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Formulation of inverse problems for SPDEs

Let 𝑇 > 0, 𝐺 ⊂ ℝ𝑛 (𝑛 ∈ ℕ) be a given bounded domain with a 𝐶2 boundary Γ . Denote
𝑄 = (0, 𝑇) × 𝐺 and Σ = (0, 𝑇) × Γ.

Consider the following stochastic hyperbolic equation:

൞
𝑑𝑦𝑡 − Δ𝑦𝑑𝑡 = (𝑎𝑦 + 𝑓)𝑑𝑡 + (𝑏𝑦 + 𝑔)𝑑𝑊(𝑡) in 𝑄,
𝑦 = 𝜑 on Σ,
𝑦(0) = 𝑦0, 𝑦𝑡(0) = 𝑦1 in 𝐺,

(1)

where 𝑎, 𝑏, 𝑓, 𝑔 and 𝜑 are suitable functions/stochastic processes and 𝑊(𝑡) denotes the
standard Brownian motion.
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Direct problem: Determine the solution 𝑦 of system (1) by specifying (𝑎, 𝑏, 𝑓, 𝑔, 𝜑, 𝑦0, 𝑦1) along
with 𝑄. This can be achieved using classical well-posedness results of stochastic evolution
equations.

Inverse problem: Involves certain unknown components in (𝑎, 𝑏, 𝑓, 𝑔, 𝜑, 𝑦0, 𝑦1) and 𝑄, which
need to be determined through measuring some information about the solution 𝑦:

ℳ(𝑦)(𝑡, 𝑥) = ℎ(𝑡, 𝑥), (𝑡, 𝑥) ∈ 𝒪 ⊂ [0, 𝑇] × 𝐺.

Here, ℳ(⋅) is a known operator, representing the method of obtaining measurement data, and
𝒪 denotes the position of the measurement.

There are three distinct types of measurements: distributed, terminal, and boundary
measurements.
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For a given inverse problem, generally speaking, three main concerns are the following:

• To what extent can measurement data uniquely determine the unknown parameters, and
what information can be derived from it?

• Is it feasible to reconstruct unknown components from measurement data?

• Do there exist efficient algorithms for constructing approximate solutions?
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Deterministic Case: Uniqueness Fails

Consider the following inverse source problem:

൞
𝑦𝑡𝑡 − Δ𝑦 = 𝑓 in 𝑄,
𝑦 = 0 on Σ,
𝑦(0) = 𝑦𝑡(0) = 0 in 𝐺.

(2)

Inverse Problem: Can we uniquely determine 𝑓 from the measurements
𝜕𝑦
𝜕𝜈 ቚΣ and 𝑦(𝑇)?

Answer: NO.

For any 𝑦∗ ∈ 𝐶∞0 (𝑄), let 𝑓 = 𝑦∗𝑡𝑡 − Δ𝑦∗. Then 𝑦∗ solves (2) with
𝜕𝑦∗
𝜕𝜈 ቚ

Σ
= 0, 𝑦∗(𝑇) = 0. But

we can choose 𝑦∗ such that 𝑓 ≠ 0 in 𝑄.
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Stochastic Case: Uniqueness Holds

Consider the analogous problem in the stochastic setting:

൞
𝑑𝑧𝑡 − Δ𝑧 𝑑𝑡 = 𝑔 𝑑𝑊(𝑡) in 𝑄,
𝑧 = 0 on Σ,
𝑧(0) = 𝑧𝑡(0) = 0 in 𝐺.

Inverse Problem: Can we uniquely determine 𝑔 from the measurements
𝜕𝑧
𝜕𝜈 ቚΣ and 𝑧(𝑇)?

Answer: YES. One can show that
𝜕𝑧
𝜕𝜈 ቚΣ = 0 and 𝑧(𝑇) = 0 ⟹ 𝑔 = 0 in 𝑄, ℙ-a.s.

(Lü and Zhang, Comm. Pure Appl. Math., 2015)
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2. Inverse Source Problem for Stochastic Hyperbolic Equations
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Semilinear Stochastic Hyperbolic Equation

Let 𝑇 > 0, and let (Ω, ℱ,F, ℙ) be a complete filtered probability space, where F = {ℱ𝑡}𝑡≥0 is
the natural filtration generated by a one-dimensional standard Brownian motion {𝑊(𝑡)}𝑡≥0.

Consider the following semilinear stochastic hyperbolic equation:

⎧
⎪

⎨
⎪
⎩

𝑑𝑢𝑡 −
𝑛

෍
𝑗,𝑘=1

(𝑏𝑗𝑘𝑢𝑥𝑗)𝑥𝑘𝑑𝑡 = 𝐹(𝑢, 𝑢𝑡 , ∇𝑢)𝑑𝑡 + 𝑎𝑢𝑑𝑊(𝑡) in 𝑄,

𝑢𝑡(0) = 0 in 𝐺,
𝑢(0) = 𝑢0 in 𝐺,

(3)
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Coefficients: Let (𝑏𝑗𝑘)1≤𝑗,𝑘≤𝑛 ∈ 𝐶1(𝐺;ℝ𝑛×𝑛) satisfy that 𝑏𝑗𝑘 = 𝑏𝑘𝑗 for all 𝑗, 𝑘 = 1,⋯ , 𝑛 and
for some constant 𝑠0 > 0,

𝑛

෍
𝑗,𝑘=1

𝑏𝑗𝑘𝜉𝑗𝜉𝑘 ≥ 𝑠0|𝜉|2, for all (𝑥, 𝜉) ∈ 𝐺 × ℝ𝑛 .

Furthermore, 𝑎 ∈ 𝐿∞𝔽 (0, 𝑇; 𝐿∞(𝐺)).

Nonlinearity: Let 𝐹 ∶ [0, 𝑇] × Ω × 𝐺 × ℝ × ℝ × ℝ𝑛 → ℝ be such that, for each
(𝜂, 𝜌, 𝜁) ∈ ℝ × ℝ × ℝ𝑛, 𝐹(⋅, ⋅, ⋅, 𝜂, 𝜌, 𝜁) ∶ [0, 𝑇] × Ω × 𝐺 is an 𝐿2(𝐺)-valued F-adapted process,
and there exists a constant 𝐿 such that for a.e. (𝑡, 𝜔, 𝑥) ∈ [0, 𝑇] × Ω × 𝐺 and any
(𝜂𝑖 , 𝜚𝑖 , 𝜁𝑖) ∈ ℝ × ℝ × ℝ𝑛 (𝑖 = 1, 2),

|𝐹(𝑡, 𝜔, 𝑥, 𝜂1, 𝜚1, 𝜁1) − 𝐹(𝑡, 𝜔, 𝑥, 𝜂2, 𝜚2, 𝜁2)| ≤ 𝐿(|𝜂1 − 𝜂2| + |𝜚1 − 𝜚2| + |𝜁1 − 𝜁2|ℝ𝑛);

and |𝐹(⋅, ⋅, ⋅, 0, 0, 0)| ∈ 𝐿2𝔽(0, 𝑇; 𝐿2(𝐺)).
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Inverse Source Problem

Problem
Determine the source function 𝑢0 from the lateral Cauchy data 𝑢|Σ and 𝜕𝑢

𝜕𝜈 |Σ0 .

• Σ = (0, 𝑇) × Γ, Σ0 = (0, 𝑇) × Γ0 where Γ0 ⊂ Γ is a subset of the boundary.

• Only partial boundary data is available.
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Conditions 1. There exists a positive function 𝜓(⋅) ∈ 𝐶2(𝐺) satisfying the following:

• For some constant 𝜇0 > 0 and any (𝑥, 𝜉) ∈ 𝐺 × ℝ𝑛, it holds that

𝑛

෍
𝑗,𝑘=1

ቄ
𝑛

෍
𝑗′ ,𝑘′=1

ቂ2𝑏𝑗𝑘′(𝑏𝑗′𝑘𝜓𝑥𝑗′ )𝑥𝑘′ − 𝑏𝑗𝑘𝑥𝑘′𝑏𝑗
′𝑘′𝜓𝑥𝑗′ ቃቅ𝜉𝑗𝜉𝑘 ≥ 𝜇0

𝑛

෍
𝑗,𝑘=1

𝑏𝑗𝑘𝜉𝑗𝜉𝑘 .

• There is no critical point of 𝜓(⋅) in 𝐺, i.e., min
𝑥∈𝐺

|∇𝜓(𝑥)| > 0.

Put

Γ0
Δ=ቄ𝑥 ∈ Γ ቚ

𝑛

෍
𝑗,𝑘=1

𝑏𝑗𝑘(𝑥)𝜓𝑥𝑗(𝑥)𝜈𝑘(𝑥) > 0ቅ.
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Theorem (Lü, Inverse Problems, 2013)
Under Conditions 1, there exists 𝑇0 > 0 such that for 𝑇 > 𝑇0, there exists constant 𝐶 > 0 so
that for all 𝑢0, 𝑢̂0 ∈ 𝐻1

0 (𝐺), the solutions satisfy

|𝑢0 − 𝑢̂0|𝐻1
0 (𝐺) ≤ 𝐶ቤ𝜕𝑢𝜕𝜈 − 𝜕𝑢̂

𝜕𝜈 ቤ𝐿2𝔽(0,𝑇;𝐿2(Γ0))
.

• Identifiability: The solution 𝑢 is uniquely determined by the boundary data.

• Stability: The solution depends continuously on the boundary data.

• Reconstruction: Is it possible to reconstruct the solution from the boundary data?
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Iterative Regularization: Fixed-Point Scheme

Idea: Construct a sequence {𝑢𝑛} by minimizing the weighted Tikhonov functional at each
iteration.

• Initialization: Start from any 𝑢0 in the admissible set.

• Iteration: For 𝑛 ≥ 0, set

𝑢𝑛+1 = 𝔊(𝑢𝑛)
Δ= arg min

𝜑∈𝒰
𝐽(𝜑; 𝑢𝑛).

• No need for a good initial guess
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Literature Review

Deterministic hyperbolic equations:

• Carleman estimates. Bukhgeim and Klibanov (1981), Klibanov (2013), Bellassoued and
Yamamoto (2017), Klibanov and Li (2021) …

• Carleman estimates + fixed-point. Nguyen and Klibanov (2022), Dang, Nguyen and
Vu (2024)

Stochastic hyperbolic equations:

• Explicit determination and reconstruction. Lü (2013), Lü and Zhang (2015), Yuan
(2015), Dou and Lü (2025) …
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3. Convergence result
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Carleman Estimate
Carleman estimates are weighted energy inequalities which can be used for proving
uniqueness, stability, and convergence in inverse problems.

Intuitive example: Let 𝜏 > 0. It holds that

2𝜏න
1

−1
|𝑢|2𝑒𝜏𝑡2𝑑𝑡 ≤ න

1

−1
ቤ𝑑𝑢𝑑𝑡 ቤ

2
𝑒𝜏𝑡2𝑑𝑡, ∀𝑢 ∈ 𝐶∞0 (−1, 1) (4)

Proof. Set 𝑣(𝑡) = 𝑢(𝑡)𝑒𝜏𝑡2/2. Then we have

|𝑢′(𝑡)|2𝑒𝜏𝑡2 = |𝑣′(𝑡) − 𝜏𝑡𝑣(𝑡)|2 = 𝑣′(𝑡)2 − 2𝜏𝑡𝑣(𝑡)𝑣′(𝑡) + 𝜏2𝑡2𝑣(𝑡)2
= |𝑣′(𝑡) + 𝜏𝑡𝑣(𝑡)|2 − 4𝜏𝑡𝑣(𝑡)𝑣′(𝑡)
= |𝑣′(𝑡) + 𝜏𝑡𝑣(𝑡)|2 + 2𝜏|𝑣(𝑡)|2 − 2𝜏(𝑡𝑣(𝑡)2)′

Integrate this over [−1, 1], noting that 𝑣 ∈ 𝐶∞0 (−1, 1), we get (4).
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Carleman Weight Function

• Weight function: For 𝑐0, 𝜆 > 0,

𝜃 = 𝑒𝓁, 𝓁(𝑡, 𝑥) = 𝜆(𝜓(𝑥) − 𝑐0𝑡2)

• Boundary splitting: Γ0 defined by

Γ0
Δ=ቄ𝑥 ∈ Γ ቚ

𝑛

෍
𝑗,𝑘=1

𝑏𝑗𝑘(𝑥)𝜓𝑥𝑗(𝑥)𝜈𝑘(𝑥) > 0ቅ.

• For 𝑑𝑢𝑡 − Δ𝑢𝑑𝑡, function 𝜓(𝑥) = |𝑥 − 𝑥0|2 with 𝑥0 ∈ ℝ𝑛 ⧵ 𝐺 satisfies the conditions and
Γ0 = {𝑥 ∈ Γ ∣ (𝑥 − 𝑥0) ⋅ 𝜈 > 0}.
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Statement of the Carleman Estimate

Theorem (Lü and Wang, Inverse Problems, 2025)
Under Conditions 1, there exist positive constants 𝐶 and 𝜆0 such that for all 𝜆 ≥ 𝜆0, the
solution 𝑧 to the stochastic hyperbolic equation:

𝑑𝑧𝑡 −
𝑛

෍
𝑗,𝑘=1

(𝑏𝑗𝑘𝑧𝑥𝑗)𝑥𝑘𝑑𝑡 = Υ𝑑𝑡 + 𝑎𝑧𝑑𝑊(𝑡)

with 𝑧𝑡(0) = 0, 𝑧 = 0 on Σ, 𝜕𝑧
𝜕𝜈 = 0 on Σ0 satisfies:

𝔼න
𝑄
𝜃2(𝜆𝑧2𝑡 + 𝜆|∇𝑧|2 + 𝜆3𝑧2)𝑑𝑥𝑑𝑡 ≤ 𝐶𝔼න

𝐺
𝜃2(𝜆|∇𝑧|2 + 𝜆3|𝑧|2)𝑡=𝑇𝑑𝑥 + 𝐶𝔼න

𝑄
𝜃2|Υ|2𝑑𝑥𝑑𝑡.
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Lemma (Lü and Zhang, 2021). Let 𝜙 ∈ 𝐶1((0, 𝑇) × ℝ𝑛), 𝑏𝑗𝑘 = 𝑏𝑘𝑗 ∈ 𝐶2(ℝ𝑛) for
𝑗, 𝑘 = 1, 2,⋯ , 𝑛, and 𝓁,Ψ ∈ 𝐶2((0, 𝑇) × ℝ𝑛). Let 𝜑 be an 𝐻2(𝐺)-valued, F-adapted process
such that 𝜑𝑡 is an 𝐿2(𝐺)-valued Itô process. Set 𝜃 = 𝑒𝓁 and 𝑤 = 𝜃𝜑. Then, for a.e. 𝑥 ∈ 𝐺
and ℙ-a.s. 𝜔 ∈ Ω,

𝜃ቀ − 2𝜙𝓁𝑡𝑤𝑡 + 2
𝑛

෍
𝑗,𝑘=1

𝑏𝑗𝑘𝓁𝑥𝑗𝑤𝑥𝑘 +Ψ𝑤ቁቂ𝜙𝑑𝜑𝑡 −
𝑛

෍
𝑗,𝑘=1

(𝑏𝑗𝑘𝜑𝑥𝑗)𝑥𝑘𝑑𝑡ቃ

+
𝑛

෍
𝑗,𝑘=1

ቂ
𝑛

෍
𝑗′ ,𝑘′=1

ቀ2𝑏𝑗𝑘𝑏𝑗′𝑘′𝓁𝑥𝑗′𝑤𝑥𝑗𝑤𝑥𝑘′ − 𝑏𝑗𝑘𝑏𝑗′𝑘′𝓁𝑥𝑗𝑤𝑥𝑗′𝑤𝑥𝑘′ ቁ − 2𝜙𝑏𝑗𝑘𝓁𝑡𝑤𝑥𝑗𝑤𝑡 + 𝜙𝑏𝑗𝑘𝓁𝑥𝑗𝑤2
𝑡

+Ψ𝑏𝑗𝑘𝑤𝑥𝑗𝑤 − ቀ𝐴𝓁𝑥𝑗 +
Ψ𝑥𝑗
2 ቁ𝑏𝑗𝑘𝑤2ቃ

𝑥𝑘
𝑑𝑡

+ 𝑑ቄ𝜙
𝑛

෍
𝑗,𝑘=1

𝑏𝑗𝑘𝓁𝑡𝑤𝑥𝑗𝑤𝑥𝑘 − 2𝜙
𝑛

෍
𝑗,𝑘=1

𝑏𝑗𝑘𝓁𝑥𝑗𝑤𝑥𝑘𝑤𝑡 + 𝜙2𝓁𝑡𝑤2
𝑡 − 𝜙Ψ𝑤𝑡𝑤 + ቂ𝜙𝐴𝓁𝑡 +

1
2(𝜙Ψ)𝑡ቃ𝑤

2ቅ

= ቂ(𝜙2𝓁𝑡)𝑡 +
𝑛

෍
𝑗,𝑘=1

(𝜙𝑏𝑗𝑘𝓁𝑥𝑗)𝑥𝑘 − 𝜙Ψቃ𝑤2
𝑡 𝑑𝑡 − 2

𝑛

෍
𝑗,𝑘=1

ൣ(𝜙𝑏𝑗𝑘𝓁𝑥𝑘)𝑡 + 𝑏𝑗𝑘(𝜙𝓁𝑡)𝑥𝑘 ൧𝑤𝑥𝑗𝑤𝑡𝑑𝑡

+
𝑛

෍
𝑗,𝑘=1

𝑐𝑗𝑘𝑤𝑥𝑗𝑤𝑥𝑘𝑑𝑡 + ℬ𝑤2𝑑𝑡 + ቀ − 2𝜙𝓁𝑡𝑤𝑡 + 2
𝑛

෍
𝑗,𝑘=1

𝑏𝑗𝑘𝓁𝑥𝑗𝑤𝑥𝑘 +Ψ𝑤ቁ
2
𝑑𝑡 + 𝜙2𝜃2𝓁𝑡(𝑑𝜑𝑡)2.
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Step 1. Estimate the interior terms. Choose 𝜑 = 𝑧, 𝜙 ≡ 1, and

Ψ = 𝓁𝑡𝑡 +
𝑛
∑

𝑗,𝑘=1
(𝑏𝑗𝑘𝓁𝑥𝑗)𝑥𝑘 − 𝑐0𝜆. Note that

𝓁𝑡 = −2𝑐1𝜆𝑡, 𝓁𝑡𝑡 = −2𝑐1𝜆, 𝓁𝑥𝑗 = 𝜆𝜓𝑥𝑗 , 𝓁𝑡𝑥𝑗 = 0, 𝑗 = 1,⋯ , 𝑛.

Then,

ቂ(𝜙2𝓁𝑡)𝑡 +
𝑛

෍
𝑗,𝑘=1

(𝜙𝑏𝑗𝑘𝓁𝑥𝑗)𝑥𝑘 − 𝜙Ψቃ𝑤2
𝑡 = 𝑐0𝜆𝑤2

𝑡 ,
𝑛

෍
𝑗,𝑘=1

𝑐𝑗𝑘𝑤𝑥𝑗𝑤𝑥𝑘 ≥ 𝑐𝜆|∇𝑤|2

− 2
𝑛

෍
𝑗,𝑘=1

ൣ(𝜙𝑏𝑗𝑘𝓁𝑥𝑘)𝑡 + 𝑏𝑗𝑘(𝜙𝓁𝑡)𝑥𝑘൧𝑤𝑥𝑗𝑤𝑡 = 0,

ℬ𝑤2 ≥ 𝐶𝜆3𝑤2, 𝔼න
𝑄
𝜃2𝓁𝑡|𝑑𝑧𝑡|2𝑑𝑥 ≥ −𝑐𝜆𝔼න

𝑄
𝜃2|𝑧|2𝑑𝑥𝑑𝑡.
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Step 2. Estimate the boundary terms.

𝔼න
𝐺
ቀ

𝑛

෍
𝑗,𝑘=1

𝑏𝑗𝑘𝓁𝑡𝑤𝑥𝑗𝑤𝑥𝑘 − 2
𝑛

෍
𝑗,𝑘=1

𝑏𝑗𝑘𝓁𝑥𝑗𝑤𝑥𝑘𝑤𝑡 + 𝓁𝑡𝑤2
𝑡 −Ψ𝑤𝑡𝑤 +𝒜𝓁𝑡𝑤2ቁቤ

𝑡=𝑇
𝑑𝑥

≤ 𝐶𝔼න
𝐺
(𝜆3|𝑤(𝑇)|2 + 𝜆|∇𝑤(𝑇)|2)𝑑𝑥

𝔼න
Σ

𝑛

෍
𝑗,𝑘=1

𝑛

෍
𝑗′ ,𝑘′=1

ቀ2𝑏𝑗𝑘𝑏𝑗′𝑘′𝜓𝑥𝑗′𝑤𝑥𝑗𝑤𝑥𝑘′ − 𝑏𝑗𝑘𝑏𝑗′𝑘′𝜓𝑥𝑗𝑤𝑥𝑗′𝑤𝑥𝑘′ ቁ𝜈
𝑘𝑑Γ𝑑𝑡

= 𝔼න
Σ
ቀ

𝑛

෍
𝑗,𝑘=1

𝑏𝑗𝑘𝜈𝑗𝜈𝑘ቁቀ
𝑛

෍
𝑗′ ,𝑘′=1

𝑏𝑗′𝑘′𝜓𝑥𝑗′𝜈
𝑘′ቁ𝜃2ቚ 𝜕𝑧𝜕𝜈 ቚ

2
𝑑Γ𝑑𝑡

≤ 𝔼න
Σ0
ቀ

𝑛

෍
𝑗,𝑘=1

𝑏𝑗𝑘𝜈𝑗𝜈𝑘ቁቀ
𝑛

෍
𝑗′ ,𝑘′=1

𝑏𝑗′𝑘′𝜓𝑥𝑗′𝜈
𝑘′ቁ𝜃2ቚ 𝜕𝑧𝜕𝜈 ቚ

2
𝑑Γ𝑑𝑡 = 0.
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Tikhonov Regularization Functional
• At each step, consider

𝐽𝑛(𝜑) = |𝒫𝜑 − Iℱ(𝑢𝑛)|2𝐿2,𝑤𝔽 (Ω;𝐻1(0,𝑇;𝐿2(𝐺))) + 𝜅|𝜑|2ℋ2
𝜆,0
.

• 𝒫𝜑 = 𝜑𝑡(𝑡, 𝑥) − ∫𝑡0 ∑
𝑛
𝑗,𝑘=1 ൫𝑏𝑗𝑘(𝑠, 𝑥)𝜑𝑥𝑗(𝑠, 𝑥)൯𝑥𝑘𝑑𝑠 − ∫𝑡0 𝑎(𝑠, 𝑥)𝜑(𝑠, 𝑥)𝑑𝑊(𝑠),

Iℱ(𝑢) = ∫𝑡0 𝐹(𝑢, 𝑢𝑡 , ∇𝑢)𝑑𝑠.

• Admissible set:

𝒰 Δ=ቄ𝜑 ∈ ℋ2 ቚ 𝒫𝜑 ∈ 𝐿2𝔽(Ω;𝐻1(0, 𝑇; 𝐿2(𝐺))), 𝜑𝑡(0) = 0, 𝜑|Σ = 𝑓, 𝜕𝜑
𝜕𝜈 ቚΣ0

= 𝑔ቅ,

𝐿2,𝑤𝔽 (0, 𝑇; 𝐻𝑝(𝐺)) = {𝜑 ∈ 𝐿2𝔽(0, 𝑇; 𝐻𝑝(𝐺)) ∣ 𝔼න
𝑇

0
න
𝐺
𝜃2|𝐷𝛼𝜑|2𝑑𝑥𝑑𝑡 < ∞, |𝛼| ≤ 𝑝},

ℋ𝑝
𝜆,𝑐0 = 𝐿2,𝑤𝔽 (0, 𝑇; 𝐻𝑝(𝐺)) ∩ 𝐿2,𝑤𝔽 (Ω;𝐻1(0, 𝑇; 𝐻1(𝐺))).
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Global Convergence result
Theorem (Lü and Wang, Inverse Problems, 2025)
Under Conditions 1, fix 𝛾 ∈ (0, 1) and 𝜅 > 0. There exist positive constants 𝐶 and ෤𝜆0(𝜅) such
that for all 𝜆 ≥ ෤𝜆0, 𝛿 < 𝑒−𝐶𝜆/𝛾, and 𝑛 ∈ ℕ, the sequence {𝑢𝑛} satisfies

|𝑢𝑛+1 − 𝑢∗|2ℋ1
𝜆,𝑐0

≤ ቆ𝐶𝜆 ቇ
𝑛+1

|𝑢0 − 𝑢∗|2ℋ1
𝜆,𝑐0

+ 𝐶(𝛿2−2𝛾 + 𝜅|𝑢∗|2ℋ2
𝜆,0
),

where 𝑢∗ is the true solution.

• Convergence is geometric in 𝑛.

• 𝛿 > 0 quantifies the noise level in the measurements: for ℰ ∈ ℋ2,

|𝒫ℰ|𝐿2𝔽(0,𝑇;𝐻1(0,𝑇;𝐿2(𝐺))) + |ℰ|ℋ2 ≤ 𝛿, 𝑓|Σ = 𝑓∗ + ℰ|Σ, 𝑔 = 𝑔∗ + 𝜕ℰ
𝜕𝜈 ቤΣ0

.
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Step 1. Error equation.

The Euler-Lagrange equation gives

⟨𝒫𝑢𝑛+1 − Iℱ(𝑢𝑛), 𝒫𝜌⟩𝐿2,𝑤𝔽 (Ω;𝐻1(0,𝑇;𝐿2(𝐺))) + 𝜅⟨𝑢𝑛+1, 𝜌⟩ℋ2
𝜆,0

= 0, ∀ 𝜌 ∈ 𝒰𝑤
0 , (5)

𝒰𝑤
0

Δ=ቄ𝜑 ∈ ℋ2 ቚ 𝒫𝜑 ∈ 𝐿2𝔽(Ω;𝐻1(0, 𝑇; 𝐿2(𝐺))), 𝜑𝑡(0) = 0, 𝜑|Σ = 0, 𝜕𝜑
𝜕𝜈 ቚΣ0

= 0ቅ.

For the exact solution 𝑢∗,

⟨𝒫𝑢∗ − Iℱ(𝑢∗), 𝒫𝜌⟩𝐿2,𝑤𝔽 (Ω;𝐻1(0,𝑇;𝐿2(𝐺))) + 𝜅⟨𝑢∗, 𝜌⟩ℋ2
𝜆,0

= 𝜅⟨𝑢∗, 𝜌⟩ℋ2
𝜆,0
, ∀ 𝜌 ∈ 𝒰𝑤

0 . (6)

Subtracting (6) from (5) and letting 𝑧 = 𝑢𝑛+1 − 𝑢∗ − ℰ, we obtain

⟨𝒫(𝑧 + ℰ) − (Iℱ(𝑢𝑛) − Iℱ(𝑢∗)), 𝒫𝑧⟩𝐿2,𝑤𝔽 (Ω;𝐻1(0,𝑇;𝐿2(𝐺))) + 𝜅⟨𝑧 + ℰ, 𝑧⟩ℋ2
𝜆,0

= −𝜅⟨𝑢∗, 𝑧⟩ℋ2
𝜆,0
.
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Step 2. Apply Carleman estimate.

Thanks to the Cauchy-Schwarz inequality, we obtain

|𝒫𝑧|2𝐿2,𝑤𝔽 (Ω;𝐻1(0,𝑇;𝐿2(𝐺))) + 𝜅|𝑧|2ℋ2
𝜆,0

≤ 𝐶(|𝑢𝑛 − 𝑢∗|2ℋ1
𝜆,𝑐0

+ 𝜅|𝑢∗|2ℋ2
𝜆,0

+ |𝒫ℰ|2𝐿2,𝑤𝔽 (Ω;𝐻1(0,𝑇;𝐿2(𝐺))) + |ℰ|2ℋ2
𝜆,0
).

Apply Carleman estimate to 𝑧, for 𝜆 ≥ 𝜆0, we have

|𝒫𝑧|2𝐿2,𝑤𝔽 (Ω;𝐻1(0,𝑇;𝐿2(𝐺))) ≥ 𝔼න
𝑄
𝜃2(𝜆𝑧2𝑡 +𝜆|∇𝑧|2+𝜆3𝑧2)𝑑𝑥𝑑𝑡−𝐶𝔼න

𝐺
𝜃2(𝜆|∇𝑧|2+𝜆3|𝑧|2)ห𝑡=𝑇𝑑𝑥.

Note that the last term can be estimated as follows:

𝔼න
𝐺
𝜃2(𝜆|∇𝑧|2 + 𝜆3|𝑧|2)ห𝑡=𝑇𝑑𝑥 ≤ 𝐶𝜆5𝑒−2𝑐0𝜆𝑇2 |𝑧|2ℋ2

𝜆,0
.
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Step 3. Absorb terms.

For 𝜆 ≥ 𝜆0, we arrive at

𝔼න
𝑄
𝜃2(𝜆𝑧2𝑡 + 𝜆|∇𝑧|2 + 𝜆3𝑧2)𝑑𝑥𝑑𝑡 + 𝜅|𝑧|2ℋ2

𝜆,0
− 𝐶𝜆5𝑒−2𝑐0𝜆𝑇2 |𝑧|2ℋ2

𝜆,0

≤ 𝐶൫|𝑢𝑛 − 𝑢∗|2ℋ1
𝜆,𝑐0

+ 𝜅|𝑢∗|2ℋ2
𝜆,0

+ |𝒫ℰ|2𝐿2,𝑤𝔽 (Ω;𝐻1(0,𝑇;𝐿2(𝐺))) + |ℰ|2ℋ2
𝜆,0
൯.

Selecting 𝜆1 such that 𝐶𝜆51𝑒−2𝑐0𝜆1𝑇
2 ≤ 𝜅

2 , for 𝜆 ≥ max{𝜆0, 𝜆1},

𝜆|𝑢𝑛+1 − 𝑢∗|2ℋ1
𝜆,𝑐0

≤ 𝐶(|𝑢𝑛 − 𝑢∗|2ℋ1
𝜆,𝑐0

+ 𝜅|𝑢∗|2ℋ2
𝜆,0

+ |𝒫ℰ|2𝐿2,𝑤𝔽 (Ω;𝐻1(0,𝑇;𝐿2(𝐺))) + |ℰ|2ℋ2
𝜆,0
).

Setting 𝛿 < 𝑒−𝐶𝜆/𝛾, we obtain

|𝑢𝑛+1 − 𝑢∗|2ℋ1
𝜆,𝑐0

≤ ቆ𝐶𝜆 ቇ|𝑢𝑛 − 𝑢∗|2ℋ1
𝜆,𝑐0

+ 𝐶(𝜅|𝑢∗|2ℋ2
𝜆,0

+ 𝛿2−2𝛾).
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4. Numerical Algorithm and Experiments
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Numerical Algorithm: Discretization and Optimization

• Discretization: The spatial and temporal domains are discretized using finite difference
schemes, with the Euler-Maruyama method applied for stochastic integration.

• Functional: The weighted Tikhonov functional is discretized in accordance with the
chosen grid.

• Optimization: At each iteration, the Adam (Adaptive Moment Estimation) optimizer is
employed to minimize the discretized functional.

• Gradient computation: Gradients are efficiently and accurately computed via automatic
differentiation.
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Algorithm Flowchart

Choose maximum iteration 𝑁𝐼 and the number of sample paths 𝑁𝑆.
for 𝓁 = 1 to 𝑁𝑆 do

Choose the initial guess 𝑢0𝓁 ∈ 𝒰.
for 𝑛 = 1 to 𝑁𝐼 do

Compute 𝑢𝑛𝓁 as the minimizer of the functional 𝐽𝑛,𝓁(𝑢; 𝑢𝑛−1𝓁 ).
end for

end for
return compute solution 𝑢𝑐 =

1
𝑁𝑆

𝑁𝑆
∑
𝓁=1

𝑢𝑁𝐼
𝓁 .
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Why Adam and Autodiff?
• Adam is well-suited for high-dimensional, non-convex, and stochastic optimization tasks,

making it effective for minimizing the regularized functional in our setting.

• Automatic differentiation enables efficient and accurate gradient computation,
eliminating the need to explicitly solve backward stochastic partial differential equations.
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Numerical example

• Consider the following semilinear stochastic hyperbolic equation:

൞
𝑑𝑢𝑡 − Δ𝑢𝑑𝑡 = 𝐹(𝑢, 𝑢𝑡 , ∇𝑢)𝑑𝑡 + 𝑎𝑢𝑑𝑊(𝑡) in 𝑄,
𝑢𝑡(0) = 0 in 𝐺,
𝑢(0) = 𝑢0 in 𝐺,

where 𝐺 = (0, 1) × (0, 1.5) and 𝑇 = 1.

• The observation boundary
Γ0 = 𝜕𝐺\{(𝑥, 0) ∣ 𝑥 ∈ [0, 1]}

• Multiplicative noise

𝑓 = 𝑓∗(1 + 𝛿𝜉), 𝑔 = 𝑔∗(1 + 𝛿𝜉),

where 𝜉 is a random variable uniformly distributed in [−1, 1].
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Example 1

𝐹(𝑢, 𝑢𝑡 , ∇𝑢) = min{𝑒𝑢 + |∇𝑢|, 10},
𝑎 = 𝑥2 + 𝑦2 + 𝑡2
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Example 2

𝐹(𝑢, 𝑢𝑡 , ∇𝑢) = ඥ1 + 𝑢2 + |∇𝑢|,
𝑎 = 10𝑥𝑦𝑡2
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Summary

• Accurate and robust: The method reconstructs sources reliably under noise, nonlinearity,
and partial data.

• Modern optimization (Adam, autodiff) enables efficient and robust computation.

• Carleman-based regularization is a powerful tool for the inverse problems of SPDEs.

Yu Wang (SWJTU) Inverse problems for SPDEs 36 / 37



Introduction Inverse Source Problem for Stochastic Hyperbolic Equations Convergence result Numerical Algorithm and Experiments

Thank You!
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