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Controllability of two types of systems:
e Null controllability for fourth order stochastic parabolic equations.

» Exact controllability for a refined stochastic plate equation.

Molecular

Figure: Cahn-Hilliard Equation Figure: Molecular Motors
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One dimensional cases

e P. Gao, M. Chen and Y. Li, A new global Carleman estimate for the one-
dimensional Kuramoto-Sivashinsky equation and applications to exact con-
trollability to the trajectories and an inverse problem, SIAM J. Control Op-
tim. 53 (2015), 475-500.

¢ Y. Yu and J.-F. Zhang, Carleman estimates of refined stochastic beam equa-
tions and applications, SIAM J. Control Optim. 60 (2022), 2947-2970.

e S. Zhang, H. Gao and G. Yuan, New global Carleman estimates and null
controllability for a stochastic Cahn-Hilliard type equation, arXiv (2024).
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Notation

(Q,F,F,P) is a complete filtered probability space. F = {F;};5¢ is the natural
filtration generated by a one-dimensional standard Brownian motion {W(t)};»¢-
F is the progressive o-field with respect to F.

Let G be a bounded open set in R™ (n € N) with a C* boundary T. Denote
Q2 (0T)XG, X2 (0,T)xT.
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2. Null controllability for fourth order stochastic parabolic
equations
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Controllability for fourth order stochastic parabolic equations

Consider the following fourth order stochastic parabolic equation:
dy + A%ydt = (byy + Xeou + bsv)dt + (byy + v)dW(¢) inQ,
y = Ay =0 on %, (1)
y(0) = yq in G.

Initial values: v, € L?(G).
Coefficients: by, by, b3 € L (0,T; L*(G)).
Controls: (u,v) € L2(0,T; L*(Gy)) x LE(0,T; L(G)).
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System (1) admits a unique weak solution:
y € L(Q; C([0,T; I2(6))) n LE(0,T; H2(G) N H3 (6)).
The system (1) is said to be null controllable at time T if for any y, € L?(G), there

exist (u,v) such that the corresponding solution to (1) fulfills that y(T) = 0,
P-a.s.

Theorem 1 (Li-Wang, SIAM J. Control Optim., 2022)

System (1) is null controllable at any time T > 0. Furthermore, there is a
constant C > 0 such that for each given y, € L?(G), one can choose controls
(u, v) which steer the state of (1) to 0 and satisfy

2 -1
| (u, U)ILH2:(O'T;LZ(GO))XL]%(O’T:LZ(G)) < C|y0|Lz(G)eC(1+r1)(T +1),

where 11 = |ag | 20,70 6)) F 1221120102 6)) F 123102 (07500 (6)) -
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To prove the controllability of (1), we introduce the dual equation
dz — A’zdt = —(byz + by Z)dt + ZdW(t) in Q,
z=Az=0 on %, (2
z(T) = z¢ in G.

Theorem 2 (Li-Wang, SIAM J. Control Optim., 2022)

There exists a constant C > 0 such that the solution (z,Z) of the system (2)
satisfies

2 -1
Iz(o)le(G) < CeC(1+T’1)(T +1)(|Z|LH2;(0,T;L2(60)) ap Ib3Z P ZlL]%-(O,T;Lz(G)))’

Vzr € L (4 L*(G)).
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Theorem 3 (Li-Wang, SIAM J. Control Optim., 2022)

Let ¢ be an H*(G)-valued It6 process, 8 = e?, £ =sa, ) =0¢p. Kk isa
constant. Let 7 € C2(R™). Then, for any t € [0,T] and a.e. (x,w) € G X Q,

n
-2k Z (lpxixix]-dlp - lpxix]-dlpxi + q"zlpxi‘sijdw + lpéjlljxidlp)xj

=

+ 20K, (kde + AN pdt) — 2 div(V; + 7,)dt

n n
= 2KZdt + 2K, K5 + 20, dt + 2 Z AT P W, A+ 2 Z ATy s dt
i,j,kl=1 i,j=1

1 1 1
+ 2A32dt + 2Kd(5|V21,[)|2 = E‘P2|V1/J|2 — 252)282|VnVy|? + E‘P61,IJ2>

+ 4xs%728262|VndVe + VnVEede|? + k6%W,|dVe + VEde|?

n
K07 )" (A, + 2y A, + (e, + o )A0) = K07 (d)?,
=1
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The global Carleman estimate for the fourth order backward stochastic parabolic
equation holds.

Theorem 4 (Li-Wang, SIAM J. Control Optim., 2022)

There exists a constant C > 0 such that for all z; € sz_-T (Q; L?(G)), the weak
solution (z(-),Z(-)) to (2) satisfies that

Ef (55286562 |2|2 + s*256462|Vz|? + 53246362 |Az|? + s2A*€267|V2z|?
Q
+262|VAz|?)dxdt

SClEf
Q

+ Crf]Ej 02(|z|? + |Z|?)dxdt,
Q

s728876%|z|* dxdt + Cemnlc@lEf s*A*$*0%|Z|? dxdt
Q

0

for 1= C and s = C(TY? +T).
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Controllability for coupled fourth order SPDEs

Consider the following coupled fourth order backward stochastic parabolic equa-

tions:
dy, — A’y dt = (a1, + ayy, + az¥y)dt + Y, dW(t) in Q,
dy, — A2y,dt = (byyy + byy, + b3Y, + xg,u)dt + Y,dW () in Q,
ay, ay, (3)
yl—W—O, yZ_W_O onZ,
(M =y{, »0=y; inG,

Terminal state:  (y1,y}) € [L%T(Q; LZ(G))]Z.

Coefficients: a;,a; € LI?;O(O,T, L*(G)), az€ LIOFO (0,T; WZ’OO(G)),
by, by € LY (0,T; L (G)), b3 € Ly (0, T; W2 (G)).

Controls: u € L&(0,T; L2(Gy)).
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The system (3) is called null controllable at a time T > 0 if for any given
O1,¥7) € [L%, (Q;L2(G))]?, there exists a control u such that the solution
V1, ¥2; 11, Y2) to (3) satisfies that (y;(0),y,(0)) = (0,0), P-a.s.

Assumption 1. There exists a nonempty open set G; € Gy and a constant ¢ > 0
such that a,(x,t) = 0 or a,(x,t) < —o, a.e. (x,t) € Gy X (0,T), P-a.s.

Theorem 5 (Wang, JMAA, 2024)

Under Assumption 1, system (3) is null controllable at any time T > 0.
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To prove the null controllability of (3), we introduce the adjoint equation:

le + Azzldt = —(alzl + blzz)dt - a3zldW(t) in Q,
de + AZZZdt = —(azzl + szZ)dt - b322dW(t) in Q,

aZl aZZ (4)
Zl—W—O, ZZ_W_O onZ,
2,(0) =29,  z,(0) = z9 in G.

Theorem 6 (Wang, JMAA, 2024)

There exists a constant C > 0 such that the solution (zy,z,) to system (4)
satisfies

1(z1(T), 2 (T) 1212 @)x126n = C122l120m:12(6o))-
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3. Exact controllability for the stochastic plate equation
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Exact controllability for a refined stochastic plate equation

Consider the stochastic plate equation:

dy, + A%ydt = fdt + (a;y + 9)dW(t) inQ,

y=hy, g—i} = h, on %, (5)
(0),:(0)) = (Yo, ¥1) in G.

Initial values: (Vo,¥1) € L2(G) X H™2(G).

Controls: (f, g, h1, hy) € LE(0,T; L2(G)) X LE(0,T; H™2(G))
x L2(0,T; L2(T)) x L2(0, T; L*(I)).
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System (5) is exactly controllable at time T: for any

Go.y1) € L2(G) X HT2(G), (o, 1) € L, (2 L2(6)) X L, (U H72(G)),

there exist controls (f, g, hy, hy) such that the solution y of system (5) satisfies
(M), y:(T)) = Fo, F1), P-ass.

The controls are the strongest possible ones that can be introduced into (5). Is
the exact controllability trivial?

Theorem 7 (Li-Wang, arXiv, 2022)

System (5) is not exactly controllable at any time T > 0.
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Consider the refined stochastic plate equation:

dy = ydt + (azy + /)dW (t) in Q,
dy + A%ydt = (a1y + a, - Vy + asg)dt + (a,y + g)dW(t) in Q,
oy (6)
= h _— =
y 5y h, on %,
(¥(0),9(0)) = (¥o, ¥o) in G.

Initial values: (¥, 90) € H™X(G) X (H3(G) N HZ(G))*.

Coefficients: a1,a3,a4 € Lg (0, T; WL®(6)), a,€ Ly (0,T; W2%(G; R™)),
as € L?(0,T; W3 (G)).

Controls: (f, g, h, hy) € LE(0, T; H1(G)) X LE(0,T; (H3(G) N HE(G))™)
x LZ(0,T; L*(T) x L2(0, T; H~1 ().
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Transposition solution

System (6) is a nonhomogeneous boundary value problem. lIts solution is under-
stood in the sense of transposition.

Introduce the following reference equation:

dz = zdt + (Z — asz)dW (t) in Qg
dz + N?zdt = [(a; — diva, — a,as)z — ay - Vz — azZ + a,Z]dt in Q,,
+ ZdW (t) 7)
0z
zZ= v 0 on X,
(z(1),2(7)) = (27, 27) in G,

where T € (0,T], Q; = (0,1) X G, %, = (0,7) X I, (z%,27) € L% (% H3(G)
NHE (G)) x LF (Q; H3 (6)).
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System (7) admits a unique weak solution

(2.2,4,2) € LA C([0,7]; (H3(6) N HE(6)))) X LE(0,; (H3(6) n HZ(6)))
x LE(0; C([0,71; HY (6))) x LE(0,T; H (6)).

Proposition 1 (Hidden regularity)

The solution (z,Z,2,2) of (7) satisfies |[VAz||r € L2(0,T; L?(T)).
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A pair of stochastic processes (y,9) € Cp([0,T]; L?(Q; H™1(G)))x Cg([0,T]
. 2

L2(Q; (H3(G) n H3(G))*)) is a transposition solution to (6) if for any T € (0,T]
and (z%,2%), we have

EQ (), 2" 13 6)nnz ) 13 @nuz @) ~ F0r Z(0)) 3 (6)nu2 6)) 13 (6)nHZ (6)
- E(Y(T)'ér)H—l(G),Hg(G) + <YO'2(0))H‘1(G),H(}(G)

T
—Ef fr D y-1(6)mi )4t + ]Ef (9, Z) 3 (6)nHZ (6))" H3 (6)nHE (6) At

+]EJ J hldth J (hz,AZ)H 1(F)H1(F)dt

Here, (z,Z,2,7) solves ().

Proposition 2

System (6) admits a unique transposition solution

Yu Wang (SWJTU)

Controllability of fourth order SPDEs



Stochastic plate equation
0000000000

System (6) is exactly controllable at time T: for any
Vo, 9o) € HH(G) X (H*(G) N HF(6))",
1, 91) € LE(Q HTH(G)) X L, (4 (H*(G) N HF(6))"),

there exist controls (f, g, hy, hy) such that the solution (y, y) to (6) satisfies that
(T,),9(T,)) = (1, 51), P-as.

Theorem 8 (Li-Wang, arXiv, 2022)

System (6) is exactly controllable at any time T > 0.
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Recall the following reference equation :

dz = 2dt + (Z — agz)dW (t) in Q,
d2 + Azdt = [(a; — diva, — a,as)z — a, - Vz — azZ + a,Z]dt
+2dW(t) in Q.
0z
z = 5 =0 on X,
(2(T), 2(T)) = (27, 27) in G.

Theorem 9 (Li-Wang, arXiv, 2022)
There exists a constant € > 0 such that for every (z7,27), it holds that
T 5Ty|2
Iz, 2 )|L},-T(ﬂ;H3(G)nH§(G))xL%T(n;H&(G))

< CE fz (IVAzI? + [AzI)ATdt + CI(Z D12 0 a5 6y0mi 0yyxiz 01313 6y
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The boundary controls h; and h; in system (6) cannot be dropped simultane-
ously, and the internal controls f and g must be acted on the whole domain G.

Theorem 10 (Li-Wang, arXiv, 2022)

The system (6) is not exactly controllable at any time T > 0 provided that one
of the following three conditions is satisfied:

e as € Cp([0,T]; L*(Q)), G\Gy # @ and supp f < Gy;

* a4 € Cp([0,T]; L (@), G\Go # @ and supp g < Go;

e hy =h, =0.

Yu Wang (SWJTU) Controllability of fourth order SPDEs



Semi-discrete stochastic parabolic equations
@000000

4. Controllability for discrete fourth order stochastic parabolic
equations
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For N € N and h = 1/(N + 1), consider the following semi-discretization of the
heat equation:

dyt 1 . ) )

- O -2y 4y =0 te©T), =1,

YO =0, yV*(E) = u(t) te(0,7), (8)
yi(0) = vb i=1,,N.

Does the uniformly null controllability hold?

For any {y‘(i)}’i\’=1 and h > 0, does there exist u, € L2(0,T), such that the solution
satisfies y*(T) =0 for i = 1,---,N and

N
funlZa oy < Ch Y IVhI72
i=1
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Theorem 11 (Lépez-Zuazua, 1998)

The system (8) is uniformly null controllable.

A counterexample provided by E. Zuazua (2005) shows that the uniformly null
controllability does NOT hold in the 2D case.
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Null controllability for the lower part of the spectrum:
o F. Boyer, F. Hubert, J. Le Rousseau, J. Math. Pures Appl., 2010.

* F. Boyer, F. Hubert, J. Le Rousseau, SIAM J. Control Optim., 2010.

N .
¢—null controllability, i.e., R Y |y*(T)]|? < ¢(h) and }lir% ¢(h) =0.
i=1 -
o F. Boyer, J. Le Rousseau, Ann. Inst. Henri Poincaré, Anal. Non Linéaire,
2014.

o E. Cerpa, R. Lecaros, T. N. T. Nguyen, A. Pérez, J. Math. Pures Appl.,
2022.
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Consider the following stochastic semi-discrete system:

. 1 . . . . .
dyl + F(yl+2 _ 4_yl.+1 + 6yl _ 4yl—1 + yL—Z)dt

= (aly' + xb,ul)dt + (aby' +v)dW(t)  t€(0,T), i=1-,N,

Y@ =yNte) =0 t € (0,T),
yr®=y"?*® =0 t € (0,7),
y'(0) = ¥ i=1,-,N.

Initial values: yo € L2(M).
Coefficients: ay,a, € Ly (0,T; Ly (M)).
Controls:  (u,v) € LA(0,T; L2 (M N Go)) x LA(0, T; L2 (M)).
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Theorem 12 (Wang-Zhao, arXiv, 2024)

There exist positive constants hy and C such that for all h < hy, there exist
(u,v) such that the solution y satisfies

T
Ef |v|2dt+IEf f [ul?dt < Cf lyol®,
Q 0 JGonM M

and

C
E f YD < ceh j Iyol?
M M
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Thank You!
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