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Abstract

The global null controllability of stochastic semilinear parabolic equations with globally Lip-
schitz nonlinearities has been addressed in recent literature. However, there are no results
concerning their numerical approximation and the behavior of discrete controls when the dis-
cretization parameter goes to zero. This paper is intended to studying the ϕ-null controllability
for semi-discrete stochastic semilinear parabolic equations, where the spatial variable is dis-
cretized using a finite difference scheme while the temporal variable remains continuous. The
ϕ-null controllability means that terminal state can be dominated by a function that tends to
zero as the spatial discretization parameter h approaches zero. The proof is based on a new
refined semi-discrete Carleman estimate and Banach fixed point method. The main novelty here
is that the Carleman parameters and discretization parameter are made explicit and are then
used in a Banach fixed point method.

1 Introduction

Let T > 0 and (Ω,F ,F,P) with F = {Ft}t≥0 be a complete filtered probability space on which
a one-dimensional standard Brownian motion {W (t)}t≥0 is defined and F is the natural filtration
generated by W (·), augmented by all the P null sets in F . Write F for the progressive σ-field with
respect to F. Let H be a Banach space. Denote by L2

Fτ
(Ω;H) the space of all Fτ -measurable

random variables ξ such that E|ξ|2H < ∞; by L2
F(0, T ;H) the Banach space consisting of all H-

valued F-adapted processes X(·) such that E(|X(·)|2L2(0,T ;H)) < ∞, with the canonical norm; by

L∞
F (0, T ;H) the Banach space consisting of all H-valued F-adapted essentially bounded processes;

and by L2
F(Ω;C([0, T ];H)) the Banach space consisting of all H-valued F-adapted continuous pro-

cesses X(·) such that E(|X(·)|2C([0,T ];H)) <∞.

Let G = (0, 1) and G0 be a nonempty open subset of G. As usual, χG0 denotes the characteristic
function of G0. We consider the following stochastic semilinear parabolic problem in a continuous
framework:

dy − yxxdt = (f(ω, t, x, y) + χG0u)dt+ (g(ω, t, x, y) + v)dW (t) in (0, T )×G,

y(t, 0) = y(t, 1) = 0 on (0, T ),

y(0) = y0 in G.

(1.1)
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Here, the initial datum y0 ∈ L2(G) and the controls (u, v) ∈ L2
F(0, T ;L

2(G0)) × L2
F(0, T ;L

2(G)).
The null controllability problem of (1.1) consists of finding controls (u, v) such that y(T ) = 0 in G,
P-a.s.

As we known, the controllability of deterministic nonlinear parabolic equations has been studied
by many authors and the results available in the literature are very rich (see e.g., [2, 9–12, 16] and
the references cited therein). A common feature of these results is that they usually use linearization
and suitable fixed point methods to address the controllability problem of nonlinear systems. To
this end, the important property of compactness is often required.

In recent years, the controllability of stochastic parabolic equations has received much attention.
However, most of the existing results are focused only on stochastic linear parabolic equations,
with very few results on the nonlinear case. The main reason is that the compactness property,
which is one of the key tools in the deterministic setting, is known to be false for the functional
spaces related to stochastic setting. To the best of our knowledge, the only known results in
this direction are [13, 14, 24, 25]. In [14], the authors prove the global null controllability of
forward stochastic semilinear parabolic equations with globally Lipschitz nonlinearities using a
refined Carleman estimate and the Banach fixed point theorem in weighted Sobolev spaces. This
method effectively circumvents the well-known problem of the lack of compactness embeddings for
the solution spaces arising in the study of controllability problems for stochastic parabolic equations.

Specifically, consider the following assumptions for f and g:

(A1). The functions f and g have pointwise representatives measurable with respect to P⊗B(G)⊗
B(R), where P is the progressively measurable σ-algebra on Ω × [0, T ]. In particular, their
values at every grid point are progressively measurable. For each φ ∈ L2(G), the compositions
f(·, ·, ·, φ) and g(·, ·, ·, φ) are L2(G)-valued progressively measurable processes;

(A2). There exists L > 0, for (ω, t, x, s1, s2) ∈ Ω× [0, T ]×G× R× R, it holds that

|f(ω, t, x, s1)− f(ω, t, x, s2)| ≤ L|s1 − s2|;

(A3). For (ω, t, x) ∈ Ω× [0, T ]×G, f(ω, t, x, 0) = 0;

(A4). There exists L > 0 for (ω, t, x, s1, s2) ∈ Ω× [0, T ]×G× R× R, it holds that

|g(ω, t, x, s1)− g(ω, t, x, s2)| ≤ L|s1 − s2|;

(A5). For (ω, t, x) ∈ Ω× [0, T ]×G, g(ω, t, x, 0) = 0.

Assuming (A1)–(A3) and square integrability of g(·, ·, ·, y) along the trajectory used in the feedback
cancellation, the system (1.1) is null controllable, i.e. for every T > 0 and for every y0 ∈ L2(G),
there exist controls (u, v) ∈ L2

F(0, T ;L
2(G0)) × L2

F(0, T ;L
2(G)) such that the constructed solution

y of (1.1) satisfies y(T, x) = 0 in G, P-a.s. (see [14, Theorem 1.1]).
As the numerical approximation of the control system (1.1), it is natural to consider the null

controllability for semi-discrete stochastic semilinear parabolic equations. We shall introduce a
finite difference approximation of the system (1.1).

Let N ∈ N. Define the spatial discretization parameter h
∆
=1/(N+1). Consider the pairs (t, xi)

with t ∈ (0, T ) and xi = ih for i = 0, · · · , N + 1. Applying the centered finite difference method to
the spatial variable for the system (1.1), we consider the following semi-discrete stochastic semilinear
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system:
dyi − 1

h2
(yi+1 − 2yi + yi−1)dt

= (f i(ω, t, xi, y
i) + χiG0

ui)dt+ (gi(ω, t, xi, y
i) + vi)dW (t) t ∈ (0, T ), i = 1, · · · , N,

y0(t) = yN+1(t) = 0 t ∈ (0, T ),

yi(0) = yi0 i = 1, · · · , N,
(1.2)

where yi0 = h−1
∫ xi+h/2
xi−h/2 y0(x) dx and χiG0

= χG0(xi).
To present our main results, we need to introduce some notations. Define the following regular

partition of the interval [0, 1] as K ∆
={xi | i = 0, 1, . . . , N,N + 1}. For any set of points W ⊂ K, we

denote the dual meshes W ′ and W∗, respectively, by

W ′ ∆= τ+(W) ∩ τ−(W), W∗ ∆
= τ+(W) ∪ τ−(W),

where

τ±(W)
∆
=

{
x± h

2

∣∣∣∣x ∈ W
}
.

Define W ∆
=(W∗)∗ and W̊ ∆

=(W ′)′. Notice that for two consecutive points xi, xi+1 ∈ W, we obtain

xi+1 − xi = h provided W̊ = W. Such a subset W ⊂ K is called a regular mesh. Denote the

boundary of a regular mesh W as ∂W ∆
=W\W.

We define the average operator Ah and the difference operator Dh by

Ah(u)(t, x)
∆
=
τ+u(t, x) + τ−u(t, x)

2
,

Dh(u)(t, x)
∆
=
τ+u(t, x)− τ−u(t, x)

h
,

where τ±u(t, x)
∆
=u

(
t, x± h

2

)
.

Let L(W) represent the set of real-valued functions defined in W. We denote by L2
h(W) the

Hilbert space with the inner product

⟨u, v⟩L2
h(W)

∆
=

∫
W
uv

∆
=h

∑
x∈W

u(x)v(x)

For u ∈ L(W), its L∞
h (W)-norm is defined as

|u|L∞
h (W)

∆
=max
x∈W

{|u(x)|}.

With above notations, letting Q
∆
=(0, T )×M whereM ∆

= K̊, the controlled semi-discrete stochas-
tic semilinear system (1.2) can be written as

dy −D2
hydt = (f(ω, t, x, y) + χG0u)dt+ (g(ω, t, x, y) + v)dW (t) in Q,

y(t, 0) = y(t, 1) = 0 on (0, T ),

y(0, x) = y0 in M,

(1.3)

3



where the initial datum y0 ∈ L2
h(M) and the controls (u, v) ∈ L2

F(0, T ;L
2
h(G0 ∩ M)) × L2

F(0, T ;
L2
h(M)). Utilizing the classical theory of stochastic differential equations (see [20, Theorem 3.2]),

there is a unique solution y ∈ L2
F(Ω;C([0, T ];L

2
h(M))) to (1.3). The main purpose of this paper is

to study the null controllability for the semi-discrete stochastic semilinear parabolic equation (1.3).

Remark 1.1. It is a technical requirement to introduce two controls u and v in (1.3). This is
because, in the Carleman estimate (3.10), the term involving |g| appear on the right-hand side of
the inequality. So far, we do not know how to handle this term. In fact, for general stochastic
parabolic equations in the continuous setting, this remains an open problem. However, for some
special linear systems where the principal coefficients depend only on the spatial variable and the
lower order terms are independent of spatial variable, controllability results with control only in
the drift term can be obtained (see [19, 23]).

Remark 1.2. The question of whether controllability can be achieved with a scalar control v(ω, t)
in the diffusion term is a fundamental and highly challenging problem. To the best of our knowl-
edge, even in the continuous (non-discrete) setting, this problem remains open and is considered
a major obstacle in the control theory of SPDEs. Existing results on scalar controls for parabolic
equations are limited to deterministic systems [3], and their extension to the stochastic case is not
straightforward. It would likely require the development of entirely new analytical tools.

Remark 1.3. One might consider simplifying the system by absorbing the diffusion term via
feedback control, i.e., by taking v = −g. However, this does not necessarily reduce the difficulty
of proving controllability. In this case, the system becomes a parabolic equation with random
coefficients: 

dy −D2
hy dt = (f(ω, t, x, y) + χG0u)dt in Q,

y(t, 0) = y(t, 1) = 0 on (0, T ),

y(0, x) = y0 in M.

If we treat the sample point ω as a parameter, then for any fixed ω ∈ Ω, the controllability of such
a deterministic equation with random coefficients is known (see [5]), implying the existence of a
control u(ω, ·, ·). However, the crucial difficulty lies in the stochastic setting: there is no guarantee
that such a control, constructed for each ω, would be adapted to the filtration F. A non-adapted
control would require future information, which is inadmissible. This “adaptedness” constraint is
a fundamental challenge in SPDE control theory that is not circumvented by this simplification.

Remark 1.4. The assumption that the control v acts on the whole domain G is an idealization. A
more physically relevant and challenging problem is to consider a control localized to a smaller region
G1 ⊂ G. This localized control problem is a major open question in the field, even for continuous
linear SPDEs. The primary technical obstacle is the reliance of current methods on global Carleman
estimates. A solution would require a new type of Carleman estimate where the right-hand-side
integral is restricted to the control region G1, i.e., involving the term E

∫ T
0

∫
G1
s2e2sϕ|g|2dt. Devel-

oping such an estimate would be a significant breakthrough. Therefore, our work, which addresses
the global control case, should be seen as an essential first step. It establishes a foundational result
and develops techniques in the semi-discrete stochastic setting, providing a benchmark for future
investigations into more realistic scenarios like the localized control problem.

Remark 1.5. It is an interesting problem to consider the case where f(ω, t, x, y, yx) depends on yx.
Although our Carleman estimate (3.10) involves the term E

∫
Q∗ se

2sϕ|Dhw|2dt, the main difficulty

lies in how to add the term E
∫
Q e

−2sϕs−2|AhDhy|2dx into the left-hand side of (4.6). Even in the

continuous case [14], this problem remains open. At present, we do not know how to overcome this
difficulty.
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There are numerous studies on the controllability theory of deterministic linear semi-discrete
parabolic equations (see [1, 6, 8, 15, 21, 27, 28] and the references cited therein). However, there
are fewer studies on the controllability of semi-discrete semilinear systems. In [5], the authors
study the null controllability of semi-discrete semilinear parabolic equations, using the linearization
and Schauder topological fixed point theorem. In contrast, there are only a few papers which
are concerned with controllability of the semi-discrete stochastic parabolic equations, i.e., [26]
which announced the null controllability of linear semi-discrete stochastic second order parabolic
equations, and [22] which announced the null controllability of linear semi-discrete stochastic fourth
order parabolic equations. To the best of our knowledge, there are no results available regarding
the controllability of semi-discrete stochastic nonlinear parabolic equations.

For discrete systems, it is well known that uniform null controllability is hard to address, i.e. for
any initial condition, there exist controls (u, v) such the solution of system satisfies yi(T ) = 0 for
i ∈ 1, ..., N . Thus, we consider the ϕ-null controllability which proposed in [5], i.e. terminal state
can be dominated by a function which tends to zero as spatial discretization parameter h tends to
zero. This definition is highly useful for characterizing the behavior of discrete controls when the
discretization parameter goes to zero.

To overcome the lack of compactness for the solution spaces of stochastic differential equations,
we borrow some ideas from [14] for proving the null controllability of stochastic semilinear parabolic
equations (1.3). First, we introduce a new weight function that differs from the continuous case in
[14], and we obtain a new global Carleman estimate for a liner backward stochastic semi-discrete
parabolic equations with a source term in a suitable weighted space. Next, by combining the
Carleman estimate with the duality argument and the Hilbert Uniqueness Method introduced in
[4], we establish the ϕ-null controllability for a linear system, which Carleman parameters and
discretization parameter h are made explicit. At last, the ϕ-null controllability of system (1.3) is
ensured through a Banach fixed point method which does not rely on any compactness argument.

The main result of this paper is the following.

Theorem 1.1. Under assumptions (A1)− (A5), there exist positive constants h0 and C such that
for all h ≤ h0, there exist (u, v) ∈ L2

F(0, T ;L
2
h(G0 ∩M))× L2

F(0, T ;L
2
h(M)), so that the solution y

to (1.3) satisfies

E
∫
Q
|y|2dt+ E

∫ T

0

∫
M∩G0

|u|2dt+ E
∫
Q
|v|2dt ≤ C

∫
M

|y0|2, (1.4)

and

E
∫
M

|y(T )|2 ≤ Ce−
C
h

∫
M

|y0|2. (1.5)

Here and in what follows, unless otherwise stated, C stands for a generic positive constant
depending only on G, G0, T and the Lipschitz constant L whose value may vary from line to line.
The mesh threshold h0 in the main theorem may also depend on L.

Remark 1.6. For the semi-discrete linear system, we can obtain a controllability result with only
one control. In fact, consider the following equation:

dy −D2
hydt = χG0udt+ a(t)ydW (t) in Q,

y(t, 0) = y(t, 1) = 0 on (0, T ),

y(0, x) = y0 in M,

(1.6)
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where a(t) ∈ L∞
F (0, T ;R), the initial datum y0 ∈ L2

F0
(Ω;L2

h(M)) and the control u ∈ L∞
F (0, T ;L2(Ω;

L2
h(M))). By using the partial spectral inequality for discrete elliptic operators established in [7]

and the techniques developed in [19], one can show that the ϕ-null controllability for (1.6) holds.
However, the above method is difficult to apply to the semilinear case.

Remark 1.7. We claim that, under assumptions (A1)− (A5), the ϕ-null controllability for (1.2)
can be reduced to the ϕ-null controllability of the following equation:

dy −D2
hydt = (f(y) + χG0u)dt+ vdW (t) in Q,

y(t, 0) = y(t, 1) = 0 on (0, T ),

y(0, x) = y0 in M.

(1.7)

Indeed, assume that the ϕ-null controllability for (1.7) holds. Then there exist (u, v) ∈ L2
F(0, T ;

L2
h(G0 ∩M))× L2

F(0, T ;L
2
h(M)) such that the solution to (1.7) satisfies (1.4) and (1.5). Since the

control v is distributed in the whole domain Q, the state y satisfies (1.3) with the control u∗ = u
and v∗ = v − g(y). Hence (1.5) holds. Thanks to assumptions (A1), (A4), (A5) and (1.4), one can
show that (u∗, v∗) satisfies

E
∫ T

0

∫
M∩G0

|u∗|2dt+ E
∫
Q
|v∗|2dt ≤ C

∫
M

|y0|2,

which implies the ϕ-null controllability for (1.3).

Remark 1.8. From Remark 1.7, assumptions (A1)–(A3) suffice for the feedback cancellation argu-
ment provided the constructed trajectory satisfies g(·, ·, ·, y) ∈ L2

F(0, T ;L
2
h(M)). Under this addi-

tional integrability condition, the feedback defines an admissible control v and (1.5) holds. Without
it, even the stochastic integral need not be defined. However, without assumptions (A4) and (A5),
it is difficult to show that the control of the diffusion term is uniformly bounded with respect to
discretization parameter h. This is why we need these assumptions (A4)–(A5) in Theorem 1.1.

The rest of this paper is organized as follows. In section 2, we give some preliminaries. A
new Carleman estimate is proved in section 3. In section 4, we prove the controllability for linear
stochastic semi-discrete parabolic equations with a source. Finally, we prove the main controllability
result Theorem 1.1 based on the Banach fixed point method in Section 5.

2 Some preliminary results

This section is devoted to presenting some preliminary results we needed.

Lemma 2.1. [8, Lemma 2.1] For any u, v ∈ L(W), we have for the difference operator

Dh(uv) = DhuAhv +AhuDhv, on W∗. (2.1)

Similarly, the average of the product gives

Ah(uv) = AhuAhv +
h2

4
DhuDhv, on W∗. (2.2)

Finally, on W̊ we have

u = A2
hu− h2

4
D2
hu. (2.3)
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Corollary 2.2. [8, Corollary 2.2] Let W ⊆ M be a regular mesh. For u ∈ L(W),

Ah(u
2) = (Ahu)

2 +
h2

4
(Dhu)

2, on W∗. (2.4)

In particular, for all u ∈ L(W),

Ah(u
2) ≥ (Ahu)

2, on W∗. (2.5)

For u ∈ L(W)

Dh(u
2) = 2DhuAhu. (2.6)

To deal with the boundary conditions, we define the outward normal for x ∈ ∂W as

ν(x)
∆
=


1, if τ−(x) ∈ W∗ and τ+(x) /∈ W∗,

−1, if τ−(x) /∈ W∗ and τ+(x) ∈ W∗,

0, otherwise.

(2.7)

We also introduce the trace operator for u ∈ L(W∗) as

∀ x ∈ ∂W, tr(u)
∆
=


τ−u(x), if ν(x) = 1,

τ+u(x), if ν(x) = −1,

0, if ν(x) = 0.

Then by the definition of trace operator, for x ∈ ∂W and u ∈ L(W), it is easy to check that

tr(|Ahu|2)ν −
h2

4
tr(|Dhu|2)ν = |u|2ν − hutr(Dhu). (2.8)

Finally, let us introduce the discrete integration on the boundary for u ∈ L(∂W) as∫
∂W

u
∆
=

∑
x∈∂W

u(x).

Proposition 2.3. [8, Proposition 2.3] Let W be a semi-discrete regular mesh. For u ∈ L(W) and
v ∈ L(W∗) we have ∫

W
uDhv = −

∫
W∗

Dhuv +

∫
∂W

utr(v)ν (2.9)

and ∫
W
uAhv =

∫
W∗

Ahuv −
h

2

∫
∂W

utr(v). (2.10)

Proposition 2.4. [8, Corollary 2.7] Let f be a (n+ 4)-times differentiable function defined on R
and m,n ∈ N. Then

Amh D
n
hf = f (n) +RAm

h
(f (n)) +RDn

h
(f) +RAm

h D
n
h
(f),
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where

RDn
h
(f) := h2

n∑
k=0

(
n
k

)
(−1)k

(
(n− 2k)

2

)n+2 ∫ 1

0

(1− σ)n+1

(n+ 1)!
f (n+2)

(
·+(n− 2k)h

2
σ

)
dσ

RAn
h
(f) :=

h2

2n+2

n∑
k=0

(
n
k

)
(n− 2k)2

∫ 1

0
(1− σ)f (2)

(
·+(n− 2k)h

2
σ

)
dσ,

and RAm
h D

n
h
:= RAm

h
◦RDn

h
. Here, f (n) denotes the n-th derivative of f with respect to x.

3 Carleman estimate

This section is devoted to proving a new Carleman estimate for a backward stochastic semi-discrete
parabolic equation. To state our Carleman estimates, we first introduce the weight functions.

Let G̃ be an open interval contains [0, 1], and G1, G2 be given two nonempty open subsets of G
satisfying G2 ⊂ G2 ⊂ G1 ⊂ G1 ⊂ G0 and M∩G2 ⊂ M∩ G1. Thanks to [12, Lemma 1.1], there

exists a function ψ ∈ Ck(G̃) with k large enough such that

0 < ψ ≤ 1 in G̃, |∂xψ| ≥ C0 > 0 in G\G2, ∂xψ(0) > 0, and ∂xψ(1) < 0. (3.1)

Without loss of generality, in what follows, we assume that 0 < T < 1. For some constants m ≥ 1,
σ ≥ 2 and 0 < δ < 1

2 , we define the following weight function

θ(t) = 1 +

(
1− 4t

T

)σ
, t ∈ [0, T/4),

θ(t) = 1, t ∈ [T/4, T/2),

θ is in increasing on [T/2, 3T/4),

θ(t) =
1

(T − t+ δT )m
, t ∈ [3T/4, T ],

θ ∈ C2([0, T ]).

(3.2)

For any parameters λ ≥ 1 and µ ≥ 1, let{
ϕ(x) = eµ(ψ(x)+6m) − µe6µ(m+1), φ(x) = eµ(ψ(x)+6m),

s(t) = λθ(t), r(t, x) = es(t)ϕ(x), ρ(t, x) = (r(t, x))−1.
(3.3)

We choose σ as

σ = λµ2eµ(6m−4). (3.4)

Remark 3.1. In the continuous setting, the regularity of the weight function ψ can be chosen as
C2([0, 1];R). Here estimates of discrete derivations of the weight function require knowledge of
higher-order derivatives through Taylor formulas. Moreover, to facilitate the Taylor expansion of
the weight function at the boundary, the domain of ψ has been slightly extended.

Remark 3.2. The assumption 0 < T < 1 is only technical. In fact, if T ≥ 1, one can modify
the definition of θ(t) on the interval (T/2, T ] by setting θ(t) = 2(T/4 + δT )m(T − t + δT )−m for
t ∈ [3T/4, T ]. With this adjustment, the Carleman estimate (3.10) remains valid.
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Remark 3.3. It can be seen from the (3.2) that, compared with the weight function in continuous
setting (see [14]), the main difference here is that the weight does not singular at times t = T .

In the sequel, for any n ∈ N, we denote by O(sn) a function of order sn for sufficiently large
s (which is independent of µ and h), by Oµ(s

n) a function of order sn for fixed µ and sufficiently
large s (which is independent of h), and by Oµ((sh)

n) a function of order (sh)n for fixed µ and
sufficiently large s, sufficiently small h.

We need some estimates regarding the weighted functions.

Lemma 3.1. [17, Lemma 4.3] For α, β ∈ N, we have

∂βx (r∂
α
x ρ) = αβ(−sφ)αµα+β(∂xψ)α+β + αβ(sφ)αµα+β−1O(1) + sα−1α(α− 1)Oµ(1)

= sαOµ(1). (3.5)

Corollary 3.2. [17, Corollary 4.4] For α, β, γ ∈ N, we have

∂γx(r
2(∂αx ρ)∂

β
xρ) = (α+ β)γ(−sφ)α+βµα+β+γ(∂xψ)α+β+γ + γ(α+ β)(sφ)α+βµα+β+γ−1O(1)

+ sα+β−1[α(α− 1) + β(β − 1)]Oµ(1)

= sα+βOµ(1). (3.6)

By (3.3) and (3.5), it easy to see that the following result holds.

Lemma 3.3. For α, β, γ, σ ∈ N, we have

∂σx (r∂
α
x ρ∂

β
x (r∂

γ
xρ)) = γβ(α+ γ)σ(−sφ)α+γµα+β+γ+σ(∂xψ)α+β+γ+σ + (sφ)α+γµα+β+γ+σ−1O(1)

+ sα+γ−1Oµ(1)

= sα+γOµ(1). (3.7)

Lemma 3.4. [17, Lemma 4.8] Let α, j, k,m, n ∈ N. Provided λh(δT )−m ≤ 1, we have

AjhD
k
h∂

α
x (rA

m
h D

n
hρ) = ∂kx∂

α
x (r∂

n
xρ) + snOµ((sh)

2) = snOµ(1). (3.8)

By Theorem 2.4 and (3.8), it is easy to check that the following estimate holds.

Lemma 3.5. Let i, j, k, l,m, n, p, q ∈ N. Provided λh(δT )−m ≤ 1, we have

AihD
j
h(rA

k
hD

l
hρA

m
h D

n
h(rA

p
hD

q
hρ)) = ∂jx(r∂

l
xρ∂

n
x (r∂

q
xρ)) + sl+qOµ((sh)

2)

= sl+qOµ(1). (3.9)

Now, we state the main result of this section, which is a Carleman estimate for backward
stochastic semi-discrete parabolic equations.

Theorem 3.6. Let the functions s and ϕ be defined in (3.3). For all m ≥ 1, there exists a constant
µ0 ≥ 1 such that for any µ ≥ µ0, one can find positive constants C = C(µ), h0 and ε0 with
0 < ε0 ≤ 1 and λ0 ≥ 1 so that for all λ ≥ λ0, 0 < h ≤ h0 and λh(δT )−m ≤ ε0, it holds that

E
∫
Q
s3e2sϕ|w|2dt+ E

∫
Q∗
se2sϕ|Dhw|2dt+ E

∫
M
λ2µ3e2µ(6m+1)e2sϕ|w|2

∣∣∣
t=0

≤ C
(
E
∫ T

0

∫
G0∩M

s3e2sϕ|w|2dt+ E
∫
Q
e2sϕ|f |2dt+ E

∫
Q
s2e2sϕ|g|2dt

9



+ h−2E
∫
M
e2sϕ|w|2

∣∣∣
t=T

)
, (3.10)

for all w ∈ L2
F(Ω;C([0, T ];L

2
h(M))) and f, g ∈ L2

F(0, T ;L
2
h(M)) satisfying

dw +D2
hwdt = fdt+ gdW (t) (3.11)

with w = 0 on ∂M.

Remark 3.4. In the semi-discrete stochastic semilinear case, certain terms arise that cannot be
directly estimated. The key to handling these terms lies in the careful choice of the auxiliary
functions Φ(v) and Ψ(v) in (3.13). For example, the term −h2E

∫
QDh(Dhq

11Ahv)dv in (3.28)

cannot be estimated directly, but it can be absorbed by introducing Φ(v) and using (3.29). Similarly,
the term 2E

∫
Q λϕθt∂x(r∂xρ)v

2dt in (3.38) is also not directly estimable; by introducing Ψ(v), it is

absorbed via I33 in (3.44).

Proof of Theorem 3.6. For readability, we have divided the proof into several steps.
Step 1. Letting v = rw and recalling ρ = r−1, by (2.1), we have the identity

r(dw +D2
hwdt) = I1dt− Φ(v)dt−Ψ(v)dt+ I2, (3.12)

where 

I1 = rD2
hρA

2
hv + rA2

hρD
2
hv − λϕθtv +Φ(v),

I2 = dv + 2rAhDhρAhDhvdt+Ψ(v)dt,

Φ(v) =
h2

2
Dh[Dh(rD

2
hρ)Ahv],

Ψ(v) = Dh(rDhρ)v.

(3.13)

Here, Φ and Ψ are two auxiliary functions to absorb some of the bad terms. From (3.12), we obtain

2rI1(dw +D2
hwdt) = 2I21dt− 2I1Φ(v)dt− 2I1Ψ(v)dt+ 2I1I2,

which, combined with Cauchy-Schwarz inequality, and noting (3.11), implies

E
∫
Q
|rf |2dt ≥ 2E

∫
Q
I1I2 − 2E

∫
Q
|Φ(v)|2dt− 2E

∫
Q
|Ψ(v)|2dt. (3.14)

In the following steps, we estimate the right-hand side terms of (3.14). Hereinafter, for convenience,
we put

E
∫
Q
I1I2 =

4∑
i=1

3∑
j=1

Iij , (3.15)

where Iij stands for the inner product in L2
F(0, T ;L

2
h(M)) between the i-th term of I1 and j-th

term of I2.
In order to shorten the formulas used in the sequel, we define the following

A1 = E
∫
Q
[s2Oµ(1) + s3Oµ((sh)

2) + s3µ3φ3O(1)]|v|2dt

10



+ E
∫
Q∗

[Oµ(1) + sOµ((sh)
2) + sµφO(1)]|Dhv|2dt,

A2 = E
∫
Q
s2Oµ(1)|dv|2 + E

∫
Q∗

Oµ((sh)
2)|Dh(dv)|2,

A3 = E
∫
M
s2Oµ(1)|v|2

∣∣∣
t=T

+ E
∫
M∗

O(1)|Dhv|2
∣∣∣
t=T

+ E
∫
M
(s2µ2e2µ(6m+1)O(1) + sOµ(1) + s2Oµ((sh)

2))|v|2
∣∣∣
t=0

,

B = E
∫
∂Q

[Oµ(1) + sOµ((sh)
2)]tr(|Dhv|2)dt.

Step 2. We compute
4∑
i=1

Ii1. Combining (2.3) and (3.13), letting q11 = rD2
hρ, we obtain

2

4∑
i=1

Ii1 = 2E
∫
Q
(rD2

hρA
2
hv + rA2

hρD
2
hv − λϕθtv +Φ(v))dv

= 2E
∫
Q

(
rD2

hρv +D2
hv +

h2

2
rD2

hρD
2
hv − λϕθtv +Φ(v)

)
dv

= 2E
∫
Q

(
q11v +D2

hv +
h2

2
q11D2

hv − λϕθtv +Φ(v)

)
dv. (3.16)

Thanks to Itô’s formula, we have

2E
∫
Q
(q11 − λϕθt)vdv = E

∫
M
(q11 − λϕθt)v

2
∣∣∣
t=T

− E
∫
M
(q11 − λϕθt)v

2
∣∣∣
t=0

− E
∫
Q
∂t(q

11 − λϕθt)v
2dt− E

∫
Q
(q11 − λϕθt)|dv|2. (3.17)

Combining (3.5) and (3.8), we conclude that

q11 = s2µ2φ2|∂xψ|2 + sOµ(1) + s2Oµ((sh)
2). (3.18)

Using definition of θ in (3.2), we obtain θt(T ) = m(δT )−m−1. Thus, we get from (3.3) and (3.18)
that

E
∫
M
(q11 − λϕθt)v

2
∣∣∣
t=T

≥ −E
∫
M
s2Oµ(1)|v|2

∣∣∣
t=T

≥ −A3. (3.19)

Noting θt(0) = −4σ
T , and from (3.3) and (3.4), a direct computation yields

λϕθt(0) =
4

T
λ2µ2eµ(6m−4)

(
µe6µ(m+1) − eµ(ψ(x)+6m)

)
≥ cλ2µ3e2µ(6m+1),

for all µ > 1 and some constant c > 0 uniform with respect to T . Hence, using (3.18) it can be
readily seen that

− E
∫
M
(q11 − λϕθt)v

2
∣∣∣
t=0

≥ cE
∫
M
λ2µ3e2µ(6m+1)|v(0)|2 −A3. (3.20)

11



Thanks to (3.3) and (3.18), we see that

∂tq
11 =

θt
θ
(2s2µ2φ2|∂xψ|2 + sOµ(1) + s2Oµ((sh)

2)), ∂t(λϕθt) = sϕ
θtt
θ
,

which implies that

− E
∫
Q
∂t(q

11 − λϕθt)v
2dt

= −E
∫
Q

θt
θ
(2s2µ2φ2|∂xψ|2 + sOµ(1) + s2Oµ((sh)

2))v2dt+ E
∫
Q
sϕ
θtt
θ
v2dt. (3.21)

Using the definition of θ in (3.2), it is not difficult to see that for t ∈ [0, T4 ], θ ∈ [1, 2], and

|θtt| ≤ Cλ2µ4e2µ(6m−4). Noting there exists µ1 ≥ 1 such that for all µ ≥ µ1, it holds that µ
2e−2µ ≤ 1.

Thus, by the definitions of ϕ, φ in (3.3), for t ∈ [0, T4 ], we end up with

s
|ϕθtt|
θ

≤ Cs3µ5e2µ(6m−4)e6µ(m+1) = Cs3µ5eµ(18m−2) ≤ Cs3µ3φ3.

Moreover, for t ∈ [T4 , T ], we have |θtt| ≤ Cθ3, thus it is easy to check that

s
|ϕθtt|
θ

≤ sµθ2e6µ(m+1) ≤ s3µφ3.

Therefore, by (3.21), we conclude that

− E
∫
Q
∂t(q

11 − λϕθt)v
2dt

≥ −E
∫
Q

θt
θ
(2s2µ2φ2|∂xψ|2 + sOµ(1) + s2Oµ((sh)

2))v2dt−A1. (3.22)

From (3.2), it easy to check that |θt| ≤ 4σ/T = λOµ(1) for t ∈ [0, T4 ), and |θt| ≤ Cθ2 for
t ∈ [T4 , T ]. Then |λϕθt| ≤ s2Oµ(1) for t ∈ [0, T ]. And noting (3.18), we deduce that

−E
∫
Q
(q11 − λϕθt)|dv|2 ≥ −E

∫
Q
s2Oµ(1)|dv|2 ≥ −A2. (3.23)

Combining (3.17), (3.19), (3.20), (3.22) and (3.23), for µ ≥ µ1 and λh(δT )−m ≤ 1, we conclude
that

2E
∫
Q
(q11 − λϕθt)vdv ≥ −E

∫
Q

θt
θ
(2s2µ2φ2|∂xψ|2 + sOµ(1) + s2Oµ((sh)

2))v2dt

+ cE
∫
M
λ2µ3e2µ(6m+1)|v(0)|2 −A1 −A2 −A3. (3.24)

From (2.9) and Itô’s formula, and noting v = 0 on ∂Q, we obtain

2E
∫
Q
D2
hvdv = −2E

∫
Q∗
DhvDh(dv) + 2E

∫
∂Q
dvtr(Dhv)ν

= −E
∫
M∗

|Dhv(T )|2 + E
∫
M∗

|Dhv(0)|2 + E
∫
Q∗

|Dh(dv)|2
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≥ E
∫
M∗

|Dhv(0)|2 + E
∫
Q∗

|Dh(dv)|2 −A3. (3.25)

Thanks to (2.1) and (2.9) and v = 0 on ∂Q, we have

h2E
∫
Q
q11D2

hvdv = −h2E
∫
Q∗
Ahq

11Dh(dv)Dhv − h2E
∫
Q∗
Dhq

11Ah(dv)Dhv. (3.26)

From Itô’s formula, we obtain

−h2E
∫
Q∗
Ahq

11Dh(dv)Dhv = −h
2

2
E
∫
Q∗
d(Ahq

11|Dhv|2) +
h2

2
E
∫
Q∗
∂t(Ahq

11)|Dhv|2

+
h2

2
E
∫
Q∗
Ahq

11|Dh(dv)|2. (3.27)

By Itô’s formula and (2.1), a direct computation shows that

Ah(dv)Dhv =
1

2
d(Dh(v

2))−AhvDh(dv)−
1

2
Dh((dv)

2),

which combined with (3.13), (2.9) and tr(v) = 0 on ∂Q∗ implies

− h2E
∫
Q∗
Dhq

11Ah(dv)Dhv

= −h
2

2
E
∫
Q∗
Dhq

11d(Dh(v
2)) + h2E

∫
Q∗
Dhq

11AhvDh(dv) +
h2

2
E
∫
Q∗
Dhq

11Dh((dv)
2)

=
h2

2
E
∫
Q
D2
hq

11d(v2)− h2E
∫
Q
Dh(Dhq

11Ahv)dv +
h2

2
E
∫
Q∗
Dhq

11Dh((dv)
2)

=
h2

2
E
∫
Q
d(D2

hq
11v2)− h2

2
E
∫
Q
∂t(D

2
hq

11)v2dt− h2E
∫
Q
Dh(Dhq

11Ahv)dv −
h2

2
E
∫
Q
D2
hq

11|dv|2.

(3.28)

Combining (3.26)–(3.28), and noting (3.13), q11 = rD2
hρ, it holds that

2E
∫
Q

(
h2

2
q11D2

hv +Φ(v)

)
dv

= −h
2

2

[
E
∫
Q∗
d(Ahq

11|Dhv|2)− E
∫
Q∗
∂t(Ahq

11)|Dhv|2 − E
∫
Q∗
Ahq

11|Dh(dv)|2

− E
∫
Q
d(D2

hq
11v2) + E

∫
Q
∂t(D

2
hq

11)v2dt+ E
∫
Q
D2
hq

11|dv|2
]
. (3.29)

By q11 = rD2
hρ, from (3.5) and (3.8) and |Dhv|2 ≤ 2h−2(|τ+v|2 + |τ−v|2), we get

− h2

2
E
∫
Q∗
d(Ahq

11|Dhv|2)

= −h
2

2
E
∫
M∗

Ahq
11|Dhv|2

∣∣∣
t=T

+
h2

2
E
∫
M∗

Ahq
11|Dhv|2

∣∣∣
t=0
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≥ −E
∫
M∗

Oµ((sh)
2)|Dhv|2

∣∣∣
t=T

− E
∫
M
(s2µ2e2µ(6m+1)O(1) + sOµ(1) + s2Oµ((sh)

2))|v|2
∣∣∣
t=0

≥ −A3, (3.30)

and

h2

2
E
∫
Q
d(D2

hq
11v2) ≥ −E

∫
M

Oµ((sh)
2)|v|2

∣∣∣
t=T

− E
∫
M

Oµ((sh)
2)|v|2

∣∣∣
t=0

≥ −A3. (3.31)

Thanks to (3.3), (3.5) and (3.8), noting q11 = rD2
hρ, we see that

∂t(Ahq
11) =

θt
θ
s2Oµ(1), ∂t(D

2
hq

11) =
θt
θ
s2Oµ(1),

and noting |θt| ≤ λθ2Oµ(1), which implies that, for λh(δT )−m ≤ 1,

− h2

2

[
− E

∫
Q∗
∂t(Ahq

11)|Dhv|2 + E
∫
Q
∂t(D

2
hq

11)v2dt
]

≥ −E
∫
Q∗
sOµ((sh)

2)|Dhv|2dt− E
∫
Q
sOµ((sh)

2)|v|2dt

≥ −A1. (3.32)

It follows from (3.5), (3.8) and q11 = rD2
hρ that, for λh(δT )−m ≤ 1,

− h2

2

[
− E

∫
Q∗
Ahq

11|Dh(dv)|2 + E
∫
Q
D2
hq

11|dv|2
]

≥ −E
∫
Q
Oµ((sh)

2)|dv|2 − E
∫
Q∗

Oµ((sh)
2)|Dh(dv)|2

≥ −A2. (3.33)

Combining (3.29)–(3.33), we conclude that, for λh(δT )−m ≤ 1,

2E
∫
Q

(
h2

2
q11D2

hv +Φ(v)

)
dv ≥ −A1 −A2 −A3. (3.34)

Thus, from (3.16), (3.24), (3.25) and (3.34), for µ ≥ µ1 and λh(δT )−m ≤ 1, we see that

2

4∑
i=1

Ii1 ≥ cE
∫
M
λ2µ3e2µ(6m+1)|v(0)|2 + E

∫
M∗

|Dhv(0)|2 + E
∫
Q∗

|Dh(dv)|2 −A1 −A2 −A3

− E
∫
Q

θt
θ
(2s2µ2φ2|∂xψ|2 + sOµ(1) + s2Oµ((sh)

2))v2dt. (3.35)

Step 3. We compute
4∑
i=1

Ii2.

From (2.4), (2.6), (2.8)–(2.10), (3.6), (3.9) and (3.13), letting q12 = 2r2D2
hρAhDhρ, for λh(δT )

−m ≤
1, we arrive at the following estimate

2I12 = E
∫
Q
q12Dh((Ahv)

2)dt
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= −E
∫
Q∗
Dhq

12(Ahv)
2dt+ E

∫
∂Q
q12tr((Ahv)

2)νdt

= −E
∫
Q∗
Dhq

12Ah(v
2)dt+

h2

4
E
∫
Q∗
Dhq

12|Dhv|2dt+
h2

4
E
∫
∂Q
q12tr(|Dhv|2)νdt

= −E
∫
Q
AhDhq

12|v|2dt+ h2

4
E
∫
Q∗
Dhq

12|Dhv|2dt+
h2

4
E
∫
∂Q
q12tr(|Dhv|2)νdt

≥ 6E
∫
Q
s3µ4φ3|∂xψ|4|v|2dt− E

∫
Q
[s2Oµ(1) + s3Oµ((sh)

2) + s3µ3φ3O(1)]|v|2dt

− E
∫
Q∗
sOµ((sh)

2)|Dhv|2dt− E
∫
∂Q
sOµ((sh)

2)tr(|Dhv|2)dt

≥ 6E
∫
Q
s3µ4φ3|∂xψ|4|v|2dt−A1 − B. (3.36)

Thanks to (2.6), (2.9), (3.5) and (3.9), letting q22 = 2r2A2
hρAhDhρ, for λh(δT )

−m ≤ 1, a direct
computation gives

2I22 = E
∫
Q
q22Dh((Dhv)

2)dt

= −E
∫
Q∗
Dhq

22|Dhv|2dt+ E
∫
∂Q
q22tr(|Dhv|2)νdt

≥ 2E
∫
Q∗
sµ2φ|∂xψ|2|Dhv|2dt− 2E

∫
∂Q
sµφ∂xψtr(|Dhv|2)νdt

− E
∫
Q∗

[sOµ((sh)
2) + sµφO(1)]|Dhv|2dt− E

∫
∂Q
sOµ((sh)

2)tr(|Dhv|2)dt

≥ 2E
∫
Q∗
sµ2φ|∂xψ|2|Dhv|2dt− 2E

∫
∂Q
sµφ∂xψtr(|Dhv|2)νdt−A1 − B. (3.37)

Combining (2.1), (2.4), (2.6), (2.9) and (2.10), letting q32 = 2λϕθtrAhDhρ, we see that

2I32 = −2E
∫
Q
q32AhDhvvdt

= 2E
∫
Q∗
Dhq

32|Ahv|2dt+ 2E
∫
Q∗
Ahq

32AhvDhvdt

= 2E
∫
Q∗
Dhq

32|Ahv|2dt− E
∫
Q
DhAhq

32v2dt

= E
∫
Q
AhDhq

32|v|2dt− h2

2
E
∫
Q∗
Dhq

32|Dhv|2dt.

By Theorem 2.4, (3.5), (3.8), and noting |θt| ≤ λθ2Oµ(1), we obtain

AhDhq
32 = ∂x(2λϕθtrAhDhρ) +

θt
θ
sOµ((sh)

2)

= 2λϕθt∂x(rAhDhρ) + 2∂x(λϕθt)rAhDhρ+
θt
θ
sOµ((sh)

2)

= 2λϕθt∂x(r∂xρ) +
θt
θ
s2Oµ((sh)

2)− 2
θt
θ
s2µ2φ2(∂xψ)

2 +
θt
θ
sOµ((sh)

2)
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= 2λϕθt∂x(r∂xρ)− 2
θt
θ
s2µ2φ2(∂xψ)

2 +
θt
θ
s2Oµ((sh)

2),

and Dhq
32 = s3Oµ(1), which implies that, for λh(δT )−m ≤ 1,

2I32 ≥ 2E
∫
Q

[
λϕθt∂x(r∂xρ)−

θt
θ
s2µ2φ2(∂xψ)

2 +
θt
θ
s2Oµ((sh)

2)

]
v2dt−A1. (3.38)

From (2.1), (2.5), (2.6), (2.8), (2.9), (3.9) and (3.13), for λh(δT )−m ≤ 1, we obtain

2I42 = 2h2E
∫
Q
Dh[Dh(rD

2
hρ)Ahv]rAhDhρAhDhvdt

= 2h2E
∫
Q
D2
h(rD

2
hρ)rAhDhρA

2
hvAhDhvdt+ 2h2E

∫
Q
AhDh(rD

2
hρ)rAhDhρ|AhDhv|2dt

= −h2E
∫
Q∗
Dh[D

2
h(rD

2
hρ)rAhDhρ]|Ahv|2dt+

h4

4
E
∫
∂Q
D2
h(rD

2
hρ)rAhDhρtr(|Dhv|2)νdt

+ 2h2E
∫
Q
AhDh(rD

2
hρ)rAhDhρ|AhDhv|2dt. (3.39)

From (2.5), (2.10) and (3.9), it is easy to check that the first term of the right hand of (3.39) can
be bound by

−h2E
∫
Q∗
Dh[D

2
h(rD

2
hρ)rAhDhρ]|Ahv|2dt ≥ −E

∫
Q∗
sOµ((sh)

2)Ah(v
2)dt ≥ −E

∫
Q
sOµ((sh)

2)v2dt.

Similarity, the second term of the right hand of (3.39) can be estimated by

2h2E
∫
Q
AhDh(rD

2
hρ)rAhDhρ|AhDhv|2dt ≥ −E

∫
Q∗
sOµ((sh)

2)|Dhv|2dt.

By (3.9), and substituting the above two estimates into (3.39) yields

2I42 ≥ −A1 − B. (3.40)

Combining (3.36)–(3.38) and (3.40), for λh(δT )−m ≤ 1, we conclude that

2
4∑
i=1

Ii2 ≥ 6E
∫
Q
s3µ4φ3|∂xψ|4|v|2dt+ 2E

∫
Q∗
sµ2φ|∂xψ|2|Dhv|2dt− 2E

∫
∂Q
sµφ∂xψtr(|Dhv|2)νdt

+ 2E
∫
Q

[
λϕθt∂x(r∂xρ)−

θt
θ
s2µ2φ2|∂xψ|2 +

θt
θ
s2Oµ((sh)

2)

]
v2dt−A1 − B. (3.41)

Step 4. We compute
4∑
i=1

Ii3. By (2.1), (2.3), (2.6), (2.9), (3.7), (3.9) and (3.13), letting q13 =

rD2
hρDh(rDhρ), for λh(δT )

−m ≤ 1, we have

2I13 = 2E
∫
Q
q13A2

hvvdt

= 2E
∫
Q
q13|v|2dt+ h2

2
E
∫
Q
q13D2

hvvdt
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= 2E
∫
Q
q13|v|2dt− h2

2
E
∫
Q∗
Ahq

13|Dhv|2dt+
h2

4
E
∫
Q
D2
hq

13|v|2dt

≥ −2E
∫
Q
s3µ4φ3|∂xψ|4|v|2dt−A1. (3.42)

From (2.1), (2.6), (2.9), (3.5), (3.9) and (3.13), letting q23 = rA2
hρDh(rDhρ), for λh(δT )

−m ≤ 1,
we see that

2I23 = 2E
∫
Q
q23D2

hvvdt

= −2E
∫
Q∗
Ahq

23|Dhv|2dt+ E
∫
Q
D2
hq

23|v|2dt

≥ 2E
∫
Q∗
sµ2φ|∂xψ|2|Dhv|2dt−A1. (3.43)

Thanks to (3.8) and (3.13), we deduce that

2I33 = −2E
∫
Q
λϕθtDh(rDhρ)v

2dt

≥ −2E
∫
Q
λϕθt∂x(r∂xρ)v

2dt+ E
∫
Q

θt
θ
s2Oµ((sh)

2)v2dt. (3.44)

From Cauchy-Schwarz inequality and (3.13), we have

2I43 = 2E
∫
Q
Φ(v)Ψ(v)dt ≥ −E

∫
Q
|Φ(v)|2dt− E

∫
Q
|Ψ(v)|2dt. (3.45)

By (2.1), (2.5), (2.10), (3.9) and (3.13), for λh(δT )−m ≤ 1, a direct computation shows that

−E
∫
Q
|Φ(v)|2dt ≥ −E

∫
Q
Oµ((sh)

2)|A2
hv|2dt− E

∫
Q
Oµ((sh)

2)|AhDhv|2dt

≥ −E
∫
Q
Oµ((sh)

2)|v|2dt− E
∫
Q∗

Oµ((sh)
2)|Dhv|2dt, (3.46)

and

− E
∫
Q
|Ψ(v)|2dt ≥ −E

∫
Q
s2Oµ(1)|v|2dt. (3.47)

Substituting (3.46) and (3.47) into (3.45), it follows that

2I43 ≥ −A1. (3.48)

Hence, combining (3.42)–(3.44) and (3.48), for λh(δT )−m ≤ 1, we conclude that

2

4∑
i=1

Ii3 ≥ −2E
∫
Q
s3µ4φ3|∂xψ|4|v|2dt+ 2E

∫
Q∗
sµ2φ|∂xψ|2|Dhv|2dt
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− 2E
∫
Q
λϕθt∂x(r∂xρ)v

2dt+ E
∫
Q

θt
θ
s2Oµ((sh)

2)v2dt−A1. (3.49)

Step 5. In this step, we summarize the Iij . Combining (3.15), (3.35), (3.41) and (3.49), for
µ ≥ µ1 and λh(δT )−m ≤ 1, we obtain

2E
∫
Q
I1I2 ≥ E

∫
M
cλ2µ3e2µ(6m+1)|v(0)|2 + E

∫
M∗

|Dhv(0)|2 + E
∫
Q∗

|Dh(dv)|2

− E
∫
Q

θt
θ
(4s2µ2φ2|∂xψ|2 + sOµ(1) + s2Oµ((sh)

2))v2dt

+ 4E
∫
Q
s3µ4φ3|∂xψ|4|v|2dt+ 4E

∫
Q∗
sµ2φ|∂xψ|2|Dhv|2dt

− 2E
∫
∂Q
sµφ∂xψtr(|Dhv|2)νdt−A1 −A2 −A3 − B. (3.50)

From (3.1) and (3.2), noting |θt| ≤ Cθ2 in (T/4, T ), θ ∈ [1, 2], |θt| ≤ λOµ(1) in (0, T/4), we
have

E
∫
Q

θt
θ
(sOµ(1) + s2Oµ((sh)

2))v2dt ≤ E
∫
Q
(s2Oµ(1) + s3Oµ((sh)

2))v2dt ≤ A1. (3.51)

Further, noting θt < 0 in (0, T/4), we have

− 4E
∫
Q

θt
θ
s2µ2φ2|∂xψ|2|v|2dt ≥ −E

∫
Q
s3µ2φ2O(1)|v|2dt ≥ −A1. (3.52)

Hence, from (3.14) and (3.50)–(3.52) and noting (3.46) and (3.47), there exists µ2 ≥ µ1 such
that for all µ ≥ µ2, one can find three constants 1 ≥ ε1 > 0, h1 > 0 and λ1 ≥ 1, so that for all
λ ≥ λ1, h ≤ h1 and λh(δT )−m ≤ ε1, we have

E
∫
M
λ2µ3e2µ(6m+1)|v(0)|2 + E

∫
Q
s3µ4φ3|v|2dt+ E

∫
Q∗
sµ2φ|Dhv|2dt+ E

∫
Q∗

|Dh(dv)|2

≤ CE
∫
Q
|rf |2dt+ CE

∫ T

0

∫
M∩G2

s3µ4φ3|v|2dt+ CE
∫ T

0

∫
M∗∩G2

sµ2φ|Dhv|2dt

+ C(µ)E
∫
Q
s2|dv|2 + C(µ)h−2E

∫
M

|v(T )|2. (3.53)

Step 6. In this step, we return to the variable w.
Noting w = ρv, combining (2.1), (3.6) and (3.8), for λh(δT )−m ≤ 1, we obtain

E
∫
Q∗
sµ2φr2|Dhw|2dt = E

∫
Q∗
sµ2φr2|Dh(ρv)|2dt

≤ 2E
∫
Q∗
sµ2φr2(|DhρAhv|2 + |AhρDhv|2)dt

≤ CE
∫
Q∗
s3µ4φ3|Ahv|2dt+ 2E

∫
Q∗
sµ2φ|Dhv|2dt+ E

∫
Q
s3Oµ((sh)

2)|v|2dt

+ E
∫
Q∗
sOµ((sh)

2)|Dhv|2dt. (3.54)
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From (2.5) and (2.10) and Theorem 2.4, we get

E
∫
Q∗
s3µ4φ3|Ahv|2dt ≤ E

∫
Q
s3µ4φ3|v|2dt+ E

∫
Q
s3Oµ((sh)

2)|v|2dt. (3.55)

Combining (3.54) and (3.55), for λh(δT )−m ≤ 1, we have

E
∫
Q∗
sµ2φr2|Dhw|2dt ≤ CE

∫
Q
s3µ4φ3|v|2dt+ 2E

∫
Q∗
sµ2φ|Dhv|2dt+A1. (3.56)

From (2.1) and (3.8), for λh(δT )−m ≤ 1, we obtain

rDhw = rDhρAhv + rAhρDhv = rDhρAhv +Dhv +Oµ((sh)
2)Dhv,

which implies

E
∫ T

0

∫
M∗∩G2

sµ2φ|Dhv|2dt

≤ CE
∫ T

0

∫
M∗∩G2

sµ2φ(rDhρ)
2|Ahv|2dt+ CE

∫ T

0

∫
M∗∩G2

sµ2φr2|Dhw|2dt

+ E
∫
Q∗
sOµ((sh)

2)|Dhv|2dt

≤ CE
∫ T

0

∫
M∩G1

s3µ4φ3r2|w|2dt+ CE
∫ T

0

∫
M∗∩G1

sµ2φr2|Dhw|2dt

+ E
∫
Q∗
sOµ((sh)

2)|Dhv|2dt+ E
∫
Q
s3Oµ((sh)

2)|v|2dt

≤ CE
∫ T

0

∫
M∩G1

s3µ4φ3r2|w|2dt+ CE
∫ T

0

∫
M∗∩G1

sµ2φr2|Dhw|2dt+A1, (3.57)

where we have used |Ahv|2 ≤ C(|τ+v|2 + |τ−v|2).
Combining (3.53), (3.56) and (3.57), there exists µ3 ≥ µ2 such that for all µ ≥ µ3, one can

find three positive constants ε2 ≤ ε1, h2 ≤ h1 and λ2 ≥ λ1, so that for all λ ≥ λ2, h ≤ h2 and
λh(δT )−m ≤ ε2, we have

E
∫
M
λ2µ3e2µ(6m+1)e2sϕ|w|2

∣∣∣
t=0

+ E
∫
Q
s3µ4φ3e2sϕ|w|2dt+ E

∫
Q∗
sµ2φe2sϕ|Dhw|2dt

≤ CE
∫
Q
e2sϕ|f |2dt+ CE

∫ T

0

∫
M∩G1

s3µ4φ3e2sϕ|w|2dt+ CE
∫ T

0

∫
M∗∩G1

sµ2φe2sϕ|Dhw|2dt

+ C(µ)E
∫
Q
s2e2sϕ|g|2dt+ C(µ)h−2E

∫
M
e2sϕ|w|2

∣∣∣
t=T

. (3.58)

Step 7. In this step, we estimate the local terms.
Choose a function ξ ∈ C∞

0 (G0; [0, 1]) such that ξ = 1 in G1. Thanks to Itô’s formula and (3.11),
we have

d(sφξ2e2sϕw2) = 2sφξ2e2sϕwdw + φξ2∂t(se
2sϕ)w2dt+ sφξ2e2sϕ(dw)2.
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Hence, we have

E
∫
M∩G0

sφξ2e2sϕ|w|2
∣∣∣
t=T

− E
∫
M∩G0

sφξ2e2sϕ|w|2
∣∣∣
t=0

= E
∫ T

0

∫
M∩G0

φξ2∂t(se
2sϕ)w2dt+ 2E

∫ T

0

∫
M∩G0

sφξ2e2sϕw(−D2
hw + f)dt

+ E
∫ T

0

∫
M∩G0

sφξ2e2sϕ|g|2dt. (3.59)

From (2.1), (2.9) and (3.59), a direct computation shows that

E
∫ T

0

∫
M∩G0

φξ2∂t(se
2sϕ)w2dt+ E

∫ T

0

∫
M∗∩G0

2sAh(ξ
2φe2sϕ)|Dhw|2dt

= −2E
∫ T

0

∫
M∩G0

sφξ2e2sϕwfdt− E
∫ T

0

∫
M∩G0

sφξ2e2sϕ|g|2dt+ E
∫
M∩G0

sφξ2e2sϕ|w|2
∣∣∣
t=T

− E
∫
M∩G0

sφξ2e2sϕ|w|2
∣∣∣
t=0

− E
∫ T

0

∫
M∗∩G0

2sDh(ξ
2φe2sϕ)AhwDhwdt (3.60)

Thanks to (3.2) and (3.3), noting that θt < 0 in (0, T/4), θt < Cθ2 in (T/4, T ) and ϕ < 0, there
exist µ4 ≥ 1 and λ3 ≥ 1 such that for all µ ≥ µ4 and λ ≥ λ3, we have

E
∫ T

0

∫
M∩G0

φξ2∂t(se
2sϕ)|w|2dt

= E
∫ T

0

∫
M∩G0

φξ2(λθt + 2λsθtϕ)e
2sϕ|w|2dt

≥ −E
∫ T

T
4

∫
M∩G0

[s2Oµ(1) + λ−1s3Oµ(1)]e
2sϕ|w|2dt+ E

∫ T
4

0

∫
M∩G0

λθtφξ
2e2sϕ|w|2dt. (3.61)

Noting |θt| ≤ Cλµ2eµ(6m−4) ≤ Cλµ2φ, then from (3.61) we have

E
∫ T

0

∫
M∩G0

φξ2∂t(se
2sϕ)|w|2dt

≥ −E
∫ T

T
4

∫
M∩G0

[s2Oµ(1) + λ−1s3Oµ(1)]e
2sϕ|w|2dt− E

∫ T
4

0

∫
M∩G0

s2µ2φ2O(1)e2sϕ|w|2dt

≥ −E
∫
Q
[s2Oµ(1) + λ−1s3Oµ(1)]e

2sϕ|w|2dt. (3.62)

By Theorem 2.4, it holds that

E
∫ T

0

∫
M∗∩G0

2sAh(ξ
2φe2sϕ)|Dhw|2dt

≥ 2E
∫ T

0

∫
M∗∩G0

sφξ2e2sϕ|Dhw|2dt− CE
∫ T

0

∫
M∗∩G0

sOµ((sh)
2)e2sϕ|Dhw|2dt. (3.63)
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Thanks to Cauchy-Schwarz inequality, we have

−2E
∫ T

0

∫
M∩G0

sφξ2e2sϕwfdt ≤ CE
∫ T

0

∫
M∩G0

s2µ2φ2e2sϕ|w|2dt+ CE
∫
Q
µ−2e2sϕ|f |2dt. (3.64)

For λh(δT )−m ≤ 1, we obtain

E
∫
M∩G0

sφξ2e2sϕ|w|2
∣∣∣
t=T

≤ C(µ)h−1E
∫
M∩G0

e2sϕ|w|2
∣∣∣
t=T

. (3.65)

By (2.6) and (2.9) and Theorem 2.4, we get

− E
∫ T

0

∫
M∗∩G0

2sDh(ξ
2φe2sϕ)AhwDhwdt

= E
∫ T

0

∫
M∩G0

sD2
h(ξ

2φe2sϕ)|w|2dt

≤ CE
∫ T

0

∫
M∩G0

s3µ2φ3e2sϕ|w|2dt+ CE
∫ T

0

∫
M∩G0

s3Oµ((sh)
2)e2sϕ|w|2dt. (3.66)

Hence, combining (3.60) and (3.62)–(3.66), there exists µ5 ≥ max{µ3, µ4} such that for all
µ ≥ µ5, one can find three positive constants ε3 ≤ ε2, h3 ≤ h2 and λ4 ≥ max{λ2, λ3}, so that for
all λ ≥ λ4, h ≤ h3 and λh(δT )−m ≤ ε3, we have

E
∫ T

0

∫
M∗∩G1

sµ2φe2sϕ|Dhw|2dt

≤ CE
∫ T

0

∫
M∩G0

s3µ4φ3e2sϕ|w|2dt+ C(µ)h−1E
∫
M∩G0

e2sϕ|w|2
∣∣∣
t=T

+ CE
∫
Q
e2sϕ|f |2dt

+ E
∫
Q
[s2Oµ(1) + λ−1s3Oµ(1)]e

2sϕ|w|2dt.

Combining it with (3.58), we complete the proof.

4 The controllability for linear stochastic semi-discrete parabolic
equations

Consider the following linear forward stochastic semi-discrete parabolic equation, which is the
special case for (1.7): 

dy −D2
hydt = (F + χG0u)dt+ vdW (t) in Q,

y(t, 0) = y(t, 1) = 0 on (0, T ),

y(0, x) = y0 in M.

(4.1)

Recalling (3.3), we fix parameters λ, µ and h such that the inequality (3.10) holds true. We
define the space

Sλ,µ,h =
{
F ∈ L2

F(0, T ;L
2
h(M)) | E

∫
Q
s−3e−2sϕ|F |2dt <∞

}
, (4.2)
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endowed with the norm

|F |2Sλ,µ,h
= E

∫
Q
s−3e−2sϕ|F |2dt. (4.3)

Here, although the space Sλ,µ,h does not explicitly contain h, both λ and µ have a certain matching
relationship with h, making it related to h as well.

We have the following null controllability for (4.1).

Theorem 4.1. For all µ, λ and h such that (3.10) holds, there exists a positive constant C = C(µ)
such that for any y0 ∈ L2

F0
(Ω;L2

h(M)) and any source term F ∈ Sλ,µ,h, there exist (u, v) ∈
L2
F(0, T ;L

2
h(G0 ∩M))× L2

F(0, T ;L
2
h(M)), so that the solution to (4.1) satisfies

E
∫
M

|y(T )|2 ≤ CEλ,µ,h
(
E
∫
M
s−2e−2sϕ|y|2

∣∣∣
t=0

+ E
∫
Q
s−3e−2sϕ|F |2dt

)
, (4.4)

where

Eλ,µ,h = Ch−2e−λθ(T )µe
6µ(m+1)

. (4.5)

Moreover, the following estimate holds:

E
∫
Q
e−2sϕ|y|2dt+ E

∫ T

0

∫
M∩G0

s−3e−2sϕ|u|2dt+ E
∫
Q
s−2e−2sϕ|v|2dt

≤ C
(
E
∫
M
s−2e−2sϕ|y|2

∣∣∣
t=0

+ E
∫
Q
s−3e−2sϕ|F |2dt

)
. (4.6)

Proof. We apply the penalized Hilbert Uniqueness Method.
Step 1. For any ε > 0, we introduce the functional

Jε(u, v) =
1

2

(
E
∫
Q
e−2sϕ|y|2dt+ E

∫ T

0

∫
M∩G0

s−3e−2sϕ|u|2dt+ E
∫
Q
s−2e−2sϕ|v|2dt

)
+

1

2ε
E
∫
M

|y(T )|2 (4.7)

and the optimal control problem:  min
(u,v)∈H

Jε(u, v)

subject to equation (4.1),
(4.8)

where

H =
{
(u, v) ∈ L2

F(0, T ;L
2
h(G0 ∩M))× L2

F(0, T ;L
2
h(M)) | E

∫ T

0

∫
M∩G0

s−3e−2sϕ|u|2dt <∞,

E
∫
Q
s−2e−2sϕ|v|2dt <∞

}
.

It is easily seen that for any ε > 0, the problem (4.8) admits a unique optimal solution (uε, vε).
By the standard variational method (see [18, Chapter 3, Section 2]), the pair (uε, vε) can be
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characterized as

uε = −χG0s
3e2sϕzε, vε = −s2e2sϕZε in Q, P-a.s., (4.9)

where (zε, Zε) solves 
dzε +D2

hzεdt = −e−2sϕyεdt+ ZεdW (t) in Q,

zε(t, 0) = zε(t, 1) = 0 on (0, T ),

zε(T, x) =
1

ε
yε(T, x) in M,

(4.10)

and where yε is the solution of (4.1) with the controls (u, v) = (uε, vε).
Step 2. Thanks to Itô’s formula, (4.1) and (4.10), we deduce

E
∫
M
yε(T )zε(T ) = E

∫
M
yε(0)zε(0) + E

∫
Q
yε(−D2

hzε − e−2sϕyε)dt

+ E
∫
Q
zε(D

2
hyε + F + χG0uε)dt+ E

∫
Q
vεZεdt. (4.11)

Combining (2.9), (4.9) and (4.11), we have

E
∫
Q
e−2sϕ|yε|2dt+ E

∫ T

0

∫
M∩G0

s3e2sϕ|zε|2dt+ E
∫
Q
s2e2sϕ|Zε|2dt+

1

ε
E
∫
M

|yε(T )|2

= E
∫
M
y0zε(0) + E

∫
Q
zεFdt. (4.12)

Applying Carleman estimate Theorem 3.6 with w = zε, f = −e−2sϕyε and g = Zε, we obtain

E
∫
M
s2(0)e2s(0)ϕ|zε(0)|2 + E

∫
Q
s3e2sϕ|zε|2dt

≤ C
(
E
∫ T

0

∫
G0∩M

s3e2sϕ|zε|2dt+ E
∫
Q
e−2sϕ|yε|2dt+ E

∫
Q
s2e2sϕ|Zε|2dt

+ h−2ε−2E
∫
M
e2s(T )ϕ|yε(T )|2

)
. (4.13)

From Cauchy-Schwarz inequality, for any κ > 0, we have

E
∫
M
y0zε(0) + E

∫
Q
zεFdt

≤ κ
(
E
∫
M
s2(0)e2s(0)ϕ|zε(0)|2 + E

∫
Q
s3e2sϕ|zε|2dt

)
+ C(κ)

(
E
∫
M
s−2(0)e−2s(0)ϕ|y0|2 + E

∫
Q
s−3e−2sϕ|F |2dt

)
. (4.14)

Letting κ > 0 be small enough, from (4.12)–(4.14), we conclude that

E
∫
Q
e−2sϕ|yε|2dt+ E

∫ T

0

∫
M∩G0

s3e2sϕ|zε|2dt+ E
∫
Q
s2e2sϕ|Zε|2dt+

1

ε
E
∫
M

|yε(T )|2
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≤ C
(
E
∫
M
s−2(0)e−2s(0)ϕ|y0|2 + E

∫
Q
s−3e−2sϕ|F |2dt

)
+ Ch−2ε−2E

∫
M
e2s(T )ϕ|yε(T )|2.

By the above inequality and (4.9), it holds that

E
∫
Q
e−2sϕ|yε|2dt+ E

∫ T

0

∫
M∩G0

s−3e−2sϕ|uε|2dt+ E
∫
Q
s−2e−2sϕ|vε|2dt+

1

ε
E
∫
M

|yε(T )|2

≤ C
(
E
∫
M
s−2(0)e−2s(0)ϕ|y0|2 + E

∫
Q
s−3e−2sϕ|F |2dt

)
+ Ch−2ε−2E

∫
M
e2s(T )ϕ|yε(T )|2. (4.15)

From (3.3) and (4.5), for µ > 2, we have

e2s(T )ϕ ≤ e−λθ(T )µe
6µ(m+1)

,

which yields that, for ε ≥ Eλ,µ,h,

Ch−2ε−2E
∫
M
e2s(T )ϕ|yε(T )|2 ≤ Ch−2ε−2e−λθ(T )µe

6µ(m+1)
E
∫
M

|yε(T )|2

≤ 1

2ε
E
∫
M

|yε(T )|2. (4.16)

By (4.15) and (4.16), for ε ≥ Eλ,µ,h, we see that

E
∫
Q
e−2sϕ|yε|2dt+ E

∫ T

0

∫
M∩G0

s−3e−2sϕ|uε|2dt+ E
∫
Q
s−2e−2sϕ|vε|2dt+

1

ε
E
∫
M

|yε(T )|2

≤ C
(
E
∫
M
s−2(0)e−2s(0)ϕ|y0|2 + E

∫
Q
s−3e−2sϕ|F |2dt

)
. (4.17)

Step 3. Let εk = Eλ,µ,h + 1
k , where k ∈ N+. Since the right-hand side of (4.17) is uniform with

respect to ε, there exists (û, v̂, ŷ, ŷT ) such that
uεk ⇀ û weakly in L2

F(0, T ;L
2
h(G0 ∩M)),

vεk ⇀ v̂ weakly in L2
F(0, T ;L

2
h(M)),

yεk ⇀ ŷ weakly in L2
F(0, T ;L

2
h(M)),

yεk(T )⇀ ŷT weakly in L2
FT

(Ω;L2
h(M)).

(4.18)

We claim that ŷ is the solution to (4.1) associated to (û, v̂) and ŷ(T ) = ŷT . In fact, let ỹ be
the solution to (4.1) with controls (û, v̂). For any p ∈ L2

F(0, T ;L
2
h(M)) and q ∈ L2

FT
(Ω;L2

h(M)),
consider (z, Z) solves 

dz +D2
hzdt = pdt+ ZdW (t) in Q,

z(t, 0) = z(t, 1) = 0 on (0, T ),

z(T, x) = q(x) in M.

(4.19)

Thanks to Itô’s formula and (4.1), we obtain

E
∫
M
yεk(T )q − E

∫
M
y0z(0) = E

∫
Q
pyεkdt+ E

∫
Q
Fzdt+ E

∫ T

0

∫
M∩G0

uεkzdt+ E
∫
Q
vεkZdt,
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and

E
∫
M
ỹ(T )q − E

∫
M
y0z(0) = E

∫
Q
pỹdt+ E

∫
Q
Fzdt+ E

∫ T

0

∫
M∩G0

ûzdt+ E
∫
Q
v̂Zdt.

From this and (4.18), we get ŷ = ỹ and ỹ(T ) = ŷT P-a.s. By the weak convergence (4.18), weak
lower semicontinuity and (4.17), we deduce (4.4) and (4.6).

5 Proof of the semilinear result

Proof of Theorem 1.1. Let us consider f fulfilling assumptions (A1)-(A3). Recalling (4.2), for all
µ, λ and h such that (3.10) holds, define the nonlinear map

N : F ∈ Sλ,µ,h 7→ f(ŷ) ∈ Sλ,µ,h,

where ŷ solves (4.1) with the initial datum y0 and the source term F .
We fix µ and m = 1. We can show that N is well defined. In face, noting θ ≥ 1, by (3.2), (3.3),

(4.3) and (4.6), we have

|N (F )|2Sλ,µ,h
= E

∫
Q
s−3e−2sϕ|f(ŷ)|2dt

≤ λ−3L2E
∫
Q
e−2sϕ|ŷ|2dt

≤ Cλ−3L2
(
E
∫
M
s−2e−2sϕ|y|2

∣∣∣
t=0

+ E
∫
Q
s−3e−2sϕ|F |2dt

)
<∞.

This shows that N is well defined.
Next, we choose λ such thatN is strictly contractive. Consider two source terms F1, F2 ∈ Sλ,µ,h.

We denote the solutions of the corresponding equations by ŷ1 and ŷ2, respectively. From (3.3), (4.3)
and (4.6), we have

|N (F1)−N (F2)|2Sλ,µ,h
= E

∫
Q
s−3e−2sϕ|f(ŷ1)− f(ŷ2)|2dt

≤ L2λ−3E
∫
Q
e−2sϕ|ŷ1 − ŷ2|2dt

≤ CL2λ−3|F1 − F2|2Sλ,µ,h
.

Choosing λ sufficiently large such that

CL2λ−3 < 1, (5.1)

the map N is strictly contractive.
By the Banach fixed point theorem, we conclude that N has a unique fixed point F in Sλ,µ,h.

Let y be the solution associated to this F with the control (u, v). Then, we have F = f(y).
From (4.6), it follows that

E
∫
Q
e−2sϕ|y|2dt+ E

∫ T

0

∫
M∩G0

s−3e−2sϕ|u|2dt+ E
∫
Q
s−2e−2sϕ|v|2dt
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≤ CE
∫
M
s−2e−2sϕ|y|2

∣∣∣
t=0

+ CL2λ−3E
∫
Q
e−2sϕ|y|2dt.

By the above inequality and (5.1), we get

E
∫
Q
e−2sϕ|y|2dt+ E

∫ T

0

∫
M∩G0

s−3e−2sϕ|u|2dt+ E
∫
Q
s−2e−2sϕ|v|2dt

≤ CE
∫
M
s−2e−2sϕ|y|2

∣∣∣
t=0

, (5.2)

which implies that (1.4) holds true for h ≤ h0 and λh(δT )−1 ≤ ε0.
From (4.4), (4.5) and (5.2), we obtain

E
∫
M

|y(T )|2 ≤ CEλ,µ,h
(
E
∫
M
s−2e−2sϕ|y|2

∣∣∣
t=0

+ E
∫
Q
s−3e−2sϕ|F |2dt

)
≤ CEλ,µ,h

(
E
∫
M
s−2e−2sϕ|y|2

∣∣∣
t=0

+ L2E
∫
Q
e−2sϕ|y|2dt

)
≤ C(1 + L2)Eλ,µ,hE

∫
M
s−2e−2sϕ|y|2

∣∣∣
t=0

≤ C(1 + L2)h−2eCλ(2θ(0)−θ(T ))E
∫
M

|y0|2.

Choose δ0 > 0 such that for all δ < δ0, it holds that

2θ(0)− θ(T ) = 4− (δT )−1 ≤ −1

2
(δT )−1.

Note that we need h ≤ h0 and λh(δT )−1 ≤ ε0, where λ is fixed. Let h1 = ε0δ0T
λ . For any

h ≤ min{h0, h1}, we choose δ = h
h1
δ0 ≤ δ0. Then, we obtain λh(δT )−1 = ε0. By the above

argument, we get

E
∫
M

|y(T )|2 ≤ Ce−
C
h E

∫
M

|y0|2.
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[15] S. Labbé and E. Trélat, Uniform controllability of semidiscrete approximations of parabolic
control systems, Syst. Control Lett. 55 (7) (2006), 597–609.

[16] K. Le Balc’h, Global null-controllability and nonnegative-controllability of slightly superlinear
heat equations, J. Math. Pures Appl. 135 (9) (2020), 103–139.
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