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Abstract

The global null controllability of stochastic semilinear parabolic equations with globally Lip-
schitz nonlinearities has been addressed in recent literature. However, there are no results
concerning their numerical approximation and the behavior of discrete controls when the dis-
cretization parameter goes to zero. This paper is intended to studying the ¢-null controllability
for semi-discrete stochastic semilinear parabolic equations, where the spatial variable is dis-
cretized using a finite difference scheme while the temporal variable remains continuous. The
¢-null controllability means that terminal state can be dominated by a function that tends to
zero as the spatial discretization parameter h approaches zero. The proof is based on a new
refined semi-discrete Carleman estimate and Banach fixed point method. The main novelty here
is that the Carleman parameters and discretization parameter are made explicit and are then
used in a Banach fixed point method.

1 Introduction

Let T' > 0 and (Q, F,F,P) with F = {F;}+>0 be a complete filtered probability space on which
a one-dimensional standard Brownian motion {W(t)};>¢ is defined and F is the natural filtration
generated by W(-), augmented by all the P null sets in F. Write F for the progressive o-field with
respect to F. Let H be a Banach space. Denote by LQE(Q;H) the space of all F--measurable
random variables £ such that E|{ \3_[ < oo; by L2(0,T;H) the Banach space consisting of all H-
valued F-adapted processes X (-) such that E(|X(:) %Q(OI;H)) < 00, with the canonical norm; by
L (0,T;H) the Banach space consisting of all H-valued F-adapted essentially bounded processes;
and by L2(€;C([0,T];H)) the Banach space consisting of all H-valued F-adapted continuous pro-
cesses X (-) such that E(|X(')|é([0,T];H)) < 0.

Let G = (0,1) and G be a nonempty open subset of G. As usual, x¢, denotes the characteristic
function of Gg. We consider the following stochastic semilinear parabolic problem in a continuous
framework:

dy — Yppdt = (f(w,t,2,9) + Xcou)dt + (g(w, t,z,y) +v)dW(t) in (0,T) x G,
y(t,0) =y(t,1) =0 on (0,7), (1.1)
y(0) = yo in G.
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Here, the initial datum yo € L?(G) and the controls (u,v) € L2(0,T; L*(Go)) x L(0,T; L*(Q)).
The null controllability problem of (1.1) consists of finding controls (u, v) such that y(T) = 0 in G,
P-a.s.

As we known, the controllability of deterministic nonlinear parabolic equations has been studied
by many authors and the results available in the literature are very rich (see e.g., [2, 9-12, 16] and
the references cited therein). A common feature of these results is that they usually use linearization
and suitable fixed point methods to address the controllability problem of nonlinear systems. To
this end, the important property of compactness is often required.

In recent years, the controllability of stochastic parabolic equations has received much attention.
However, most of the existing results are focused only on stochastic linear parabolic equations,
with very few results on the nonlinear case. The main reason is that the compactness property,
which is one of the key tools in the deterministic setting, is known to be false for the functional
spaces related to stochastic setting. To the best of our knowledge, the only known results in
this direction are [13, 14, 24, 25]. In [l14], the authors prove the global null controllability of
forward stochastic semilinear parabolic equations with globally Lipschitz nonlinearities using a
refined Carleman estimate and the Banach fixed point theorem in weighted Sobolev spaces. This
method effectively circumvents the well-known problem of the lack of compactness embeddings for
the solution spaces arising in the study of controllability problems for stochastic parabolic equations.

Specifically, consider the following assumptions for f and g:

(Al). The functions f and g have pointwise representatives measurable with respect to P @ B(G) ®
B(R), where P is the progressively measurable o-algebra on €2 x [0,T]. In particular, their
values at every grid point are progressively measurable. For each ¢ € L?(G), the compositions
() and g(-,-, -, ) are L?(G)-valued progressively measurable processes;

(A2). There exists L > 0, for (w,t,x,51,52) € Q2 x [0,T] x G x R x R, it holds that

’f(w7t7$> 51) - f(w,t,:c, 82)| < L|81 - 82|;

(A3). For (w,t,z) € QA x[0,T] x G, f(w,t,z,0) = 0;
(A4). There exists L > 0 for (w,t,x,s1,52) € 2 x [0,T] x G x R x R, it holds that

’g(w7t7x751) —g(W,t,$,52)| < L|51 - 52|;

(A5). For (w,t,x) € 2 x[0,T] x G, g(w,t,2,0) =0.

Assuming (A1)—(A3) and square integrability of g(-, -, -, y) along the trajectory used in the feedback
cancellation, the system (1.1) is null controllable, i.e. for every T > 0 and for every yo € L?(G),
there exist controls (u,v) € L2(0,T; L*(Gp)) x L(0,T; L*(G)) such that the constructed solution
y of (1.1) satisfies y(7,z) =0 in G, P-a.s. (see [14, Theorem 1.1]).

As the numerical approximation of the control system (1.1), it is natural to consider the null
controllability for semi-discrete stochastic semilinear parabolic equations. We shall introduce a
finite difference approximation of the system (1.1).

Let N € N. Define the spatial discretization parameter h 21 /(N +1). Consider the pairs (¢, z;)

with ¢ € (0,7") and z; = ih for i = 0,--- , N + 1. Applying the centered finite difference method to
the spatial variable for the system (1.1), we consider the following semi-discrete stochastic semilinear



system:

72( i+1 2y + yz 1)dt
=(f* (w t,2i,y') + X u')dt + (9" (w, t, 24, y") + 0" )dW () t € (
(0 =51 (1) =0 te(
y'(0) =y, =
(1.2)

where y§ = h™! lef/; yo(z) dz and X%;o = XGo ().

To present our main results, we need to introduce some notations. Define the following regular
partition of the interval [0, 1] as Ké{xi |i=0,1,...,N,N + 1}. For any set of points W C K, we
denote the dual meshes W and W*, respectively, by

.a

WEL W) N (W), W2, W)U (W),

where

(W) 2 {x + g

xEW}.

Define W2 (W*)* and wE (W'Y Notice that for two consecutive points z;, ;41 € W, we obtain
2iy1 — x; = h provided W = W. Such a subset W C K is called a regular mesh. Denote the

boundary of a regular mesh W as OW éW\VV
We define the average operator A; and the difference operator Dy, by

)é Tru(t, o) + T_u(t, )
= 5 ,
qu(t,x) — t_u(t, x)
h )

Ap(u)(t,x

1>

Dp(u)(t, )

where Tru(t, ) 2 u(t,z + %)
Let L(W) represent the set of real-valued functions defined in WW. We denote by L2 (W) the
Hilbert space with the inner product

<U7U>L,§(W) / w2 h Z

zeW

For u € L(W), its Ly°(W)-norm is defined as
[ul e o) = mae{ [u(x) [}
Ly O) = pew '

With above notations, letting Q é(O, T)x M where M 2 K , the controlled semi-discrete stochas-
tic semilinear system (1.2) can be written as

dy — Djydt = (f(w,t,2,y) + xGowdt + (g(w, t,2,y) +v)dW(t) inQ,
y(t,0) =y(t,1) =0 on (0,7), (1.3)
y(0,2) = yo in M,



where the initial datum yo € L% (M) and the controls (u,v) € L2(0,T; L3 (Go N M)) x LZ(0,T;
L?(M)). Utilizing the classical theory of stochastic differential equations (see [20, Theorem 3.2]),
there is a unique solution y € L4(Q; C([0,T]; L2 (M))) to (1.3). The main purpose of this paper is
to study the null controllability for the semi-discrete stochastic semilinear parabolic equation (1.3).
Remark 1.1. It is a technical requirement to introduce two controls v and v in (1.3). This is
because, in the Carleman estimate (3.10), the term involving |g| appear on the right-hand side of
the inequality. So far, we do not know how to handle this term. In fact, for general stochastic
parabolic equations in the continuous setting, this remains an open problem. However, for some
special linear systems where the principal coefficients depend only on the spatial variable and the
lower order terms are independent of spatial variable, controllability results with control only in
the drift term can be obtained (see [19, 23]).

Remark 1.2. The question of whether controllability can be achieved with a scalar control v(w,t)
in the diffusion term is a fundamental and highly challenging problem. To the best of our knowl-
edge, even in the continuous (non-discrete) setting, this problem remains open and is considered
a major obstacle in the control theory of SPDEs. Existing results on scalar controls for parabolic
equations are limited to deterministic systems [3], and their extension to the stochastic case is not
straightforward. It would likely require the development of entirely new analytical tools.

Remark 1.3. One might consider simplifying the system by absorbing the diffusion term via
feedback control, i.e., by taking v = —g. However, this does not necessarily reduce the difficulty
of proving controllability. In this case, the system becomes a parabolic equation with random
coefficients:

dy — D3y dt = (f(w,t,7,y) + Xgou)dt in @,
y(t,0) = y(t,1) =0 on (0,7),
y(0,2) = yo in M.

If we treat the sample point w as a parameter, then for any fixed w € €, the controllability of such
a deterministic equation with random coefficients is known (see [5]), implying the existence of a
control u(w, -, -). However, the crucial difficulty lies in the stochastic setting: there is no guarantee
that such a control, constructed for each w, would be adapted to the filtration F. A non-adapted
control would require future information, which is inadmissible. This “adaptedness” constraint is

a fundamental challenge in SPDE control theory that is not circumvented by this simplification.

Remark 1.4. The assumption that the control v acts on the whole domain G is an idealization. A
more physically relevant and challenging problem is to consider a control localized to a smaller region
GG1 C G. This localized control problem is a major open question in the field, even for continuous
linear SPDEs. The primary technical obstacle is the reliance of current methods on global Carleman
estimates. A solution would require a new type of Carleman estimate where the right-hand-side
integral is restricted to the control region GGy, i.e., involving the term EfOT fG1 52e2%9|g|?dt. Devel-
oping such an estimate would be a significant breakthrough. Therefore, our work, which addresses
the global control case, should be seen as an essential first step. It establishes a foundational result
and develops techniques in the semi-discrete stochastic setting, providing a benchmark for future
investigations into more realistic scenarios like the localized control problem.

Remark 1.5. It is an interesting problem to consider the case where f(w,t,z,y,y,) depends on y,.
Although our Carleman estimate (3.10) involves the term E fQ* 5€25%| Dypw|?dt, the main difficulty
lies in how to add the term E fQ e25%572| A, Dyy|*dx into the left-hand side of (4.6). Even in the

continuous case [14], this problem remains open. At present, we do not know how to overcome this
difficulty.



There are numerous studies on the controllability theory of deterministic linear semi-discrete
parabolic equations (see [1, 6, 8, 15, 21, 27, 28] and the references cited therein). However, there
are fewer studies on the controllability of semi-discrete semilinear systems. In [5], the authors
study the null controllability of semi-discrete semilinear parabolic equations, using the linearization
and Schauder topological fixed point theorem. In contrast, there are only a few papers which
are concerned with controllability of the semi-discrete stochastic parabolic equations, i.e., [20]
which announced the null controllability of linear semi-discrete stochastic second order parabolic
equations, and [22] which announced the null controllability of linear semi-discrete stochastic fourth
order parabolic equations. To the best of our knowledge, there are no results available regarding
the controllability of semi-discrete stochastic nonlinear parabolic equations.

For discrete systems, it is well known that uniform null controllability is hard to address, i.e. for
any initial condition, there exist controls (u,v) such the solution of system satisfies y*(T) = 0 for
i €1,...,N. Thus, we consider the ¢-null controllability which proposed in [5], i.e. terminal state
can be dominated by a function which tends to zero as spatial discretization parameter h tends to
zero. This definition is highly useful for characterizing the behavior of discrete controls when the
discretization parameter goes to zero.

To overcome the lack of compactness for the solution spaces of stochastic differential equations,
we borrow some ideas from [14] for proving the null controllability of stochastic semilinear parabolic
equations (1.3). First, we introduce a new weight function that differs from the continuous case in
[14], and we obtain a new global Carleman estimate for a liner backward stochastic semi-discrete
parabolic equations with a source term in a suitable weighted space. Next, by combining the
Carleman estimate with the duality argument and the Hilbert Uniqueness Method introduced in
[4], we establish the ¢-null controllability for a linear system, which Carleman parameters and
discretization parameter h are made explicit. At last, the ¢-null controllability of system (1.3) is
ensured through a Banach fixed point method which does not rely on any compactness argument.

The main result of this paper is the following.

Theorem 1.1. Under assumptions (Al) — (A5), there exist positive constants hg and C' such that
for all h < hy, there exist (u,v) € L%(0,T; L3 (Go N M)) x L2(0,T; L3 (M)), so that the solution y
to (1.3) satisfies

T
E/ \y|2dt+E/ / u\zdt—i—E/ v|?dt < C/ |02, (1.4)
Q 0 MNGo Q M

and
E / ()P < Ce % / ol (1.5)
M M

Here and in what follows, unless otherwise stated, C stands for a generic positive constant
depending only on G, Gy, T and the Lipschitz constant L whose value may vary from line to line.
The mesh threshold Ay in the main theorem may also depend on L.

Remark 1.6. For the semi-discrete linear system, we can obtain a controllability result with only
one control. In fact, consider the following equation:

dy — Diydt = xg,udt + a(t)ydW(t) in Q,
y(t,0) =y(t,1) =0 on (0,T), (1.6)
y(ovx) = Yo in M,



where a(t) € Lg°(0,T;R), the initial datum yo € L%_-O (Q; L2(M)) and the control u € L(0, T; L*(£;
L?(M))). By using the partial spectral inequality for discrete elliptic operators established in [7]
and the techniques developed in [19], one can show that the ¢-null controllability for (1.6) holds.
However, the above method is difficult to apply to the semilinear case.

Remark 1.7. We claim that, under assumptions (A1) — (A5), the ¢-null controllability for (1.2)
can be reduced to the ¢-null controllability of the following equation:

dy — D,%ydt = (f(y) + xgouw)dt + vdW(t) in Q,
y(t,0) = y(t,1) = 0 on (0,7), (1.7)
y(O,CC) = %Yo in M.

Indeed, assume that the ¢-null controllability for (1.7) holds. Then there exist (u,v) € L2(0,T;
LZ(GyN M)) x LA(0,T; L2 (M)) such that the solution to (1.7) satisfies (1.4) and (1.5). Since the
control v is distributed in the whole domain @, the state y satisfies (1.3) with the control u* = u
and v* = v — g(y). Hence (1.5) holds. Thanks to assumptions (A1), (A4), (A5) and (1.4), one can
show that (u*,v*) satisfies

T
IE/ / |u*|2dt+]E/ " Pt < c/ 1yol?,
0 MnNGo Q M

which implies the ¢-null controllability for (1.3).

Remark 1.8. From Remark 1.7, assumptions (A1)—(A3) suffice for the feedback cancellation argu-
ment provided the constructed trajectory satisfies g(-,-,-,y) € L&(0,T; L2(M)). Under this addi-
tional integrability condition, the feedback defines an admissible control v and (1.5) holds. Without
it, even the stochastic integral need not be defined. However, without assumptions (A4) and (A5),
it is difficult to show that the control of the diffusion term is uniformly bounded with respect to
discretization parameter h. This is why we need these assumptions (A4)—(A5) in Theorem 1.1.

The rest of this paper is organized as follows. In section 2, we give some preliminaries. A
new Carleman estimate is proved in section 3. In section 4, we prove the controllability for linear
stochastic semi-discrete parabolic equations with a source. Finally, we prove the main controllability
result Theorem 1.1 based on the Banach fixed point method in Section 5.

2 Some preliminary results

This section is devoted to presenting some preliminary results we needed.

Lemma 2.1. [8, Lemma 2.1] For any u,v € L(W), we have for the difference operator
Dy (uwv) = DpuApv + ApuDpv, on W*. (2.1)

Similarly, the average of the product gives

h2
Ap(uv) = ApuApv + ZDhUth’ on W*. (2.2)

Finally, on W we have
2

h
u= Alu — ZD%U (2.3)
6



Corollary 2.2. /S, Corollary 2.2] Let W C M be a regular mesh. For u € L(W),

Ap(u?) = (Apu)® + T(Dhu)2, on W*. (2.4)

In particular, for all uw € L(W),
Ap(u?) > (Apu)?, on W*. (2.5)
For v € L(W)
Dh(uQ) = 2DpuApu. (2.6)

To deal with the boundary conditions, we define the outward normal for z € OW as

1, if7_(z) € W* and 7y (x) ¢ W*,
1, 7 () ¢ W* and 7y (x) € WP, 2.7)

0, otherwise.

v(x)

We also introduce the trace operator for u € L(WW*) as

T_u(x), ifv(r)=1,
VaoedW, tr(u) 2 mru(z), ifv(z)=—1,
0, if v(z) = 0.

Then by the definition of trace operator, for x € OW and u € L(W), it is easy to check that

2

h
to(|Apul*)v — Ztr(\Dhulz)u = |ul*v — hut,(Dyu). (2.8)

Finally, let us introduce the discrete integration on the boundary for u € L(OW) as

Proposition 2.3. [8, Proposition 2.3] Let W be a semi-discrete reqular mesh. For uw € L(W) and
v € LOW*) we have

/ uDpv = — Dhuv—l—/ uty(v)v (2.9)
w w* ow

and

/ uApv = Ahuv—h/ uty(v). (2.10)
w we 2 Jow

Proposition 2.4. [8, Corollary 2.7] Let f be a (n+ 4)-times differentiable function defined on R
and m,n € N. Then

APDRF = f™ + Rap (f™)) + Rpp (f) + Rappp (f),



Rap(f) = Qhﬂkz_o (1) =207 [ - (420 Y

and Rappyp := Ram o Rpr. Here, ) denotes the n-th derwative of f with respect to .

3 Carleman estimate

This section is devoted to proving a new Carleman estimate for a backward stochastic semi-discrete
parabolic equation. To state our Carleman estimates, we first introduce the weight functions.

Let G be an open interval contains [0, 1], and G, G2 be given two nonempty open subsets of G
satisfying Go C G2 C G1 C G1 C Gp and M NGy C M N Gy. Thanks to [12, Lemma 1.1], there

exists a function ¢ € C’k(é) with k large enough such that
0<<1inG, [0,0]>Co>0inG\Ga, ,1(0) >0, and (1) < 0. (3.1)

Without loss of generality, in what follows, we assume that 0 < T" < 1. For some constants m > 1,
c>2and 0 <4 < %, we define the following weight function

o(t) = 1+ <1 _ ‘;f)a t e [0,T/4),

0(t) =1, te(T/4,T/2),

0 is in increasing on [1'/2,37/4), (3.2)
o(t) = M” t € [37/4,T),

0 € C*([0,T)).

For any parameters A > 1 and p > 1, let

o(x) = e ((z)+6m) _ Meﬁ#(m-&-l), o(z) = (@) +6m)
{s(t) =A0(t), r(t,z) =M@ ot z) = (r(t,z)) " (3.3)

We choose o as
o = ApZer =), (3.4)

Remark 3.1. In the continuous setting, the regularity of the weight function 4 can be chosen as
C?([0,1];R). Here estimates of discrete derivations of the weight function require knowledge of
higher-order derivatives through Taylor formulas. Moreover, to facilitate the Taylor expansion of
the weight function at the boundary, the domain of v has been slightly extended.

Remark 3.2. The assumption 0 < T° < 1 is only technical. In fact, if 7" > 1, one can modify
the definition of #(¢) on the interval (T'/2,T] by setting 0(t) = 2(T/4 + 6T)™(T — t + 6T)~™ for
t € [3T/4,T]. With this adjustment, the Carleman estimate (3.10) remains valid.



Remark 3.3. It can be seen from the (3.2) that, compared with the weight function in continuous
setting (see [14]), the main difference here is that the weight does not singular at times ¢t = T..

In the sequel, for any n € N, we denote by O(s™) a function of order s™ for sufficiently large
s (which is independent of p and h), by O,(s™) a function of order s™ for fixed p and sufficiently
large s (which is independent of h), and by O,((sh)") a function of order (sh)" for fixed p and
sufficiently large s, sufficiently small h.

We need some estimates regarding the weighted functions.

Lemma 3.1. [17, Lemma 4.3] For o, 3 € N, we have

05 (rog p) = o (=s0) 1P (0,0) " + aB(sp)*p* 7 O(1) + 5* (e — 1)0,(1)
= 520,(1). (3.5)

Corollary 3.2. [17, Corollary 4.4] For o, B, € N, we have

0y (r* (9307 p) = (a+ B) (—sp) TPt PH1(0,0) TP 4 y(a + B) (s) P tP 171 0(1)
+ 5" a(a = 1) + B(8 — 1)]0,(1)
=520, (1). (3.6)

By (3.3) and (3.5), it easy to see that the following result holds.
Lemma 3.3. For o, 3,7,0 € N, we have

35 (rog pd (rd)p)) = 7 (a + )7 (=) T peHHHT (9,p) FFFIHET - (sp) FT L O(1)
+s7T710,(1)
= s*T70,(1). (3.7)

Lemma 3.4. [17, Lemma 4.8] Let o, j, k,m,n € N. Provided Nh(0T)~™ < 1, we have
A} D} (r AT Dyp) = 0k0 (rdlip) + s"Op((sh)?) = 5" 0,(1). (3.8)
By Theorem 2.4 and (3.8), it is easy to check that the following estimate holds.
Lemma 3.5. Let i,j,k,l,m,n,p,q € N. Provided Ah(0T)~™ < 1, we have

A},D] (r A Dy pAj Dit (r A5 Di p)) = 04(r0, p03 (rd%p)) + s"T10,((sh)?)
= s10,(1). (3.9)

Now, we state the main result of this section, which is a Carleman estimate for backward
stochastic semi-discrete parabolic equations.

Theorem 3.6. Let the functions s and ¢ be defined in (3.3). For all m > 1, there exists a constant
o > 1 such that for any pu > po, one can find positive constants C = C(u), ho and gy with
0<eo<1and X >1 so that for all A\ > \o, 0 < h < hg and Ah(6T)™™ < €y, it holds that

IE/ 83628¢|w|2dt+E/ 8625¢|th|2dt—l—E/ A2u362“(6m+1)625¢]w|2
Q Q* M

T
< C(E/ / 53625¢!w|2dt+E/ 625¢!f\2dt+E/ s2e?*|g|dt
0 GoNM Q Q

9
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+h—2E/ e2s¢|w|2‘ ) (3.10)
M t=T

for all w € LA(S; C([0,T); L2(M))) and f,g € L(0,T; L2 (M)) satisfying
dw + Diwdt = fdt + gdW (t) (3.11)

with w =0 on OM.

Remark 3.4. In the semi-discrete stochastic semilinear case, certain terms arise that cannot be
directly estimated. The key to handling these terms lies in the careful choice of the auxiliary
functions ®(v) and ¥(v) in (3.13). For example, the term —h’E fQ Dy(Drg*tApv)do in (3.28)
cannot be estimated directly, but it can be absorbed by introducing ®(v) and using (3.29). Similarly,
the term 2E fQ AP0y 0, (rOpp)v2dt in (3.38) is also not directly estimable; by introducing ¥(v), it is
absorbed via I3z in (3.44).

Proof of Theorem 3.6. For readability, we have divided the proof into several steps.
Step 1. Letting v = rw and recalling p = r—!, by (2.1), we have the identity

r(dw + Diwdt) = Iidt — ®(v)dt — (v)dt + I, (3.12)

where
I = rD3pA3v + A2 pDiv — Apbyv + ®(v),
Iy = dv + 2rApDppAp Dpvdt + W (v)dt,
®(v) = h;Dh[Dh(TD}QLP)Ah'U]? 1)
U(v) = Dp(rDpp)v.
Here, ® and V¥ are two auxiliary functions to absorb some of the bad terms. From (3.12), we obtain

2rI (dw + Diwdt) = 213dt — 21, ®(v)dt — 21,V (v)dt + 21, I,

which, combined with Cauchy-Schwarz inequality, and noting (3.11), implies
IE/ I f|2dt > 2IE/ L —QIE/ ]<I>(v)\2dt—2E/ | (v)|%dt. (3.14)
Q Q Q Q

In the following steps, we estimate the right-hand side terms of (3.14). Hereinafter, for convenience,
we put

4 3
IE/ nL=> Y1 (3.15)
Q i=1 j=1

where I;; stands for the inner product in L2(0,T; L2 (M)) between the i-th term of I and j-th
term of Is.
In order to shorten the formulas used in the sequel, we define the following

A =E /Q [520,(1) + 50, (sh)?) + s* PO ()] [o]2dt

10



FE [ [04(1) +504((sh)?) + sppO(V)]| Dol
Ao =E [ OB +E [ Ok DM

=E [ s20,(1)|v]? ]E/ 1)|Dyol?
3 =E [ 2o, +E [ omw?_,

FE [ (2020 D0(1) 1 50,(1) + LO(sh)f .
M t=

B= IE/ [0,(1) + sO,((sh)})]t- (| Dyv|?)dt.
0Q

4
Step 2. We compute Y I;;. Combining (2.3) and (3.13), letting ¢'! = rD?p, we obtain
i=1

4
23 Iy =2E / (rD3pA3v + A2 pDiv — Apbsv + ®(v))dv
i=1 Q

h2
=2FE / (m,%pv + Div + 3rD%LpD%Lv — \pbv + @@)) dv
Q
h2
= QE/ (qnv + Div + ?qHD,zLU — A\pbv + <I>(v)> dv. (3.16)
Q
Thanks to It6’s formula, we have

2IEJ/Q(q11 — AoO)vdv = ]E/ ('t — )\@91‘/)1}2} - IE/M(q11 - )\qbﬁt)UQ‘

t=0

M
— / Or(q't — Xy )v3dt — E/ (q* — Xoby)|dv|?. (3.17)
Q Q

Combining (3.5) and (3.8), we conclude that
g = 220, + 5O,(1) + 520, ((sh)?). (3.18)

Using definition of # in (3.2), we obtain 6;(T) = m(6T)~™~!. Thus, we get from (3.3) and (3.18)
that

E/ ("~ oo > —IEJ/ LOMOWP|_ > —4s (3.19)
M t=T M t=T

Noting 6;(0) = —%2, and from (3.3) and (3.4), a direct computation yields

4
A6, (0) = T}\2M2€u(6m—4) (ue6u(m+1) _ eu(w(z)+6m)) > C)\2u3e2p,(6m+1)’

for all ;4 > 1 and some constant ¢ > 0 uniform with respect to T'. Hence, using (3.18) it can be
readily seen that

—E/ (qll—AQSQt)UZ’ ZCE/ A2u362“(6m+1)|v(0)|2—A3. (3.20)
M M
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Thanks to (3.3) and (3.18), we see that

0 0
't = 5 252 PP% 0,0 + 50, (1) + 5°Ou((sh))),  D(AGh) = s,

which implies that
~E / Or(q't — Ny )v2dt
Q

= —IE/ %(282M2(p2|8x1/}’2 +50,(1) + s20,,((sh)?))v?dt + IE/ sd)%vzdt. (3.21)
Q

Q
Using the definition of # in (3.2), it is not difficult to see that for ¢t € [0,Z], 6 € [1,2], and
|04] < CA2M462“(6m_4). Noting there exists p1 > 1 such that for all 41 > 1, it holds that p?e=2# < 1.
Thus, by the definitions of ¢, ¢ in (3.3), for t € [0, %], we end up with

|90

; < O3 B2 Om=4) ou(m+1) _ g3 5on(18m=2) < xg33 3,

S

Moreover, for t € [£,T], we have [0y| < C63, thus it is easy to check that

|¢0u|
0

s < suf2eBrmTl) < 3,58,

Therefore, by (3.21), we conclude that

~E / Or(qtt — Ay )v3dt
Q

>_E / %(252,u2g02]81¢]2 +50,(1) + 0, ((sh)?))odt — A (3.22)
Q

From (3.2), it easy to check that |0, < 4o /T = XO,(1) for t € [0,%), and |6,| < C6? for
t € [£,T]. Then |Agb;| < s20,(1) for t € [0,T]. And noting (3.18), we deduce that

IE/ (' = Ay |dv|* > ]E/ s20,(1)|dv|* > —As. (3.23)
Q Q

Combining (3.17), (3.19), (3.20), (3.22) and (3.23), for p > p1 and Ah(6T)~™ < 1, we conclude
that

0
21[43/62((]11 — Apby)vdv > —E/Q 5(282M2902|8x¢|2 +50,,(1) + s20,((sh)?))v3dt
+ R / N23eEm D [ (0)[2 = Ay — Ag — As. (3.24)
M
From (2.9) and It6’s formula, and noting v = 0 on 0@, we obtain

DpvDp(dv) + 2IE/ dvt,(Dpv)v
Q* oQ

_ (T2 2(0)[2 )2
= [ 1DwMF+E [ 100 +E [ D)

2K / Divdv = —2E
Q

12



> E/ Do (0)2 + E/ Dy (dv)2 — As. (3.25)
M* Q*
Thanks to (2.1) and (2.9) and v = 0 on 9Q, we have
h*E / ¢"'Divdv = —h*E | Ap¢"' Dp(dv)Dpv — h*E | Dpg'' Ap(dv)Dpo. (3.26)
Q Q* Q*

From It6’s formula, we obtain

*

2
—h’E | Ang*'Dy(dv)Dpo = —%E /

h2
; d(Ang"|Dpol®) + QE/Q O (Ang')| Dyol?

h2
+SE Apg't| Dy (dv)|?. (3.27)
Q*

By It6’s formula and (2.1), a direct computation shows that
1 1
Ap(dv)Dypv = 5d(Dh(uQ)) — ApvDy(dv) — 5Dh((dv)Q),
which combined with (3.13), (2.9) and ¢,(v) = 0 on 0Q* implies

— h’E DthAh(dv)th
Q*
h2 11 2 11 h2 11 2
:_7]]4: Dhq d(Dh( ))—l-h E o Dhq Athh(dv)—i-?E o Dhq Dh((dv) )
h?
]E/ Diqttd(v hQE/ Dh(Dhanhv)dv—k?]E Dyg" Dy, ((dv)?)
Q*

K2 h?

- ]E/Qd(D2 1y?) E/ ou(Dig'h) th—h2E/QDh(Dhq“Ahv)dv— QE/QD%Lq“va.

(3.28)

Combining (3.26)(3.28), and noting (3.13), ¢"! = rD3p, it holds that
h2
2IE/ <qHD,2lv + <I>(v)>dv
o\ 2
h2
- —Q[E/Q d(Ang" | Dyol?) —E/ B(Ang™)| Dol —E/ Apg™| Dy (dv)?
E/dD2q“ 2) +IE/8 (D2g') 2dt+E/ D2g"|dv|? ] (3.29)
By ¢! = rD?p, from (3.5) and (3.8) and |Dpv|?> < 2h72(|7v]? + |7—v|?), we get
h? 11 2
—5E [ dAng | Dpol”)

= —E/ Ahqll‘DhU‘ ‘ + E/ Ath’DhU|
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> £ [ OWIID]_ ~E [ (22 0() +50,(1) + LOLhP )P,
> —As, (3.30)
and
h2

TE [ a0 = B [ Ouenp|_ ~B [ O = -4 (3D
2 Q M t=T M t=0
Thanks to (3.3), (3.5) and (3.8), noting ¢'! = rD37p, we see that
0 6
Or(Ang™) = 5°0,(1), 0(Dig") = 5°0,(1),
and noting |0;] < A9?O,,(1), which implies that, for A(67)™™ < 1,

h2
5 { - IE/ Or(Ang™") | Dyo)? + E/ (D3 M v?dt
Q* Q

Y

—]E/ SOM((sh)2)|th|2dt—E/ sO,((sh)?)|v|*dt
Q* Q

> AL (3.32)
It follows from (3.5), (3.8) and ¢! = rD3?p that, for Ab(6T)™™ < 1,

h2
S5 [E [ Awtoa@oP + [ D]
2 Q" Q

Vv

E [ Ol ~E | 0 ((sh)?)Dy(a)?
> —As. (3.33)

Combining (3.29)—(3.33), we conclude that, for AR (6T)"™ < 1,
h2
2IE/ <2q11D,§u + @(v)>du > A — Ay — As. (3.34)
Q

Thus, from (3.16), (3.24), (3.25) and (3.34), for pu > py and AR(6T)™™ < 1, we see that

4
23 L= cE [ NP IDpO)2+E [ [Dyo(0) +E [ [Da(dv)]® — A — A — Ay
i=1 M M* Q*

. E/ %(282u2w2\8xw\2 +50,(1) + s°Op((sh)?) )’ dt. (3.35)
Q
4

Step 3. We compute > L.
i=1
From (2.4), (2.6), (2.8)-(2.10), (3.6), (3.9) and (3.13), letting ¢'2 = 2r2D2 p A, Dp,p, for Ah(6T)™™ <
1, we arrive at the following estimate

21, =F / 2Dy ((Apv)?)dt
Q
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=-E Dyq*?(Apv)?dt +E/ ¢t ((Apv)?)vdt
Q* o0Q

2 2
=-E Dyq*? Ap(v?)dt + h—E Dyq*?|Dpv|?dt + hE/ q**t,.(|Dpo|?)vdt
12 2 h’2 12 2 h’2 12 2
=-E [ ApDpq=|v|°dt+ —E Dyg *|Dpv|*dt + —E q “tr(|Dpv|*)vdt
Q 4 Jor 4 Jag
> 6E/6253M4<P3|3x¢|4|v2dt - E/Q[S2OM(1) +5°0,((sh)?) + 8° > O()]|v[?dt
—IE/ SOM((sh)2)|th|2dt—E/ 5O, ((sh)2)t(| Dyo[2)dt
Qr 9Q

> GE/ St 0, o2t — Ay — B. (3.36)
Q

Thanks to (2.6), (2.9), (3.5) and (3.9), letting ¢**> = 2r2 A2 pAj, Dy,p, for AR(6T)™™ < 1, a direct
computation gives

2l =F / q*2 Dy ((Dyv)?)dt
Q
= —E/ Dhq22]th|2dt+E/ ¢**t,.(|Dpv|?)vdt
Q* 0Q
> 2F / st° @l 0p|*| Dyl *dt — 2B / syt (| Dyo| vt
Q* o0Q
~E [ 1s0u((sh)) + sip O] Dyofdt —~E | 50,((sh))er([ Dy
* aQ
> QE/ sp2 |0y 2| Dyo|?dt — 2IE/ sppdpit, (| Dpol?)vdt — Ap — B. (3.37)
Q* 0Q
Combining (2.1), (2.4), (2.6), (2.9) and (2.10), letting ¢®? = 2)\¢0;r A, Dyp, we see that
2[32 = —QE/ q32AhDh’UUdt
Q
=2E Dhq32|Ahv|2dt + QE/ Apg*? ApvDpodt
Q*

Q*

=2FE Dyg*?| Apv|2dt — E/ Dy Ang®?v?dt
Q* Q

h2
:E/ ApDpg®?|v|?dt — IE/ Dyq*?| Dyv)?dt.
Q 2 Jo
By Theorem 2.4, (3.5), (3.8), and noting |6] < A\0?O,,(1), we obtain

0
AnDpg® = 05 (2008w A Dup) + 75O, ((sh)?)

0
= 2000, (r ApDpp) + 205(Ap0;)r A Dpp + gts(’)u((shf)

o 7 0
= 220010: (r0ap) + 5 5*Op((sh)?) = 25 5212 0% (0:0)° + 5 sOu((sh)?)
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= 200,05 (rdup) — %S%%%amw)? + %SQOA(sh)?),
and Dpg*? = s°0,(1), which implies that, for Aa(6T)™™ < 1,
2y > 2K /Q [)@Ht@m(rﬁxp) _ %SZM%?(@DW + %52(9“((8h)2)] V2t — Ay, (3.38)
From (2.1), (2.5), (2.6), (2.8), (2.9), (3.9) and (3.13), for Ah(6T)~™ < 1, we obtain
2140 = 2h°E /Q Dy [Dy,(rD3 p) Apv)r Ay Dy p A Dyvdt
= 2h°E /Q D3 (rD3 p)r Ay DypAiv Ay Dyvdt + 2h*E /Q ApDy(rD3p)r Ay Dyp| Ap Dyo|*dt

h4

= —h’E . Dy, [D3 (D3 p)r Ap Dy pl| Apv|?dt + ZE /8Q D3 (rD3 p)r Ap Dy pt, (| Dyv|?)vdt

+ 2h*E / ApDy,(rD32p)r Ay Dy p| Ay Dyol?dt. (3.39)
Q

From (2.5), (2.10) and (3.9), it is easy to check that the first term of the right hand of (3.39) can
be bound by

—h?E | Du[Di(rDip)rAnDppl|Apv|®dt > —E/

5O,((sh)2) An(v?)dt > —E / 5O, ((sh)?)o2dt.
Q* Q*

Q
Similarity, the second term of the right hand of (3.39) can be estimated by

2h2E/ ApDy(rD3p)r Ay Dyp| Ay Dyol?dt > —E/ 5O, ((sh)?)| Dyv|?dt.
Q Q*

By (3.9), and substituting the above two estimates into (3.39) yields
2040 > — A1 — B. (3.40)

Combining (3.36)—(3.38) and (3.40), for Ah(0T)~™ < 1, we conclude that
4

23" Iy > 6F /Q |0, ol2dt + 2B /Q suol0, P Dyol?de = 26 | st (Dyol i
i=1

+2E / [Agb@tax(r@zp) o
Q

7 s2 20?01 + %52(9“((511)2)] vidt — A — B. (3.41)

4
Step 4. We compute Y. ;3. By (2.1), (2.3), (2.6), (2.9), (3.7), (3.9) and (3.13), letting ¢** =
=1
rD2pDy,(rDpp), for Nb(6T)~™ < 1, we have

2113 = QE/ ql?’A%vvdt
Q
h2
=2E / ¢ v|?dt + —E / ¢ Divvdt
Q 2 Jg
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h? h?
= QE/ ¢ |v|?dt — E/ Ahq13|th|2dt+E/ D3q"3|v|?dt
Q 2 Jor 4 J
> —2E/ s2 1t 00| Hv)2dt — Ay. (3.42)
Q

From (2.1), (2.6), (2.9), (3.5), (3.9) and (3.13), letting ¢** = rA? pDy,(rDpp), for Ab(6T)™™ < 1,
we see that

2[23 = QE/ q23D;2L’U’Udt
Q
= 2E [ Ang*®|Dpv|?dt + E/ D3¢ |v|*dt
Q* Q
> 2E/ 520 0p0 2| Dpo|?dt — Ay. (3.43)
Q*

Thanks to (3.8) and (3.13), we deduce that

2133 = —2F / ApB; Dy, (r Dy p)v3dt
Q

> —9E / XG0y 0, (rOyp)vdt + E / if 20,((sh)*)vdt. (3.44)
Q Q
From Cauchy-Schwarz inequality and (3.13), we have
2[432E/ O (v)¥(v)dt > IE/ |®(v)|?dt — E / | (v)|2dt. (3.45)

By (2.1), (2.5), (2.10), (3.9) and (3.13), for Ah(6T)™™ < 1, a direct computation shows that
—IE/ |®(v)[2dt > —]E/ OM((sh)Q)yA,%v?dt—E/ O,.((sh)?)|ApDpv|?dt
Q Q Q
> —E/ Ou((sh)2)1v|2dt—E/ O, ((sh)?)|Dpvl?dt, (3.46)
Q Q*

and

—E/ 0 () [2dt > —E/ 20,(1)|o|dt. (3.47)

Q Q

Substituting (3.46) and (3.47) into (3.45), it follows that

2143 > — Ay (3.48)

Hence, combining (3.42)—(3.44) and (3.48), for Ah(6T)~™ < 1, we conclude that

4
23 102 28 | St onullolde + 28 | sutelouliDw s
Q Q*

i=1
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_9R / NG0,D. (rup)v2dt + E / %320“((%)2)@%—/11. (3.49)
Q Q

Step 5. In this step, we summarize the I;;. Combining (3.15), (3.35), (3.41) and (3.49), for
> py and Ah(6T)~™ < 1, we obtain

QE/ Ll Z]E/ c)\2u362“(6m+1)]v(0)\2+E/ thv(O)\2+E/ Dy (do)?
Q M M* Q*
- E/Q T (42122100 + 50,(1) + 0,((sh))Pd
+4E s3u4<p3|0w|4lvl2dt+41€/ s* |0z [*| Dy *dt
Q Q*
_9E / 51100yt (| Do 2)vdt — A1 — Ag — As — B. (3.50)
oQ

From (3.1) and (3.2), noting |6;] < C6? in (T/4,T), 6 € [1,2], |6:] < AO,(1) in (0,T/4), we
have

B [ G60u0 + SO < B [ (£0,0) + LOM(ANF < A 35
Further, noting ; < 0 in (0,7'/4), we have
~E | %32M2¢2!8mw!2!v\2dt > —E/QS?’M%QO(l)\v!th > —Ai. (3.52)

Hence, from (3.14) and (3.50)—(3.52) and noting (3.46) and (3.47), there exists ua > p1 such
that for all u > peo, one can find three constants 1 > ¢; > 0, hy > 0 and A1 > 1, so that for all
A > A1, h < hy and AR(OT)™™ < &1, we have

]E/ A2M3e2“(6m+1)|v(0)]2+E/ 83,u4<p3]v|2dt+E/ 5u2¢]th|2dt+E/ | Dy (dv)|?
M Q Q* Q*
T T
< CE/ \rf|2dt+C]E/ / 33u4<p3|v\2dt+CE/ / sp2p| Dol *dt
Q 0 MNGa 0 M*NGa
+C’(,u)IE/ 52]dv]2+C’(,u)h2E/ lv(T)2. (3.53)
Q M

Step 6. In this step, we return to the variable w.
Noting w = pv, combining (2.1), (3.6) and (3.8), for AL(6T)™™ < 1, we obtain

IE/ s,u2<p7"2\th]2dt—E/ sp2pr? | Dy (pv)|dt
Q* Q*
< QE/ suor? (| DppApol® + |AppDpol?)dt
Q*
< CE/Q 33,u4g03\Ahv\2dt+2E/Q s,u2g0]th|2dt+E/Qs?’(’)u((sh)2)|v|2dt

+IE/* sO,((sh)?)|Dpv|?dt. (3.54)
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From (2.5) and (2.10) and Theorem 2.4, we get
E/*s3u4g03|Ahv|2dt§E/Qs?’u4g03|v|2dt+IE/QS?’O“((sh)QHUIth. (3.55)
Combining (3.54) and (3.55), for Ah(0T)~"™ < 1, we have
E/* sp2or?| Dyw|?dt < CE/6233M4¢3]v|2dt +2E /Q* sp2p| Dpv)?dt + Ay (3.56)

From (2.1) and (3.8), for Ah(6T)™™ < 1, we obtain

rDyw = rDppApv + rAppDpv = rDppApv + Dpv + O#((sh)Q)th,

which implies

T
IE/ / spp|Dypvldt
0 *NGo

T T
< CIE/ / spp(rDpp)? | Apv|?dt + CE/ / sp?pr?| Dyw|?dt
0 *NGo 0 *NG2

+IE/ sO,((sh)?)|Dpv|?dt

T
< CIE/ / st o3r? lw|?dt + CE/ / sp?pr?| Dyw|?dt
MnNGy 0 *NGq

—HE/ sO,((s )2)]th|2dt+E/ 520, ((sh)?)|v]*dt
Q

T
< CIE/ / st o3r? lw|?dt + CE/ / sppr?| Dpw|?dt + Ay, (3.57)
MnNGy 0 *NGq

where we have used |A,v|? < C(|ryv]? + |7_v|?).
Combining (3.53), (3.56) and (3.57), there exists 3 > po such that for all y > us, one can

find three positive constants €5 < €1, ho < h; and Ay > A, so that for all A > A9, h < he and
AR(OT)™™ < g9, we have

E/ A2M362u(6m+1)628¢’w‘2’ +E/ 83M4(p3€28¢‘w’2dt+E/ 3M2(P€25¢’DhW|2dt

M = Q Q*

< C’IE/ | f)? dt—{—C’E/ / s utpBesd|w|? dt+CE/ / sp2pe??| Dypw|?dt
Q MQG1 M*NGq

+C(M)E/ 26259 g 2dt + C(p)h- E/ Huf?] (3.58)
Q M t=T

Step 7. In this step, we estimate the local terms.

Choose a function £ € C3°(Go; [0,1]) such that £ = 1 in G. Thanks to It6’s formula and (3.11),
we have

d(50€%*w?) = 250> Pwdw + pE20;(se**?)w?dt + sp€2e** (dw)?.
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Hence, we have

E/ 5@52625¢|w|2’ —E/ s<p£2625¢|w|2‘
MNGy t=T MnNGo t=0
T T
= E/ / 0E20, (s> w?dt + ZE/ / s@E2e®%w(—Diw + f)dt
0 MNGo 0 MNGo
T
+ E/ / s@E2e?5?|g|2dt. (3.59)
0 MnNGo

From (2.1), (2.9) and (3.59), a direct computation shows that
T T
E/ / 30528t(5625¢)w2dt+ﬂ3/ / 25 Ap (£2pe®*?) | Dpwl|?dt
0 MnNGo 0 M*NGo
T T
= —QIE/ / s<,0£2625¢wfdt — IE/ / 8¢§Qe2s¢|g|2dt + IE/ s<,0£2625¢|w|2
0 JMnGo 0 JMnGo MnNGo t=T
T
- IE/ sg0§2625¢\w|2) - E/ / 25Dy, (£%pe?*?) Apw Dpwdt (3.60)
MnGo t=0 0 JM*nGo

Thanks to (3.2) and (3.3), noting that §; < 0 in (0,7/4), 6; < C6? in (T /4,T) and ¢ < 0, there
exist pg > 1 and A3 > 1 such that for all 4 > pg and A > A3, we have

T
IE/ / ©E20;(s€%) |w|?dt
0 MNGo

T

=E / / ©E2(NO; + 2Xs50,0)e?5® w2 dt
0 MNGo
T T

> —IE/ / [s20,(1) + X130, (1)]e**|w|?dt + E/ / My €2\ w|?dt.  (3.61)

T JIMnGo 0 JMnNGo

Noting || < CAp2e6m=4) < CAp?p, then from (3.61) we have

T
E/ / €20 (s€*) |w|*dt
0 MnNGo

T T
> —E/ / 20, (1) —|—A_lng#(l)]ezs¢]w\2dt—E/4 / 22 20(1)e2 % 2dt
T IMnGo 0 JMnNGo
> _E / [20,(1) + A1$50,. (1)) w|dt. (3.62)
Q
By Theorem 2.4, it holds that

T
IE/ / 25 A, (£20e?*?)| Dyw|?dt
0 M*NGo

T T
> 9K / / 50€2e2%| Dyw|2dt — CF / / SO ((sh)2)e2? Dyuwl2dt.  (3.63)
0 M*NGo 0 M*NGo
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Thanks to Cauchy-Schwarz inequality, we have
T T
—QE/ / seE2ePw fdt < CE/ / s 122 e?lw|?dt + CE/ p2e®0| f?dt.  (3.64)
0 JMNGo 0 JMNGo Q
For Ah(6T)~™ < 1, we obtain
E/ 5g0§2625¢]w|2‘ < C(,u)hl]E/ 628¢|w|2‘ : (3.65)
MnGo =T MnGy =T

By (2.6) and (2.9) and Theorem 2.4, we get

T
- IE/ / 23Dh(£2g0625¢)Athhwdt
0 M*NGo

T
e[ [ DRl
0 MNGo
T T
< C’E/ / s3 2 p3e® 0 |\w|?dt + C’E/ / s0,((sh)?)e*?|w|?dt. (3.66)
0 MnNGo 0 MNGo

Hence, combining (3.60) and (3.62)—(3.66), there exists us > max{us, us} such that for all
i > ps, one can find three positive constants e3 < 9, hy < hg and \y > max{Aq, A3}, so that for
all A > Ay, h < hs and Ah(0T)™™ < g3, we have

T
E/ / sp2pe®s?| Dyw|*dt
0 M*NGy

T
< C’E/ / s ut3e?s?|w|?dt + C’(u)h_lE/
0 MNGo

628¢|w\2‘ +CE/ 29| f|2dt
MNGo =T

Q
+E/ (20, (1) + A~1530, (1)) |w|dt.
Q

Combining it with (3.58), we complete the proof. O

4 The controllability for linear stochastic semi-discrete parabolic
equations

Consider the following linear forward stochastic semi-discrete parabolic equation, which is the
special case for (1.7):

dy — Diydt = (F + xgyu)dt +vdW(t) in Q,
y(t,0) =y(t,1) =0 on (0,7), (4.1)
y(0,z) = yo in M.

Recalling (3.3), we fix parameters A\, u and h such that the inequality (3.10) holds true. We
define the space

Grph = {F € Li(0,T; L (M)) | E/Qs3e2S¢Fy2dt < oo}, (4.2)
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endowed with the norm
FIEy 0 = E/Qs—%—?wm?dt. (4.3)

Here, although the space &) ,, 5, does not explicitly contain i, both A and p have a certain matching
relationship with A, making it related to h as well.
We have the following null controllability for (4.1).

Theorem 4.1. For all p, A\ and h such that (3.10) holds, there exists a positive constant C = C(j)
such that for any yo € L% (Q;L3(M)) and any source term F € &y, p, there exist (u,v) €
L(0,T; L2 (Go N M)) x LA(0,T; L3 (M)), so that the solution to (4.1) satisfies

B[ TP < Ce(E [ 5P| 4B [ st ppar), (4.4
M M t=0 Q
where
Enyup = Ch2e A Due D (4.5)

Moreover, the following estimate holds:

T
IE/ 6_23¢|y|2dt+E/ / 5_36_25¢]u|2dt+E/ s 2e 250y 2dt
Q 0 JMNGo Q

< C(IE/ 3_26_25¢\y|2‘ +IE/ 5_36_28¢|F|2dt>. (4.6)
M t=0 Q

Proof. We apply the penalized Hilbert Uniqueness Method.
Step 1. For any € > 0, we introduce the functional

1 T
Je(u,v) = = <IE/ 625¢|y]2dt+E/ / 33625¢\u|2dt+E/ 52625¢]v|2dt>
2 Q 0 JMNGo Q
1
—E )7 4.7
432 [ ) (4.7)

and the optimal control problem:

min Je(u,v
(u,v)EH 6( ) (48)
subject to equation (4.1),

where
T
H={(w0) € BOTSLH(Gon M) x BOTSRM) B [ [ 72 0upar < oc,
0 MnNGo
E/ s 2e 20 y|2dt < oo}.
Q

It is easily seen that for any ¢ > 0, the problem (4.8) admits a unique optimal solution (u., v).
By the standard variational method (see [18, Chapter 3, Section 2]), the pair (us,v.) can be
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characterized as

3, 2s¢

Us = —XGoS €7 2¢, ve = —5%e®%Z,  in Q, P-as.,

where (2., Z.) solves

dz. + D%zgdt = —e 2%y dt + ZAdW(t) in Q,
2e(t,0) = 2:(¢,1) =0 on (0,7),

1
ze(T,x) = gyE(T, x) in M,

and where y. is the solution of (4.1) with the controls (u,v) = (ug,v;).
Step 2. Thanks to It6’s formula, (4.1) and (4.10), we deduce

]E/M Ye(T)ze(T) = ]E/M Y:(0)z-(0) + E/QyE(D,%zg _ 6_23¢y5)dt

—I-E/ zE(D%yg —|—F+xgou€)dt+E/ ve Zcdt.
Q

Q
Combining (2.9), (4.9) and (4.11), we have

1
/ ~259yy, | dt+IE/ /M . 625¢|z€|2dt+E/6232625¢125]2dt—|—gE/M |ly=(T)|?
NGo

:E/ yozg(O)—i—E/ z.Fdt.
M Q

(4.10)

(4.11)

(4.12)

Applying Carleman estimate Theorem 3.6 with w = 2., f = —e~ 2%y, and g = Z., we obtain

E / s2(0)e®O?|2,(0))? + E / 52e25?| . |2dt
M Q

T
< C(E/ / 33628¢]25|2dt+E/ 628¢|y€|2dt+]E/ 229 7. |2dt
0 GoNM Q Q

+h %R / =My (T)[).
M

From Cauchy-Schwarz inequality, for any x > 0, we have

E [ o)+ E [ wpa
M Q
< /{(E/ 52(0)628(0)¢|Z€(0)|2 —I-IE/ 53628¢|Zs|2dt)
M Q

+O(w)(E /M s2(0)e 2Oy 2 4 E /Q s 0| Pdr).

Letting x > 0 be small enough, from (4.12)—(4.14), we conclude that

T
1
E/ 6_2S¢’ys’2dt+E/ / 33628¢]25!2dt+E/ 82625¢’Z8’2dt+ E/ |lye(T) 2
0 0 JMnG, Q £ Im
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(4.14)



< C(E / s72(0)e™ 202y |2 + E / 3—36—28¢|F|2dt) +Ch™2%%E / M2y (T)2.
M Q M

By the above inequality and (4.9), it holds that

T
1
E/ €_2S¢’ye|2dt+E/ / 3_36_2S¢u€2dt+E/ 5_26_28¢|U€|2dt+E/ ’ys(T)F
Q 0 MNGo Q 9 M

< C(E/ 3_2(0)6_28(0)¢|y0]2+E/ 8_36_28¢|F|2dt> +Ch_25_2E/ M2y (T)2.  (4.15)
M Q M
From (3.3) and (4.5), for u > 2, we have
251 < e—)\Q(T)ueGM(erl)’

which yields that, for e > &), p,

Ch~2:°E / e2(M)0)y (T)|2 < Ch~2e 2e MDe ™R / ly=(T)[?
M M

<5E [ P (4.16)

By (4.15) and (4.16), for € > &) .5, we see that
—25¢, |2 g —3_—2s¢), |2 -2 _—2s¢|, |2 1 2
E [ e lye|“dt + E s e lue|“dt + E [ s 7€ lve|“dt + -E lye(T)|
Q 0 JMNGo Q € JIMm
< C(E / s72(0)e 209y 2 + E / 5—36—25¢\Fy2dt). (4.17)
M Q

Step 3. Let e, = Ex yn + %, where k£ € NT. Since the right-hand side of (4.17) is uniform with
respect to g, there exists (@, 0, , yr) such that

Ug, — U weakly in L2(0,T; L2 (Go N M)),
Vg, — 0 weakly in L2(0,T; L (M)), (4.18)
Ye, = T weakly in L2(0,T; L2 (M)),

Ye (T) = yr  weakly in L2]_-T(Q; LZ(M)).
We claim that ¢ is the solution to (4.1) associated to (u,v) and §(T") = yr. In fact, let § be

the solution to (4.1) with controls (@, ). For any p € L(0,T; L (M)) and ¢ € L% (Q; L} (M)),
consider (z, Z) solves

dz + D3zdt = pdt + ZdW (t) in Q,
2(t,0) = z(t,1) =0 on (0,7), (4.19)
2(T,z) = q(x) in M.

Thanks to It6’s formula and (4.1), we obtain

T
E/ yak(T)q—E/ Y0z(0) :E/pygkdt-i-E/ det+E/ / uakzdt—l-E/ Ve, Zdt,
M M Q Q 0 JMNGo Q
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and

T
IE/ g](T)q—E/ yoz(O)zE/det—l—E/ det—l—E/ / dzdt-}—E/ﬁZdt.
M M Q Q 0 JMNGo Q

From this and (4.18), we get § = ¢ and §(T') = yr P-a.s. By the weak convergence (4.18), weak
lower semicontinuity and (4.17), we deduce (4.4) and (4.6). O
5 Proof of the semilinear result

Proof of Theorem 1.1. Let us consider f fulfilling assumptions (A1)-(A3). Recalling (4.2), for all
i, A and h such that (3.10) holds, define the nonlinear map

N:Fe G puh = f(y) € S i,k

where ¢ solves (4.1) with the initial datum yo and the source term F'.
We fix p and m = 1. We can show that N is well defined. In face, noting # > 1, by (3.2), (3.3),
(4.3) and (4.6), we have

NG, = [ 5702015
<\ TL%E / e 25| 2dt
Q

< CA3LA (E/ 8726728(]5’2/‘2’ —HE/ 8736728¢’F|2dt>
M t=0 Q
< 0.

This shows that A is well defined.

Next, we choose A such that N is strictly contractive. Consider two source terms Fi, Fy € &) ,, .
We denote the solutions of the corresponding equations by 31 and g, respectively. From (3.3), (4.3)
and (4.6), we have

N(F) - N(F)R, , =E /Q S99 (1) — (i) Pt
< L*A7E / e 2501 — o 2dt
< CL2A—3\1?1 — BlE,
Choosing A sufficiently large such that
CL*\ 73 <1, (5.1)

the map N is strictly contractive.

By the Banach fixed point theorem, we conclude that A has a unique fixed point F' in &y, .
Let y be the solution associated to this F' with the control (u,v). Then, we have F' = f(y).

From (4.6), it follows that

T
E/ e2s¢|y|2dt—|—E/ / 5362S¢]u|2dt+E/ s 2e 250y |2dt
Q 0 JMNGo Q
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< CE/ 5_26_2S¢|y|2‘ +CL2)\_3E/ e 259y |2dt.
M t=0 Q

By the above inequality and (5.1), we get

T
IE/ €_2s¢|y|2dt+E/ / 5_36_25¢!u|2dt+E/ s™2e 2 y[2dt
Q 0 MNGo Q

< CE / s—Qe—M\yP] , (5.2)
M t=0

which implies that (1.4) holds true for h < hg and A (0T) ™! < .
From (4.4), (4.5) and (5.2), we obtain

E/ y(T)|? < CE,\%;L<E/ 3*26*28¢\y|2( +IE/ 5*36*2S¢1F12dt)
M M t=0 Q
< CE,\#,;Z(E/ 5_26_2S¢\y|2‘ +L2]E/ e_2s¢|y|2dt)
M t=0 Q
OO+ L8 E [ 572 P
M t=0
< C(1+L2)h260)‘(29(0)G(T))E/ o2
M
Choose d§y > 0 such that for all § < &g, it holds that
1
20(0) —O(T) =4 — (6T) < —5(6T)_1.
Note that we need h < hg and Ah(6T)™! < ep, where ) is fixed. Let hy = EO‘STOT. For any

h < min{hg, h1}, we choose § = %50 < 6p. Then, we obtain Aa(6T)~! = 5. By the above
argument, we get

E / (TP < CeSE / wol?.
M M
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