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Abstract

This paper investigates an inverse source problem for general semilinear stochastic hyperbolic
equations. Motivated by the challenges arising from both randomness and nonlinearity, we
develop an iterative regularization method with a global error bound that combines Carleman
estimate with fixed-point iteration. The error estimate uses partial lateral Cauchy data and an
arbitrary admissible initial guess; it retains a regularization bias. We establish a new Carleman
estimate for stochastic hyperbolic equations and prove a weighted energy error bound for the
proposed method. Furthermore, we design an efficient numerical algorithm that avoids solving
backward stochastic partial differential equations and is robust to randomness in both the model
and the data. Numerical experiments are provided to demonstrate the effectiveness of the
method.

Keywords. Semilinear stochastic hyperbolic equations, inverse source problem, numerical meth-
ods, regularization, Carleman estimate.

1 Introduction

Let T > 0, and let (Ω,F ,F,P) be a complete filtered probability space, where F = {Ft}t≥0

is the natural filtration generated by a one-dimensional standard Brownian motion {W (t)}t≥0,
augmented by all P-null sets in F . Write F for the progressive σ-field with respect to F. Let
H be a Banach space. Denote by L2

F(0, T ;H) the Banach space consisting of all H-valued F-
adapted processes X(·) satisfying E

(
|X(·)|2L2(0,T ;H)

)
< ∞, equipped with the canonical norm; by

L∞
F (0, T ;H) the Banach space of all H-valued F-adapted essentially bounded processes; and by

L2
F(Ω;C([0, T ];H)) the Banach space of all H-valued F-adapted continuous processes X(·) for

which E
(
|X(·)|2C([0,T ];H)

)
<∞ (similarly, one can define L2

F(Ω;H
1(0, T ;H))).

Let G be a bounded domain in Rn with a C2 boundary Γ = ∂G. Let (bjk)1≤j,k≤n ∈ C1(G;Rn)
satisfy that bjk = bkj for all j, k = 1, · · · , n and for some constant s0 > 0,

n∑
j,k=1

bjkξjξk ≥ s0|ξ|2, for all (x, ξ) ∈ G× Rn.

Denote by ν(x) = (ν1(x), ν2(x), · · · , νn(x)) the unit outward normal vector of Γ at x ∈ Γ. Put

Γ0
∆
=
{
x ∈ Γ

∣∣∣ n∑
j,k=1

bjk(x)ψxj (x)ν
k(x) > 0

}
. (1.1)
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where ψ is given in Condition 1.2. We use the notation yxi = yxi(x) ≡ ∂y(x)
∂xi

, where x =
(x1, . . . , xn) ∈ Rn and xi is the i-th coordinate.

Let Q = (0, T ) × G, Σ = (0, T ) × Γ and Σ0 = (0, T ) × Γ0. Consider the following semilinear
stochastic hyperbolic equation:

dut −
n∑

j,k=1

(bjkuxj )xkdt = F (u, ut,∇u)dt+ audW (t) in Q,

ut(0) = 0 in G,

u(0) = u0 in G,

(1.2)

where a ∈ L∞
F (0, T ;L∞(G)) and F : [0, T ] × Ω × G × R × R × Rn → R satisfying the following

assumptions:

Condition 1.1. (1) For each (η, ρ, ζ) ∈ R×R×Rn, F (·, ·, ·, η, ρ, ζ) : [0, T ]×Ω×G is an L2(G)-valued
F-adapted processes;

(2) There exists a constant L such that for a.e. (t, ω, x) ∈ [0, T ] × Ω × G and any (ηi, ϱi, ζi) ∈
R× R× Rn (i = 1, 2),

|F (t, ω, x, η1, ϱ1, ζ1)− F (t, ω, x, η2, ϱ2, ζ2)| ≤ L(|η1 − η2|+ |ϱ1 − ϱ2|+ |ζ1 − ζ2|Rn);

(3) |F (·, ·, ·, 0, 0, 0)| ∈ L2
F(0, T ;L

2(G)).

Stochastic hyperbolic equations play a fundamental role in modeling the vibrations of strings and
membranes under random force, as well as wave propagation in randommedia (e.g., [5, 6, 12]). Their
inverse problems have significant practical applications. A notable example is the international Solar
and Heliospheric Observatory (SOHO) project [13], which seeks to reconstruct the Sun’s internal
structure by analyzing surface motion measurements [6]. This problem can be mathematically
formulated as a series of inverse problems for stochastic hyperbolic equations, one of which is
stated below:

Problem 1. Determine the source function u0 from the lateral Cauchy data u
∣∣
Σ
and

∂u

∂ν

∣∣∣∣
Σ0

.

To study Problem 1, we introduce a technical assumption on (bjk)1≤j,k≤n:

Condition 1.2. There exists a positive function ψ(·) ∈ C2(G) satisfying the following:

(i) For some constant µ0 > 0 and any (x, ξ) ∈ G× Rn, it holds that

n∑
j,k=1

{ n∑
j′,k′=1

[
2bjk

′
(bj

′kψxj′ )xk′ − bjkxk′ b
j′k′ψxj′

]}
ξjξk ≥ µ0

n∑
j,k=1

bjkξjξk.

(ii) There is no critical point of ψ(·) in G, i.e.,

min
x∈G

|∇ψ(x)| > 0.

Remark 1.1. Condition 1.2 ensures the existence of a suitable weight function for establishing the
necessary Carleman estimate for linear stochastic hyperbolic equations. This condition represents
a pseudoconvexity requirement (cf. [14, XXVIII]). In particular, when the matrix (bjk(·))1≤j,k≤n
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coincides with the n×n identity matrix In, the function φ(x) = |x−x0|2 with x0 ∈ Rn \G satisfies
Condition 1.2 with the constant µ0 = 4.

Observe that if ψ(·) satisfies Condition 1.2, then for any constants a ≥ 1 and b ∈ R, the rescaled
function ψ̃ = aψ + b also satisfies this condition with µ0 replaced by aµ0. Consequently, we may
select ψ, µ0, and positive constants c0 > 0, c1 > 0 such that the following strengthened condition
holds:

Condition 1.3. 
1

4

n∑
j,k=1

bjk(x)ψxj (x)ψxk(x) ≥ R2
1
∆
=max

x∈G
ψ(x), ∀x ∈ G,

c1 <
R1√
2T

, µ0 − 4c1 − c0 > 0.

Inverse problems for deterministic hyperbolic equations have been extensively studied (see, e.g.,
[3, 4, 16, 20, 22, 37] and references therein). In contrast, inverse problems for stochastic hyperbolic
equations remain far from being well studied. The reason is that, compared with inverse problems
for deterministic hyperbolic equations, the presence of randomness and uncertainty in both the
model and the data introduces significant additional challenges in the study of inverse problems for
stochastic hyperbolic equations. Those intrinsic difficulties caused by randomness and uncertainty
make it difficult to directly extend methods developed for deterministic hyperbolic equations to the
stochastic setting. As a result, the explicit determination and reconstruction of these stochastic
sources and potentials remain largely unexplored, representing a critical gap in current research.

To our best knowledge, only a few works concern the determination of these sources and po-
tentials. In recent years, substantial progress has been made in determining the expectation and
variance of random sources for random time-harmonic acoustic, electromagnetic, and elastic wave
equations; see, e.g., [2, 11, 23–27]. In this paper, we are concerned with the explicit determination
and reconstruction of the source function for semilinear stochastic hyperbolic equations, which is
different from the problem of determining the expectation and variance of random sources.

On the other hand, in [29, 30, 41, 42], it is proved that the unknown source function was
determined from partial boundary measurements for semilinear stochastic hyperbolic equations.
Nevertheless, those works considered the case of homogeneous Dirichlet boundary conditions and
did not provide a method for reconstructing the source function. Recently, in [9] the inverse
Cauchy problem for linear stochastic hyperbolic equations was addressed, and numerical examples
were provided using a kernel-based learning method, with full boundary measurements. For other
studies on inverse problems for stochastic wave equations, see also [38], where a class of inverse
problems for nonlinear stochastic wave equations is investigated using optimal control techniques,
determining part of the boundary shape and the reflection coefficient.

Classical approaches to nonlinear inverse problems primarily rely on optimization techniques,
which are local in nature and work well when a good initial guess is available. However, solving
nonlinear problems without a reliable initial guess remains a challenging and important issue. One
widely recognized global strategy is convexification, which employs a suitable Carleman weight
function to convexify the functional, with the justification provided by Carleman estimates. Since its
introduction in [18], the convexification method has seen various adaptations [17, 19]. Nevertheless,
a major weak point of convexification is its high computational cost [34]. To address this, and
inspired by [7, 34], we propose a new method that combines fixed-point iteration with suitable
Carleman estimates to obtain a global regularized error estimate for nonlinear inverse problems.
Here, “global” means that our approach does not require an initial guess close to the true solution.
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Our approach to solving Problem 1 is to construct a map G(un)=un+1=argminJn(u;un) via a
Tikhonov functional (see (3.2)), which defines a regularized iteration; a fixed point need not equal
the true solution. Starting from an arbitrary initial guess u0, we recursively define un for n ∈ N.
The main result of this paper, Theorem 3.2, gives a geometric iteration-error term and a Hölder-
type data-noise term in a weighted energy norm, together with a nonvanishing regularization bias
for fixed κ. It does not imply exact recovery or uniqueness for arbitrary observation times.

Finally, we present a numerical Algorithm 1 for solving the inverse Problem 1. Compared with
deterministic inverse problems, the stochastic counterparts introduce additional challenges: the
lateral Cauchy data (see Remark 4.2) and the gradients involved in optimization (see Remark 4.4)
are themselves stochastic processes, making classical deterministic optimization methods such as
the conjugate gradient method unstable or inefficient (see Figure 1). To address this, we employ
the adaptive moment estimation (Adam) optimizer [15] for stochastic optimization and utilize
automatic differentiation [35] to efficiently compute gradients, thereby avoiding the need to solve
backward stochastic partial differential equations (see, e.g., [8, 40]). The numerical behavior and
its model and implementation qualifications are discussed in Section 4.

This work is not a straightforward extension of previous studies on inverse problems for semilin-
ear deterministic hyperbolic equations [7, 34] or linear stochastic hyperbolic equations [9]. Below,
we discuss the distinctions and connections with these works in detail.

Comparison with [7, 34]. In this work, we study a semilinear stochastic hyperbolic equation
with general coefficients, using only partial boundary observation data. Unlike deterministic inverse
problems, the stochastic nature of our setting introduces significant challenges, particularly due to
the fact that Brownian sample paths are almost surely non-differentiable in time. To overcome
these difficulties, we develop:

• A new Carleman estimate tailored to stochastic hyperbolic equations (see Theorem 2.1);

• A modified Tikhonov functional (see (3.2)) designed to handle the irregularity of stochastic
processes.

Furthermore, stochastic setting poses additional structural challenges, as the solution spaces typ-
ically lack compact embedding properties. Consequently, the techniques employed in [7, 34] for
deterministic problems are not directly applicable here.

Comparison with [9]. While [9] investigates the inverse Cauchy problem for linear stochastic
hyperbolic equations, our work focuses on the semilinear case. The introduction of nonlinearity
necessitates fundamentally different approaches at both theoretical and computational levels:

• Unlike the direct regularization method employed in [9], we develop an iterative regularization
scheme based on fixed-point iteration for (1.2).

• Our Carleman estimate (see Remark 2.1) differs from that in [9], as it must account for
nonlinear effects in proving iterative convergence.

• While [9] utilizes mesh-free kernel-based learning, we propose Algorithm 1 based on discretiza-
tion of the Tikhonov functional (4.11).

• Whereas [9] needs measurements of both u and
∂u

∂ν
on the entire lateral boundary, our ap-

proach solves Problem 1 without requiring the boundary data for
∂u

∂ν
on (0, T )× (Γ \ Γ0).

In a word, our new method offers several advantages:
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1. It is specifically designed for stochastic PDEs, effectively handling randomness and circum-
venting the challenges of solving backward stochastic PDEs.

2. It does not require a good initial guess.

3. It exhibits a fast convergence rate.

4. It enables the reconstruction of the source function from partial boundary measurement.

5. It does not require the special structure on the nonlinearity F .

We end this section by highlighting an important point.

Remark 1.2. Although we assume in Condition 1.1 (2) that F (t, ω, x, ·, ·, ·) is Lipschitz continuous,
this may not hold in practice. A cutoff argument applies when F is locally Lipschitz in its state
variables, with Lipschitz and growth bounds uniform in (t, ω, x) on each bounded state set. One
must also know a constant M in advance such that the true solution u∗ of equation (1.2) satisfies
|u∗|L∞

F (Ω,W 1,∞(0,T ;W 1,∞(G))) ≤M . These are additional hypotheses; a cutoff alone cannot regularize

a non-Lipschitz singularity. Then we construct a C1 function χ : R×R×Rn → R satisfying χ = 1 in
{(η, ϱ, ζ) ∈ R×R×Rn | |η|+|ϱ|+|ζ|Rn ≤M} and χ = 0 in {(η, ϱ, ζ) ∈ R×R×Rn | |η|+|ϱ|+|ζ|Rn >
2M}. We then solve Problem 1 for equation (1.2) with F replaced by χF . Example 4.2 uses an
already globally Lipschitz truncated exponential nonlinearity.

The rest of this paper is organized as follows. In Section 2, we establish a Carleman estimate for
a linear stochastic hyperbolic equation. In Section 3, we propose an iterative regularization scheme
to solve Problem 1 and establish its convergence properties. Finally, in Section 4 we present the
numerical algorithm for Problem 1 along with numerical experiments.

2 Carleman estimate for a linear stochastic hyperbolic equation

In this section, we establish a global Carleman estimate for the following linear stochastic hyperbolic
equation: 

dzt −
n∑

j,k=1

(bjkzxj )xkdt = Υdt+ azdW (t) in Q,

z = 0 on Σ,

∂z

∂ν
= 0 on Σ0.

(2.1)

Theorem 2.1. Assume Conditions 1.2 and 1.3 hold, bjk ∈ C3(G) and ψ ∈ C4(G). These smooth-
ness hypotheses ensure that the multiplier Ψ used below has the derivatives required by the weighted
identity. Then there exist positive constants C and λ0 such that for all λ ≥ λ0, the solution z to
(2.1) with initial condition zt(0) = 0 satisfies the following Carleman estimate:

E
∫
Q
θ2(λz2t + λ|∇z|2 + λ3z2)dxdt ≤ CE

∫
G
θ2(λ|∇z|2 + λ3|z|2)

∣∣
t=T

dx+ CE
∫
Q
θ2|Υ|2dxdt, (2.2)

where the weight function θ is defined by

θ = eℓ, ℓ(t, x) = λ(ψ(x)− c1t
2). (2.3)
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Remark 2.1. We emphasize that Theorem 2.1 employs a different Carleman estimate than [9],
where the weight function θ is chosen with θt(0) = 0 to ensure iteration convergence (Theorem 3.2).
Furthermore, since our assumption on the measurement noise is given by (3.6), it is sufficient here
to derive the Carleman estimate under homogeneous boundary conditions.

Here and in what follows, we denote by C a generic positive constant that depends only on the
domain G, time horizon T , and coefficients (bjk(·))1≤j,k≤n and a, the fixed weight parameters and
their required derivative bounds, and the Lipschitz constant of F , whose value may change from
line to line. The absorption threshold in Theorem 3.2 also depends on κ.

To prove Theorem 2.1, we recall the following known result.

Lemma 2.2. [31, Lemma 10.18] Let ϕ ∈ C2((0, T )×Rn), bjk = bkj ∈ C2(Rn) for j, k = 1, 2, · · · , n,
and ℓ ∈ C3((0, T )× Rn), Ψ ∈ C2((0, T )× Rn). Let φ be an H2(G)-valued, F-adapted process such
that φt is an L2(G)-valued Itô process. Set θ = eℓ and w = θφ. Then, for a.e. x ∈ G and P-a.s.
ω ∈ Ω,

θ
(
− 2ϕℓtwt + 2

n∑
j,k=1

bjkℓxjwxk +Ψw
)[
ϕdφt −

n∑
j,k=1

(bjkφxj )xkdt
]

+
n∑

j,k=1

[ n∑
j′,k′=1

(
2bjkbj

′k′ℓxj′wxjwxk′ − bjkbj
′k′ℓxjwxj′wxk′

)
− 2ϕbjkℓtwxjwt + ϕbjkℓxjw

2
t

+Ψbjkwxjw −
(
Aℓxj +

Ψxj

2

)
bjkw2

]
xk
dt

+ d
{
ϕ

n∑
j,k=1

bjkℓtwxjwxk − 2ϕ
n∑

j,k=1

bjkℓxjwxkwt + ϕ2ℓtw
2
t − ϕΨwtw +

[
ϕAℓt +

1

2
(ϕΨ)t

]
w2

}
=

[
(ϕ2ℓt)t +

n∑
j,k=1

(ϕbjkℓxj )xk − ϕΨ
]
w2
t dt− 2

n∑
j,k=1

[
(ϕbjkℓxk)t + bjk(ϕℓt)xk

]
wxjwtdt

+

n∑
j,k=1

cjkwxjwxkdt+ Bw2dt+
(
− 2ϕℓtwt + 2

n∑
j,k=1

bjkℓxjwxk +Ψw
)2
dt+ ϕ2θ2ℓt(dφt)

2, (2.4)

where 

A ∆
=ϕ(ℓ2t − ℓtt)−

n∑
j,k=1

(bjkℓxjℓxk − bjkxkℓxj − bjkℓxjxk)−Ψ,

B ∆
=AΨ+ (ϕAℓt)t −

n∑
j,k=1

(Abjkℓxj )xk +
1

2

[(
ϕΨ

)
tt
−

n∑
j,k=1

(
bjkΨxj

)
xk

]
,

cjk
∆
=
(
ϕbjkℓt

)
t
+

n∑
j′,k′=1

[
2bjk

′
(bj

′kℓxj′ )xk′ −
(
bjkbj

′k′ℓxj′
)
xk′

]
+Ψbjk.

(2.5)

Throughout this paper, for λ ∈ R and p ∈ N, we denote by O(λp) any function of order λp for
large λ.

Proof of Theorem 2.1. Choose

φ = z, ϕ ≡ 1, Ψ = ℓtt +

n∑
j,k=1

(bjkℓxj )xk − c0λ, (2.6)
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in Theorem 2.2. We now estimate the terms in (2.4) one by one.
We first note that

ℓt = −2c1λt, ℓtt = −2c1λ, ℓxj = λψxj , ℓtxj = 0, j = 1, · · · , n. (2.7)

From (2.6) and (2.7), we derive that

[
(ϕ2ℓt)t +

n∑
j,k=1

(ϕbjkℓxj )xk − ϕΨ
]
w2
t = c0λw

2
t , (2.8)

and

−2

n∑
j,k=1

[
(ϕbjkℓxk)t + bjk(ϕℓt)xk

]
wxjwt = 0. (2.9)

Furthermore, combining (2.6) and (2.7) and Condition 1.2 yields

n∑
j,k=1

cjkwxjwxk =

n∑
j,k=1

{
(bjkℓt)t+

n∑
j′,k′=1

[
2bjk

′
(bj

′kℓxj′ )xk′−(bjkbj
′k′ℓxj′ )xk′

]
+Ψbjk

}
wxjwxk

=

n∑
j,k=1

{
bjkℓtt+

n∑
j′,k′=1

[
2bjk

′
(bj

′kℓxj′ )xk′−b
jk
xk′
bj

′k′ℓxj′ − bjk(bj
′k′ℓxj′ )xk′

]
+
[
ℓtt +

n∑
j′,k′=1

(bj
′k′ℓxj′ )xk′ − c0λ

]
bjk

}
wxjwxk

=

n∑
j,k=1

{
2bjkℓtt +

n∑
j′,k′=1

[
2bjk

′
(bj

′kℓxj′ )xk′ − bjkxk′ b
j′k′ℓxj′

]
− c0λb

jk
}
wxjwxk

=

n∑
j,k=1

{
− 4c1λb

jk + λ

n∑
j′,k′=1

[
2bjk

′
(bj

′kψxj′ )xk′ − bjkxk′ b
j′k′ψxj′

]
− c0λb

jk
}
wxjwxk

≥ λ(µ0 − 4c1 − c0)

n∑
j,k=1

bjkwxjwxk . (2.10)

From (2.7), we obtain

A = λ2
(
4c21t

2 −
n∑

j,k=1

bjkψxjψxk

)
+O(λ) (2.11)

(Aℓt)t = −24c31λ
3t2 + 2c1λ

3
n∑

j,k=1

bjkψxjψxk +O(λ2),

and

−
n∑

j,k=1

(Abjkℓxj )xk = −λ
n∑

j,k=1

[A(bjkψxj )xk +Axkb
jkψxj ]

= λ3
n∑

j,k=1

{
− 4c21t

2(bjkψxj )xk +

n∑
j′,k′=1

(bj
′k′ψxj′ψxk′ )(b

jkψxj )xk
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+

n∑
j′,k′=1

(bj
′k′ψxj′ψxk′ )xkb

jkψxj

}
+O(λ2).

Combining this with (2.5)–(2.7) yields

B = (4c1 + c0)λ
3

n∑
j,k=1

bjkψxjψxk + λ3
n∑

j,k=1

n∑
j′,k′=1

bjkψxj
(
bj

′k′ψxj′ψxk′
)
xk

− 4(8c31 + c0c
2
1)λ

3t2 +O(λ2). (2.12)

From Condition 1.2, we get that

n∑
j,k=1

n∑
j′,k′=1

bjkψxj
(
bj

′k′ψxj′ψxk′
)
xk

=

n∑
j,k=1

n∑
j′,k′=1

(bjkbj
′k′
xk

ψxjψxj′ψxk′ + 2bjkbj
′k′ψxjψxkxj′ψxk′ )

=
n∑

j,k=1

n∑
j′,k′=1

(bjkbj
′k′
xk

ψxjψxj′ψxk′ − 2bj
′k′bjkxj′ψxjψxkψxk′ + 2bj

′k′(bjkψxk)xj′ψxjψxk′ )

=
n∑

j,k=1

{ n∑
j′,k′=1

[
2bjk

′
(bj

′kψxj′ )xk′ − bjkxk′ b
j′k′ψxj′

]}
ψxjψxk

≥ µ0

n∑
j,k=1

bjkψxjψxk . (2.13)

Under Condition 1.3, we establish from (2.12) and (2.13) the lower bound

B ≥ (4c1 + c0 + µ0)λ
3

n∑
j,k=1

bjkψxjψxk − 4(8c31 + c0c
2
1)λ

3t2 +O(λ2)

≥ 4(4c1 + c0 + µ0)λ
3R2

1 − 4(8c31 + c0c
2
1)λ

3T 2 +O(λ2)

≥
(
4c1 + c0

)
λ3

(
4R2

1 − 8c21T
2
)
+O(λ2).

By Condition 1.3, there exists a positive constant λ1 such that for all λ ≥ λ1, we have

Bw2 ≥ Cλ3w2. (2.14)

Since ℓt(0) = 0 and wt(0) = θ(0)zt(0)+ θt(0)z(0) = 0, applying (2.6), (2.7) and (2.11) and Con-
ditions 1.2 and 1.3, the Cauchy-Schwarz inequality and Young’s inequality yields for any ε > 0:

E
∫ T

0

∫
G
d
{
ϕ

n∑
j,k=1

bjkℓtwxjwxk−2ϕ

n∑
j,k=1

bjkℓxjwxkwt+ϕ
2ℓtw

2
t −ϕΨwtw+

[
ϕAℓt+

1

2
(ϕΨ)t

]
w2

}
= E

∫
G

( n∑
j,k=1

bjkℓtwxjwxk − 2

n∑
j,k=1

bjkℓxjwxkwt + ℓtw
2
t −Ψwtw +Aℓtw2

)∣∣∣∣
t=T

dx
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= E
∫
G

[
− 2c1Tλ

( n∑
j,k=1

bjkwxjwxk + w2
t

)
− 2

n∑
j,k=1

bjkℓxjwxkwt −Ψwtw

− 2c1Tλ
3
(
4c21t

2 −
n∑

j,k=1

bjkψxjψxk

)
w2 +O(λ2)w2

]∣∣∣∣
t=T

dx

≤ E
∫
G

[
− 2c1Tλ(s0|∇w|2 + w2

t ) + 2λ
∣∣∣ n∑
j,k=1

bjkψxjwxk

∣∣∣|wt|+ |Ψwtw|

Cλ3w2 +O(λ2)w2
]∣∣∣
t=T

dx

≤ E
∫
G

[
− 2c1Tλ(s0|∇w|2 + w2

t ) + ελw2
t + C(ε)λ

∣∣∣ n∑
j,k=1

bjkψxjwxk

∣∣∣2 + C(ε)λw2

Cλ3w2 +O(λ2)w2
]∣∣∣
t=T

dx

≤ E
∫
G

[
− 2c1Tλ(s0|∇w|2 + w2

t ) + ελ|wt|2 + C(ε)λ(|∇w|2 + w2)

Cλ3w2 +O(λ2)w2
]∣∣∣
t=T

dx.

Choosing ε < 2c1T and noting c1T < R1, there exists λ2 > 0 such that for all λ ≥ λ2, we have

E
∫ T

0

∫
G
d
{
ϕ

n∑
j,k=1

bjkℓtwxjwxk−2ϕ
n∑

j,k=1

bjkℓxjwxkwt+ϕ
2ℓtw

2
t −ϕΨwtw+

[
ϕAℓt+

1

2
(ϕΨ)t

]
w2

}
≤ CE

∫
G
(λ3|w(T )|2 + λ|∇w(T )|2)dx. (2.15)

Thanks to the divergence theorem, and noting that w = θz and w = z = 0 on Σ, we have

E
∫
Q

n∑
j,k=1

[ n∑
j′,k′=1

(
2bjkbj

′k′ℓxj′wxjwxk′ − bjkbj
′k′ℓxjwxj′wxk′

)
− 2ϕbjkℓtwxjwt + ϕbjkℓxjw

2
t

+Ψbjkwxjw −
(
Aℓxj +

Ψxj

2

)
bjkw2

]
xk
dt

= E
∫
Σ

n∑
j,k=1

n∑
j′,k′=1

(
2bjkbj

′k′ℓxj′wxjwxk′ − bjkbj
′k′ℓxjwxj′wxk′

)
νkdΓdt

= λE
∫
Σ

n∑
j,k=1

n∑
j′,k′=1

(
2bjkbj

′k′ψxj′wxjwxk′ − bjkbj
′k′ψxjwxj′wxk′

)
νkdΓdt. (2.16)

Since w = θz, thanks to (2.3), there exists a positive constant C such that

1

C
θ2[λ(|∇z|2 + |zt|2) + λ3|z|2] ≤ λ(|∇w|2 + |wt|2) + λ3|w|2 ≤ Cθ2[λ(|∇z|2 + |zt|2) + λ3|z|2].

(2.17)

Integrating (2.4) over Q, taking mathematical expectation of the integral, and noting (2.8)–(2.10)
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and (2.14)–(2.17), for all λ ≥ max{λ1, λ2}, we get that

E
∫
Q
θ
{(

− 2ℓtwt + 2
n∑

j,k=1

bjkℓxjwxk +Ψw
)[
dzt −

n∑
j,k=1

(
bjkφxj

)
xk
dt
]}
dx

+ λE
∫
Σ

n∑
j,k=1

n∑
j′,k′=1

(
2bjkbj

′k′ψxj′wxjwxk′ − bjkbj
′k′ψxjwxj′wxk′

)
νkdΓdt

+ CE
∫
G
θ2(λ|∇z|2 + λ3|z|2)

∣∣
t=T

dx− E
∫
Q
θ2ℓt|dzt|2dx

≥ CE
∫
Q
θ2
[(
λ|zt|2 + λ|∇z|2

)
+ λ3|z|2

]
dxdt

+ E
∫
Q

(
− 2ℓtwt + 2

n∑
j,k=1

bjkℓxjwxk +Ψw
)2
dxdt. (2.18)

Recalling that w = θz and z = 0 on Σ, we find that

∇w = ∇θz + θ∇z = θ∇z = θ
∂z

∂ν
ν, on Σ. (2.19)

Noting that
∂z

∂ν
= 0 on Σ0 and (1.1) and (2.19), we find that

E
∫
Σ

n∑
j,k=1

n∑
j′,k′=1

(
2bjkbj

′k′ψxj′wxjwxk′ − bjkbj
′k′ψxjwxj′wxk′

)
νkdΓdt

= E
∫
Σ

n∑
j,k=1

n∑
j′,k′=1

(
2bjkbj

′k′ψxj′ν
jνk

′ − bjkbj
′k′ψxjν

j′νk
′
)
νkθ2

∣∣∣∂z
∂ν

∣∣∣2dΓdt
= E

∫
Σ

n∑
j,k=1

n∑
j′,k′=1

(
2bj

′k′bjkψxjν
j′νkνk

′ − bjkbj
′k′ψxjν

j′νk
′
νk

)
θ2
∣∣∣∂z
∂ν

∣∣∣2dΓdt
= E

∫
Σ

( n∑
j′,k′=1

bj
′k′νj

′
νk

′
)( n∑

j,k=1

bjkψxjν
k
)
θ2
∣∣∣∂z
∂ν

∣∣∣2dΓdt
≤ E

∫
Σ0

( n∑
j′,k′=1

bj
′k′νj

′
νk

′
)( n∑

j,k=1

bjkψxjν
k
)
θ2
∣∣∣∂z
∂ν

∣∣∣2dΓdt
= 0. (2.20)

From (2.1) and (2.7), we infer that

−E
∫
Q
θ2ℓt|dzt|2dx = −E

∫
Q
(−2c1λt)θ

2|az|2dxdt

≤ 2c1λTE
∫
Q
θ2|az|2dxdt

≤ 2c1λT |a|2L∞
F (0,T ;L∞(G))E

∫
Q
θ2|z|2dxdt, (2.21)

and
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E
∫
Q
θ
{(

− 2ℓtwt + 2
n∑

j,k=1

bjkℓxjwxk +Ψw
)[
dzt −

n∑
j,k=1

(
bjkzxj

)
xk
dt
]}
dx

≤ E
∫
Q
θ2|Υ|2dxdt+ E

∫
Q

(
− 2ℓtwt + 2

n∑
j,k=1

bjkℓxjwxk +Ψw
)2
dxdt. (2.22)

Combining (2.18) and (2.20)–(2.22), choosing λ0 ≥ max{C, λ1, λ2}, we obtain the desired Car-
leman estimate (2.2).

3 Convergence analysis for source determination

Denote Hp = L2
F(0, T ;H

p(G)) ∩ L2
F(Ω;H

1(0, T ;H1(G))) for p ∈ N. Define an operator P : H2 →
L2
F(0, T ;L

2(G)) by as follows:

(Pφ)(t, x) ∆
=φt(t, x)−

∫ t

0

n∑
j,k=1

(
bjk(s, x)φxj (s, x)

)
xk
ds

−
∫ t

0
a(s, x)φ(s, x)dW (s), P-a.s., ∀φ ∈ H, (t, x) ∈ Q.

The admissible set is given by

U ∆
=
{
φ ∈ H2

∣∣∣ Pφ ∈ L2
F(Ω;H

1(0, T ;L2(G))), φt(0) = 0, φ|Σ = f,
∂φ

∂ν

∣∣∣
Σ0

= g
}
. (3.1)

For any solution u to (1.2), we have:

Pu =

∫ t

0
F(u)ds, where F(u)

∆
=F (u, ut,∇u).

Under Condition 1.1, a solution u ∈ H2 satisfies IF(u) ∈ L2
F(Ω;H

1(0, T ;L2(G))). We assume that
the exact solution u∗ has this strong regularity. For exact data it belongs to U ; for the noisy data
in (3.6), u∗ + E ∈ U , so the admissible set is nonempty.

Let θ be the weight function defined in (2.3). We introduce the following weighted Sobolev
spaces:

L2,w
F (Ω;H1(0, T ;L2(G)))

∆
=
{
φ ∈ L2

F(Ω;H
1(0, T ;L2(G)))

∣∣∣ E∫ T

0

∫
G
θ2|φ|2dxdt+ E

∫ T

0

∫
G
θ2|φt|2dxdt <∞

}
and

L2,w
F (0, T ;Hp(G))

∆
=
{
φ ∈ L2

F(0, T ;H
p(G))

∣∣∣ p∑
|α|=0

E
∫ T

0

∫
G
θ2|Dαφ|2dxdt <∞

}
,

where α = (α1, · · · , αn) is a multi-index with |α| =
n∑
i=1

αi and Dα = ∂|α|

∂x
α1
1 ···∂xαn

n
denotes the weak

derivative operator. Let

Hp
λ,c1

∆
=L2,w

F (0, T ;Hp(G)) ∩ L2,w
F (Ω;H1(0, T ;H1(G))),

where λ, c1 are the parameters from (2.3). Each of these spaces, when equipped with its canonical
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norm, forms a Banach space. In Hp
λ,c the weight is eλ(ψ−ct

2); in particular c = 0 denotes the purely

spatial weight. The strong regularization space H2
λ,0 includes ∇vt. For the iteration error we use

the distinct energy norm

|v|2Eλ,c1 := E
∫
Q
θ2
(
|vt|2 + |∇v|2 + |v|2

)
dx dt.

No mixed derivative ∇vt is included in this energy norm.
Let the integral operator I be defined by

If(t) =

∫ t

0
f(s)ds for t ∈ [0, T ].

Let us construct a sequence {un}n∈N ∈ U by induction.
1. Select an arbitrary initial solution u0 ∈ U .
2. Assume we have constructed a sequence un ∈ U for n ≥ 0.
3. Define un+1 as the minimizer of the Tikhonov regularization functional:

Jn(φ) = |Pφ− IF(un)|2L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ|φ|2H2
λ,0
, (3.2)

where φ ∈ U and κ ∈ (0, 1) is the regularization parameter.
We have the following result on the existence and uniqueness of the solution to the minimization

problem.

Proposition 3.1. For each fixed regularization parameter κ ∈ (0, 1) and iteration index n ≥ 0,
the Tikhonov regularization functional Jn defined in (3.2) admits a unique minimizer un+1 in the
admissible set U .

Proof. We begin by defining the weighted solution space:

Uw0
∆
=
{
φ ∈ H2

∣∣∣ Pφ ∈ L2
F(Ω;H

1(0, T ;L2(G))), φt(0) = 0, φ|Σ = 0,
∂φ

∂ν

∣∣∣
Σ0

= 0
}
.

For fixed κ ∈ (0, 1), we endow Uw0 with the inner product:

⟨p, q⟩Uw
0

∆
=⟨Pp,Pq⟩

L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ⟨p, q⟩H2
λ,0
, ∀ p, q ∈ Uw0 . (3.3)

The space Uw0 is complete for this graph norm. Indeed, a Cauchy sequence converges to v in H2

and its images under P converge in L2(Ω;H1(0, T ;L2(G))). The defining deterministic integral
and Itô integral are continuous from H2 into L2(Ω;C([0, T ];L2(G))), by Cauchy–Schwarz and the
Itô maximal inequality. Their limits identify the graph limit as Pv and give convergence of vt in
this continuous-time space. Thus vt(0) = 0 is preserved. The spatial trace theorem preserves both
homogeneous boundary traces, and adaptedness is closed under L2 convergence. Hence completion
does not enlarge the admissible class.

Given a reference function R ∈ U , we consider the shifted variable v = φ − R and define the
functional:

J n(v) = |Pv + PR− IF(un)|2L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ|v +R|2H2
λ,0
, ∀ v ∈ Uw0 .

The equivalence between minimizing Jn and J n is clear: vn+1 minimizes J n if and only if un+1 =
vn+1 +R minimizes Jn.
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The variational principle yields the Euler-Lagrange equation for the minimizer vn+1:

⟨Pvn+1 + PR− IF(un),Pρ⟩L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ⟨vn+1 +R, ρ⟩H2
λ,0

= 0, ∀ ρ ∈ Uw0 . (3.4)

To verify that vn+1 is the minimizer of J n, consider for any ρ ∈ Uw0 :

J n(ρ)− J n(vn+1)

= |Pρ+ PR− IF(un)|2L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ|ρ+R|2H2
λ,0

− |Pvn+1 + PR− IF(un)|2L2,w
F (Ω;H1(0,T ;L2(G)))

− κ|vn+1 +R|2H2
λ,0

= |Pvn+1 + PR− IF(un) + P(ρ− vn+1)|2L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ|vn+1 +R+ (ρ− vn+1)|2H2
λ,0

− |Pvn+1 + PR− IF(un)|2L2,w
F (Ω;H1(0,T ;L2(G)))

− κ|vn+1 +R|2H2
λ,0

= 2⟨Pvn+1 + PR− IF(un),P(ρ− vn+1)⟩L2,w
F (Ω;H1(0,T ;L2(G)))

+ 2κ⟨vn+1 +R, ρ− vn+1⟩H2
λ,0

+ |P(ρ− vn+1)|2L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ|ρ− vn+1|2H2
λ,0

= |P(ρ− vn+1)|2L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ|ρ− vn+1|2H2
λ,0

≥ 0,

where we used (3.4) to eliminate the first two terms.
Using (3.3), we can rewrite (3.4) as:

⟨vn+1, ρ⟩Uw
0
= ⟨IF(un)− PR,Pρ⟩

L2,w
F (Ω;H1(0,T ;L2(G)))

− κ⟨R, ρ⟩H2
λ,0
, ∀ ρ ∈ Uw0 . (3.5)

The right-hand side of (3.5) defines a bounded linear functional on Uw0 since

⟨IF(un)− PR,Pρ⟩
L2,w
F (Ω;H1(0,T ;L2(G)))

− κ⟨R, ρ⟩H2
λ,0

≤ (|PR|
L2,w
F (Ω;H1(0,T ;L2(G)))

+ C|R|H2
λ,0

+ C|un|Eλ,c1 + |IF(0)|
L2,w
F (Ω;H1(0,T ;L2(G)))

)|ρ|Uw
0
.

Thanks to Riesz representation theorem, there exists a unique wn+1 ∈ Uw0 satisfying (3.5).
Assume that w̃n+1 is another minimizer of J n. Then w̃n+1 satisfies (3.5). For all ρ ∈ Uw0 , we

obtain ⟨wn+1 − w̃n+1, ρ⟩Uw
0
= 0,

which implies that wn+1 = w̃n+1. Hence, the minimizer of J n is unique.

Let u∗ denote the exact solution to the semilinear stochastic hyperbolic system (1.2) with the

exact boundary data u∗|Σ = f∗ and
∂u

∂ν

∣∣∣∣
Σ0

= g∗. Assume that there is a function E ∈ H2 satisfying

|PE|L2
F(Ω;H1(0,T ;L2(G))) + |E|H2 ≤ δ, Et(0) = 0, f |Σ = f∗ + E|Σ, g = g∗ +

∂E
∂ν

∣∣∣∣
Σ0

, (3.6)

where δ > 0 quantifies the noise level in the measurements.

Remark 3.1. Here, we assume that the boundary measurement data f and g can be used to
construct a function E , so that the error is considered only in terms of E , as in [20, 34]. This is
a key point that allows us to work with partial boundary measurements. However, our numerical
experiments show that the method converges effectively even for more general noise, as in (4.9).
At present, we do not know how to obtain convergence results for semilinear stochastic hyperbolic

13



equations under the assumption |f − f∗|+ |g− g∗| < δ in a suitable norm, as has been achieved for
linear stochastic hyperbolic equations in [9].

We have the following regularized error estimate.

Theorem 3.2. Assume the smoothness hypotheses of Theorem 2.1, u∗ ∈ H2, and (3.6). Let the
regularization parameter κ ∈ (0, 1) be fixed, and let c1 satisfy Condition 1.3. Fix γ ∈ (0, 1). There
exist positive constants C and λ̃0 > C such that for all λ ≥ λ̃0, δ < e−λR

2
1/γ and n ∈ N, we have

|un+1 − u∗|2Eλ,c1 ≤
(
C

λ

)n+1

|u0 − u∗|2Eλ,c1 + C(δ2−2γ + κ|u∗|2H2
λ,0

),

where un+1 is the minimizer of the functional (3.2).

Proof. Since un+1 minimizes (3.2), the Euler-Lagrange equation (3.4) gives

⟨Pun+1 − IF(un),Pρ⟩L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ⟨un+1, ρ⟩H2
λ,0

= 0, ∀ ρ ∈ Uw0 .

For the exact solution u∗ satisfying Pu∗ − IF(u∗) = 0, we have

⟨Pu∗ − IF(u∗),Pρ⟩
L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ⟨u∗, ρ⟩H2
λ,0

= κ⟨u∗, ρ⟩H2
λ,0
, ∀ ρ ∈ Uw0 .

Subtracting the above two equations yields that

⟨P(un+1− u∗)− (IF(un)− IF(u∗)),Pρ⟩
L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ⟨un+1−u∗, ρ⟩H2
λ,0

=−κ⟨u∗, ρ⟩H2
λ,0
.

(3.7)
Letting z = un+1 − u∗ − E , by (3.6), we get z ∈ Uw0 . From (3.7), we arrive at

⟨P(z + E)− (IF(un)− IF(u∗)),Pz⟩
L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ⟨z + E , z⟩H2
λ,0

= −κ⟨u∗, z⟩H2
λ,0
.

Hence, we obtain
|Pz|2

L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ|z|2H2
λ,0

= ⟨(IF(un)− IF(u∗)),Pz⟩
L2,w
F (Ω;H1(0,T ;L2(G)))

− κ⟨u∗, z⟩H2
λ,0

(3.8)

− ⟨PE ,Pz⟩
L2,w
F (Ω;H1(0,T ;L2(G)))

− κ⟨E , z⟩H2
λ,0
.

Next, we estimate the right-hand side of (3.8) one by one. From Cauchy-Schwarz inequality
and Condition 1.1, for ε > 0, we get that

⟨(IF(un)− IF(u∗)),Pz⟩
L2,w
F (Ω;H1(0,T ;L2(G)))

− κ⟨u∗, z⟩H2
λ,0

− κ⟨E , z⟩H2
λ,0

≤ C(ε)|IF(un)− IF(u∗)|2
L2,w
F (Ω;H1(0,T ;L2(G)))

+ ε|Pz|2
L2,w
F (Ω;H1(0,T ;L2(G)))

+
κ

ε
|u∗|2H2

λ,0
+
κ

ε
|E|2H2

λ,0

+ 2εκ|z|2H2
λ,0

≤ C(ε)|un − u∗|2Eλ,c1 + ε|Pz|2
L2,w
F (Ω;H1(0,T ;L2(G)))

+
κ

ε
|u∗|2H2

λ,0
+
κ

ε
|E|2H2

λ,0
+ 2εκ|z|2H2

λ,0
(3.9)

and that

−⟨PE ,Pz⟩
L2,w
F (Ω;H1(0,T ;L2(G)))

≤ C(ε)|PE|2
L2,w
F (Ω;H1(0,T ;L2(G)))

+ ε|Pz|2
L2,w
F (Ω;H1(0,T ;L2(G)))

. (3.10)

Combining (3.8)–(3.10), choosing ε sufficiently small, we conclude that

|Pz|2
L2,w
F (Ω;H1(0,T ;L2(G)))

+ κ|z|2H2
λ,0
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≤ C(|un − u∗|2Eλ,c1 + κ|u∗|2H2
λ,0

+ |PE|2
L2,w
F (Ω;H1(0,T ;L2(G)))

+ |E|2H2
λ,0

). (3.11)

Apply Theorem 2.1 to z, for λ ≥ λ0, we have

|Pz|2
L2,w
F (Ω;H1(0,T ;L2(G)))

≥ cE
∫
Q
θ2(λz2t + λ|∇z|2 + λ3z2)dxdt− CE

∫
G
θ2(λ|∇z|2 + λ3|z|2)

∣∣
t=T

dx.

(3.12)
From (2.3) and trace theorem of Sobolev space, we obtain that

E
∫
G
θ2(λ|∇z|2 + λ3|z|2)

∣∣
t=T

dx

≤ λ3E
∫
G
e2λ(ψ(x)−c1T

2)(|∇z(T )|2 + |z(T )|2)dx

≤ Cλ5e−2c1λT 2
E
∫
Q
e2λψ(x)(|z|2 + |∇z|2 + |zt|2 + |∇2z|2 + |∇zt|2)dxdt

= Cλ5e−2c1λT 2 |z|2H2
λ,0
. (3.13)

Combining (3.11)–(3.13), for λ ≥ λ0, we arrive at

cE
∫
Q
θ2(λz2t + λ|∇z|2 + λ3z2)dxdt+ κ|z|2H2

λ,0
− Cλ5e−2c1λT 2 |z|2H2

λ,0

≤ C
(
|un − u∗|2Eλ,c1 + κ|u∗|2H2

λ,0
+ |PE|2

L2,w
F (Ω;H1(0,T ;L2(G)))

+ |E|2H2
λ,0

)
.

By selecting λ1 sufficiently large such that Cλ5e−2c1λT 2 ≤ κ/2 for every λ ≥ λ1 and recalling
that z = un+1 − u∗ − E , we deduce that for all λ ≥ max{λ0, λ1},

λ|un+1 − u∗|2Eλ,c1 ≤ C(|un − u∗|2Eλ,c1 + κ|u∗|2H2
λ,0

+ |PE|2
L2,w
F (Ω;H1(0,T ;L2(G)))

+ λ|E|2H2
λ,0

).

Next, setting δ < e−λR
2
1/γ for x ∈ G, we obtain the bound e2λψ(x) ≤ e2λR

2
1 ≤ δ−2γ . By (3.6),

and choosing λ̃0 ≥ max{C, λ0, λ1}, we find that for all λ ≥ λ̃0 and δ < e−λR
2
1/γ , the following

inequality holds:

|un+1 − u∗|2Eλ,c1 ≤
(
C

λ

)
|un − u∗|2Eλ,c1 + C(κ|u∗|2H2

λ,0
+ δ2−2γ). (3.14)

Choose λ̃0 larger if necessary so that q = C/λ ≤ 1/2. Iterating (3.14) and summing the geometric
series gives the stated bound, with a factor at most 1/(1− q) ≤ 2 in its error term.

4 Numerical experiments for Problem 1

In this section, we present some numerical tests to illustrate the performance of the proposed
method. For simplicity, let the spatial domain be G = (0, 1) × (0, 1.5), the final time T = 1 and
bjk = δjk for j, k = 1, 2. Consider the following semilinear stochastic hyperbolic equation:

dut −∆udt = F (u, ut,∇u)dt+ audW (t) in Q,

ut(0) = 0 in G,

u(0) = u0 in G,

(4.1)

where a ∈ L∞
F (0, T ;L∞(G)).

We solve the forward problem by employing the finite difference method in space and the explicit
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Euler-Maruyama method (see [10, 21, 28]) in time. Afterwards, we solve the inverse Problem 1 by
iteratively minimizing the Tikhonov functional.

Before presenting the numerical results, we first introduce the weight function θ in (2.3) as
follows:

θ(t, x, y) = eλ(ψ(x)−0.25t2), ψ(x, y) = (x− 0.5)2 + (y + 0.5)2 − 4.175. (4.2)

These weight parameters are empirical numerical choices; they are not asserted to satisfy the
positivity and sufficient parameter bounds in Conditions 1.2 and 1.3 or the large-λ threshold. The
sign of the normal derivative still determines the observation boundary, so the observation boundary
Γ0 derived from (1.1) consists of:

Γ0 = {(1, y) | y ∈ [0, 1.5]} ∪ {(x, 1.5) | x ∈ [0, 1]} ∪ {(0, y)|y ∈ [0, 1.5]}.

We shall employ the lateral Cauchy data u|(0,T )×Γ and ∂u
∂ν

∣∣∣
Σ0

to reconstruct the unknown initial

source function u0.

Remark 4.1. It is worth noting that, unlike in the deterministic case of [34], solving Problem 1
does not require the boundary data for ∂u

∂ν on the lower boundary {(x, 0) | x ∈ [0, 1]}, which is
typically more difficult to obtain. We also employ a rectangular domain instead of a square one in
[34], which usually poses difficulties in reconstructing the initial condition.

Now we present the computational algorithm employed in our numerical experiments. Let
Jn,ℓ(u;un) denote the Tikhonov functional defined in (3.2), where the subscript ℓ indicates the
dependence on sample paths ωℓ through the Itô integration term in operator P. Let Aj be the
affine assembly map for boundary-data sample j, defined below, and let q denote its free tensor.
The Wiener increments indexed by ℓ are fixed throughout each outer sample. At update t use
jt = 1 + ((t − 1) mod NB), where NB is the number of boundary-data samples, and differentiate
Jn,ℓ(Ajtq;u

n−1
ℓ ) with respect to q. The numerical inverse problem is approximated through the

following iterative optimization procedure (Algorithm 1), where g2t represents the element-wise
square of gt:

For fixed Wiener increments, boundary sample, and previous iterate, the discrete functional is a
deterministic convex quadratic in the free tensor. Its normal equations and deterministic conjugate
gradient method are therefore well defined. In the available implementation, the boundary sample
is cycled at each update, so the affine assembly and objective change with jt. We use Adam for this
sample-cycling procedure and the differently scaled gradient components; the archived optimizer
comparison does not establish an obstruction to CG for a fixed quadratic objective.

The Adam algorithm is specifically designed to address stochastic optimization problems. Its
key innovation lies in the incorporation of a momentum mechanism:

mt = β1mt−1 + (1− β1)gt.

This approach offers two significant benefits:
1. Noise Reduction: By computing an exponentially weighted average of past gradients, the

algorithm effectively smooths out stochastic fluctuations in the gradient estimates.
2. Stable Convergence: The momentum term helps maintain consistent update directions,

leading to more reliable convergence behavior compared to standard stochastic gradient methods.
On the other hand, our computations reveal a significant disparity in the magnitudes of different

gradient components, due to the exponential form of the weight function θ defined in (4.2). This
issue reduces the convergence rate of the CGM (see Figure 1). However, Adam mitigates the
problem by adjusting the learning rate adaptively based on the historical gradient information for
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Algorithm 1 The algorithm for solving the inverse problem

1: Choose maximum iteration NI and the number of sample paths NS .
2: for ℓ = 1 to NS do
3: Choose a free initial tensor q0ℓ and set u0ℓ = A1q

0
ℓ .

4: for n = 1 to NI do
5: Choose the maximum number of update steps NU , the learning rate α, and the parameters

β1, β2, and ε.
6: Initialize q(0) = qn−1

ℓ , v0 = 0, m0 = 0.
7: for t = 1 to NU do
8: Set jt = 1 + ((t− 1) mod NB) and gt = ∇qJn,ℓ(Ajtq(t−1);u

n−1
ℓ ).

9: Set mt = β1mt−1 + (1− β1)gt and vt = β2vt−1 + (1− β2)g
2
t .

10: Set m̂t = mt/(1− βt1) and v̂t = vt/(1− βt2).
11: Set q(t) = q(t−1) − αm̂t/(

√
v̂t + ε).

12: end for
13: Set qnℓ = q(NU ) and unℓ = A1q

n
ℓ as the computed iterate; finite updates do not guarantee

an exact minimizer.
14: end for
15: end for

16: Set the compute solution uc =
1
NS

NS∑
ℓ=1

uNI
ℓ .

17: Output: The reconstructed initial source function u0 = uc(0, x, y) for (x, y) ∈ G.

Figure 1: We adopt the setting of Example 4.4 with NS = 1. The figure records the implemented
Adam and CGM runs with cycling boundary samples. It is an empirical comparison of those
implementations, not a claim that CG fails for a fixed quadratic objective.
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each parameter. More precisely, the learning rate is given by

γt =
γ√
v̂t + ε

,

where vt = β2vt−1 + (1− β2)g
2
t and v̂t = vt/(1− βt2).

The next challenging task is to compute the gradient ∇uJn,ℓ(u(t−1);u
n−1
ℓ ). For stochastic prob-

lems, using the adjoint method typically requires solving an adjoint system, that is, a backward
stochastic differential equation (see, e.g., [8]). Numerically, the evaluation of the correction term
in a backward stochastic differential equation is very difficult because, to date, there is no effective
method to compute the conditional expectation of a general random variable [32]. To overcome
this issue, we employ the technique of automatic differentiation to compute the gradient.

One of the fundamental reasons behind the significant advances in machine learning is the
underlying computational infrastructure centered on automatic differentiation. The basic idea of
automatic differentiation is to decompose a function into a series of simple operations and then
use the chain rule to compute derivatives. Automatic differentiation is an efficient method for
evaluating the gradient of the complicated functional, with reverse-mode cost comparable to a
small constant number of objective evaluations; the absolute cost still depends on the tensor size.
Modern open-source machine learning libraries such as PyTorch [35] have already incorporated this
method, and it has been successfully applied in areas such as computational fluid dynamics [1].

In this paper, the objective changes when the boundary-data sample is cycled (see Remark 4.4);
after fixing all data it is deterministic. Furthermore, its parameter dimension is extremely high
(approximately 80,000 parameters in our numerical examples, see (4.12)). Hence, automatic dif-
ferentiation is employed to efficiently compute the gradient of Jn,ℓ(u;u

n−1
ℓ ) for each sample path.

This approach avoids the need for an explicit derivative calculation or the solution of a backward
stochastic partial differential equation. Our subsequent numerical experiments demonstrate the
efficiency and accuracy of this approach.

4.1 Generating the simulated data

Introduce the uniform mesh in (0, T )×G as

M = {(tk, xi, yj) | tk = kτ, xi = ihx, yj = jhy, k ∈ J0,MK, i ∈ J0, NxK, j ∈ J0, NyK},

where hx = 1/Nx, hy = 3/(2Ny) and τ = 1/M . Here, we use the notation Ja, bK = [a, b] ∩ N. We
choose M = 65 in Examples 4.1–4.2 and M = 60 in Examples 4.3–4.4, with Nx = 32 and Ny = 48.
These values are chosen such that Courant–Friedrichs–Lewy condition τ(1/h2x+1/h2y)

1/2 ≃ 0.696 <
1 for M = 65 (and ≃ 0.754 < 1 for M = 60) is satisfied. Thus, the computed solution obtained by
our scheme is stable.

Let uk,i,j = u(tk, xi, yj) for k ∈ J0,MK, i ∈ J0, NxK, j ∈ J0, NyK. The equation (4.1) is solved by
centred difference approximation for the Laplacian operator and explicit Euler-Maruyama method
for the time in the examples below, whose nonlinearities do not depend on ut. For a velocity-
dependent nonlinearity, the forward difference in (4.4) would make (4.3) implicit; that general case
is not asserted to be an explicit scheme here. For k ∈ J1,M − 1K, i ∈ J1, Nx − 1K, j ∈ J1, Ny − 1K,
we solve the following equation:

[dut]k,i,j = [uxx]k,i,jτ+[uyy]k,i,jτ+F (tk, xi, yj , uk,i,j , [ut]k,i,j , [∇u]k,i,j)τ+a(tk, xi, yj)uk,i,j∆Wk,
(4.3)
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where the increments ∆Wk =Wk+1 −Wk =
√
τ ξk, with independent ξk ∼ N(0, 1), and

[dut]k,i,j =
uk+1,i,j − 2uk,i,j + uk−1,i,j

τ
, [uxx]k,i,j =

uk,i+1,j − 2uk,i,j + uk,i−1,j

h2x

[uyy]k,i,j =
uk,i,j+1 − 2uk,i,j + uk,i,j−1

h2y
. [∇u]k,i,j =

(
uk,i+1,j − uk,i,j

hx
,
uk,i,j+1 − uk,i,j

hy

)T
,

[ut]k,i,j =
uk+1,i,j − uk,i,j

τ
. (4.4)

The initial value condition u(0) = u0 and ut(0) = 0 is given by

u0,i,j = u0(xi, yj), u1,i,j = u0,i,j , i ∈ J0, NxK, j ∈ J0, NyK. (4.5)

The boundary condition u|(0,T )×Γ = f∗ is given by

uk,i,j =


f∗(tk, 1, yj), k ∈ J0,MK, i = Nx, j ∈ J0, NyK,
f∗(tk, 0, yj), k ∈ J0,MK, i = 0, j ∈ J0, NyK,
f∗(tk, xi, 0), k ∈ J0,MK, i ∈ J0, NxK, j = 0,

f∗(tk, xi, 3/2), k ∈ J0,MK, i ∈ J0, NxK, j = Ny.

(4.6)

After solving (4.3), the boundary data for ∂u
∂ν = g∗ on (0, T )× Γ0 is computed using

g∗(tk, xi, yj) =



uk,i,j − uk,i−1,j

hx
, k ∈ J0,MK, i = Nx, j ∈ J0, NyK,

uk,i,j − uk,i+1,j

hx
, k ∈ J0,MK, i = 0, j ∈ J0, NyK,

uk,i,j − uk,i,j−1

hy
, k ∈ J0,MK, i ∈ J0, NxK, j = Ny.

(4.7)

Recalling Remark 4.1, we do not need to compute the boundary data for ∂u
∂ν on the lower boundary

{(x, 0) | x ∈ [0, 1]}.
Remark 4.2. Note that f∗ and g∗ actually depend on the sample point ω. In the sequel, a total
of 8 sample paths for the forward equations were generated for each test.

4.2 Specifying the Tikhonov functional

To solve the inverse problem, we employ the Tikhonov regularization approach using the functional
defined in (3.2). The numerical implementation requires the following key components:

1. Discretization Scheme: The optimization variable is discretized as a three-dimensional tensor:

(uk,i,j)k∈J0,MK,;i∈J0,NxK,;j∈J0,NyK, (4.8)

representing the solution across temporal and spatial dimensions.
2. Noise Model: We introduce 10% multiplicative noise to the lateral Cauchy data:

f(t, x, y) = f∗(t, x, y)(1 + δξ(t, x, y)),

g(t, x, y) = g∗(t, x, y)(1 + δξ(t, x, y)), (4.9)

where ξ(t, x, y) is a random variable uniformly distributed in [−1, 1], which models uniformly dis-
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tributed measurement noise.
3. Discrete Assembly Space: For each measured-data sample b, define the affine map Ab as

follows. Its free entries have the indices in (4.12). Copy their first time layer to k = 0. On the
two x boundaries and their adjacent strips (i = 0, 1, Nx − 1, Nx), insert the measured Dirichlet
values and the one-sided Neumann reconstruction from (4.6) and (4.7), over the entire y range.
For 2 ≤ i ≤ Nx − 2, insert the y-boundary values at j = 0, Ny and the upper Neumann strip at
j = Ny − 1. This gives the x strips priority at intersections; no lower Neumann strip is imposed.
The assembly space used for that data sample is

U (b)
D = {Abq : q is a free tensor with the indices in (4.12)}.

The equality u1,i,j = u0,i,j is imposed only on the free spatial nodes. Boundary and adjacent-strip
values retain their separately measured time layers. Thus this space does not impose every noisy
face constraint at intersections, or zero initial velocity on measured strips; those constraints are
generally incompatible for independently perturbed data. Below UD denotes the assembly space
for the current data sample.

Remark 4.3. Note that f∗ and g∗ depend on the sample point ω of the forward equation (4.3).
In step 8 of Algorithm 1, inspired by stochastic gradient descent [36], we compute the gradient
corresponding to the Cauchy data f∗ and g∗ for each sample ω of (4.3) in turn. For brevity, we do
not distinguish between the f∗ and g∗ generated by different sample paths here.

To compute the Tikhonov functional (3.2), we first discretize the operator P appearing in (3.2).
Observe that if φ satisfies

dφt −∆φdt = Φdt+ aφdW (t),

then it follows that

|Pφ− IF(un)|2L2,w
F (Ω;H1(0,T ;L2(G)))

= E
∫ T

0

∫
G
θ2
[ ∫ t

0

(
Φ−F(un)

)
ds
]2
dxdt+ E

∫ T

0

∫
G
θ2|Φ−F(un)|2dxdt.

Motivated by this observation, we define a new Tikhonov functional

Ĵn(φ;un) = E
∫ T

0

∫
G
θ2|Φ−F(un)|2dxdt+ κ|φ|2H2

λ,0
. (4.10)

By the arguments in the proof of Theorem 3.2, the minimizer of Ĵn(φ;un) also satisfies the con-
vergence result in Theorem 3.2. Hence, in the sequel, we consider the discrete form of (4.10) for
u = (uk,i,j) ∈ UD:

Jn,ℓ(u;u
n−1
ℓ ) =

M−1∑
k=1

Nx−1∑
i=1

Ny−1∑
j=1

{
θ2k,i,j

(
Φk,i,j − [F(un−1

ℓ )]k,i,j
)2

+ κ[θ0]
2
k,i,j

(
u2k,i,j + [ut]

2
k,i,j + [∇u]2k,i,j + [uxx]

2
k,i,j + [uyy]

2
k,i,j

+ [uxy]
2
k,i,j + [utx]

2
k,i,j + [uty]

2
k,i,j

)}
τhxhy, (4.11)
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Figure 2: We adopt the setting of Example 4.1 with NU = 3000, NI = 3, and NS = 100. The

figure shows how the L2 relative error
|u0−u∗0|L2(G)

|u∗0|L2(G)
decreases with the number of sample paths NS .

In subsequent numerical tests, we set NS = 30.

where

θk,i,j = eλ(ψ(xi,yj)−c1t
2
k), [θ0]k,i,j = eλψ(xi,yj),

Φk,i,j = {[dut]k,i,j − ([uxx]k,i,j + [uyy]k,i,j)τ − ak,i,juk,i,j∆Wk}/τ,
[F(un−1

ℓ )]k,i,j = F (tk, xi, yj , [u
n−1
ℓ ]k,i,j , [∂tu

n−1
ℓ ]k,i,j , [∇un−1

ℓ ]k,i,j),

[uxy]k,i,j =
uk,i+1,j+1 − uk,i+1,j − uk,i,j+1 + uk,i,j

hxhy
,

[utx]k,i,j =
uk+1,i+1,j − uk+1,i,j − uk,i+1,j + uk,i,j

hxτ
,

[uty]k,i,j =
uk+1,i,j+1 − uk+1,i,j − uk,i,j+1 + uk,i,j

hyτ
.

Other notations are defined in (4.4).
Using the assembly map above at each update, we optimize the functional (4.11) with respect

to the tensor

(uk,i,j)k∈J1,MK, i∈J2, Nx−2K, j∈J1, Ny−2K. (4.12)

At free spatial nodes only, the unknown initial layer is tied to the first free time layer by u0,i,j = u1,i,j ;
it is not fixed to the unknown true source. The extra free row j = 1 reflects the absence of lower-
boundary Neumann data. We employ automatic differentiation techniques [35] to directly compute
the gradient of the discrete functional (4.11) with respect to the tensor (4.12). The recorded
implementation performs NU = 12000 optimization updates in approximately 15 seconds on an
Apple M3 Pro; this runtime does not certify attainment of the exact minimum.

Remark 4.4. The Wiener increments ∆Wk are sampled once for each outer sample and then
held fixed. Boundary-data samples are cycled during the inner updates. Conditional on all sam-
pled quantities and the previous iterate, each evaluated objective is a deterministic quadratic. In
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Algorithm 1, we perform NS = 30 samples (see Figure 2).

4.3 Numerical examples

Remark 4.5 (Scope of the archived numerical illustrations). The forward formulas below have
been checked against the saved arrays; the optimization runs have not been repeated and their
historical source versions are not fully recorded. The saved data for Examples 4.1–4.2 correspond
to a = 1. In Examples 4.3–4.4, the forward data use a = xyt2 in the enlarged physical domain,
which becomes (x + 2)(y + 3)t2 after restriction and translation. In the available training entry
points, the case index is not passed to the loss function, so the inverse residual uses its defaults
Finv(u, p) =

√
1 + u2 + |p| and ainv = 1. The truncated-exponential and xyt2 branches exist in the

code but are not selected by those calls. Since the historical training versions were not frozen, the
archived results in Examples 4.2–4.4 are numerical illustrations with unresolved historical model
matching, not validation of the stated same-model inverse problem. The pathwise optimization
also does not establish equivalence with the adapted variational minimization in Theorem 3.2.

For all numerical experiments presented in this work, we employ the following set of optimized
hyperparameter: λ = 0.2, c1 = 0.25, κ = 10−4, NS = 30, NI = 5, NU = 12000, α = 0.01, β1 = 0.9,
β2 = 0.999 and ε = 10−8.

For the numerical experiments, the free entries are initialized to zero and assembled with the
first boundary-data sample. Only the free first layer is copied to t = 0; measured boundary strips
keep their own time layers. The full initial iterate belongs to this assembly space and is generally
nonzero.

Write ūn = N−1
S

∑NS
ℓ=1 u

n
ℓ , and let ∥ · ∥h denote the discrete spatial L2 norm on the uniform

grid. The final reported relative error is the error of the averaged reconstruction,

Efinal =
∥ūNI (0)− u∗0∥h

∥u∗0∥h
.

By contrast, panels (d) average the individual relative errors over samples at each update step
and show their minimum–maximum range; their mean is Epaths = N−1

S

∑NS
ℓ=1 ∥uℓ(0)− u∗0∥h/∥u∗0∥h.

These two statistics need not agree. The archived panels (e) use the signed diagnostic

Dn = max
i,j

[
ūn+1(0, xi, yj)− ūn(0, xi, yj)

]
,

computed after averaging the samples and without taking absolute values. This is not a norm of
the consecutive difference.

Example 4.1. Let F (u, ut,∇u) =
√
1 + u2 + |∇u|, a = 1 and the true source function

u∗0 =

10e
r(x,y)2

r(x,y)2−1 , r(x, y) < 1,

0, r(x, y) ≥ 1,

where
r(x, y) = 16

[(
x− 1

2

)2

+
1

2
(y − 1)2

]
.

The boundary conditions for the forward equation are given by f∗ = u∗0
∣∣
Γ
. The lateral Cauchy

data, namely f and g, are obtained from (4.6), (4.7) and (4.9). The numerical result is presented
in Figure 3.
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(a) The true source function u∗0. (b) The computed source func-
tion u0.

(c) The relative difference
|u0−u∗

0 |
|u∗

0 |L∞(G)
.

(d) The sample mean Epaths of individual relative
errors over update steps.

(e) The signed mean-iterate diagnostic Dn defined
in the text.

Figure 3: The numerical results for Example 4.1. The computed source function u0 is very close to
the true source function u∗0. The relative difference is small, and the L2 relative error is 2.1%.

From Figures 3a and 3b, it is evident that the source function u∗0 is very well recovered, and
from Figure 3c one can observe that the relatively large differences occur along the boundary of the
initial condition. The final L2 relative error is 2.1%. From Figure 3d, it can be seen that the L2

relative error remains largely unchanged for different sample paths. Panel (e) records a decrease
of the signed diagnostic Dn. Since this quantity is not a norm and permits cancellation across
samples, its decrease alone does not establish stabilization or validate Theorem 3.2.

Example 4.2. Let F (u, ut,∇u) = min{eu + |∇u|, 10}, a = 1 and the true source function

u∗0 = sin(2π(x+ y)) + sin(4π(x− y))

The boundary conditions for the forward equation are given by f∗ = u∗0
∣∣
Γ
. The lateral Cauchy data

f and g are obtained from (4.6), (4.7) and (4.9). The numerical result is presented in Figure 4.
This nonlinearity is globally Lipschitz: |F (u, p)− F (v, q)| ≤ 10|u− v|+ |p− q|. The truncation

caps the exponential derivative. Figures 4a and 4b show that the source function u∗0 is accurately
recovered, with a final L2 relative error of 6%. The forward nonlinearity lies in the globally Lipschitz
class of Condition 1.1; the scope remark above explains why this archived reconstruction does not
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(a) The true source function u∗0. (b) The computed source func-
tion u0.

(c) The relative difference
|u0−u∗

0 |
|u∗

0 |L∞(G)
.

(d) The sample mean Epaths of individual relative
errors over update steps.

(e) The signed mean-iterate diagnostic Dn defined
in the text.

Figure 4: The numerical results for Example 4.2. The computed source function u0 approximates
the true source function u∗0 well in this archived run, whose forward data use the truncated expo-
nential nonlinearity F . The relative difference is small, and the L2 relative error is 6%.

verify the corresponding same-model theorem. Moreover, as illustrated in Figure 4d, the L2 relative
error stays largely consistent across different sample paths.

Example 4.3. Let F (u, ut,∇u) =
√
1 + u2 + |∇u|, a = xyt2 in the physical coordinates of the

forward domain and

ũ∗0 =

7,

(
x− 7

3

)2

+ (y − 4)2 <
1

40
or max

{
16

∣∣∣∣x− 14

5

∣∣∣∣, 4∣∣∣∣y − 7

2

∣∣∣∣} < 1

0, others.

Letting G̃ = (0, 5)×(0, 7.5), Ñx = 160 and Ñy = 240, we solve (4.3) in G̃. The boundary conditions

for the forward equation are given by f̃∗ = ũ∗0
∣∣
∂G̃

. The true source function is given by ũ∗0 restricted
to [2, 3] × [3, 4.5] and translated by (x, y) 7→ (x − 2, y − 3) . The lateral Cauchy data f and g are
also obtained from the restricted true solution function ũ∗. In this case, both f and g are stochastic
processes as well, which further complicates the problem. The archived numerical demonstration,
with the model-mismatch qualification stated above, is presented in Figure 5.
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(a) The true source function u∗0. (b) The computed source func-
tion u0.

(c) The relative difference
|u0−u∗

0 |
|u∗

0 |L∞(G)
.

(d) The sample mean Epaths of individual relative
errors over update steps.

(e) The signed mean-iterate diagnostic Dn defined
in the text.

Figure 5: The numerical results for Example 4.3. The computed source function u0 closely approx-
imates the true source function u∗0. Despite both f and g being stochastic processes, which further
complicates the problem, the relative difference remains minimal and the L2 relative error is 17.9%.

Figures 5a and 5b show that the source function u∗0 is accurately recovered, with a final L2 rela-
tive error of 17.9%. Since both f and g are stochastic processes in this case, additional randomness
is introduced into the problem. As can be seen from Figure 5d, although the L2 relative errors vary
for different sample paths, the averaged error remains stable.

Example 4.4. Let F (u, ut,∇u) =
√
1 + u2 + |∇u|, a = xyt2 in the physical coordinates of the

forward domain and

ũ∗0 =

7,

(
x− 5

2

)2

+

(
y − 7

2

)2

<
1

8
and max

{∣∣∣∣x− 5

2

∣∣∣∣, ∣∣∣∣y − 7

2

∣∣∣∣} >
1

5

0, others.

Letting G̃ = (0, 5)×(0, 7.5), Ñx = 160 and Ñy = 240, we solve (4.3) in G̃. The boundary conditions

for the forward equation are given by f̃∗ = ũ∗0
∣∣
∂G̃

. The true source function is given by ũ∗0 restricted
to [2, 3]× [3, 4.5] and translated by (x, y) 7→ (x−2, y−3). The lateral Cauchy data f and g are also
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(a) The true source function u∗0. (b) The computed source func-
tion u0.

(c) The relative difference
|u0−u∗

0 |
|u∗

0 |L∞(G)
.

(d) The sample mean Epaths of individual relative
errors over update steps.

(e) The signed mean-iterate diagnostic Dn defined
in the text.

Figure 6: The numerical results for Example 4.4. The computed source function u0 closely ap-
proximates the true source function u∗0. In this case, both f and g are stochastic processes, which
further complicates the problem. The relative difference remains minimal and the L2 relative error
is 20.7%.

obtained from the restricted true solution function ũ∗. In this case, both f and g are stochastic
processes as well, which further complicate the problem. The archived numerical demonstration,
with the model-mismatch qualification stated above, is presented in Figure 6.

Figures 6a and 6b show that the source function u∗0 is accurately recovered, with a final L2

relative error of 20.7%. Although the stochastic nature of f and g introduces additional randomness,
and the absence of normal derivative information on the lower boundary (with final time T = 1)
makes the reconstruction in the lower portion less accurate than in the upper part, the overall
recovery remains robust. Moreover, as seen in Figure 6c, the regions with relatively larger error
occur at the boundary of the source function, while errors elsewhere are very small. Finally,
Figure 6d indicates that although the L2 relative errors vary across different sample paths, the
averaged error remains stable.

26



5 Concluding remarks

In this paper, we have proposed a new approach for solving inverse source problems for semi-
linear stochastic hyperbolic equations. Our method combines fixed-point iteration and Carleman
estimates to obtain a regularized error bound from any admissible initial guess. To address the
challenges arose by the stochastic nature of the equations, such as the non-differentiability of Brow-
nian motion sample paths and the lack of compactness in the solution space, we redesigned the
Tikhonov functional and developed a new Carleman estimate suitable for stochastic hyperbolic
equations.

The theoretical error bound in Theorem 3.2 contains a Hölder-type noise term and a regu-
larization bias. With fixed κ, it does not assert convergence to the exact source. The archived
numerical illustrations show reconstruction behavior with partial boundary observations, subject
to the model and implementation qualifications in the numerical section. Figure 1 compares the
recorded optimizers under the implemented sample cycling. It gives no general conclusion about
conjugate gradient for the fixed deterministic quadratic objective.

The results of this paper have potential applications in various fields where wave phenomena
are affected by randomness and uncertainty perturbations. For instance, in ocean wave forecasting,
one can reconstruct the wave field from ship motion and sea surface observation data; see [39].
In astrophysics and helioseismology, as motivated by the SOHO project [13], one can reconstruct
the internal structure of stars or planets from surface observations under random perturbations.
These examples illustrate the potential applicability of our method for inverse source problems in
stochastic hyperbolic equations across various scientific and engineering disciplines.

Future work may include extending the approach to more general classes of stochastic partial
differential equations and improving computational efficiency.
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