|∇∆w · ∇η|2, 2s3λ4ξ3|∇η|4|∆w|2, 40s5λ6ξ5|∇η|4|∇w · ∇η|2, λ|∇∆w|2,
many terms in (2.12) is of no great importance. We only need to estimate their orders with

respect to s and λ. Hence, an effective way to simplify (2.12) is that we do not write these

terms explicitly and just claim that the order of s and λ for them are lower than the terms with

a “good sign”. However, we do not do this since we want to provide the full details for readers,

and particularly for beginners.

Although the form of the identity (2.12) is very complex, its proof follows from some ba-

sic computations. To avoid defocusing the main theme of this paper, we put the proof of

Theorem 2.1 in the appendix.

3 Carleman estimate for the adjoint equation

This section is devoted to establishing a Carleman estimate for a backward stochastic plate

equation. To this end, we first introduce the weight function η.

For any δ > 0, T > 0 and 0 < ε1 < 1
2 , we choose x0 ∈ Rn\G such that

R0
∆
=min

x∈G
|x− x0|2 > 2δ, (3.1)

and choose sufficiently large β satisfing

R1
∆
=max

x∈G
|x− x0|2 ≤ βε21T

2 − δ. (3.2)

We also choose sufficiently small ε0 with 0 < ε0 < ε1 such that

R0 − βε20T
2 ≥ δ. (3.3)

Let

η(t, x) = |x− x0|2 − β

(
t− T

2

)2

. (3.4)

From (3.1)–(3.4), it is easy to see that η satisfies the following conditions.

Condition 3.1.

(1). |η(t, x)|C2(Q) ≤ C1.

(2). |∇η(t, x)| ≥ C2 > 0, ∀ (t, x) ∈ Q.

(3). For all (t, x) in J1
∆
=[(0, T/2− ε1T ) ∪ (T/2 + ε1T, T )]×G, it holds that η(t, x) ≤ −δ.

(4). For all (t, x) in J2
∆
=(T/2− ε0T, T/2 + ε0T )×G, it holds that η(t, x) ≥ δ.
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Recall that θ = eℓ, ℓ = sξ and ξ = eλη. With η given by (3.4), the functions ℓ and θ are

also defined.

We also need the following known result.

Lemma 3.1 [7, Theorem 2.1] Let q ∈ H2
0 (G). Then there exists a constant C > 0 independent

of s and λ, and parameter λ̂ > 1 and ŝ > 1 such that, for all λ ≥ λ̂ and s ≥ ŝ,

s4λ6

∫
Q

ξ4θ2
(
s2λ2ξ2|q|2 + |∇q|2

)
dxdt ≤ C

∫
Q

s3λ4ξ3θ2|∆q|2dxdt.

We have the following Carleman estimate.

Theorem 3.2 There exist constants C > 0 and λ0 > 0 such that for all λ ≥ λ0, one can find

s0 = s0(λ) > 0 so that for any s ≥ s0,

(v, v̂) ∈ L2
F(Ω;C([0, T ];H4(G) ∩H2

0 (G)))× L2
F(Ω;C([0, T ];H2

0 (G))),

and

f1, f2, g2 ∈ L2
F(0, T ;H

2
0 (G)), g1 ∈ L2

F(0, T ;H
4(G) ∩H2

0 (G))

satisfying 
dv = (v̂ + f1)dt+ g1dW (t) in Q,

dv̂ +∆2vdt = f2dt+ g2dW (t) in Q,

v =
∂v

∂ν
= 0 on Σ,

(3.5)

and

v(0, ·) = v(T, ·) = v̂(0, ·) = v̂(T, ·) = 0 in G, P-a.s., (3.6)

it holds that

E
∫
Q

θ2
(
sλξ|∇v̂|2 + s3λ

7
2 ξ3|v̂|2 + λ|∇∆v|2 + s2λ4ξ2|∇2v|2 + s3λ4ξ3|∆v|2

+ s4λ6ξ4|∇v|2 + s6λ8ξ6|v|2
)
dxdt

≤ CE
∫
Q

θ2
(
s6λ6ξ6f2

1 + s4λ4ξ4|∇f1|2 + s2λ2ξ2|∇2f1|2 + f2
2 + s6λ6ξ6g21 (3.7)

+ s4λ4ξ4|∇g1|2 + s2λ2ξ2|∇2g1|2 + |∇∆g1|2 + s2λ2ξ2|g2|2
)
dxdt

+ CE
∫
Σ

θ2
(
sλξ|∇∆v|2 + s3λ3ξ3|∆v|2

)
dΓdt.

Proof of Theorem 3.2. In what follows, for a positive integer r, we denote by O(λr) a function

of order λr for large λ. Similarly, we use the notation O(eCλ).

In order to shorten the formulae, we define

A1
∆
=E

∫
Q

(
s5O(eCλ) + s6ξ6O(λ7)

)
|w|2dxdt,

A2
∆
=E

∫
Q

(
s3O(eCλ) + s4ξ4O(λ5)

)
|∇w|2dxdt,

A3
∆
=E

∫
Q

(
sO(eCλ) + s2ξ2O(λ3)

)
|∇2w|2dxdt,
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A4
∆
=E

∫
Q

O(1)|∇∆w|2dxdt, (3.8)

B2
∆
=E

∫
Σ

(
s2O(eCλ) + s3ξ3O(λ2)

)
|∇2w|2dΓdt,

Â1
∆
=E

∫
Q

(
s2O(eCλ) + s3ξ3O(λ3)

)
|ŵ|2dxdt,

Â2
∆
=E

∫
Q

(
O(λ) + sξO(1)

)
|∇ŵ|2dxdt,

and

A ∆
=A1 +A2 +A3 +A4 + Â1 + Â2.

Integrating the equality (2.12) on Q, taking mathematical expectation in both sides, and

noting (3.6), we obtain

2E
∫
Q

θI2(dv̂ +∆2vdt)dx− 2E
∫
Q

div(V1 + V2)dxdt

= 2E
∫
Q

I22dxdt+ 2E
∫
Q

I2I3dx+ 2E
∫
Q

(M1 +M2)dxdt (3.9)

+ 2

n∑
i,j,k,l=1

E
∫
Q

Λijkl
1 wxixjwxkxl

dxdt+ 2

n∑
i,j=1

E
∫
Q

Λij
2 wxiwxjdxdt

+ 2E
∫
Q

Λ3w
2dxdt+ 2E

∫
Q

Λ4dx.

By Condition 3.1, (2.14), (2.16) and (3.8), we have

n∑
i,j,k,l=1

E
∫
Q

Λijkl
1 wxixj

wxkxl
dxdt ≥ −CE

∫
Q

sλ4ξ|∇2w|2dxdt ≥ −A3, (3.10)

n∑
i,j=1

E
∫
Q

Λij
2 wxiwxjdxdt ≥ −CE

∫
Q

(
s3λ6ξ3 + s2λ6ξ2

)
|∇w|2dxdt ≥ −A2, (3.11)

E
∫
Q

Λ3w
2dxdt ≥ −CE

∫
Q

s3λ8ξ3
(
1 + sξ + s2ξ2

)
|w|2dxdt ≥ −A1 (3.12)

and

E
∫
Q

Λ4dx ≥ −CE
∫
Q

[
|∇∆w|2 + sO(eCλ)|∇2w|2 + s3O(eCλ)|∇w|2 + s5O(eCλ)|w|2

+ s2O(eCλ)|ŵ|2 + s3λ3ξ3|ŵ|2 + (sξ + λ)|∇ŵ|2
]
dxdt

− CE
∫
Q

θ2
(
s6λ6ξ6f2

1 + s4λ4ξ4|∇f1|2 + s2λ2ξ2|∇2f1|2 + s6λ6ξ6g21 (3.13)

+ s4λ4ξ4|∇g1|2 + s2λ2ξ2|∇2g1|2 + |∇∆g1|2 + s2λ2ξ2|g2|2
)
dxdt

≥ −CE
∫
Q

θ2
(
s6λ6ξ6f2

1 + s4λ4ξ4|∇f1|2 + s2λ2ξ2|∇2f1|2 + s6λ6ξ6g21

+ s4λ4ξ4|∇g1|2 + s2λ2ξ2|∇2g1|2 + |∇∆g1|2 + s2λ2ξ2|g2|2
)
dxdt−A.
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It follows from (3.9)–(3.13) that

2E
∫
Q

θI2(dv̂ +∆2vdt)dx− 2E
∫
Q

div(V1 + V2)dxdt

≥ 2E
∫
Q

I22dxdt+ 2E
∫
Q

I2I3dx+ 2E
∫
Q

(M1 +M2)dxdt (3.14)

− CE
∫
Q

θ2
(
s6λ6ξ6f2

1 + s4λ4ξ4|∇f1|2 + s2λ2ξ2|∇2f1|2 + s6λ6ξ6g21 + s4λ4ξ4|∇g1|2

+ s2λ2ξ2|∇2g1|2 + |∇∆g1|2 + s2λ2ξ2|g2|2
)
dxdt−A.

We will estimate the terms in (3.14) one by one. The procedure is divided into three steps.

Step 1. In this step, we consider the divergence terms.

Thanks to the boundary conditions satisfied by v, it is easy to check that

w = 0, ∇w = 0, ∇2w = θ∇2v on Σ. (3.15)

We also have

∂wxi

∂ν
νj = wxixj

= wxjxi
=

∂wxj

∂ν
νi, (3.16)

which implies

|∆w|2 =

n∑
i,j=1

wxixiwxjxj =

n∑
i,j=1

∂wxi

∂ν
νi

∂wxj

∂ν
νj

=

n∑
i,j=1

∂wxi

∂ν
νj

∂wxj

∂ν
νi =

n∑
i,j=1

w2
xixj

(3.17)

= |∇2w|2 =

n∑
i=1

(
∂wi

∂ν

)2

on Σ.

Thanks to (3.15), we obtain that

V1 · ν =

n∑
i,j,k,l=1

Φl
1wxkxkxl

wxixixj
νj − 1

2

n∑
i,j,k,l=1

Φj
1wxkxkxl

wxixixl
νj

+
1

2

n∑
i,j,k=1

Ψ2Φ
j
1wxixiwxkxk

νj +

n∑
i,j,k,l=1

Ψik
3 Φl

1wxixk
wxlxjν

j (3.18)

− 1

2

n∑
i,j,k,l=1

Ψij
3 Φ

l
1wxixk

wxkxl
νj −

n∑
i,j,k=1

Φk
4wxixj

wxixk
νj

+
1

2

n∑
i,j,k=1

Φj
4w

2
xixk

νj on Σ.

By Condition 3.1 and (2.16), we have that

n∑
i,j,k,l=1

Φl
1wxkxkxl

wxixixj
νj − 1

2

n∑
i,j,k,l=1

Φj
1ν

jwxkxkxl
wxixixl

≥ −Csλξ|∇∆w|2 on Σ. (3.19)
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From (2.14) and (2.16), we get that

1

2

n∑
i,j,k=1

Ψ2Φ
j
1ν

jwxixi
wxkxk

= −4s3λ3ξ3|∇η|2 ∂η
∂ν

|∆w|2 on Σ. (3.20)

Combining (2.14), (2.16), (3.16) and (3.17), we find that

n∑
i,j,k,l=1

Ψik
3 Φl

1wxixk
wxlxj

νj = −16

n∑
i,j,k,l=1

s3λ3ξ3ηxi
ηxk

ηxl
νjwxixk

wxlxj

= −16

n∑
i,j,k=1

s3λ3ξ3ηxiηxk
νjwxixk

∂wj

∂ν

∂η

∂ν
(3.21)

= −16

n∑
j=1

s3λ3ξ3
(
∂η

∂ν

)3(
∂wj

∂ν

)2

= −16s3λ3ξ3
(
∂η

∂ν

)3

|∆w|2 on Σ

and

− 1

2

n∑
i,j,k,l=1

Ψij
3 Φ

l
1wxixk

wxkxl
νj −

n∑
i,j,k=1

Φk
4wxixj

wxixk
νj +

1

2

n∑
i,j,k=1

Φj
4w

2
xixk

νj

= 8s3λ3ξ3
(
∂η

∂ν

)3

|∆w|2 + 2s3λ3ξ3|∇η|2 ∂η
∂ν

|∆w|2 on Σ. (3.22)

Hence, combining Condition 3.1 and (3.18)–(3.22), we obtain that

V1 · ν ≥ −Csλξ|∇∆w|2 − 8s3λ3ξ3
(
∂η

∂ν

)3

|∆w|2 − 2s3λ3ξ3|∇η|2 ∂η
∂ν

|∆w|2

≥ −Csλξ|∇∆w|2 − Cs3λ3ξ3|∆w|2 on Σ.

This implies that

E
∫
Q

div V1dxdt ≥ −CE
∫
Σ

s3λ3ξ3|∆w|2dΓdt− CE
∫
Σ

sλξ|∇∆w|2dΓdt. (3.23)

Thanks to Condition 3.1, (2.16), (3.8) and (3.15), we have

E
∫
Q

div V2dxdt = E
∫
Σ

V2 · νdΓdt

= E
∫
Σ

n∑
j=1

( n∑
i,l,r,m=1

Θijlrm
1 wxixixl

wxrxm
+

∑
i,k,l,r=1

Θijklr
2 wxixk

wxlxr
+Θj

9

)
νjdΓdt

≥ E
∫
Σ

[
sξO(λ)|∇∆w|2 + sO(eCλ)|∇2w|2

]
dΓdt (3.24)

≥ −CE
∫
Σ

sλξ|∇∆w|2dΓdt+ B2.

Combining (3.14), (3.23) and (3.24), we obtain that

2E
∫
Q

θI2
(
dv̂ +∆2vdt

)
dx+ CE

∫
Σ

s3λ3ξ3|∆w|2dΓdt
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+ CE
∫
Q

θ2
(
s6λ6ξ6f2

1 + s4λ4ξ4|∇f1|2 + s2λ2ξ2|∇2f1|2 + s6λ6ξ6g21 + s4λ4ξ4|∇g1|2

+ s2λ2ξ2|∇2g1|2 + |∇∆g1|2 + s2λ2ξ2|g2|2
)
dxdt (3.25)

+ CE
∫
Σ

sλξ|∇∆w|2dΓdt+A+ B2

≥ 2E
∫
Q

I22dxdt+ 2E
∫
Q

I2I3dx+ 2E
∫
Q

(M1 +M2)dxdt.

Step 2. In this step, we study 2E
∫
Q

(M1 +M2)dxdt via integration by parts.

From Condition 3.1, (3.8) and (3.15), we get that

− E
∫
Q

16s3λ4ξ3|∇η|2|∇2w∇η|2dxdt

= −E
∫
Q

16s3λ4ξ3
n∑

i,j,k,l=1

η2xi
ηxk

ηxl
wxkxjwxlxjdxdt

= E
∫
Σ

8s3λ4
n∑

i,j,k,l=1

[−2ξ3η2xi
ηxk

ηxl
wxkxj

wxl
+ (ξ3η2xi

ηxk
ηxl

)xj
wxk

wxl
]νjdΓdt (3.26)

+ E
∫
Q

8s3λ4
n∑

i,j,k,l=1

[2ξ3η2xi
ηxk

ηxl
wxkxjxjwxl

− (ξ3η2xi
ηxk

ηxl
)xjxjwxk

wxl
]dxdt

≥ −4E
∫
Q

sλ2ξ|∇∆w∇η|2dxdt− 16E
∫
Q

s5λ6ξ5|∇η|4|∇w∇η|2dxdt−A2.

Thanks to (3.4) and Condition 3.1, we know that there esists λ1 > 0 such that for all λ ≥ λ1,

it holds that

64E
∫
Q

s5λ5ξ5(∇2η∇η∇η)|∇w · ∇η|2dxdt

= 128E
∫
Q

s5λ5ξ5|∇η|2|∇w · ∇η|2dxdt (3.27)

≥ −E
∫
Q

s5λ6ξ5|∇η|4|∇w · ∇η|2dxdt.

Combining Condition 3.1, (3.4), (3.8) and (3.15), we get that

E
∫
Q

[
4s3λ3ξ3(∇2η∇η∇η) + 2s3λ3ξ3|∇η|2∆η

]
(|∇2w|2 − |∆w|2)dxdt

=
1

2
E
∫
Q

∆
[
4s3λ3ξ3(∇2η∇η∇η) + 2s3λ3ξ3|∇η|2∆η

]
|∇w|2dxdt

+ E
∫
Q

∇
[
4s3λ3ξ3(∇2η∇η∇η) + 2s3λ3ξ3|∇η|2∆η

]
· ∇w∆wdxdt (3.28)

≥ −E
∫
Q

s2ξ2O(λ3)|∇2w|2dxdt− E
∫
Q

(
s3O(eCλ) + s4ξ4O(λ5)

)
|∇w|2dxdt

≥ −A2 −A3,
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and that

32E
∫
Q

s3λ3ξ3(∇2w∇η∇η)

n∑
i,j=1

ηxixj
wxixj

dxdt

= 32

n∑
i,j,k,l=1

E
∫
Q

s3λ3ξ3ηxkxl
ηxiηxjwxixjwxkxl

dxdt

= 32

n∑
i,j,k,l=1

E
∫
Σ

s3λ3ξ3ηxkxl
ηxi

ηxj
(wxi

wxkxl
νj − wxi

wxjxl
νk)dΓdt

− 32

n∑
i,j,k,l=1

E
∫
Q

s3λ3(ξ3ηxkxl
ηxiηxj )xjwxiwxkxl

dxdt (3.29)

+ 32

n∑
i,j,k,l=1

E
∫
Q

s3λ3(ξ3ηxkxl
ηxi

ηxj
)xk

wxi
wxjxl

dxdt

+ 32E
∫
Q

s3λ3ξ3∇2η(∇2w∇η)(∇2w∇η)dxdt

≥ 32E
∫
Q

s3λ3ξ3∇2η(∇2w∇η)(∇2w∇η)dxdt−A2 −A3

= 64E
∫
Q

s3λ3ξ3|∇2w∇η|2dxdt−A2 −A3.

From (3.8) and (3.15), we see that

E
∫
Q

[(
8s3λ4ξ3 − s3λ

7
2 ξ3

)
|∇η|4|∆w|2 − 2

(
8s3λ4ξ3 − s3λ

7
2 ξ3

)
|∇η|6s2λ2ξ2|∇w|2

+
(
8s3λ4ξ3 − s3λ

7
2 ξ3

)
|∇η|8s4λ4ξ4|w|2

]
dxdt

= E
∫
Q

[(
8s3λ4ξ3 − s3λ

7
2 ξ3)|∇η|4(∆w + s2λ2ξ2|∇η|2w

)2
(3.30)

− 2
(
8s3λ4ξ3 − s3λ

7
2 ξ3

)
|∇η|6s2λ2ξ2(|∇w|2 + w∆w)

]
dxdt

≥ E
∫
Q

(
8s3λ4ξ3 − s3λ

7
2 ξ3

)
|∇η|4

(
∆w + s2λ2ξ2|∇η|2w

)2
dxdt−A1.

Noting that (a+ b+ c)2 ≤ 3(a2 + b2 + c2) for a, b, c ∈ R, we find that

E
∫
Q

s3λ4ξ3θ2|∇η|4|∆v|2dxdt

= E
∫
Q

s3λ4ξ3|∇η|4
(
∆w − 2sλξ∇η∇w + s2λ2ξ2|∇η|2w − sλ2ξ|∇η|2w − sλξ|∆η|w

)2
dxdt

≤ 3E
∫
Q

s3λ4ξ3|∇η|4
(
∆w + s2λ2ξ2|∇η|2w

)2
dxdt+ 12E

∫
Q

s5λ6ξ5|∇η|4|∇w · ∇η|2dxdt+A1.

(3.31)

Combining (3.26)–(3.31), we know there exists λ2 ≥ λ1 such that for all λ ≥ λ2, it holds that

E
∫
Q

M1dxdt+A ≥ E
∫
Q

λ|∇∆w|2dxdt+ E
∫
Q

s3λ4ξ3θ2|∇η|4|∆v|2dxdt. (3.32)
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It follows from Condition 3.1, (2.14), (2.16), (3.4) and (3.8) that

E
∫
Q

M2dxdt+A ≥ E
∫
Q

(
16sλξ|∇ŵ|2 + s3λ

7
2 ξ3|∇η|4ŵ2

)
dxdt. (3.33)

Thanks to (3.25), (3.32) and (3.33), for λ ≥ λ2, we have that

2E
∫
Q

θI2(dv̂ +∆2vdt)dx+ CE
∫
Σ

s3λ3ξ3|∆w|2dΓdt

+ CE
∫
Σ

sλξ|∇∆w|2dΓdt+A+ B2

+ CE
∫
Q

θ2
(
s6λ6ξ6f2

1 + s4λ4ξ4|∇f1|2 + s2λ2ξ2|∇2f1|2 + s6λ6ξ6g21

+ s4λ4ξ4|∇g1|2 + s2λ2ξ2|∇2g1|2 + |∇∆g1|2 + s2λ2ξ2|g2|2
)
dxdt (3.34)

≥ 2E
∫
Q

I22dxdt+ 2E
∫
Q

I2I3dx

+ E
∫
Q

(
λ|∇∆w|2 + s3λ4ξ3θ2|∆v|2 + sλξ|∇ŵ|2 + s3λ

7
2 ξ3ŵ2

)
dxdt.

Step 3. In this step, we get the estimate of v.

From (3.5), we have that

2E
∫
Q

θI2
(
dv̂ +∆2vdt

)
dx ≤ E

∫
Q

I22dxdt+ E
∫
Q

θ2f2
2 dxdt. (3.35)

Thanks to Condition 3.1, (2.17) and (3.8), we find that

2E
∫
Q

I2I3dx ≥ −E
∫
Q

I22dxdt−A− CE
∫
Q

s2λ2ξ2θ2f2
1 dxdt. (3.36)

Noting that

|∇∆w|2 ≤ Cθ2
(
|∇∆v|2 + s2λ2ξ2|∇2v|2

)
on Σ,

by (3.15) and (3.17), there exists λ3 > 0 such that for all λ ≥ λ3, there is s1 = s1(λ) > 0, such

that for all s ≥ s1, we have that

B2 + E
∫
Σ

s3λ3ξ3|∆w|2dΓdt+ E
∫
Σ

sλξ|∇∆w|2dΓdt

≤ CE
∫
Σ

sλξθ2
(
|∇∆v|2 + s2λ2ξ2|∆v|2

)
dΓdt.

(3.37)

Thanks to (3.34)–(3.37), for λ ≥ λ3 and s ≥ s1, we get that

CE
∫
Σ

sλξθ2
(
|∇∆v|2 + s2λ2ξ2|∆v|2

)
dΓdt+A

+ CE
∫
Q

θ2
(
s6λ6ξ6f2

1 + s4λ4ξ4|∇f1|2 + s2λ2ξ2|∇2f1|2 + f2
2 + s6λ6ξ6g21 (3.38)

+ s4λ4ξ4|∇g1|2 + s2λ2ξ2|∇2g1|2 + |∇∆g1|2 + s2λ2ξ2|g2|2
)
dxdt
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≥ E
∫
Q

(
λ|∇∆w|2 + s3λ4ξ3θ2|∆v|2 + sλξ|∇ŵ|2 + s3λ

7
2 ξ3ŵ2

)
dxdt.

By Theorem 3.1, for λ ≥ max{λ3, λ̂} and s ≥ max{s1, ŝ}, we obtain that

E
∫
Q

(s6λ8ξ6θ2|v|2 + s4λ6ξ4θ2|∇v|2)dxdt ≤ CE
∫
Q

s3λ4ξ3θ2|∆v|2dxdt,

which, together with (3.38), implies that

CE
∫
Σ

sλξθ2
(
|∇∆v|2 + s2λ2ξ2|∆v|2

)
dΓdt+A

+ CE
∫
Q

θ2
(
s6λ6ξ6f2

1 + s4λ4ξ4|∇f1|2 + s2λ2ξ2|∇2f1|2 + f2
2 + s6λ6ξ6g21 (3.39)

+ s4λ4ξ4|∇g1|2 + s2λ2ξ2|∇2g1|2 + |∇∆g1|2 + s2λ2ξ2|g2|2
)
dxdt

≥ E
∫
Q

(
λ|∇∆w|2 + s3λ4ξ3θ2|∆v|2 + s4λ6ξ4θ2|∇v|2 + s6λ8ξ6θ2|v|2

+ sλξ|∇ŵ|2 + s3λ
7
2 ξ3ŵ2

)
dxdt.

Let ṽ = sλ2ξesξv. Then, we have that

E
∫
Q

s2λ4ξ2θ2|∇2v|2dxdt

= E
∫
Q

s2λ4ξ2θ2|∇2(s−1λ−2ξ−1θ−1ṽ)|2dxdt

≤ CE
∫
Q

s2λ4ξ2(s−2λ−4ξ−2|∇2ṽ|2 + λ−2|∇ṽ|2 + s2ξ2|ṽ|2)dxdt

≤ C|ṽ|2L2
F(0,T ;H2(G)) + CE

∫
Q

s2λ2ξ2|∇ṽ|2dxdt+ CE
∫
Q

s4λ4ξ4|ṽ|2dxdt (3.40)

≤ C|ṽ|2L2
F(0,T ;H2(G)) + CE

∫
Q

s2λ2ξ2(s4λ6ξ4θ2v2 + s2λ4ξ2θ2|∇v|2)dxdt

+ CE
∫
Q

s6λ8ξ6θ2|v|2dxdt

≤ C|ṽ|2L2
F(0,T ;H2(G)) + CE

∫
Q

(s6λ8ξ6θ2|v|2 + s4λ6ξ4θ2|∇v|2)dxdt.

It follows from ṽ = 0 on Σ that

|ṽ|2L2
F(0,T ;H2(G))

≤ C|∆ṽ|2L2
F(0,T ;L2(G))

≤ CE
∫
Q

(
s6λ8ξ6θ2|v|2 + s4λ6ξ4θ2|∇v|2 + s2λ4ξ2θ2|∆v|2

)
dxdt.

(3.41)

Combining (3.40) and (3.41), we obtain that

E
∫
Q

s2λ4ξ2θ2|∇2v|2dxdt ≤ CE
∫
Q

(
s6λ8ξ6θ2|v|2 + s4λ6ξ4θ2|∇v|2 + s2λ4ξ2θ2|∆v|2

)
dxdt.

(3.42)
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From (3.39) and (3.42), there exists λ4 ≥ max{λ3, λ̂} such that for all λ ≥ λ4, there is an

s2 = s2(λ) > max{s1, ŝ}, such that for all s ≥ s2, we have that

CE
∫
Σ

sλξθ2
(
|∇∆v|2 + s2λ2ξ2|∆v|2

)
dΓdt+A

+ CE
∫
Q

θ2
(
s6λ6ξ6f2

1 + s4λ4ξ4|∇f1|2 + s2λ2ξ2|∇2f1|2 + f2
2 + s6λ6ξ6g21

+ s4λ4ξ4|∇g1|2 + s2λ2ξ2|∇2g1|2 + |∇∆g1|2 + s2λ2ξ2|g2|2
)
dxdt (3.43)

≥ E
∫
Q

(
λ|∇∆w|2 + s3λ4ξ3θ2|∆v|2 + s2λ4ξ2θ2|∇2v|2 + s4λ6ξ4θ2|∇v|2 + s6λ8ξ6θ2|v|2

+ sλξ|∇ŵ|2 + s3λ
7
2 ξ3ŵ2

)
dxdt.

Recalling v = θ−1w and v̂ = θ−1(ŵ − ℓtw), we get that

E
∫
Q

θ2
(
λ|∇∆v|2 + sλξ|∇v̂|2 + s3λ

7
2 ξ3|v̂|2

)
dxdt

= E
∫
Q

θ2
(
λ|∇∆(θ−1w)|2 + sλξ|∇[θ−1(ŵ − ℓtw)]|2 + s3λ

7
2 ξ3θ−2|ŵ − ℓtw|2

)
dxdt (3.44)

≤ CE
∫
Q

[
λ
(
|∇∆w|2+s2λ2ξ2|∇2w|2+s4λ4ξ4|∇w|2+s6λ6ξ6|w|2

)
+s3λ

7
2 ξ3

(
|ŵ|2+s2λ2ξ2|w|2

)
+ sλξ

(
|∇ŵ|2 + s2λ2ξ2|ŵ|2 + s2λ2ξ2|∇w|2 + s4λ4ξ4|w|2

)]
dxdt

≤ CE
∫
Q

(
λ|∇∆w|2 + sλξ|∇ŵ|2 + s3λ

7
2 ξ3|ŵ|2

)
dxdt+A.

Thanks to (3.8) and Condition 3.1, there exists λ5 > 0 such that for all λ ≥ λ5, there is an

s3 = s3(λ) > 0, such that for all s ≥ s3, we have

A ≤ 1

C
E
∫
Q

θ2
(
λ|∇∆v|2 + sλξ|∇v̂|2 + s3λ

7
2 ξ3|v̂|2 + s2λ4ξ2|∇2v|2 + s3λ4ξ3|∆v|2

+ s4λ6ξ4|∇v|2 + s6λ8ξ6|v|2
)
dxdt. (3.45)

Let us choose λ0 ≥ max{λ4, λ5}. Combining (3.43)–(3.45), for all λ ≥ λ0, one can find

s0 = s0(λ) ≥ max{s2, s3} so that for any s ≥ s0, inequality (3.7) holds.

4 Proof of the observability estimate

Proof of Theorem 1.5. Let χ ∈ C∞
0 ([0, T ]) satisfy

χ = 1 in

(
T

2
− ε1T,

T

2
+ ε1T

)
.

Put v = χz and v̂ = χẑ + χtz for (z, ẑ) satisfying (1.2), then (v, v̂) fulfills v(0, ·) = v(T, ·) =

v̂(0, ·) = v̂(T, ·) = 0 in G, and solves
dv = v̂dt+ χ(Z − a5z)dW (t) in Q,

dv̂ +∆2vdt = f̃2dt+ g̃2dW (t) in Q,

v =
∂v

∂ν
= 0 on Σ,

(4.1)
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where

f̃2 = χ[(a1 − div a2 − a4a5)z − a2∇z − a3Ẑ + a4Z] + 2χtẑ + χttz

and

g̃2 = χẐ + χt(Z − a5z).

We justify applying the estimate at the regularity of the adjoint solution. Let A = ∆2 with

D(A) = H4(G)∩H2
0 (G) be the positive clamped realization, and let PN be its first N spectral

projections. Its fractional domains are D(A3/4) = H3(G)∩H2
0 (G) and D(A1/4) = H1

0 (G), with

equivalent norms. For g1 = χ(Z−a5z), the coefficient assumptions give g1 ∈ L2
F(0, T ;D(A3/4))

and f̃2, g̃2 ∈ L2
F(0, T ;D(A1/4)). Apply PN to both equations in (4.1). The resulting processes

(vN , v̂N ) = (PNv, PN v̂), with the three projected sources, satisfy the hypotheses and end-

point conditions of Theorem 3.2. They converge in the state spaces L2(Ω;C([0, T ];D(A3/4) ×
D(A1/4))), and the sources converge in the spaces just displayed.

Boundary convergence follows from the same multiplier proof used for Theorem 1.1, before

substituting the particular lower order terms. More precisely, for the clamped system du =

û dt+G1 dW , dû+Audt = F dt+G2 dW , it gives

E
∫
Σ

|∇∆u|2 dΓ dt ≤ CE sup
0≤t≤T

(|u(t)|2H3 + |û(t)|2H1)

+ C
(
|F |2L2

F(0,T ;H1) + |G1|2L2
F(0,T ;H3) + |G2|2L2

F(0,T ;H1)

)
.

Indeed, in (2.1) the new drift is paired with ρ · ∇∆u, while the quadratic variation is 2ρ ·
∇∆G1 G2; both have the displayed bounds. For each tangential field Bα, (2.10) has drift

BαF + [A,Bα]u ∈ H−1 paired with ρ · ∇(Bαu) ∈ H1
0 , and noise BαG1 ∈ H2, BαG2 ∈ L2.

Thus the tangential and normal estimates close exactly as above, with constants independent of

N . Applying this bound to spectral differences proves convergence of ∇∆vN in L2(Ω×Σ); the

trace theorem gives convergence of ∆vN there. For fixed s, λ, the smooth weights are bounded

on Q, so passing to the limit in (3.7) is justified.

By Theorem 3.2, for λ ≥ λ0 and s ≥ s0, we have

E
∫
Q

θ2χ2
(
λ|∇∆z|2 + s2λ4ξ2|∇2z|2 + s3λ4ξ3|∆z|2 + s4λ6ξ4|∇z|2 + s6λ8ξ6|z|2

)
dxdt

≤ E
∫
Q

θ2
(
sλξ|∇v̂|2 + s3λ

7
2 ξ3|v̂|2 + λ|∇∆v|2 + s2λ4ξ2|∇2v|2 + s3λ4ξ3|∆v|2

+ s4λ6ξ4|∇v|2 + s6λ8ξ6|v|2
)
dxdt

≤ CE
∫
Q

θ2χ2
(
s6λ6ξ6z2 + s4λ4ξ4|∇z|2 + s2λ2ξ2|∇2z|2 + |∇∆z|2 + |z|2 + |∇z|2

)
dxdt

+ CE
∫
J1

θ2
(
|ẑ|2 + z2 + s2λ2ξ2z2

)
dxdt+ C(s, λ)|(Z, Ẑ)|2L2

F(0,T ;H3(G))×L2
F(0,T ;L2(G))

+ CE
∫
Σ

θ2
(
sλξ|∇∆z|2 + s3λ3ξ3|∆z|2

)
dΓdt.

This, together with Condition 3.1, implies that there exists λ̃1 ≥ λ0 such that for all λ ≥ λ̃1,

there is s̃1 = s̃1(λ) ≥ s0, so that for any s ≥ s̃1, it holds that

E
∫
Q

θ2
(
sλξ|∇v̂|2 + s3λ

7
2 ξ3|v̂|2 + λ|∇∆v|2 + s2λ4ξ2|∇2v|2 + s3λ4ξ3|∆v|2
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+ s4λ6ξ4|∇v|2 + s6λ8ξ6|v|2
)
dxdt (4.2)

≤ CE
∫
J1

θ2
(
|ẑ|2 + z2 + s2λ2ξ2z2

)
dxdt+ CE

∫
Σ

θ2
(
sλξ|∇∆z|2 + s3λ3ξ3|∆z|2

)
dΓdt

+ C(s, λ)|(Z, Ẑ)|2L2
F(0,T ;H3(G))×L2

F(0,T ;H1(G)).

Thanks to Condition 3.1, we obtain

e2se
λδ−Cλ−6 ln sE

∫
J2

(
|∇∆z|2 + |∇2z|2 + |∇z|2 + z2 + |∇ẑ|2 + |ẑ|2

)
dxdt

≤ e2se
λδ

E
∫
J2

(
sλξ|∇v̂|2 + s3λ

7
2 ξ3|v̂|2 + λ|∇∆v|2 + s2λ4ξ2|∇2v|2 + s3λ4ξ3|∆v|2

+ s4λ6ξ4|∇v|2 + s6λ8ξ6|v|2
)
dxdt (4.3)

≤ E
∫
Q

θ2
(
sλξ|∇v̂|2 + s3λ

7
2 ξ3|v̂|2 + λ|∇∆v|2 + s2λ4ξ2|∇2v|2 + s3λ4ξ3|∆v|2

+ s4λ6ξ4|∇v|2 + s6λ8ξ6|v|2
)
dxdt.

From (1.3) and Condition 3.1, we see that

|(zT , ẑT )|2L2
FT

(Ω;H3(G)∩H2
0 (G))×L2

FT
(Ω;H1

0 (G))

≤ CE
∫
J2

(
|∇∆z|2 + |∇2z|2 + |∇z|2 + z2 + |∇ẑ|2 + |ẑ|2

)
dxdt (4.4)

+ C(s, λ)|(Z, Ẑ)|2L2
F(0,T ;H3(G)∩H2

0 (G))×L2
F(0,T ;H1

0 (G)),

and that

E
∫
J1

θ2
(
|ẑ|2 + z2 + s2λ2ξ2z2

)
dxdt

≤ e2se
−λδ+Cλ+2 ln sE

∫
J1

(
|ẑ|2 + z2

)
dxdt (4.5)

≤ Ce2se
−λδ+Cλ+2 ln s|(zT , ẑT )|2L2

FT
(Ω;H3(G)∩H2

0 (G))×L2
FT

(Ω;H1
0 (G))

+C(s, λ)|(Z, Ẑ)|2L2
F(0,T ;H3(G)∩H2

0 (G))×L2
F(0,T ;H1

0 (G)).

Combining (4.2)–(4.5) choosing λ ≥ λ̃1 and s ≥ s̃1 such that

C exp
(
2se−λδ − 2seλδ + Cλ+ 8 ln s

)
≤ 1

2
,

we get the desired observability estimate.

5 Proof of Theorem 1.4

The proof of Theorem 1.4 is similar to that for [23, Theorem 2.3]. We provide it here for the

convenience of the readers. To begin with, we recall the following result.

Lemma 5.1 [25, Lemma 2.1] There exists a random variable ζ ∈ L2
FT

(Ω) such that it is

impossible to find ς1, ς2 ∈ L2
F(0, T )× CF([0, T ];L

2(Ω)) and α ∈ R satisfying

ζ = α+

∫ T

0

ς1(t)dt+

∫ T

0

ς2(t)dW (t).
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Proof of Theorem 1.4. We employ a contradiction argument and divide the proof into three

cases.

Case 1: a3 ∈ CF([0, T ];L
∞(Ω)), G\G0 ̸= ∅ and supp f ⊂ G0.

Let ρ ∈ C∞
0 (G\G0) satisfying |ρ|L2(G) = 1. Suppose that (1.1) was exactly controllable.

By Definition 1.2, for (y0, ŷ0) = (0, 0), there exist controls (f, g, h1, h2) with supp f ⊂ G0 a.e.

(t, ω) ∈ (0, T )×Ω such that the solution to (1.1) fulfills (y(T ), ŷ(T )) = (ρζ, 0), where ζ is given

in Theorem 5.1. Hence,

ρζ =

∫ T

0

ŷdt+

∫ T

0

(a3y + f)dW (t). (5.1)

Multiplying (5.1) by ρ and integrating it in G, we arrive that

ζ =

∫ T

0

⟨ŷ, ρ⟩(H3(G)∩H2
0 (G))∗,H3(G)∩H2

0 (G)dt+

∫ T

0

⟨a3y, ρ⟩H−1(G),H1
0 (G)dW (t),

which contradicts Theorem 5.1.

Case 2: a4 ∈ CF([0, T ];L
∞(Ω)), G\G0 ̸= ∅ and supp g ⊂ G0.

Choose ρ ∈ C∞
c (G \ G0) as in Case 1, normalized by

∫
G
ρ2 dx = 1. Suppose that (1.1)

is exactly controllable. From zero initial data choose controls with supp g ⊂ G0 so that

(y(T ), ŷ(T )) = (0, ρζ), where ζ is given by Theorem 5.1. Pairing the second equation directly

with ρ gives

ζ =

∫ T

0

[
−⟨y,∆2ρ⟩+ ⟨a1y + a2 · ∇y, ρ⟩

]
, dt+

∫ T

0

a4(t)⟨y, ρ⟩ dW (t).

All pairings are distributional pairings against smooth compactly supported functions. The

terms containing g and a5g vanish because their supports are disjoint from that of ρ. The

drift integrand is square integrable, and the diffusion integrand is mean-square continuous

because a4 ∈ CF([0, T ];L
∞(Ω)) and y is mean-square continuous in H−1(G). This contradicts

Theorem 5.1.

Case 3: h1 = h2 = 0.

Assume that (1.1) was exactly controllable. Then, from the equivalence between the exact

controllability of (1.1) and the observability estimate of (1.2), we get that for any (zT , ẑT ) ∈
L2
FT

(Ω;H3(G) ∩H2
0 (G)) × L2

FT
(Ω;H1

0 (G)), the solution (z, Z, ẑ, Ẑ) to (1.2) ( with τ = T and

(z(T ), ẑ(T )) = (zT , ẑT )) satisfies

|(zT , ẑT )|L2
FT

(Ω;H3(G)∩H2
0 (G))×L2

FT
(Ω;H1

0 (G)) ≤ C(|Z|L2
F(0,T ;H3(G)∩H2

0 (G)) + |Ẑ|L2
F(0,T ;H1

0 (G))).

(5.2)

For any nonzero (Φ0,Φ1) ∈ (H3(G) ∩H2
0 (G))×H1

0 (G), let (Φ, Φ̂) solve the equation

dΦ = Φ̂dt− a5ΦdW (t) in Q,

dΦ̂ + ∆2Φdt = [(a1 − div a2 − a4a5)Φ− a2 · ∇Φ]dt in Q,

Φ =
∂Φ

∂ν
= 0 on Σ,

(Φ(0), Φ̂(0)) = (Φ0,Φ1) in G.

Clearly, (Φ, 0, Φ̂, 0) solves (1.2) with the final datum (zT , ẑT ) = (Φ(T ), Φ̂(T )), a contradiction

to the inequality (5.2).
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Appendix A Proof of the weighted identity

Proof of Theorem 2.1. It is clear that

dw = d(θv) = θdv + ℓtθvdt = ŵdt+ θf1dt+ θg1dW (t),

and

θdv̂ = θd[θ−1(ŵ − ℓtw)] = dŵ − ℓtdw − ℓttwdt− ℓtŵdt+ ℓ2twdt

= dŵ − 2ℓtŵdt+ (ℓ2t − ℓtt)wdt− ℓtθf1dt− ℓtθg1dW (t). (A.1)

We also have

θ∆2v = ∆2w − 4sλξ∇η · ∇∆w − 4sλ2ξ(∇2w∇η∇η)− 4sλξ

n∑
i,j=1

ηxixj
wxixj

+ 2s2λ2ξ2|∇η|2∆w − 2sλ2ξ|∇η|2∆w − 2sλξ∆η∆w + 4s2λ2ξ2(∇2w∇η∇η)

− 4∇∆ℓ · ∇w + 12s2λ3ξ2|∇η|2∇η∇w + 8s2λ2ξ2(∇2η∇η∇w) (A.2)

− 4s3λ3ξ3|∇η|2∇η∇w + 4s2λ2ξ2∆η∇η∇w + 4(∇ℓ · ∇∆ℓ)w + 2|∇2ℓ|2w −∆2ℓw

−6s3λ4ξ3|∇η|4w−4s3λ3ξ3(∇2η∇η∇η)w+s4λ4ξ4|∇η|4w−2s3λ3ξ3|∇η|2∆ηw+|∆ℓ|2w.

From (A.1), (A.2) and (2.13)–(2.17), we have

2θI2(dv̂ +∆2vdt) = 2I2(I1 + I2dt+ I3).

We will compute I1I2 under the form
7∑

i=1

5∑
j=1

Iij , where Iij is the product of the i-th term of

I1 with the j-th term of I2. Note that Iij are the same as Appendix A in [22] for i = 1, · · · , 6
and j = 1, · · · , 5, except for I13.

We have

I13 =

n∑
i,j,k,l=1

Φkl
3 wxixixjxjwxkxl

dt

=

n∑
i,j,k,l=1

(
Φkl

3 wxixixj
wxkxl

− Φkj
3 wxixixl

wxkxl
+Φkl

3 wxixixl
wxkxj

− Φkl
3xi

wxixj
wxkxl

+Φkj
3xl

wxixl
wxixk

+Φkl
3xl

wxixj
wxixk

− 1

2
Φjl

3xl
w2

xixk
− Φkl

3xi
wxjxl

wxixk

)
xj

dt

−
n∑

i,j,k,l=1

Φkl
3 wxixixl

wxkxjxj
dt+

n∑
i,j,k,l=1

Φkl
3xixj

wxixj
wxkxl

dt−
n∑

i,j,k,l=1

Φkl
3xlxj

wxixj
wxixk

dt

−
n∑

i,j,k,l=1

Φkl
3xixl

wxixj
wxkxj

dt+

n∑
i,j,k,l=1

Φkl
3xixj

wxixl
wxkxj

dt+
1

2

n∑
i,j,k,l=1

Φkl
3xkxl

w2
xixj

dt.

We have

I71 =

n∑
i,j=1

Φi
1wxixjxjdŵ
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=

n∑
i,j=1

(
Φi

1xi
ŵŵxj −

1

2
Φi

1xixj
ŵ2 +Φi

1ŵxi
ŵxj

− 1

2
Φj

1ŵ
2
xi

)
xj

dt−
n∑

i,j=1

(Φj
1ŵ dwxixi

)xj

+

n∑
i,j=1

d(Φi
1wxixjxj

ŵ) +
1

2

n∑
i,j=1

Φi
1xixjxj

ŵ2dt− 1

2

n∑
i,j=1

Φi
1xi

ŵ2
xj
dt−

n∑
i,j=1

Φi
1xj

ŵxi
ŵxj

dt

−
n∑

i,j=1

Φi
1twxixjxj

ŵdt+

n∑
i,j=1

(Φi
1xi

ŵ +Φi
1ŵxi

)[(θf1)xjxj
dt+ (θg1)xjxj

dW (t)]

−
n∑

i,j=1

Φi
1dwxixjxj

dŵ,

I72 =

n∑
i=1

Φ2wxixidŵ

=

n∑
j=1

(
−Φ2ŵŵxj +

1

2
Φ2xj

ŵ2

)
xj

dt+

n∑
i=1

d(Φ2wxixi
ŵ)−

n∑
i=1

Φ2twxixi
ŵdt

− 1

2

n∑
i=1

Φ2xixiŵ
2dt+

n∑
i=1

Φ2ŵ
2
xi
dt−

n∑
i=1

Φ2dwxixidŵ

−
n∑

i=1

Φ2ŵ[(θf1)xixidt+ (θg1)xixidW (t)],

I73 =

n∑
i,j=1

Φij
3 wxixjdŵ

=

n∑
i,j=1

(
−Φij

3 ŵŵxi
+

1

2
Φij

3xi
ŵ2

)
xj

dt+

n∑
i,j=1

d(Φij
3 wxixj

ŵ)−
n∑

i,j=1

Φij
3twxixj

ŵdt

− 1

2

n∑
i,j=1

Φij
3xixj

ŵ2dt−
n∑

i,j=1

Φij
3 dwxixj

dŵ +

n∑
i,j=1

Φij
3 ŵxi

ŵxj
dt

−
n∑

i,j=1

Φij
3 ŵ[(θf1)xixj

dt+ (θg1)xixj
dW (t)],

I74 =

n∑
i=1

Φi
4wxidŵ

=

n∑
j=1

(
−1

2
Φj

4ŵ
2

)
xj

dt+

n∑
i=1

d(Φi
4wxiŵ)−

n∑
i=1

Φi
4twxiŵdt+

1

2

n∑
i=1

Φi
4xi

ŵ2dt

−
n∑

i=1

Φi
4dwxidŵ −

n∑
i=1

Φi
4ŵ[(θf1)xidt+ (θg1)xidW (t)],

I75 = Φ5wdŵ = d(Φ5wŵ)− Φ5twŵdt− Φ5ŵ
2dt− Φ5dwdŵ − Φ5ŵ(θf1dt+ θg1dW (t)).

By summing all the Iij , we get (2.12).
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